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COMPLEX ALMOST CONTACT MANIFOLDS
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§1. Introduction.

A complex contact manifold is a complex manifold of odd dimensions 2m+1
(=3) covered by an open covering A={0, O’, ---} consisting of coordinate neigh-
borhoods in such a way that

1) In each O/ there is a holomorphic 1-form w satisfying wA(dw)™+0
at every point of O;

2) If ONnO’'#¢ (0, O’ A), there is a non-vanshing holomorphic function 2
in ONO’ such that w'=Aw in ONO’, where w’ is the holomorphic 1-form given
in O’ (See Kobayashi [3]).

In a previous paper [2] we have studied complex contact structure {(O, w)| O
€A} which are induced by fiberings of manifolds with (real) normal contact 3-
structure and obtained the induced (local) tensor field G of type (1, 1) in each
O such that G*=—T4+w@W, w-G=0, where W is the associated vector field
of w. The local structures {(O, G, w, W)| 0O} are very useful to study curvature
properties in the same way as in the real case (See Gray [1]. and Sasaki [4]).
In the present paper we first define a system of local structures {(O, u, G)|OsJ}
which will be called a complex almost contact structure and next show that
such a structure induces a complex contact structure defined by Kobayashi [3],
when it satisfies a suitable condition, i.e., to be normal.

The authors wish to express their thanks to Professor J.S. Park for his
valuable suggestions and remarks.

§2. Complex almost contact structure.

Let M be a complex manifold with complex structure F and Hermitian metric
g and be covered by an open covering A={0, O’, ---} consisting of coordinate
neighborhoods. Then M is called a Complex almost contact manifold if the
following conditions 1) and 2) are satisfied:

1) In each O=J there are given a 1-form u and a tenmsor field G of type
(1, 1) such that¥®
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* Functions vector fields, tensor fields and geometric objects we consider are assumed
to be differentiable and of class C®, otherwise stated. Throughout this paper, X,Y
and Z denote arbitrary vector fields in M.
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G=—I+uQRQU+rvQRV,

2.1) GF=—FG, g(GX, Y)=—g(GY, X),
GU=0, g, U)=1,

I being the identity tensor of type (1, 1) in M, where U and V are respectively
the associated vector fields of u and a 1-form v defined in O by

2.2) v=u-I,

ie, glU, X)=u(X) and g(V, X)=v(X);
2) If ONO’#¢ (0, O'eA), there are functions a¢ and b in ONO’ such that

w'=au—bv, G'=aG—bH,
2.3) a®+b*=1
v'=bu-tav, H =bG+aH,
in 0n0’, where H is defined in O by
2.4) H=GF

and (u’, G’) are the local structure given in O/, v’ and H’ being defined in O’ by
(2.2) and (2.4) respectively.

The set {(0, u, G)|O A} is called a complex almost contact structure. In
such a case, M is necesarily of odd complex dimensions 2m-+1 (=3). For a
complex almost structure, we have

Hi=—]+uQU+vRV.
HG=—GH=F+u®QV—-vQU,
FH=—HF=G, gHX, Y)=—g(HY, X),
2.5) GV=HU=HV=0, ueG=v.G=u-H=v-H=0,
FU=-V, FV=U, u=—ve-F,
gV, v)=1, g, V)=0
as consequences of (2.1), (2.2), (2.3), (2.4) and
Fi=—I, g(FX, V)=—g(FY, X).

We now have

THEOREM 1. For a complex almost contact manifold of complex dimensions
2m—+1 (23), the structure group of the tangent bundle of M 1s reducible to
(Spm) - S,(W)XUQ), where Sp(m)-S(1)=S,(m)xSp(1)/{£1}.

We now put
P=uQRQU+vQRV
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locally in each O 4. Then, as a consequence of (2.3), P determines a global
tensor field, which is also denoted by P, in M such that P?>=P. Thus P is a
projection tensor of rank 2. The distribution D determined by P is invariant
under the action of the complex structure F and called the vertical distribution
for brevity. We denote by B the vector bundle over M consisting of all vectors
belonging to the vertical distribution D.

Let // be the Riemannian connection of (M, g). If we put

(2.6) PV yU=20(X)V, PV yV=-20(X)U

in each O=J4, then we get a local 1-form ¢ in O. If ONO’+#¢ (O, O'eA), we
have
2.7 20'=20+b"'da=20—a"'db

in ONO’, a and b being the functions appearing in (2.3), where ¢’ is the local 1-
form defined by (2.4) in O’. Then {(20, 0)|O< A} defines a linear connection 6
in the vertical vector bundle B. The local vector fields defined respectively by

(2.8 DyU=V xyU—-20(X)V, Dy V=V xV+20(X)U

are orthogonal to the vertical distribution D. If ONO’#¢ (0, O’ ), we get by
using (2.3) and (2.6)

{ DyU'=aDyU—bDxV,
(2.9)
DXV/:beU—}_aDXv,

where DyU’ and DyV’ are defined by (2.8) in O’.

§3. Normal complex almost contact structure.

Let M be a complex almost contact manifold with structure {(O, u, G)|OsA}.
Denote by u,, v,, u*, v", G,*, H" and g;; components of u, v, U, V, G, H, g in
O, respectively. Denoting by F, the operator of covariant differentiation in O
with respect to the Riemannian connection I of (M, g), we put

3.1 Du,=V;u;—20;v,, Dv,=V,;v;+20,u,,
where 0=0,dx’ in O. * Then we obtain
u*D;u,=0, u*D,v,=0,
v*Du,=0, v¥D;v,=0,

where u*=u,g'*, v*=yv,g'", g being defined by (g**)=(g.,)"%, since DU and
DxV are orthogonal to the vertical distribution D.
The complex almost contact structure is said to be contact when

* The indices k,1,7,k,-,%,s,+-- run over the range {1,---,4m+2} and the summation
convension is used with respect to this system of indices.



388 SHIGERU ISHIHARA AND MARIKO KONISHI
du—oAv=G, dv—l—aAu:ﬁ,
where local 2-forms G and H are defined in O by
GX, V)=g(GX,Y), HX, Y)=gHX,Y),
respectively. When the structure is contact,
(34) Dju;—Dwu;=2G;;,  Djv,—D,v,=2Hy

hold, where G,;=G,‘g,, and H,,=H,'g, are components of G and H in O
respectively.
We now put in O

(3.5) D,G, "=V ,G"—20,H*,  D;H =P ,H"+20,G,",

which are respectively components of local tensor fields of type (1, 2) in O. If
oNn0’#¢ (0, O'eA), using (2.3) and (2.7), we have in ONO’

(3.6) D,G}=aD,;G,*—bD,;H,", D;H»=bD,G,*+aD,;H,",
where D,G7* and D;H’" are defined by (3.5) in O’.

Next, we define in O local tensor fields S, T and W of type (1.2) respectively
by their components as followings:

Se,"=G'D,G,*—G,!D,G,"—GMD,G,'—D,G,"
F2v;H " — v H)F2(Gyu —Hyu™)

3.7 T,*=H.'DH"—H'D,H,*—HMD,H,—D,H,"
+2(ujGk"—ukGJ’L)—}-Z(ijv"—ijuh) s

Wk,"zé[Gk‘DcH,"—ka‘DlG/‘—G]‘DLH,z”—H,‘DtGk”

—GMDH,'—=D;H)—H ™MD G,'—D;G "]
—(uijh—l-ijkh—ukH]h—va,h)‘l—Z(ijvh-l—ijuh).
Then we have in ONO’

S’'=a*S+2abW+b*T , T’ =b0*S—2abW—+a*T ,
(3.8
W’'=ab(S—T)+(a*—0> )W,
where S’, T/ and W’ are defined by (3.7) in O’. The set {S, T, W} of local
tensor fields will be called the torsion tensor of the given complex almost contact
structure. The equations (3.8) show that if S=T=W=01in O, then S’'=T'=W'=0
in ONO’. When a complex almost contact structure is contact and its torsion
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tensors S, T and W vanish, it is said to be normal.

PROPOSITION 1. If a complex almost contact structure {(O, u, v, G, H)|O€ A}
is normal, then

(3.9) Gji:Dju;, Hji:Dj'l)l.
Proof. Since the structure is contact, differentiating exteriorly (3.3), we have
(3.10) dG—oANA=—QNv, dA+eAG=0Au,

where 2=do and 22 is the curvature tensor © of the linear connection ¢
induced in the vertical vector bundle B. The equations (3.10) are equivalent to

DG;i+D,Gip+DiGhj=—(240+ 20+ 24505,
(3.11)

DkHji+DjHik+Dinj:ijui+jSuk+Qiku; .
where

D.G;i=V,G,;—20,H;;, D H;;=V H;;+20,G i,

0

1
.jSzf(ajo',;-—aidj), aj:_ax_] ,

(x%, -+, x*™*%) being local coordinates in O.
Putting

ZUGjiZu”DkGﬁ%—(D,»u")Gki—i-(Dﬂtk)ij y
we have from (2.1), (2.2), (2.4), (2.5) and (3.11)
(3-12) SUGjizuk(Diji+DjGik+Din]):—uk(gkjvi“{'gikl)]).

On the other hand, since S,,*=0, transvecting the first equation of (3.7) with
Griul, we get

(3.13) 0=S:,"Grtw’
=—G(Du))G,"G ' (GG Dy u?) G +H(G G DG T
=—w'D;G,'—G*Dut+G,'Dyu?)

+ Gy utuw!(Dju,— Do)+ G v ud(D,u.—Douy) .

Next, we put
QUG]t:ukaG]t_G]kaut+thDjuk .

Then, using (2.1), (2.2), (2.4), (2.5), (3.4) and (3.13), we have

G,I=0,
from which
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0=2vG,"gu
=(u*D,G,)—G,*Dyu'+G,*'Du*)g,,
=u*D,G;;i—G,* 2G4+ Diup)+GpiDjut
=u*DGji+GriDju*+G Diu*)—2G (G i+ Douy)
=G ;;—2G,*(Grit+Diuy) .

Substituting (3.12) into this, we obtain

(3.14) 2G,"(Grit+Diup)=—u*(Q4,v,+ 200,

from which, transvecting v’,

(3.15) u* Q=W 0N, .

Thus, we have from (3.14) and (3.15)

G]k<Gki+Diuk):O
and hence, using (3.2),

Gri+Dyu,=0.
Consequently, we get
(3.16) Gjp=Dju,=—D;u,.
Similarly, we obtain
3.17) vEQ =0 2 u)u,
and
(3.18) Hy=Dv;=—D,v,. Q.E.D.

PROPOSITION 2. A complex almost contact structure s normal 1f and only

if 1t is contact and
(3.19) D;G =0, —gu+F, v, —F;;0",
Djth:5’}Ui'_‘gjivh_thuz‘+Fjiuh;

where F,* are components of the complex structure F and F;;=F,g.

Proof. First, the given structure is assumed to be normal. Since it is
contact, we have from (3.11)

DyGu+D;Giy+D,Gr,=—(24j0 420 +820kv5),
from which, transvecting v°,
(3.20) V! DGr,—G,'Dyv,+Gi'D,v,
=—2x,+ ' 2,00+ (0 2:)v,) .
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On the other hand, since S;,*=0, transvecting the first equation of (3.7) with
G,'v? and using (2.1), (2.2), (2.4), (2.5) and (3.2), we have

0=S;,"Gr'v’
={G"Gy'D,G,*—(G" Gy YD G, —D;G .} v —2Fy '+ urvi—viut)
=—G,"(G,*G,")Dv? — (0t —u,ut — v, v)G,"Dyv’+v’D;G,")
—2(Fyt+tuzvt—v,ut)
=—(V'D;G' =G, Dv'+G, Dy v))—2(F ' +up vt —vub)

and hence
v’Dij‘—GkTDTv‘-{—GJ‘Dka:—Z(Fk’-i—ukvt—vku‘) .

This implies together with (3.16), (3.17) and (3.20)
(3.21) Q4=2F ;+Q—a)uv;—viuy,

where a=82,;v*u’.
We now put S;;;=S,’g.. Then, using (3.9), (3.11) and (3.21), we have

0=S4:
=G, D,G;i—G;/D,Gpi—Gr(Dr G, —D;G,")
+2(;Hpi— v Hy+Grjus—Hy,v2)
=G (D:G;i—D;Gr)— G, (DG i— D, G1)
Fv;Hpyi— v Hj+upGji—u;Gp—4H, v,
=—G " (D;Grj+2F ;04 2F v )+ G, (DiGrp+2F v +2Fv4)
Fv;Hpi— v Hjtur G —u;Gpi—4Hy v,
=—D(Gv'G)H2G,; " DiGry—v,Hpit+ v Hji— 1, Gy j—u;Gp,
=2G,"D:Grr—H,;jv,—G,;u),

from which
G[DiGTk=ukG”—|— UkH” .

Thus, transvecting this with G,’, we get
DjGtkzuzgjk—ukgit+UtFik_“kait

and hence the first equation of (3.19). Similarly, we obtain the second equation

of (3.19).
Conversely, the given complex almost contact structure is assumed to satisfy

(3.19). Transvecting the first equation of (3.19) with u*, we get
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D;G M )ut=dr—u,u"—v;v".
Since G,"u*=0, we have

GMDu")y=—0+uu+v,v",

from which

Du"=G,*, ie, Dju=Gj.
This means
(3.22) DJuZ—DIu]=ZGﬂ .

Similarly, we obtain
(3.23) Djvi_D;sziji .

From (3.22) and (3.23) we see that the given structure is contact. Next, using
(3.19), we can easily verify S=T=W=0. Consequently, in this case the given
structure is normal. Q.E.D.

PROPOSITION 3. If a complex almost contact structure is normal, the pair
(F, g) is a Kahlerian structure, i.e., V F=0.

Proof. Using H,"=G,"F,', we have
Dszhz(Dchh)th+Gth(VszL),

from which, substituting (3.19),
GV ;F.5H=0.
Thus, we get
—V ;Fr A (ul jFu (v i F v =0,

from which, using (2.1) and Proposition 1,
V;Fr=0. Q.E.D.
PROPOSITION 4. For a complex almost contact structure, which 1s normal,
2,,=2F;;,

1. e., the curvature form © of the linear connection 6 induced n the vertical
vector bundle B is given by
OX, Y)=2g(FX, Y).

Proof. Since 2=dg, we have df2=0. Thus, using (3.21), we have
C—a)duNnv—uNndv)+daAuAv=0

because VF=0. Substituting into this
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du/\v:ﬁ/\v, undv=uNG
which are direct consequences of (3.9), we obtain
(3.22) Q—a)HNv—uAG)+daAunv=0.
Taking account of (ﬁ/\ (X, U, V)=(uAG)X, U, V)=0, we have from (3.22)

da=Ua)ut+Va)v,
from which and (3.22)
C—a)HAAu—uNG)=0
and hence a=2. Thus, substituting a«=2 into (3.21), we get

.ij————Zij. Q. E. D.

§4. Curvature properties. In this section, let (M, G, F) be a complex manifold
of (real) dimension n with complex almost contact structure {(O, u, v, G, H)}
which is normal. Using (3.19) and Ricci formulas gives

— Kl us=u;8ri—Ur Qs+, Fpi— Ve Fyy—20,F 4 42240, ,
4.1)
—Kui'vs=0;80i— V85— UiFpi T uaFjit2uiF o j—22 4 5u, ,

K™ being components of the curvature tensor K of (M, g, F), where F;;=F,"g;;
and

1
“4.2) Q,iz—z—(ajal—aiaj) .

Next, (3.19) and Ricci formulas imply

Kkjttht_‘Kkjithh:Gkig’;L_Gjiag—{'Gkhgji+ G, g
4.3)
+HkiF]h_HjiFkh_HkhFji‘f‘H]thi-l‘Z.ijth .

Changing in (4.3) the index 4 to s and then transvecting G;,(=G,'g:s), we have
by means of (4.1)

Kkjm—Kkjcstthsz(GkiGjn—Gjinn)‘f‘(HkiHjh“Hjinn)
4.4)
—(Fkian‘FjiFkn)—(gkigjh"gjigkh)‘zgkj}’—ih ’

where Kkjih=Kk,-isgsh and Hji———'H]sgn.
Since (M, g, F) is Kahlerian, we obtain

(4.5) Kkjithkjtstchs .
Then, transvecting G*(=g*G,"*) with (4.5) gives
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(4.6) KijinG™"=0.

Similarly, we get

4.7 KyjinH"=0.

On the other hand, we have

1 1
(4-8) Kkzsths=§(chsh"Kksth)G”=—-Z‘Kkhsz" s

where we used the identity K;jin+Kjirn+Kirjn=0. Thus (4.6) and (4.8) give
4.9) KpsnGH¥=0.
If we transvect g/* with (4.4), then we have by using (4.9)
(4.10) Kin=(n—2)gpn+2024:F2° .
Next, transvecting F/{(=g’*F;%) with (4.4), then we have by using (4.7)
(4.11) K jinF'=(n—2)Fin+2241 .
Transvecting F'* with (4.4) gives
(4.12) Ky jinF'=—(n+2)2,,.
On the other hand, (4.5) implies

_1

KkaKkzshF”F;h: 2

Knes FOF,",

which is obtained in the same way as (4.8) done. This equation and (4.12) imply

(4.13) K,,]:—@—;EEQ“F,S .

If we substitute (4.13) in (4.10), we have
(4.14) R4;=2F,,,

which gives Proposition 4. Substituting (4.14) into (4.13), we have

(4.15) Ki,=(n+2)gs,
and hence
(4.16) K=K;;,g¥=n(n+2),

where K denotes the scalar curvature of (M, g, F). Thus we have form (4.15)
and (4.16)



COMPLEX ALMOST CONTACT MANIFOLDS 395

THEOREM 2. If a complex manifold (M, F, g) with Hermitian metric g admits
a complex almost contact structure, which 1s normal, then (M, F, g) 1s an Einstein
Kahlerian space with scalar curvature n(n+2), where dim M=n (=3). If moreover
M 1s complete, then M 1is compact.

We now take complex coordinates (Z%, ---, Z?™*!) in O, such that F' has com-
ponents of the form

V=1 8% 0
Fr= .
0 —v/—1 0%
Putting -
r=u++v—1 v,
we see that = is a complex 1-form of type (1,0), i.e. n=r.dZ*. Since (4.14)

holds, we can find a holomorphic l-form w=fr in O, where f is a function
defined in O, such that wA(dw)™+0 (for proof see [2]). Thus we have

THEOREM 3. If a complex manifold M with Hermitian metric g admits a
complex almost contact structure, which is normal, there 1s in M a complex contact
structure.

Under the same assumption as in Theorem 3, using Proposition 1, we see
that [U, V] belongs to D, i.e. that the vertical distribution D is integrable. A
maximal integral submanifold of D will be called a fibre.

PROPOSITION 5. Under the same assumption as in Theorem 3, the vertical
distribution D 1s integrable and every flbre is a totally geodesic submanifold
with complex dimension 1 and with constant curvaturve 4. If moreover M is
complete, every fibre is a 2-dimensional spheve with curvature 4.

Proof. Proposition 1 implies
VyU=2e(U)V, V,U=2a0(V)V, VyV=—20U)U, V,V=—20(V)U,

which show that every fiber is totally geodesic. Since FU=-—V, FV=U, every

fiber is a complex submanifold of complex dimension 1. Next, using (4.1), we

have K, V*UV*U"=4, which means that every fiber has constant curvature 4.
Q.E.D.

Remark. For a complex almost contact manifold (M, F, g) with structure
{(0, u, G)|O0e A}, the Hermitian manifold (M, F, g) is assumed to be Kahlerian.
Then the local tensor field G has components satisfying™

* The indices 4, g,v,7 -+ run over the range {1,---,2m+1} and the summation con-
vension is used with respect to this system of indices.
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G,'=0, Gz*=0

with respect to complex coordinates (Z3, .-, Z*™*!) in each O 4. The local
tensor fields S, T and W have respectively components satisfying

S,t=0,

S.a*=G, DG+ G+ DzG,"—2u,Gz*

S72'=G75"D.Gz*— Gz D.G3* +2(us Gt —uz G3)+4Gu?
T,.'=0, Tz'=Sz", T'=—Su";

W,.*=0, W,z*=0, Wipt=—+~—1 S,;%.

The equation
G=—I+uQ@U+vRV

given in (2.1) is equivalent to
GG, =—0d\+2u,u*.
The equations (3.9) are equivalent to
Gu=D,u;, 0=D,uj.
The D,G," satisfies the identities
D,G,*=0, D3G,*=0
and the equations (3.19) are equivalent to

D,Gz*=2(0kuz—g.zu"),  D3Gz*=0.
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