T. OTSUKI
KODAI MATH. J.
2 (1979), 211—242

A CERTAIN PROPERTY OF GEODESICS OF THE FAMILY
OF RIEMANNIAN MANIFOLDS 0; (II)

Dedicated to Professor Hitoshi HONBU on his 70th birthday

By TOMINOSUKE OTSUKI

§0. Introduction.

This is a continuation of the part (I) with the same title written by the
present author. We shall use the same notation in it.

The period T of any non-constant solution x(¢) of the non-linear differential
equation of order 2:

d*x

(E) nx(1—x?) 2

—I—(Cfi—f)z—l—(l—xz)(nxz—l):O

with a constant n>1 such that x?+x’2<1 is given by the integral:

T dx

oD T= ﬁ;S 0 XV (n—2){x(n—x)"1—c}f ’

where 0<x,<1<x;<n and c=x,(n—xo)" *=x,(n—x,)" %

At the early stage of this work, the author imagined that T as a function
of x, and n is monotone decreasing with respect to n(=2), in order to imply
the inequality :

) T<2=,

which can be easily proved in the case of n=2. This inequality was proved in
[8] and [9]. But this supposition is not true as is shown in the table of the
values of T for x,=1/2, 1/4 and n=2,4,8 in Remark 2 in §4 of the part ()
([11D).

On the other hand, he obtained also certain negative facts for the supposi-
tion. By (1.8), (1.9) and Proposition 1 of [11], we have the formula:

0T (xo, n) 1 \/7511 M(x, x0)dx

©02) on T2 N eV (n—2) (x(n—x)"T—c} ’

where
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_ {4n—1—C2n+1)x} p(x)—n(n—x)"*

(0.3) M(x, x4): 00— x)73 -F(x, xo)
+2n(x—1D(n—x)p(x){A(x)—A(x0)} ,
(0.4) Ax) :=log (n—x)+ Z:i ,
0.5) F(x, xo) :=x(n—x)" "' —xo(n—x0)" *+n(n—x)" {A(x)—A(x)} ,
% for O0<x<m, x#1,
0.6) plx) = .
nln—=1)"* for x—1
2 )
0.7) c=x4n—x)""!' and B=(n-—1)""*.

The function M(x, x,) is real analytic for 0<x<n, positive in (x,, 1), negative
in (1, x*) and M (x,, xo)=M(1, x,)=0 by Proposition 2 in [11], where x* is the
value such that A(x,)=A(x*) and 1<x*<n. Now, we define a function X=X,(x)
0=x=1) by

(0.8) x(n—x)"1=X(n—X)"1, 1=X<n,

and then we have

dX _ 1-x  X(n—-X)
dx ~ x(n—x) 1-X

Using this function, we have

0.9

zy M(x, xo)dx e 1—x .
(0.10) SIO\/(ﬁ;xP{x(n—x)"“—c} _Sxo x(n—x)vVx(n—x)""1—¢ K(x, xo)dx,
where
xM(x, xo) XM(X, x)
Kz, xyim] A=0Wn—x  (A—Xwa—x  for 0<x<l,
0 for x=1.

We can prove that K(x, x,) is continuous for 0=x,=<x=1 except x=ux,=0,
K(x,, x0)>0 for 0<x,<1l. If K(x, 2,)=0 for 0<x,<x=<1, we could obtain the

aT(g:;’ 2 <0 for 0<x,<1 and n>2. But, being contrary to this ex-

inequality
pectation, we can prove the following facts:
lim K(x,, xo)=-40c0 and lim K(x, 0)=—o0.
2g=0 z-0
Through these experiments and others, the author sets the following con-
jecture.
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CONJECTURE A. The period function T(xo, n) of the solutions of the differen-
twal equation (E) 1s monotone increasing with respect to n(=2) for any fixed x,
(0<x,<1).

In this paper, he will try to prove this conjecture by the fundamental prin-
ciple as follows: To prove

0 (= M(x, xo)dx
(1) 0xo Sro«/(?'—xf{x(n—:}c’j""l:cr} >0
and
. (@ M(x, x)dx
(i) lm {7 e —ef =
from which we shall obtain
Ty 1\4()(, xo)dx -
810\/(77196)3{X(n—X)""*c} <0.

In §1, we shall treat the fundamental formulas (1.9) and (1.10) related with (i)
and several auxiliary functions fo(x), Fo(x), f(x), Fi(x) and U(x, x,) appeared
in it. In §2, we shall study properties of fo(x) and Fy(x). In §3, we shall
study the function F,(x) which is the principal factor of F,/(x). In §4 and §5,
we shall study properties of f,(x) and F,(x) according to the same method as is
used in §2 and §3 for fy(x) and Fy(x). In §6, we shall prove the positiveness
of U(x, x,). In §7, we shall prove an inequality on the function M (x, x,)
defined by (1.7) and the above equality (ii). In this work, we could not succeed
disappointedly in proving this conjecture (see Appendix) and need further study
of a function of x and x, made from the quantity in the brackets of the right
hand side of (1.9), in the same way as K(x, x,) is made from M(x, x,).

However, the main purpose of the series of the present papers with the
same title is to prove the following Conjecture B or Conjecture C which implies
the inequality (U), and the first one of them is supported numerically and par-
tially by means of the data obtained by M. Urabe for the integers n=2, 3, ---,
10, 30, 50, 100 (See Fig. 9 in [6]).

CONJECTURE B. The period function T as a function of 6=(x;—1)/(x~/n—1)
and n is monotone decreasing with respect to n(=2) for any fixed c(0<o<1).

CONJECTURE C. The period function T as a function of t=(x,—1)/(n—1) and
n 18 monotone decreasing with respect to n(=2) for any fixed (0<z<1).

The facts obtained in this paper will be also useful in proving these con-
jectures. In Appendix, we shall give a new proof for the fact (iv) in §0 of
Part (I), which was proved by a complex analysis on a Riemann surface in [10],
as an application of some inequalities of these facts.
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§1. Fundamental formulas and auxiliary functions f,(x) and F,(x).

Replacing the real variable x in M(x, x,), 4(x), F(x) and p(x) by the com-
plex variable z, we obtain the corresponding complex valued functions to them.
Then, M(z, x,) is complex regular on the segment 0<x<n of the real axis.
Setting

1.1 P(z) i=z(n—2)""*,

we have

M(z, xo):[{‘l""l—@n +1)z} {B—¢(2)} _1]

n(l—z) (n—z)"*

X [P(2)—d(x0)+n(n—2)"{A(2) = A(x0)} ]

— 2872 (Bl ()~
= (]7-1:;)2_ [@n—1—2)B—(n —2)" H n—z+(n—12z% 1{=2)—A(xo)}

1
n(l—z)*(n—z)*?!

XAp(@)—P(xo)} -
Hence, setting
(LD fo(2) :=@Cn—1—2)B—(n—2)""{n—z+m—1)z%,
1.2) f1(2) :={dn—1—2n+1)z} B—(n—2z)" " {n+@2n—1)z—(n+1)z%,

+ [{4n—1—QCn+1)z} B—(n—2)""*{n+@2n—1)z—(n+1)z%]

we obtain another expression of M(z, x,) as

(L3) Mz, xo)=- {5 /o) (A~}
+ ';{(I*_‘_Ejz"(lzjgm‘f (2 {P(2)—P(x0)}

Here, we notice that fy(z) and f,(z) do not depend on x,.
Now, using a closed curve 7 on the Riemann surface F: z(n—z)* '—w?=¢
as in [11], we have easily

er M(x, xo)dx 1 E M(z, x,)dz

wV/ (=) x(n—x)"—c} 2V (n—2P {eln—2)" " —c}

and so

irl_ M(x, x)dx
0xo JzoV/ (n—x) {x(n—x)""1 xo(n  x0)"7Y}
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_ 14 S Mz, x0)dz B
T2 0x iV (n—2) {z(n—2)" = xy(n—xo)" "}

-3 ! ey MG 3
—_7Sr¢<n—z>3{¢<z>—¢<xo)}a [ 90—t =52

-+ % M(z, xo)g//(xo)] dz.

Since we have

(1.4 ¢'(D)=n(l—2)(n—2)""*
and

15 pU
(15) ==

we obtain from (1.3)

oM (z, x,)

9@ —gC I 4 Mz, x) ()

_ (n—2)foz) 1—x, fi(z) 1 . \n-2
= (@@=l [ e gy (= w ]

n(l—xo)(n—xy)"* [ (n—2) fo(2)
+ ; [ 25 @)

f1(2)
+ n(l—z2)(n—z)"* {¢(Z)‘“¢(Xo)}:|

1-x, —2) /o )
=g DI 20— g} nln— 3 =20}

_ O=x)(n—xy)"* f1(2)

2 : (I—2(n—z)"" : {9/1(2)-9[)(1‘0)} .
Hence, setting
(16) UGz, o) :=2{(2)—$(xo)} +n(n—x0)" (A2)—2(x5)}
and

A7 WG 5= e DB G, )

A=x)n—x)*™*  A@
- 2 (e SRR COR

We obtain the following formula
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0 S«'vl . M(x, xo)dx
18 0x, zo«/(n—x)3{x(Nn—x)"'l—xo(n—xo)"”}
:__1_5 M, x)dz
2 Jrv/(n—2){P(2)—(xo)}*

Since we have

~ _ (A—=x) [(n—2)fy(2) (n—x0)"f:(z) 7. _
Mz, x)= (n—xo)Z'[ a—zy 2(n—z)”"(l——z)2] @) —=glxol}
n(l—xo)(n—x0)""* (n—2)fy(2)
* 2 gy MO
we have
_lj‘ _7_771\7[(2, Xo) dzﬁﬁ .
2 JrvV/(n—2*{p(2)—(xo)}?
, _ 1=x, (= 1 ) fo(x)~_ (n’—xq)i_ S1(x)
L8 =y Smwn_x){ﬂal‘z}“[<1_x>2 dnm )4
n -2 1 . fo(z) A _
— U e ey MO e,

On the other hand, we have along 7 the equality

a f 2 fo(2) . A&)—A(xo) }
dz Ln(z—1(n—2)"**  /¢(z)—c
_ 1 . fo(2) . _
S VGIHPE=aT -y DA

2 d Jo(2) . _
ATV Rl v ey e R R SRS

Using the fact that the function (2_1)3%2— -(A(2)—A(x,)) is regular ana-

lytic in a small neighborhood of z=x, 0<x<n, on &, which will be proved in
Lemma 2.2, we obtain

1 fo(2)
ST\/(H—-Z) {SZ(Z)____C}s’ : (1_2)'2" {A(2)—A(xp)} dz
= 2 1 . fol2) . . ’
—_;&«/@Z(z)—{ {(2—1)3(n_2)n—3/2 (4(z) /Z(Xo»} dz
4 (e 1 ) Folx) . B ,
_;Sxovgb__(;)__c“ { (X—1)3(n—x)"'3/2 (Ax) Z(xo))} dx.

Thus, we obtain the formula
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_ _l_g Mz, x0)dz
2 JrvV(n—2)*{p(z)—(xo)}?
(1 9) — l—xo g‘rl 1 [ fO(XAL__ (n_xo)n fl(x)
’ (n—x0)* JaovV/(n—x) {Pp(x)—P(x0)} L (x—1)* 2(n—x)" (1—=x)*
=)= { gy - Q=) Jax

Finally, we write more exactly the function K(x, x,) in §0. By (1.3) and
(1.6) we obtain
xM(x, x,) _ XMQ{, Xo)
A—x)vVn—x (1-X)v/n—X

[ xvVn—x fix) XvVn—X fo(X)
—_[W' {A(0)—A(xp)} ——— X1 {Z(X)——l(xo)}]

K(xr xO):

1 x? fi(x) X fi(X) D) —(x0)
" }

nlvn—x (1—x)?* +Vn—X (1—X)° &(x)

and

xvVn—x _ 1 xVn—x folx)
=17 AAx)—A(xo)} = A—x)" (x—1y

SR < T F LIRS

n(n—=x,)" (x—1)°

U(x, xo)

where X=X,(x) in §0. Therefore, we have

K(x, x,)

- 1 xv/n—x fo(x) X/n—X fo( X)
=S Gy Ul m= T UK, )

2 xvVn—x folx)  Xvn—=X fo(X)
n(n—xy)" [ (x—1)? - (X—1)° ] {(x)—(xo)}

+_1_[ 2 file) X AX) ].gb(x)—gb(xo)
nlvn—x (1—xP Vn—X (X-—1) o(x) )

(1.10) +

REMARK. The three quantities in the pairs of brackets of (1.10) are all
negative as will be shown in Proposition 6, Proposition 2 and Proposition 4,
respectively. We obtain easily from (1.10)

K(xo, 2= 22 ) ) >0

by Lemma 2.2 in Part (II) and Lemma 2.2 in Part (I).
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§2. Certain properties of f,(x) and F (x).
LEMMA 2.1. fy(x)<0 for 0<x<1 and fo(x)>0 for 1<x<n, when n>1.
Proof. We have easily

JfolD=2B(n—1)—(n—1)""1-2(n—1)=0, fo(n)=(n—-1)">0
and

o 1 (=) Hn—x+(m—1)x%
fl)=(en—1-1)[ B e |-
Noticing n—x+(n—1)x2>0 in [0, 2n—1], we have

d n—x)"*{n—x+(n—1)x?
—E(log 2n—1—x )

_ nn—{x*-2(n+Dx*+U@n+1)x—2n}
T (n—2)@2n—1—x){n—x+(n—1x?

Since we have
12 —=2n+Dx*+Un+Dx—2n=(x—1)*(x—2n)<0
for 0<x<n, x#1, it must be

d (n—x)"M{n—x+(r—Dx%
dx 2n—1—x <0

for 0<x<m, x+#1.

On the other hand, since we have

n—x)""{n—x+m—1)x% o
[ 2n—1—x ]x=1_B’

it must be therefore

B (n—x){n—x+n—1x% { <0 for 0<x<1,
2n—l—x >0 for 1l<x<n,
which implies the inequalities for f,(x) in this lemma. Q.E.D.

LEMMA 2.2. The function @,(x) defined by

({5’83 for 0=x<n, x+#1,
@2.1) Do) 1=
n@2n—1)B for x=1
6(n—1) o

15 positive and real analytic for 0=x <n, when n>1.

Proof. 1t is clear that the statement is true for 0=<x<n and x+#1. From
the computation in the proof of Lemma 2.1, we obtain easily
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d (=) {n—x+(m—1Dx% _ n(n—D(x—1*@Cn—x)(n—x)""*

22) dx 2n—1—x @2n—1—x)*

Hence we have
(=) {n—x+(m—1Dx%

B 2n—1
D
n(n—D(x—12C2n—x)(n—x)"?
o T @2n—1—x)*
=2(n—1)-lim 3(x—1)?
. 2n(n—li. . (2n—xl(p—x)”‘2
=3 o @n—l—x)
_ 2n(n—1)* ) (271—1)(71—1)"{_ n(2n—1)§
- 3 4n—12 — 6(n—1) °

Since fo(z) as a function of the complex variable z has its singular point only
at z=n, the regularity of @,(x) at x=1 is evident. Q.E.D.

LEmMMA 2.3. The function Fy(x) defined by

1 A® _

—x) % (x—1y Jor 0=x<n, x+#1,
(2.3) Fyx):=

n(2n—1) 5 —1

64/n—1 or =
18 positwe and real analytic for 0= x<n, and

Fu0 =" (ne, =241} <F(D),
(2.4) "

lim Fy(x)=-+o0,

T—-n

where e, :=1+1/m)™, when n=2.

Proof. By means of Lemma 2.2, it is clear that F,(x) is positive and real
analytic for 0=Zx<mn.
We have from (1.1) and (2.1)

F,(0)= 1. {n"—Cn—Dn-—-1)"""}

7,L7L—3/2
= n n-1 n n-1 ,\/ﬁ
_\/n{n( n—l) —2n+1}/< n—l) = {n(e,-1—2)+1}
and
_ 1 Cn@n—=1) . n@n—1)
FO(D_(n—l)"’3/2 6(1—1) (n—1) RV S



220 TOMINOSUKE OTSUKI

Hence we obtain

1
F(0) _ e DHL_ 6 [T, G2ty
Fo(l) n-1 _ 1 n en-1
Since .the function }/Zl:t of ¢t is decreasing in the interval (0, 1), we have

and so

F0(0> en—l"_z 1
7D <3( + ), when n>1.

We shall show

which is equivalent to

3
(2.5) en_1<3——2—n for n=2.

In order to prove (2.5), we consider the function

(1+%)”/(3—Txgm) for x=1.

Its logarithmic derivative is

[« log(1+;cl‘>“1°g(l_7(7cl+—l)},
1 1 L
:10g<l+}‘)" 1+l (x+D2x+1)
t t*
L+t ety

=log (1+¢t)—

1
where t=;. Furthermore, we have

d t 12
i flog 1+ [ (1—|—t)(2—|—t)}

11 a3y £ <0
T+t A+ QDR+ T 40+

and
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i ? ] —0
I+t (4DC+) =0

[log A+H—

which imply
i 2
1+t A4+HE2+D

Thus we have shown that the above function of x is monotone increasing for
x=1 and so

(1+%>z/ (g‘x%w)ﬂi‘i’m(”%)z/ (3*z<x—3+1>“):§<1~

Therefore (2.5) is true.
Finally we see easily that

log (14+1)— >0 for t>0.

lim Fy(x)=+oc0. Q.E.D.

Z-n

Now, we shall compute the derivative of the positive function Fy(x) (0= x<n).
From (1.1) and (2.3), we obtain

3
n—y5 4
(log Fi(a)Y = ——2-——2 5+ 21
_ 1@n+3)x—@Bn—3)} fo+2(x—1)(n—2x) /3
B 2n—x)x—1) fo ’

whose denominator is positive for 0<x<n, x#1, by Lemma 2.1 and numerator
becomes

{@n+3)x—Bn -3 [Cn—1—x)B—(n—x)""{(n—1)x*—x+n}]
+2x—Dn—x)[—B+m—x)"2{(n*—1)x*—n@n—1)x+n2}]
=—{@n+1)x*—2(2n*+5n—4)x+16n*—16n+3} B
+n—x)""H{~(n—Dx*+2n*—Tn+8)x*+(n—3)4n—1)x+3n2n—1)}.
Hence setting
(2.6) Fy(x) :=—{@2n+1)x*—2@2n*+5n—4)x +162*—16n+3} B
F+m—=x)""H—(n—1)x*+Cn*~Tn+8)x*+(n—3)dn—1)x
+3n2n—1)},

we obtain

i Fy(x)
2.7 o(x)= 2x—Dn—x)~ 12’

which shows that F,(x) is real analytic for 0=x<n and has a zero point of
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order at least 4 at x=1. Our pressing purpose of the argument in the following
is to show that Fy(x) is positive for 0<x<n, x+#1.

§3. Positiveness of F,(x).
LEMMA 3.1. When n=2, we have
—(n—1Dx*+@2n?*—Tn+8)x*+(n—3)dn—1)x+3n2n—1)>0
for 0=x=n.

Proof. Since the above polynomial of order 3 in x takes the positive values
3n(2n—1) at x=0 and n*n—1)* at x=n, it suffices to prove the following in-
equality

P@):=3n@n—Dt*+n—3)dn—-1)2+2n*—Tn+8)t—(n—1)>0
for t>i.
n
The discriminant of the polynomial of order 2 in ¢

P (y=9n@2n—1)t*+2(n—3)dn—1)t+2n*—7n-+8
is
4(n—3)*(4n—1)2—36n2n—1)2n*—7n+8)
=—4(20n*—40n°*414n*+6n—9)<0 for n=2.
Hence P'(t)>0 for any ¢ and so P(f) is monotone increasing. Thus we see that
P@®>0 for 1> L. Q.E.D.

The coefficient of B in (2.6) regarding as a quadratic polynomial in x has
its symmetric axis at
_ 2n*45n—4

4(n—1)
ontl T

2n+1

>n

and
[@Cn+1)x2—22n%+5n—4)x+16n?—16n+3],-;=12(n—1)>0

when n>1, and

[@n+1x>—22n*+5n—4)x+16n*—16n+3]-n=—(n—1)*2n—3)<0
when n>3/2. Supposing n=2, we denote the root of the quadratic equation:
3.1) @n+1)x*—22n*+5n—4)x+16n*—16n-+3=0

in the interval 1<x<n by 7,. From the above facts and Lemma 3.1 we obtain
easily the following lemmas.

LEMMA 3.2. Fy(x)>0 for 7,=x=n.
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LEMMA 3.3. When n=2, we have

8(n—1)

<1

. 8n—5
<T0<m1n{n, 32?} .

Proof. We have easily
[(2n+1)x2—2(2n2+5n—4)x—}—16n2—16n—l—3jrs<gz;n

T an+l

= 2n1+1 {64(n—1)*—16(n—1)(2n*+5n—4)+(2n +1)(16n*— 160 +3)}

=3>0

and
[@n+1)n*—22n%+5n—4)x+16n%—16n-+3] Yo Bn=h

2nr1

= 2n1+1 {(8n—5)2—2(8n—5)(2n*+5n—4)+(2n+1)(16n°—16n+3)}
_ 12(n—1y
R S L

Hence it must be -2 <To< 8n—5 Q.E.D.

2n+1 2n+1 "

Now, setting
3.2) Py(x):=@2n+1)x*—22n*+5n—4)x+16n2—16n+3,
(3.3) P(x):=—(mn—1x*+2n*—Tn+8)x*+(“4n?*—13n+3)x+3n(2n—1),
the sign of F,(x) is the same as the one of

__\n-1
(=" g g 0<x<r,.

Py(x)
We have easily
(3.4) [_(";’2;%(32]]5:1:3
and
{ (n—x)""'Py(x) }'
Py(x)
_ P Aln—x)" P/ —(n—1)n—x)" 2P} —(n—x)" " 'P,P,)’

(P)?
We obtain also
(n—x)" Py (x)—(n—1)(n—x)""*Py(x)
=(n—x)"L(n—x){—3n—1)x*+22n*—7n+8)x+4n*—13n+3}
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—(m—D{—(n—1)x*+2n*—Tn+8)x2+@n*—13n+3)x+3n(2n—1)} ]
=—(n—x)""*Q4(x),
where
(3.5) Qy(x):=2n*(n+2)+n(n—13)x+2(n*—n*—n+4)x*—(n—1)n+2)x°*.

Hence, we have

(n—0)" P\ (n—x)"®
{—PZ(T-)—ﬁ} =T @) [—(n—=x)P'P,—P,Q,] .

We shall compute the quantity in the above brackets. Since
(n—x)Py(x)=(n—x){3n2n—1)+Un?—13n+3)x +2n*—7n+8)x*
—(n—1)x%
=3n*@2n—1)+n{@dn*—19n+6)x +(2n*—11n*+21n—3)x*
—Bn?—8n+8)x*+(n—1)x*,

we have
—(n—x)Py/(x) Py(x) = Po(x)Q(x)

={2(2n%*+5n—4)—22n+1)x}
X {3n22n—1)+n{@n*—19n+6)x +(2n*—11n%+421n—3)x*
—(3n2—8n+8)x*+(n—1)x
—{16n*—16n+3—2(2n*+5n—4)x+2n-+1)x%
X 2n(n+2)+n(n—13)x+2(n*—n*—n-+4)x*—(n—1)(n+2)x%

=—4n* (n—1)2n*—2n-+3)+n(n—1)(24n*—16n%+34n+9)x
—4n(n—1)6n°4+8n+7)x*+2n(n—1)4n*+8n%*+6n+15)x°
—4n(n—1)2n*+n+3)x*+n(n—1)2n+1)x°

=n{n—1){—4n(2n?*—2n+3)+(24n°—16n2+34n+9)x —4(6n°+8n+7)x*
+2(4n*+8n2+6n+15)x*—4@2n*+n—+3)x*+2n+1)x°}

=n(n—1(x—1*{4n@2n*—2n+3)—@n?>—2n+9)x+2n+1)x? .

Thus, setting
(3.6) Q%) :=Cn+1)x*—8n?*—2n+9)x+4n(2n*—2n+3),

we obtain finally the following formula:

(n—x)"""Py(x) |’ n(n—1)
G0 (S e v

LEMMA 3.4. When n=2, Qu(x)>0 for x=7,.

“(n—x)" A (x—1)°Qu(x)
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Proof. On the graphs of the quadratic polynomials P,(x) and Q.(x), their
axes of symmetry are
_ 2n*4-5n—4 and  x— 8n?—2n+9
T 2n+1 T 2@2n+1)
respectively. Since we have

8n*—2n+9  2n*+5n—4  4n’—12n+17
22n+1) 2n+1  2(2n+1)

>0,

it must be Q,(x) for 0=x=y,, if we can show

Q:(re)>0.

Now, noticing the expressions of P,(x) and Q,(x), we have

Q:70)=Qs(70)—Pu(70)
=—An*—12n+17)7,+8n°—24n*+28n—3.
Since we have
AP 12041750 and Fo< 2
2n—+1

by Lemma 3.3, and so it must be

8n—>5
— 2__ 3__ 2 _
Q:(ro9)>—(An*—12n+17) on i1 +8n*—24n*+28n—3
_ _.___1 . 3___ 2 _ . — 2__
) {@n+1)8n*—24n*+28n—3)—(8n—5)(4n2—12n+17)}
— 2 . 4__ 3 2__
= onil [8n*—36n+74n2—87n+41].

On the other hand, setting n=t-+2 in the polynomial of n in the above brackets,
we obtain

8n*—36n°+74n*—87n+41
=8 +28°+501+-33t4+3>0  for ¢=0.

Thus we have proved that Q,(x)>0 for x=7, when n=2. Q.E.D.

Remark. 1f we substitute directly ng%j— in the polynomial Q,(x), we
obtain

=5\ 1 BV (82— _ _
Q2(2n+1 =i {(8n—5)*—(8n*—2n+9)(8n—5)+4n(2n+1)(2n*—2n+3)}

_ 2 e aps o
=il [8n*—36n°+68n2—75n+35].
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Substituting n=t+2 in the polynomial of n in the above brackets, we obtain
8n*—36n°4-68n*—7514-35
=8*+28t° 441211 -3,
which is not always positive for t=0.
LEMMA 3.5. When n=2, we have
Fy(x)>0 for 0=x<1 and 1<xZ=y,.
Proof. By means of (3.4), (3.7) and Lemma 3.4, we see that the function

(n—x)""Py(x)
Py(x)

and hence F,(x) is positive for 0=x<1 and 1<x=7,. Q.E.D.

Noticing F,(1)=0, we obtain from Lemma 3.2 and Lemma 3.5 the following

—B

PROPOSITION 1. When n=2, we have
F,(x)>0 for 0=x<1 and 1<x=n,

and
F,(1)=0.
PROPOSITION 2. When n=2, we have
XvVn—X xVn—x

X—1y fo(X)>~ﬁ)T-fo(x) for 0<x<1,

where X=X,(x) defined by (0.8).

Proof. By means of Proposition 1 and (2.7), F,(x) must be monotone increas-
ing in the interval 0<x<mn, hence we obtain

Fo(X)>Fy(x) for 0<x<1,
i.e.
R 7. N SR (€5
(n—=X)"%2  (X—-1)° (n—x)"3%  (x—1)°
Since we have X(n—X)"‘I:x(n—x)"'1 the last inequality is equivalent to

Xvn—X xv/n—x
(X l)s fO(X)> “(‘Tfo(x) for 0<x<1 . Q. E. D.

for O0<x<l1.

§4. Certain properties of f,(x).
In Lemma 4.2 in [11], we introduced the function
4.1) h(x):={dn—1—2n+1x} p(x)—nn—x)*1,

which is positive in (0, 1) and negative in (1, n).
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LEMMA 4.1. filxr)=1—x)*h(x)
and fi(x)>0 for 0<x<1 and fi(x)<0 for 1<x<n.
Proof. We obtain easily
(1—x)?*h(x)={dn—1—Cn+1)x} {B—x(n—x)*"} —n(n—x)""*(1—x)*
={4n—1—C2n+1x} B—(n—x)"""{dn—1x—Cn+1)x*+n(l—x)%
={4n—1—Cn+1)x} B—(n—x)""{n+2n—Dx—(n-+1)x?%

=f1(x).
The signs of fi(x) in (0, 1) and (1, n) are evident from this equality and Lemma
4.2 in [11]. Q.E.D.
LEMMA 4.2. The function @,(x) defined by
(1Ji1—(33 for 0=x=n, x#l1
4.2) D.(x):=
nntDB Jor x=1
6(n—1) -

is positive and real analytic for 0=x<n, when n>1.
Proof. It is clear that the statement is true for 0=x<n and x+#1. From
(1.2), we get easily
fi(D)=2(n—1)B—(n—1)*"*-2(n—1)=0.
Next we have

{ (n—x)"*{n+QCn—1Dx—(n+1)x? }/
dn—1—Q2n+1Dx

_ nn—x)"(1—x)*{6n*—(n+1)2n-+1)x}
- {dn—1—C2n+1)x}? )

4.3)

Hence we obtain
_ (n=0)"{n+@n—Dx—(n+1)x*
An—1—Cn+1x
Q—x)®
n(n—x)"“z(l——x)i{an—(n+1)(2n+{)£}_
=2(n—1)-lim — tn—1=(@nt1)x}”

B

lim @,(x)=2(n—1)-lim
-1 xr—1

13(1—x)?
_ 2n(n—1) im (n—x)"2{6n*—(n+1)2n+1)x}
- 3 z-1 {dn—1—Q2n-+1)x}?

_ 2n(n—1) (n—1""*(4n*-3n—1) n@dn+1)B
- 3 4(n—1)? T o6(n—1)




228 TOMINOSUKE OTSUKI

Since fy(z) is complex regular except z=n, the above computation implies that
@,(x) is regular analytic on 0=x<n. Q.E.D.

LEMMA 4.3. The function F\(x) defined by
1 Si(x)

(n_x)zn—s/z * (1—x)® for 0=x<n, x#l1

4.4 F(x):=
44 i) n(dn+1)B ¢ n(dn+1) —1

6(n—1)y 172 <__6(n—1)”“’2) for x=
is positwe and real analytic for 0=x<n, and

1
45) F1(0)='W,T'(4ﬂ—1—n€n—x)B<F1(1),
' lim Fy(x)=-c0
r-n

when n=2.

Proof. By means of Lemma 4.2 it is clear that Fy(x) is positive and real
analytic for 0=x<mn. The values of Fy(x) at x=0, 1, n are easily calculated.
Since we have

F.(0) —6< n—1 )Zﬂ'l/{ dn—1—ne,-,
F Q) n 4n+1 ’

the inequality Fy(0)<Fy(1) is equivalent to the following inequality :

4.6)

6(471—1—71€ni 1 2n-1/2
dn+1 <(l+ n—l) )

Regarding the right hand side of (4.6), we consider the function of ¢:
1 \2t+s/2
(1+7) for >0.

We shall show this function is monotone decreasing. In fact, we have

() =) e+ e ) 1)
=2t 5)" w14 5) gy ()
Putting %——-u, we obtain
log(1+ %)— ‘t?l%FtY (+ %)

(1—}—%u (u>0).

L

1
1+

=log(1+u)— o
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Both functions log(l1-+u) and —L-<l+iu) of u take the same value 0 at
1+u 4
u=0 and their derivatives with respect to u are
l—l—iu—l——g—u2
IR U S
1+u (I4+u)?
respectively. Since we have

3 3
2 a2
A S SR TCA S JUN .
E=NE Tha — 404ur ~ or u>Y,

it must be
u 3
log(1+u)—H—u(l+Zu><0 for u>0.
Hence, we obtain

d 1 \2t+3/2
) <0 dor 10,

which implies
1 \z2t+3/e . 1 232
(1+7) >lim (145) =¢,

t—+oo
ie.

1 2n-1/2 .
@7 (1+ n_l) >e¢*  for n>l.

On the other hand, supposing n=2, we have

6(dn—1—ne,-;) - 6(@4n—1—2n) _6(2n—1) .
dl =T dngl T dng1 <3<
Therefore (4.5) is true when n=2. Q.E.D.
Now, we shall compute the derivative of the positive function Fi(x) (0=

x<n). From (1.2) and (4.4), we obtain

2n—i
2 3 ;i
’— BN
(log Fi(x)) n—r T 1—x + 7

{10n—3—Un+3)x} fi+2(1—x)n—x) fi’
2(n—x)1—x) fi ’

whose denominator is positive for 0<x<n, x#1 by Lemma 4.1 and numerator
becomes

{10n —=3—Un+3)x}[{dn—1—Cn+1)x} B—(n—x)" " {n+2n —1)x—(n-+1)x?%
—2(1—x)n—x)[Cn+1)B4+(n—x)"*{n*—n{dn+1x+(-+-1)2x%]
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={3@2n—1)(6n—1)—2(16n*+3n—4)x+2n+1)4n+1)x% B
—(n—x)""{83ndn—1)+32n*—=Tn+1)x —Bn*+3n—8)x2+(n+1)2n+1)x% .
Hence, setting
Fy(x):={8C2n—-1)(6n—-1)—2(16n*+3n—4)x+2n+1)dn+1)x% B
4.8) —(n—x)""{3n@dn—1)+32n*—Tn+1)x —(8n*+3n—8)x?
+(n+DEZn+1)x% ,
we obtain
Fy(x)
2(1_x)4(n__x)2n—1/2 i

(4.9) Fy/(x)=

which shows that F,(x) is real analytic for 0=x<n and has a zero point of
order at least 4 at x=1. Our pressing purpose of the argument in the follow-
ing is to show that Fy(x) is positive for 0<x<n, x+#1.

§5. Positiveness of F,(x).
LEMMA 5.1. When n>1, we have
32n—1)6n—1)—2(16n2+3n—4)x+2n+1)dn+1)x2>0
for —oo<Llx< 0.

Proof. The discriminant of the quadratic polynomial of x of the left hand
side of the above inequality is

4(16n*+3n—4)2—122n—1)6n—1)2n+1)4n+1)
=4(256n*+96n°*—119n%*—24n+16)
—12(96n*4-8n>—28n2—2n-+1)
=—4(32n*'—72n°*+35n%4-18n —13)
=—4(n—1)%32n?*—8n—13).

Since 32n?—8n—13>0 for n>1, this discriminant is negative. Hence, the state-
ment of this lemma is true. Q.E.D.
Now, setting

(6.1 f’z(x) :=32n—1)6n—1)—2(16n*+3n—4)x+2n+1)dn+1)x2,
(5.2) ﬁs(x) =3n(dn—1)+32n*—Tn+1)x—@8n*+3n—8)x*+(n+1)2n+1)x°,
the sign of F,(x) is the same as the one of

_ (””x)iﬁ@@
ﬁz(’f)
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by means of Lemma 5.1. We have easily

[, o0
since P,(1)=P,1)=12(n—1)%, and
{Ln:gg”_'ﬂﬂ}’
Py(x)
_ Piitn—0" 1 Py —(n =D —2)" 2Py} —(n—x)" 1P, Py
(P»)?

We obtain also
(n—x)" 1P (x)—(n—1)(n—x)""2B(x)
=n—x)"[(n—x){3@n2—Tn+1)—28n*+3n—8)x+3(n+1)(2n+1)x?}
—(n—1){8n{dn—1)+32n2—7n+1x—(8n®+3n—8)x*+(n+1)(2n+1)x% ]
=—(n—x)""Qy(x),

where

~

(5.4) Qs(x):=6n2(n+1)+n22n2—15n—13)x —2(n +1)*(Tn—4)x*
+nm+Dn+2)2n+1)x°.
Hence, we have

=) P V0™ s B G
5 T =y o P PG,

We shall compute the quantity in the above brackets. Since
(n—x)ﬁg(x):(n——-x) {3n(dn—1)+32n*—7n+1)x —8n*+3n—8)x*
+n+1D2n+1)x%}
=3n*Un—1)+3n(2n*—11n+2)x —(8n*+9n2—29n +3)x*
+@Cn*+11n2+4n—8)x*—(n+1)2n+1)x*,
we have
—(n=x) Py (x) Py(x) = Po)F(x)
= {2(16n°43n—4)—22n+1)(4n+1)x}
X {3n*(dn—1)4+3n2n2—11n+2)x —(8n®+9n*—29n 4-3) x*
+Cn2+11n2+-4n—8)x*—(n+1)2n+1)x*}
—{8@n—1)6n—1)—2(16n2+3n—4)x+(2n+1){dn+1)x%
XA6n* (n-+1)+n(22n2—16n—13)x —2(n +1)2(Tn —4) x*
+(n+Dn+2)2n+1)x%
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=6n2(28n*—16n2+2n+1)—3n(200n*—60n*+4n2+3n+3)x
+4n(202n*+18n°—2n%+7)x2—6n(84n*+56n°+4n+n+5)x°
+6n2n+1)(12n4+12n2—n+2)x*—n(n+1)2n+1)%Edn+1)x°
=—n(x—1*{8(n—1)*11n*+n—1)—(n—1)2n+1)(32n*+34n—7)(x—1)
+(n+1)2n+1)*dn+1)(x—1)%
=n(1—x)*{6n(28n*—16n2+2n+1)—3(2n+1)(167°*+107°*—9n +3)x
+n+1)2n+1)*4n+1)x% .
Thus, setting
(5.5) Qy(x) :=6n(28n°—16n2+2n+1)—3@2n+1)(16n°+10n>*—9n+3)x
+(n+1D@2n+1)2(An+1)x?,

we obtain finally the following formula:

(n—x)i“ﬁs(xl I NSy
(5.6) P =y 0 0.

LEMMA 5.2. When n>1, Qy(x)>0 for —oo<x< +oo.

Proof. The discriminant of §,(x) is given by
9@2n+1)(16n3+10n2—9n+3)?
—24n(28n°—16n*+2n+1)(n+1)(2n+1)*(4n+1)
=—-32n-+1)’[—3(16n°*+10n*—9n+3)*
+8n(n—+1)4n+1)(28n*—16n2+2n+1)]
=—32n+1)*[—3(2561°+320n°—188n*—84n*+141n2—54n-+9)
+8(112n°+76n°—44n*—2n2+7n%+n]
=—302n+1)2[128n°—352n°+4-212n*+236n°—367n2+170n —27] .
Substituting n=t¢-+1 in the polynomial of n in the last brackets, we obtain
128n°—352n°-+212n*+-236n°—367n*+170n —27
=1281°+-416t°+372t*+1241* 4131427,
which is always positive for ¢>0. This fact implies that
Qu(x)>0  for —oo<x<+oo. Q.E.D.

PROPOSITION 3. When n>1, we have

Fy(x)>0 Jor 0=x<1 and 1<x<n,

and
F,(1)=0.
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Proof. By means of (5.3), (5.6) and Lemma 5.2, we obtain

(n=0)"Pi(x) _ o

< for 0=x<n, x+#1,
Py(x)

which implies
Fyx)=Pyx)B—(n—x)""1P(x)>0  for 0=x<n, x#1
by means of Lemma 5.1. Q.E.D.

PROPOSITION 4. When n>1, we have

X: o
TXva—x > v

where X=X,(x) defined by (0.8).

for 0<x<1,

Proof. By means of Proposition 3 and (4.9), Fi(x) must be monotone increas-
ing in the interval 0<x<mn, hence we obtain

_ F(X)>F(x) for 0<x<1,
i.e.
1 CAX) S 1 ~Alx)
(n_X)Qn—Zi/Z (1_X)3 (n_x)Zn—3/2 (l_x)fi
Since we have X(n—X)"'=x(n—x)""%, the last inequality is equivalent to

X? x*?
m—t———yfl()()>'(i:})3—\/n:j—;fl(l’) for 0<x<1l. Q.E.D.

for 0<x<1.

§6. Positiveness of U(x, x,).
In this section we shall investigate the function
(6.1) U(x, x0)=2{¢(x)—(xo)} +n(n—x0)"{A(x)—A(x0)} .
PROPOSITION 5. When n=2, we have
Ux, x)>0  for 0<x,<x=x,=X(x,).
Proof. From (6.1) we obtain easily

&%CJ’C—XQ:Zn(l——x)(n—x)”“z—n(n—xo)" . ﬁ—

_ n(l—x)
T (n—x)*

by (1.4) and (1.5). Since 0<x,<1<x,<n, let k=«(x,) be the constant such that

2(n—x)"—(n—x¢)"

n—k=—=(n—=x).

1
2
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Here, we check the following inequality
1
PR — >
(1 (l/§>n<1 for n=2.

It is equivalent to the inequality

>2

n—1
or

(i) 220,

which is clear, because

(1+ 1 )'Hze,,_122>m for n=2.
n—I1

We have easily

U (x,, x0)=0.
3

n —
Xy f[-— X,=X(Xo)
1 <
K

(=) /

V2
Xo
Xo

T om w *

In the following, we shall devide the proof in the four cases shown in the
above figure according to the size of &.

Case [: xo<k<l.

In this case, we see easily that % U{x, x,) is positive for x,=x <k, 1<x=Zx,
and negative for k<x<1. Since we have

U, x)=2{B—¢(x0)} +n(n—x0)" {A1)—A(x0)}
=2{B—¢(xo)} +2n(n—r)" {2(1)—A(x0)}
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>2{B—¢(xo)} +2n(n—1)" {A1)—A(xo)}
=2F(1)>0,

where F(x) is defined by (0.5) and positive for x,<x=<x,; by Lemma 3.1 in [11].
Hence it must be U(x, x,)>0 for x,<x=x,.

Case II: k=I.

In this case, we see easily that —aa—xU(x, x,) is positive for x,<x<1 and 1<
x=x, and so the claim is evident.

Case IlI: 1<k<x,.

In this case, we see easily that aixU(x, xo) is positive for x,<x<1 and £<
x=x, and negative for 1<x<g. Since we have
Uk, x0)=2{(k)—(xo)} +n(n—x0)" {A(k) —A(xo)}
=2{g(e)—P(x o)} +2n(n—r)"{A(k)—A(x0)}
=2F(x)>0,

it must be U(x, x¢)>0 for x,<x=x,.
Case IV: x,==«.

. . 0 . -
In this case, we see easily that WUOC’ x,) is positive for x,<x<1 and

negative for 1<x<x,. Furthermore, it must be
U(xy, xo):n(n"‘xo)n {2(x1>‘/2(x0)} >0,

since we have the inequality :

6.2) Alx)—A(x4)>0 for 0<x,<1<x,;=X(x,)
by Lemma 2.2 in [11]. Hence we obtain also U(x, x,)>0 for x,<x=x,.
Q.E.D.
Using Proposition 5, we obtain the following
PROPOSITION 6. When n=2, we have
Xv/n—X fi(X) xv/n—x fox) , . .
X=1p U(X, xo)——(xtl)T—U(x, x0)>0 for x,<x<l1.
Proof. By means of Propositions 5 and 2, we have
Xvn—X f(X) _ xVn—x fy(x)
(X—1)3 U(X; Xo) (x_1)3 U(x, xo)
xvVn—x fo(x) B
> G—1) {UX, x0)—U(x, xo)}
o m xvVn—x Jolx) B
=n(n—=x,) =1 {A(X)—2(x)},

which is positive by (6.2) replaced with x,=x, x;=X(x). Q.E.D.
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§7. Certain properties of J\7I(x, xo) and M (x, x,).
PROPOSITION 7. When n=2, we have

xM(x, %) XM(X, x,)
1—x)vVn—x (Q1—X)v/n—X
Proof. We use the expression of the right hand side of (1.7) for A7I(x, Xo)-
Then we have
xM (x, Xo) XM(X, Xo)
A—x)vVn—x (A—X)V/n—X

>0 for x,<x<l.

1—x, [XVn—Xf(X) xvV/n—x folx)
@D =g e T ey U a0 P U, 1)
L Dk N SN M-
2 (1-=Xy(n—X)*"1%  (1—x)¥(n—x)*"?

X Ad(x)—P(xo)} .

By means of Proposition 6, the quantity in the first brackets is positive.
We have also the inequality :

Xf(X) xf1(x)
(7.2) =X (n—X) 7~ A=x)(n—x)7 >0 for 0<x<1,

since it is equivalent to the one:

X0 k)
A—Xyv/n—X ~ A—rpvn—x 0 for 0<x<l,
because x(n—x)"'=X(n—X)""!, which was proved in Proposition 4. Therefore,
the right hand side of (7.1) must be positive since 0<x,<1<n and ¢(x)—¢(xe)>0
for x,<x<1. Thus we obtain the inequality of this proposition. Q.E.D.

PROPOSITION 8. When n=2, we have

lim SXuo) M(x, xo)dx 0

zo-1Jzy AV (n—x)P {x(n—x)""1—xo(n—x0)"" 1} -

Proof. We have the equalities

M(x, x,) _ xM(x, x,) . 1
V=) p(x)—g(x)} n—x xV(n—x){p(x)—(x0)}

(7.3)

where

{n—1-Q@niDxbp)—nm=x"" o

M(x, xo)z n(n_x)n—l

+2n(x—1)(n—x)p(x) {A(x)—Ax0)}
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F(x, xo)=¢(x)—d(xo)+n(n—x)"{A(x)—A(xo)} ,
'(x)=n(n—x)""*(1—x),

X(x)=— @—_17) (1—x)

and

by (0.3), (0.5), (1.4) and (1.5).

First of all, for any small ¢>0 we take §,>0 such that if 1—0,< x,<1, then
xM(x, xy)
Cn—x

X(xo)—x,<e. Next, substituting suitably x with 1 in - of the right

hand side of (7.3) by noticing the above expressions and the mean value theorem,
we consider the following constant:

1 [ 2¢n—Da)—n(n—1)* W 1
n—1 [ n(n—1)""1 X{n(n—l) +n(n—1) W}
€
+2n(n _1)#(1)W]

and furthermore using (0.6) this constant becomes n*n—1)""‘c. Then, by the
continuity of related functions here we can choose a positive constant §=g,

such that if
1—5<XO§X§X1:X(-XO) ’
then
| 2M(x, x0)
| n—x

<{n*(n—1)""*+1}&s.

Hence, for such x, we obtain the inequalities
Srl M(x, xo)dx
20/ (n—x)* {p(x)—(x0)}

. » dx
<{n*(n—1" 41} ¢ SIO xv/(n—x){P(x)— sb(xo)}
<{n¥(n—1)""*+1} e \/\;2(7;0)

by (0.1) and (U) in §0, from which we have

Szl 74149{, x)dx
a0/ (n—2) {p(x) — P(x0)}
{nz(n D411 4/2 we?

lim

Z9-1

= vn(n—1)r1
and therefore it must be
3 M(x, xo)dx
.E.D.
leoﬂgzo\/(n—rf P)—gx)} q
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Appendix

In the original manuscripts, the present author made a serious mistake such
that from (1.8) he derived the following equality :

ign‘ M(x, xo)dx

0x Jao vV (n—x)* {x(n—x)" " T— xo(n—x0)""}
_Sx, ] 1\7[(x, x0)dx
eV (n—xP {x(n—x)" " —x(n—xo)* 1} °

The right hand side of this can be expressed as

:Sl 1—x [xM(x,i.,)__ X1\7I(X,_xi)i]d
2o x(n—x)V{P(x)—c}* LQ—x)vn—x (1—X)vVn—X ’

of which the quantity in the brackets is positive by Proposition 7. Thus, he
believed at first he succeeded in proving Conjecture A. But this integral be-
comes +oo,

In the following, we shall show that a large number of the facts obtained
in §1~87 will be useful in a study of the period function T, by giving a new
proof of the following theorem which was proved in [10] by a considerable
complicated complex analysis on the Riemann surface & given in §1.

THEOREM D. The period function T(x,, n) of the solution of the differential

equation (E) 1s monotone wncreasing with respect to x, (0< x,<1) for any fixed n
(z2).

Proof. By (1.4) in Part (I), we have

0T (x4, n) ns l\/_n—g (n—z)"%%dz
W ox, TR ) Y e =
where c=x,(n—x)" %
Now, setting
N[ _(n=2)" Tz
@ Hry={ e,
we divide the closed path 7 on the Riemann surface & : z(n—2z)"'—w?=c, as is
shown in the following figure:

z-plane w-plane
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where ¢ (ag)=¢(ay), VP(a) —c=h, x,<a,<1<a,<x, and 7=y +7"-+7""+7®.
Then, we have

_2(¢ (n—2)"*dw
Fo= ) T e

n
2 (Wn—2 _ V2
= L e a"?z%}%f‘

2_2[@“L] 15 @n—1-— z)dz

11—z  wls }—

Since this equality holds for any path on &, we have

L= 4 +/n—a, 2 Sao (@Cn—1—x)dx
s n (l—a)h 71 Jz 1=x>*V(n—x){p(x)—c} ’

4 Vn—a, 2511 (2n—1—x)dx

Jr"")=—

n (a;—Dh  nday A—x)(n— x){gb(x) <’
and
” WOY— 1 (n T,Qf,,s,/idr
Jr"+r®)= 25 VATt
Hence, we obtain
]3(7):]3(7/) +j3(7ll)+]3(7///) +]3(T(4))
(«/n a, \/n—al
1—a, a,—1 )
_E{Sao (@n—1—x)dx _]_Vlv (anL—Jde }
zo (L=x)V(n—x){¢p(x)—c}  Jay A=)V (n—2x){p(x)—c}

_ S% (n—x)*%%d x
ap v {P(x)—c}?®
Since both of the integrals in the braces of the right hand side tend to 0 as
a,— x, and a, — x;, we obtain

vVn—a, Qo \/nia 2
3) h(r)—;alogf;lo[( l—a, T a1 )\/¢<ao>—‘?

aV/(n—x)* {p(x)—c}?

On the other hand, we have

Vn—x _ vVn—x AB—¢(x)} - {p(x)—c}

(I—x)VP(x)—c ~ 1—x)Vd(x)—c B—¢

_Vn—x{B—¢(x)} | Va—xvV(x)—c
T (1—x)V(x)—c b(1—x) ’

Sal (n—x)"dx ]




240 TOMINOSUKE OTSUKI

where 02)=B—c. The second term of the last side tends to 0 as x— x, or
x — x,. Hence we have

T=2 1 [2\/”“10{5,_¢(00)}+2‘/7’_01{51_795&9__1),,}
: 7 ao Io 2(1*‘00)\/90(00) [4 bz(al_l)\/Sb(al)"C

ay (n—x)"dx
ﬂnSao V(n—x) {gb(x)—rc} 3 —l ’

Setting
V= (B—g(x)

pow =(x—DvVn—xplx),

Vix):=

which is real analytic in the interval (0, n), we obtain

2 Wa,)—V(a,) Sal (n—x)"dx ]

@ Jiry= o Jim [ o ST

Now, since we have

( Vi(x) _)’ 2{(x)—c} V' (x)—n(l— x)(n x)" 2V (x)

V(0 —c 2V {g(x)—c} ’

we get

2 V(ay)—V(a,) S”’l (n—x)"dx

b VP —c et —c

2 (o1 V(x) 1 (n— x)"dx

G Sao(\/gb(x) C) dx— ngao«/(n 1) (x)—c}?

»_*Sal 2{p(x)—c} V'(x)—n(1—x)(n—x)""*V(x) —nb*(n —x)""** 4
S Vgl = *
The numerator of the integrand of the last integral can be expressed as fol-
lows:

B—¢(x)  vVn—x{B—¢(x)} e
2900=0) | = g Gy

+n(n—x)* " B—g(x)} —nb*(n—x)"~**

—n(n—x)"""*(x)—c}
=Wx—d- [" (271(;1__1‘;)?}%;%()‘)} +n(n—x)"‘3’2] ,
hence we have

2 V(a)—V(ay) Sal (n—x)"dx

B Nplag—c e =1 {gp(x)—c}?
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I 1 ) _(2n—1—x){B——¢(x)} o \nese
= Saox/gb(x)—c [ G—1yvn—x +n(n—x) /]dx.
Thus, we obtain the important formula as follows:

_ 2 (a1 @2n—1—x0){B—¢(x)} —n(x—1)*(n—x)""*
®) Jir)= nb? S.‘co (x—=1)*v(n—x){g(x)—c}

. 2 le fo(x)dx

bt

because we have
Cn—1—x){B—¢(x)} —n(x—1)*(n—x)*
=@2n—1—x)B—(n—x)""*{x@2n—1—x)+n(x—1)%
=@2n—1—x)B—(n—x)""{n—x+(n—1)x% =f(x).

Finally using this formula and (0.9), we have

dx

2o (x =1 (n—x){¢(x)—c} ’

S’l folx)dx
2o (x—1)*v(n—x){(x)—c}
:SI fo(x)dx +S10 Jo(X) o
2o (x =1V (n—x){p(x)—c} )1 (X—=D1)*V(n—X){p(X)—c}

L 1-x .X(n—X)
x(n—x) 1—-X

_Sl 1—x [X«/n——XfO(X)__x«/Fx‘fo(x)] dx

dx

20 x (N—x) (X—1y (x—1¢  IWVgx)—c’
that is,
2. 1—x 'Xa/n—X fo(X) _xvn—xfi(0)7], .
©  JN=—z Sro x(n_x)\/sb—(;)tg{ (X—1y (x—1)° ]di'

By means of proposition 2, we obtain

.[3(T) < 0 >
hence
aT (XO) n) >0 .
0x,

REMARK. The formula (6) will play an important role in Part (IIl) to con-
tinue to the present part, in which we shall try to make Conjecture B or Con-
jecture C a theorem.

Q.E.D.
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