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ON A CERTAIN HOLOMORPHIC CURVE EXTREMAL FOR

THE DEFECT RELATION

Nobushige Toda

1. Introduction

Let f ¼ ½ f1; . . . ; fnþ1� be a holomorphic curve from C into the n-dimensional
complex projective space PnðCÞ with a reduced representation

ð f1; . . . ; fnþ1Þ : C ! C nþ1 � f0g;

where n is a positive integer.
We use the following notations:

k f ðzÞk ¼ ðj f1ðzÞj2 þ � � � þ j fnþ1ðzÞj2Þ1=2

and for a vector a ¼ ða1; . . . ; anþ1Þ A C nþ1 � f0g

kak ¼ ðja1j2 þ � � � þ janþ1j2Þ1=2;

ða; f Þ ¼ a1 f1 þ � � � þ anþ1 fnþ1;

ða; f ðzÞÞ ¼ a1 f1ðzÞ þ � � � þ anþ1 fnþ1ðzÞ:

The characteristic function of f is defined as follows (see [11]):

Tðr; f Þ ¼ 1

2p

ð2p

0

logk f ðreiyÞk dy� logk f ð0Þk:

Due to Cartan ([1]), we have the following relation:

Tðr; f Þ ¼ 1

2p

ð2p

0

log max
1ajanþ1

j fjðreiyÞj dyþOð1Þ:ð1Þ

We suppose throughout the paper that f is transcendental; that is to say,

lim
r!y

Tðr; f Þ
log r

¼ y

and that f is linearly non-degenerate over C ; namely, f1; . . . ; fnþ1 are linearly
independent over C .
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It is well-known that f is linearly non-degenerate over C if and only if the
Wronskian W ¼ Wð f1; . . . ; fnþ1Þ of f1; . . . ; fnþ1 is not identically equal to zero.

For meromorphic functions in the complex plane we use the standard nota-
tions of Nevanlinna theory of meromorphic functions ([4], [5]).

For a A C nþ1 � f0g, we write

mðr; a; f Þ ¼ 1

2p

ð2p

0

log
kak k f ðreiyÞk
jða; f ðreiyÞÞj dy;

Nðr; a; f Þ ¼ N r;
1

ða; f Þ

� �
:

We then have the first fundamental theorem:

Tðr; f Þ ¼ mðr; a; f Þ þNðr; a; f Þ þOð1Þð2Þ
([11], p. 76). We call the quantity

dða; f Þ ¼ 1 � lim sup
r!y

Nðr; a; f Þ
Tðr; f Þ ¼ lim inf

r!y

mðr; a; f Þ
Tðr; f Þ

the deficiency (or defect) of a with respect to f . We have

0a dða; f Þa 1

by (2) since Nðr; a; f Þb 0 for rb 1 and mðr; a; f Þb 0 for r > 0.
Let X be a subset of C nþ1 � f0g in N-subgeneral position; that is to say,

#X bN þ 1 and any N þ 1 elements of X generate C nþ1, where N is an integer
satisfying Nb n.

Cartan ([1], N ¼ n) and Nochka ([6], N > n) gave the following

Theorem A (Defect relation). For any q elements aj ð j ¼ 1; . . . ; qÞ of X ,

Xq
j¼1

dðaj; f Þa 2N � nþ 1;

where 2N � nþ 1a qay (see also [2] or [3]).

We are interested in the holomorphic curve f for which the defect relation is
extremal:

Xq
j¼1

dðaj; f Þ ¼ 2N � nþ 1:ð3Þ

In [9] we proved the following theorem.

Theorem B. Suppose that there are vectors aj ð j ¼ 1; . . . ; qÞ in X which
satisfy (3), where 2N � nþ 1a qay. If ðnþ 1; 2N � nþ 1Þ ¼ 1, then there are
at least
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2N � nþ 1

nþ 1

� �
þ 1

vectors a A faj ð j ¼ 1; . . . ; qÞg satisfying dða; f Þ ¼ 1.

Further, we improved this theorem in [10]. Namely, we weakened the
condition ‘‘ðnþ 1; 2N � nþ 1Þ ¼ 1’’ in Theorem B to ‘‘N > n ¼ 2m ðm A NÞ’’
and obtained the same conclusion as in Theorem B.

In this paper we consider the holomorphic curve f satisfying (3) from a
di¤erent point of view.

Let

Xkð0Þ ¼ fa ¼ ða1; . . . ; anþ1Þ A X j ak ¼ 0g ð1a ka nþ 1Þ:
Then, it is easy to see that

0a#Xkð0ÞaN

since X is in N-subgeneral position.
Further we put (see Definition 1 in [7])

ukðzÞ ¼ max
1ajanþ1; j0k

j fjðzÞj;

tkðr; f Þ ¼
1

2p

ð2p

0

flog ukðreiyÞ � log ukðeiyÞg dy;

and

Wk ¼ lim sup
r!y

tkðr; f Þ
Tðr; f Þ :

Proposition A (see [7]).
(a) tkðr; f Þ is independent of the choice of reduced representation of f .
(b) tkðr; f ÞaTðr; f Þ þOð1Þ.
(c) Nðr; 1= fjÞa tkðr; f Þ þOð1Þ ð j ¼ 1; . . . ; nþ 1; j0 kÞ.
(d) 0aWk a 1.

Our main purpose of this paper is to prove the following theorem:

Theorem. Suppose that
(i) N > nb 2;
(ii) there are vectors a1; . . . ; aq A X ð2N � nþ 1 < qayÞ satisfying

dðaj ; f Þ > 0 ð j ¼ 1; . . . ; qÞ and

Xq
j¼1

dðaj; f Þ ¼ 2N � nþ 1:

If Wk < 1 for some k ð1a ka nþ 1Þ, then
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(a) #Xkð0Þ ¼ N;
(b) there is a subset PH f1; 2; . . . ; qg satisfying

#P ¼ N � nþ 1; dðPÞ ¼ 1; dðaj; f Þ ¼ 1 ð j A PÞ
and

Xkð0ÞV faj j j A Pg ¼ f;

where dðPÞ is the dimension of the vector space spanned by faj j j A Pg.
(c) Any n elements of X � faj j j A Pg are linearly independent.

As an application of this theorem, we can prove the following result:

‘‘Let f be any exponential curve. If N > nb 2, thenX
a AX

dða; f Þ < 2N � nþ 1:”

This result means that any exponential curve is not extremal for the defect
relation when N > nb 2.

2. Preliminaries and lemma

We shall give some lemmas for later use. Let f ¼ ½ f1; . . . ; fnþ1�, X and
Xkð0Þ etc. be as in Section 1, q any integer satisfying 2N � nþ 1 < q < y and we
put Q ¼ f1; 2; . . . ; qg.

Let faj j j A Qg be a family of vectors in X . For a non-empty subset P of
Q, we denote

VðPÞ ¼ the vector space spanned by faj j j A Pg and dðPÞ ¼ dim VðPÞ
and we put

O ¼ fPHQ j 0 < #PaN þ 1g:

Lemma 1 ((2.4.3) in [3], p. 68). For P A O, #P� dðPÞaN � n.

For faj j j A Qg, let

o : Q ! ð0; 1�
be the Nochka weight function given in [3, p. 72] and y the reciprocal number
of the Nochka constant given in [3, p. 72]. Then they have the following
properties:

Lemma 2 (see [3], Theorem 2.11.4).
(a) 0 < oð jÞya 1 for all j A Q;
(b) q� 2N þ n� 1 ¼ yð

Pq
j¼1 oð jÞ � n� 1Þ;

(c) ðN þ 1Þ=ðnþ 1Þa ya ð2N � nþ 1Þ=ðnþ 1Þ;
(d) If P A O, then

P
j AP oð jÞa dðPÞ.
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Note 1. (c) of Lemma 2 can be refined as follows:
N

n
a ya

2N � nþ 1

nþ 1
.

Proof. When y ¼ ð2N � nþ 1Þ=ðnþ 1Þ, there is nothing to prove as N=na
ð2N � nþ 1Þ=ðnþ 1Þ.

When y < ð2N � nþ 1Þ=ðnþ 1Þ, there is an element P A O satisfying

y ¼ 2N � nþ 1 � #P

nþ 1 � dðPÞ ð1a dðPÞa nÞ

by the definition of y. By Lemma 1 we have

y ¼ 2N � nþ 1 � #P

nþ 1 � dðPÞ b
N þ 1 � dðPÞ
nþ 1 � dðPÞ b

N

n

since dðPÞb 1. r

Put

Pkð0Þ ¼ f j A Q j aj A Xkð0Þg and dk ¼
X

j APkð0Þ
oð jÞ:

Then, we have the inequality

dk a nð4Þ

since dk a dðPkð0ÞÞ by Lemma 2(d) and dðPkð0ÞÞa n by the definition of Xkð0Þ.

Lemma 3 (Defect relation) (see Theorem 3 in [8]). For any a1; . . . ; aq A X ,
we have the following inequalities:

(I)
Pq

j¼1 oð jÞdðaj; f Þa dk þ 1 þ ðn� dkÞWk;

(II)
Pq

j¼1 dðaj; f Þa 2N � nþ 1 �N

n
ðn� dkÞð1 �WkÞ.

By applying Lemma 2 and Note 1 to (I) we obtain (II) as usual. (II) is an
amelioration of Theorem 3 (II) in [8].

Remark 1. This is an amelioration of Theorem A. Since Wk a 1 and
dk a n we have the inequalities:

dk þ 1 þ ðn� dkÞWk a nþ 1 and

2N � nþ 1 �Nðn� dkÞð1 �WkÞ=na 2N � nþ 1:

Lemma 4. For any a A Xkð0Þ, dða; f Þb 1 �Wk.

Proof. For a A Xkð0Þ we have the inequality

jða; f ðzÞÞjaKukðzÞ
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for a positive constant K by the definitions of Xkð0Þ and ukðzÞ. From this
inequality we have the inequality

Nðr; a; f Þ ¼ 1

2p

ð2p

0

logjða; f ðreiyÞÞj dya 1

2p

ð2p

0

log ukðreiyÞ dyþ log K

¼ tkðr; f Þ þOð1Þ ðr > 0Þ;

from which we obtain the inequality dða; f Þb 1 �Wk. r

Lemma 5 ([9], Lemma 3). Suppose that N > n. For a1; . . . ; aq A X the max-
imal deficiency sum

Xq
j¼1

dðaj ; f Þ ¼ 2N � nþ 1

holds if and only if the following two relations hold:
1) ð1 � yoð jÞÞð1 � dðaj; f ÞÞ ¼ 0 ð j ¼ 1; . . . ; qÞ;
2)
Pq

j¼1 oð jÞdðaj; f Þ ¼ nþ 1.

Corollary 1 ([9], Corollary 1(I)). Suppose that N > n and that for
a1; . . . ; aq A X , the equality

Xq
j¼1

dðaj ; f Þ ¼ 2N � nþ 1

holds. If yoð jÞ < 1 for some j, then dðaj; f Þ ¼ 1.

Definition 1 ([9], Definition 1). We put

l ¼ min
P AO

dðPÞ
#P

:

Then, l has the following property.

Lemma 6 ([9], Proposition 2). 1=ðN � nþ 1Þa la ðnþ 1Þ=ðN þ 1Þ.

Remark 2. (a) If l < ðnþ 1Þ=ð2N � nþ 1Þ, then l ¼ min1ajaq oð jÞ and
oð jÞ ¼ l, yoð jÞ < 1 ð j A P0Þ for an element P0 A O satisfying l ¼ dðP0Þ=#P0.

(b) If lb ðnþ 1Þ=ð2N � nþ 1Þ, then oð jÞ ¼ 1=y ¼ ðnþ 1Þ=ð2N � nþ 1Þ
ð j ¼ 1; . . . ; qÞ.

In fact, the first assertion of (a) is given in the proof of Proposition 2.4.4 ([3],
p. 68) with the definition of oð jÞ ([3], p. 72). For the second assertion of (a),
as oð jÞ ¼ l ð j A P0Þ by the definition of o and ðnþ 1Þ=ð2N � nþ 1Þa 1=y, we
have the conclusion.

(b) See the definitions of oð jÞ and y ([3], p. 72).
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Lemma 7 ([9], Corollary 2). For a1; . . . ; aq A X , we have the inequality

Xq
j¼1

dðaj; f Þamin 2N � nþ 1;
nþ 1

l

� �
:

3. Proof of Theorem when q < y

Let f , X , Xkð0Þ and o etc. be as in the previous sections and q an integer
satisfying

2N � nþ 1 < q < y:

Throughout this section we suppose that
(i) N > nb 2;
(ii) there are vectors a1; . . . ; aq A X satisfying dðaj; f Þ > 0 ð j ¼ 1; . . . ; qÞ and

Xq
j¼1

dðaj; f Þ ¼ 2N � nþ 1;

(iii) Wk < 1 for some k ð1a ka nþ 1Þ.

Proposition 1. Xkð0ÞH fa1; . . . ; aqg.

Proof. If there exists a vector a A Xkð0Þ satisfying a B fa1; . . . ; aqg, then
dða; f Þ > 0 by Lemma 4 and (iii), and so by Theorem A we have the inequality

Xq
j¼1

dðaj; f Þa 2N � nþ 1 � dða; f Þ < 2N � nþ 1;

which is a contradiction to our assumption (ii). r

Proposition 2. dk ¼ n.

Proof. From Lemma 3(II) and the assumption (ii) we have the inequality

ð1 �WkÞðn� dkÞa 0:

Then, by the assumption (iii) and (4), we obtain the equality dk ¼ n. r

Proposition 3. (a) y ¼ N=n, (b) #Pkð0Þ ¼ N and (c) yoð jÞ ¼ 1 ð j A Pkð0ÞÞ.

Proof. As X is in N-subgeneral position, we have #Xkð0ÞaN. From
Proposition 2 and Lemma 2(a)

ðAÞ yn ¼
X

j APkð0Þ
yoð jÞa

X
j APkð0Þ

1 ¼ #Pkð0Þ ¼ #Xkð0ÞaN;

so that we have yaN=n. By Note 1 we obtain y ¼ N=n.
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Combining this result with the inequality (A), we have

#Pkð0Þ ¼ N and yoð jÞ ¼ 1 ð j A Pkð0ÞÞ: r

Corollary 2. l < ðnþ 1Þ=ð2N � nþ 1Þ.

Proof. By Lemma 7 and the assumption (ii), we have

la
nþ 1

2N � nþ 1
:

If l ¼ ðnþ 1Þ=ð2N � nþ 1Þ, then by Remark 2(b) and Proposition 3(a)

y ¼ 2N � nþ 1

nþ 1
¼ N

n
;

which is a contradiction, since N=n < ð2N � nþ 1Þ=ðnþ 1Þ when N > nb 2.
This implies that our corollary holds. r

Put

P1 ¼ f j j yoð jÞ < 1; 1a ja qg:
Then,

P1 VPkð0Þ ¼ fð5Þ
by Proposition 3(c). We have the following

Proposition 4. N � nþ 1a#P1 < 2N � nþ 1.

Proof. (a) From Lemma 2(b), we have

q� ð2N � nþ 1Þ ¼ y
Xq
j¼1

oð jÞ � n� 1

 !
¼
X
j BP1

yoð jÞ þ
X
j AP1

yoð jÞ � yn� y:

Here, as yoð jÞ ¼ 1 for j B P1 we have thatX
j BP1

yoð jÞ ¼ q� #P1

and by Proposition 3(a) we haveX
j AP1

yoð jÞ � yn� y ¼ �N þN

n

X
j AP1

oð jÞ � 1

 !
:

Combining these three equalities we obtain

ðB1Þ q� ð2N � nþ 1Þ ¼ q� #P1 �N þN

n

X
j AP1

oð jÞ � 1

 !
:
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Here, as 1=ðN � nþ 1Þa laoð jÞ ð j A P1Þ due to Lemma 6, Corollary 2 and
Remark 2(a) we obtain the inequality

ðB2Þ q� #P1 �N þN

n

X
j AP1

oð jÞ � 1

 !
b q� #P1 �N þN

n

#P1

N � nþ 1
� 1

� �
:

From (B1) and (B2) we have the inequality

q� ð2N � nþ 1Þb q� #P1 �N þN

n

#P1

N � nþ 1
� 1

� �
;

which reduces to the inequality

ðN � nþ 1 �N=nÞð#P1 �N þ n� 1Þb 0:

As

N � nþ 1 �N

n
¼ ðN � nÞðn� 1Þ

n
> 0

by the assumption (i), we have

#P1 bN � nþ 1:

(b) As dðaj; f Þ ¼ 1 ð j A P1Þ by Corollary 1, from Propositions 1, 3(b) and
the assumption (ii) we have

#P1 < 2N � nþ 1

as P1 VPkð0Þ ¼ f by (5). r

Let P0 be an element of O satisfying

dðP0Þ
#P0

¼ l;

where l ¼ minP AO dðPÞ=#P. Then, oð jÞ ¼ l ð j A P0Þ and

f0P0 HP1ð6Þ
since yl < 1 by Corollary 2 and Remark 2(a).

Proposition 5. (a) #P0 ¼ N � nþ 1, (b) dðP0Þ ¼ 1 and
(c) oð jÞ ¼ l ¼ 1=ðN � nþ 1Þ ð j A P0Þ.

Proof. By Proposition 3(a), y is equal to N=n, which is smaller than
ð2N � nþ 1Þ=ðnþ 1Þ. By the definition of y, there exists a set P A O satisfying

P0 HP; 1a dðPÞa n

and

y ¼ 2N � nþ 1 � #P

nþ 1 � dðPÞ ¼ N

n
:
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By Proposition 3(a) and Lemma 1 we have the inequality

0 ¼ y�N

n
¼ 2N � nþ 1 � #P

nþ 1 � dðPÞ �N

n
¼ ðN � nÞðn� 1Þ þNdðPÞ � n#P

nðnþ 1 � dðPÞÞ

b
ðN � nÞðdðPÞ � 1Þ
nðnþ 1 � dðPÞÞ b 0;

which implies that

dðPÞ ¼ 1 and #P ¼ N � nþ 1:

By Lemma 2(d), Remark 2(a) with Corollary 2 and Lemma 6 we obtain the
inequality

1 ¼ dðPÞb
X
j AP

oð jÞb ðN � nþ 1Þlb 1

and we have

l ¼ 1

N � nþ 1
¼ oð jÞ ð j A PÞ:

By the choice of P0, 1a dðP0Þa dðPÞ ¼ 1 and so we have

dðP0Þ ¼ 1 and #P0 ¼ N � nþ 1: r

Proposition 6. P1 ¼ P0.

Proof. By Lemma 2(b) we have the equality

q� ð2N � nþ 1Þ ¼ y
Xq
j¼1

oð jÞ � n� 1

 !

¼ y
X

j BPkð0ÞUP0

oð jÞ þ
X

j APkð0ÞUP0

oð jÞ � n� 1

0
@

1
A:

Here, as Pkð0ÞVP0 ¼ f by (5) and (6),
P

j APkð0Þ oð jÞ ¼ dk ¼ n (Proposition 2)

and
P

j AP0
oð jÞ ¼ 1 (Proposition 5(a), (c)), we haveX

j APkð0ÞUP0

oð jÞ ¼
X

j APkð0Þ
oð jÞ þ

X
j AP0

oð jÞ ¼ nþ 1;

so that we have the equality

ðC1Þ q� ð2N � nþ 1Þ ¼ y
X

j BPkð0ÞUP0

oð jÞ:

As P0 HP1, yoð jÞ ¼ 1 for j B P1 and yoð jÞ < 1 for j A P1 by the definition
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of P1, #Pkð0Þ ¼ N (Proposition 3(b)), #P0 ¼ N � nþ 1 (Proposition 5(a)) and
Pkð0ÞVP1 ¼ f by (5), we have

ðC2Þ y
X

j BPkð0ÞUP0

oð jÞ ¼ q� ð2N � nþ 1Þ � #ðP1 � P0Þ þ y
X

j AP1�P0

oð jÞ

¼ q� ð2N � nþ 1Þ �
X

j AP1�P0

ð1 � yoð jÞÞ;

From (C1) and (C2) we have the equalityX
j AP1�P0

ð1 � yoð jÞÞ ¼ 0:

If P0 YP1, we have a contradiction since 1 � yoð jÞ > 0 for j A P1. This means
that P1 ¼ P0 must hold. r

Proposition 7. Any n elements of X � faj j j A P0g are linearly independent.
In particular, any n elements of Xkð0Þ are linearly independent.

Proof. Let b1; . . . ; bn be any n elements of X � faj j j A P0g. Then, the set

fb1; . . . ; bngU faj j j A P0g

contains nþ 1 linearly independent elements since X is in N-subgeneral posi-
tion. As dðP0Þ ¼ 1, b1; . . . ; bn must be linearly independent. As Xkð0ÞHX �
faj j j A P0g, we have the last assertion. r

Summarizing Propositions from 1 through 7, we obtain the following

Theorem 1. Suppose that
(i) N > nb 2;
(ii) there are vectors a1; . . . ; aq A X ð2N � nþ 1 < q < yÞ satisfying

Xq
j¼1

dðaj; f Þ ¼ 2N � nþ 1:

If Wk < 1 for some k ð1a ka nþ 1Þ, then
(a) Xkð0ÞH fa1; . . . ; aqg and #Xkð0Þ ¼ N;
(b) there is a subset PHQ satisfying

#P ¼ N � nþ 1; dðPÞ ¼ 1; dðaj; f Þ ¼ 1 ð j A PÞ
and

Xkð0ÞV faj j j A Pg ¼ f;

(c) any n elements of X � faj j j A Pg are linearly independent.
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4. Proof of Theorem when q ¼ y

Let ½ f1; . . . ; fnþ1�, X , Xkð0Þ, y and o etc. be as in Section 1, 2 or 3. From
Theorem A, it is easy to see that the set

fa A X j dða; f Þ > 0g
is at most countable and X

a AX

dða; f Þa 2N � nþ 1:

In this section we consider a holomorphic curve f with an infinite number of
vectors aj A X such that

dðaj ; f Þ > 0 ð j ¼ 1; 2; 3; . . .Þ:
We put

N ¼ f1; 2; 3; . . .g ðthe set of positive integersÞ;
Y ¼ faj j j A Ng;
Oy ¼ fPHN j 0 < #PaN þ 1g

and for any non-empty, finite subset P of N , we use

VðPÞ and dðPÞ
as in Section 2.

Definition 2 (see [9], p. 144). We put

ly ¼ min
P AOy

dðPÞ
#P

:

Note that the set fdðPÞ=#P jP A Oyg is a finite set. We have the followings
([9], p. 144):

(ay) 1=ðN � nþ 1Þa ly a ðnþ 1Þ=ðN þ 1Þ;
(by) (the inequality (12) in [9])

Xy
j¼1

dðaj; f Þa ðnþ 1Þ=ly:

From now on throughout this section we suppose that
(i) N > nb 2;
(ii) there exists a subset Y ¼ faj j j A Ng of X satisfying dðaj; f Þ > 0 and

Xy
j¼1

dðaj; f Þ ¼ 2N � nþ 1;ð7Þ

(iii) Wk < 1 for some k ð1a ka nþ 1Þ.
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Note that we obtain the inequality

ly a ðnþ 1Þ=ð2N � nþ 1Þð8Þ

from (7) and (by). Let P0 be an element of Oy satisfying

dðP0Þ
#P0

¼ ly

and let e be any positive number satisfying

0 < e < ðN � nÞð1 �WkÞ=ðN � nþ 1Þðnþ 1Þ:ð9Þ

We restrict the number e as in (9) for the forthcoming Propositions from 8
through 13 to hold.

Now, for the number e in (9), there exists p A N satisfying f1; 2; . . . ; pgIP0,
p > 2N � nþ 1 and

2N � nþ 1 � e <
Xp
j¼1

dðaj; f Þ:ð10Þ

For an integer q not less than p, we put

Q ¼ f1; 2; . . . ; qg:

Note that 2N � nþ 1 < q < y. For this Q, we use yq, oq and lq instead of y,
o and l in Section 2 respectively. Note that

lq ¼ lyð11Þ

since QIP0. Further we obtain the following inequalities from the equality (2)
in [9]:

nþ 1 � e

yq
<
Xq
j¼1

oqð jÞdðaj; f Þð12Þ

Xq
j¼1

ð1 � yqoqð jÞÞð1 � dðaj; f ÞÞ < e:ð13Þ

From now on we put e1 ¼ e=ð1 �WkÞ for simplicity. Then,

0 < e1 < ðN � nÞ=ðN � nþ 1Þðnþ 1Þ:ð14Þ

Proposition 8. Xkð0ÞH fa1; . . . ; aqg.

Proof. If there exists a vector a A Xkð0Þ satisfying a B fa1; . . . ; aqg, then by
Lemma 4, Theorem A and (10) we have the inequality
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2N � nþ 1 � e <
Xq
j¼1

dðaj ; f Þa 2N � nþ 1 � dða; f Þa 2N � nþ 1 � ð1 �WkÞ

< 2N � nþ 1 � e

as pa q and e < 1 �Wk from (9). This is a contradiction. r

We put

Pkð0Þ ¼ f j A Q j aj A Xkð0Þg and dkðqÞ ¼
X

j APkð0Þ
oqð jÞ:

Note that

#Pkð0ÞaN and dkðqÞa dðPkð0ÞÞa n:ð15Þ

In fact, we have #Pkð0Þ ¼ #Xkð0ÞaN as X is in N-subgeneral position.
We have dkðqÞa dðPkð0ÞÞ by Lemma 2(d) and dðPkð0ÞÞa n by the definition of
Xkð0Þ.

Proposition 9. n� e1=yq < dkðqÞ.

Proof. From (12) and Lemma 3(I) we have the inequality

nþ 1 � e=yq <
Xq
j¼1

oqð jÞdðaj; f Þa dkðqÞ þ 1 þ ðn� dkðqÞÞWk

from which we obtain

ðn� dkðqÞÞð1 �WkÞ < e=yq

and so n� e1=yq < dkðqÞ as Wk < 1 and e1 ¼ e=ð1 �WkÞ. r

Proposition 10. (a) yq < ðN þ e1Þ=n and (b) #Pkð0Þ ¼ N.

Proof. From Proposition 9, Lemma 2(a) and (15), we have the inequality

ðDÞ yqðn� e1=yqÞ < yqdkðqÞ ¼ yq
X

j APkð0Þ
oqð jÞa#Pkð0ÞaN;

from which we obtain yq < ðN þ e1Þ=n easily. Next, from (D) and Note 1,
we obtain that N � e1 < #Pkð0ÞaN, so that #Pkð0Þ ¼ N as e1 < 1 from (14).

r

Corollary 3. (a) yqlq < 1 and (b) lq < ðnþ 1Þ=ð2N � nþ 1Þ.

Proof. (a) From (8), (11) and Proposition 10(a), we have
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yqlq <
N þ e1

n

nþ 1

2N � nþ 1

and by (14) and the assumption (i) it is easy to see that

N þ e1

n

nþ 1

2N � nþ 1
< 1:

We have (a) of this corollary.
(b) By (8) and (11), we have lq a ðnþ 1Þ=ð2N � nþ 1Þ. If lq is equal to

ðnþ 1Þ=ð2N � nþ 1Þ, then by Remark 2(b) we have yqlq ¼ 1, which contradicts
(a) of this corollary. We have (b) of this corollary. r

Put

P1 ¼ f j A Q j yqoqð jÞ < 1; j B Pkð0Þg:
Note that

P1 VPkð0Þ ¼ f:ð16Þ

Proposition 11. N � nþ 1a#P1.

Proof. From Lemma 2(b) and (16) we have the equality

ðE1Þ q� ð2N � nþ 1Þ ¼ yq
Xq
j¼1

oqð jÞ � n� 1

( )

¼ yq
X

j APkð0Þ
oqð jÞ þ

X
j AP1

oqð jÞ þ
X

j BPkð0ÞUP1

oqð jÞ � n� 1

8<
:

9=
;

and by Proposition 9

> yq
X
j AP1

oqð jÞ þ
X

j BPkð0ÞUP1

oqð jÞ � ð1 þ e1=yqÞ

8<
:

9=
;:

Here, by ðayÞ, (11) and Remark 2(a) with Corollary 3(b) we haveX
j AP1

oqð jÞb
#P1

N � nþ 1

and as yqoqð jÞ ¼ 1 for j B Pkð0ÞUP1 by Lemma 2(a) and the definition of P1, we
have

yq
X

j BPkð0ÞUP1

oqð jÞ ¼ q� #Pkð0Þ � #P1;
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so that we have the inequality

ðE2Þ the last term of ðE1Þb
yq#P1

ðN � nþ 1Þ þ q� #Pkð0Þ � #P1 � yq � e1:

From (E1) and (E2) we obtain the following inequality by Proposition 10(b)

#P1 1 � yq

N � nþ 1

� �
> N � nþ 1 � yq � e1;

which reduces to the inequality

#P1ðN � nþ 1 � yqÞ > ðN � nþ 1ÞðN � nþ 1 � yq � e1Þ:

Here, by Proposition 10(a) and by the fact that 0 < e1 < 1 from (14) we have
the inequality

N � nþ 1 � yq > N � nþ 1 �N þ e1

n
¼ ðN � nÞðn� 1Þ � e1

n
> 0

as N > nb 2 (the assumption (ii)), so that we have

#P1 > ðN � nþ 1Þ 1 � e1

N � nþ 1 � yq

� �

> ðN � nþ 1Þ 1 � e1

ðN � nþ 1 � ð2N � nþ 1Þ=ðnþ 1ÞÞ

� �

¼ ðN � nþ 1Þ 1 � ðnþ 1Þe1

ðN � nÞðn� 1Þ

� �

> N � n

by Lemma 2(c) and (14). This means that #P1 bN � nþ 1. r

Proposition 12. (a) #P0 ¼ N � nþ 1, (b) dðP0Þ ¼ 1 and (c) yq ¼ N=n.

Proof. By the definition of yq and the choice of P0, there exists a set P
satisfying

P0 HP; 1a dðPÞa n

and

yq ¼
2N � nþ 1 � #P

nþ 1 � dðPÞ :ð17Þ

By Proposition 10(a), (17) and Lemma 1 we have the inequality
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ðFÞ 0 > yq � ðN þ e1Þ=n ¼ yq �N=n� e1=n

¼ ðN � nÞðn� 1Þ þNdðPÞ � n#P

nðnþ 1 � dðPÞÞ � e1

n

b
ðN � nÞðdðPÞ � 1Þ
nðnþ 1 � dðPÞÞ � e1

n
:

First we prove that dðPÞ ¼ 1. Suppose that dðPÞb 2. Then, from (F) we
have the inequality

e1

n
>

N � n

nðn� 1Þ ;

which reduces to the inequality

e1 > ðN � nÞ=ðn� 1Þ;

which contradicts (14). This means that dðPÞ must be equal to 1.
As dðPÞ ¼ 1, we have from (17) and Note 1 that

yq ¼
2N � nþ 1 � #P

n
b

N

n
;

from which we have that #PaN � nþ 1. On the other hand, as

yq ¼
2N � nþ 1 � #P

n
<

N þ e1

n

by Proposition 10(a), we have the following inequality by (14)

#P > N � nþ 1 � e1 > N � nþ 1 � N � n

ðN � nþ 1Þðnþ 1Þ > N � n:

We have that #P ¼ N � nþ 1. Substituting #P ¼ N � nþ 1 and dðPÞ ¼ 1 in
(17) we obtain that yq ¼ N=n.

Next, by Lemma 2(d), ðayÞ, (11) and Remark 2(a) with Corollary 3(b) we
have the inequality

1 ¼ dðPÞb
X
j AP

oqð jÞb ðN � nþ 1Þlq b 1

since dðPÞ ¼ 1 as is proved above, so that we have

lq ¼
1

N � nþ 1
¼ oqð jÞ ð j A PÞ:

As 1a dðP0Þa dðPÞ ¼ 1, we have dðP0Þ ¼ 1. By the choice of P0, we have the
equality
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1

#P0
¼ dðP0Þ

#P0
¼ lq ¼

1

N � nþ 1
;

from which we have that #P0 ¼ N � nþ 1. r

Corollary 4. lq ¼ ly ¼ 1=ðN � nþ 1Þ ¼ oqð jÞ ð j A P0Þ.

Proposition 13. (a) P1 ¼ P0 and (b) dkðqÞ ¼ n.

Proof. First we note that

yqoqð jÞ ¼
N

nðN � nþ 1Þ < 1 ð j A P0Þð18Þ

as yq ¼ N=n (Proposition 12(c)) and oqð jÞ ¼ 1=ðN � nþ 1Þ for j A P0 (Corollary
4). Next, we prove that P0 VPkð0Þ ¼ f. Suppose to the contrary that P0 V
Pkð0Þ0 f. As dðP0Þ ¼ 1, we have P0 HPkð0Þ. Then, by Propositions 9, 12(a),
Corollary 4 and Lemma 2(a) we have

n� e1=yq < dkðqÞ ¼
X

j APkð0Þ
oqð jÞ ¼

X
j AP0

oqð jÞ þ
X

j APkð0Þ�P0

oqð jÞ

a 1 þ #ðPkð0Þ � P0Þ
yq

:

By Propositions 10(b), 12(a) and 12(c) the last term of this inequality is equal to

1 þ ðn� 1Þn
N

;

so that we have the inequality

ðn� 1ÞðN � nÞ
n

< e1:

This contradicts (14). This implies that

P0 VPkð0Þ ¼ f:ð19Þ
(18) and (19) mean that P0 HP1. By Lemma 2(b) we have the equality

q� ð2N � nþ 1Þ ¼ yq
Xq
j¼1

oqð jÞ � n� 1

 !

¼ yq
X

j BPkð0ÞUP0

oqð jÞ þ
X

j APkð0ÞUP0

oqð jÞ � n� 1

0
@

1
A:

Here, as Pkð0ÞVP0 ¼ f,
P

j APkð0Þ oqð jÞ ¼ dkðqÞ (the definition of dkðqÞ) andP
j AP0

oð jÞ ¼ 1 (Proposition 12(a), Corollary 4), we have

nobushige toda64



X
j APkð0ÞUP0

oqð jÞ ¼
X

j APkð0Þ
oqð jÞ þ

X
j AP0

oqð jÞ ¼ dkðqÞ þ 1;

so that we have the equality

ðG1Þ q� ð2N � nþ 1Þ ¼ yq
X

j BPkð0ÞUP0

oqð jÞ � yqðn� dkðqÞÞ:

As P0 HP1, yqoqð jÞ ¼ 1 for j B Pkð0ÞUP1 and yqoqð jÞ < 1 for j A P1 by
Lemma 2(a) and the definition of P1, #Pkð0Þ ¼ N (Proposition 10(b)), #P0 ¼
N � nþ 1 (Proposition 12(a)) and Pkð0ÞVP1 ¼ f by the definition of P1, we
have

ðG2Þ yq
X

j BPkð0ÞUP0

oqð jÞ ¼ q� ð2N � nþ 1Þ � #ðP1 � P0Þ þ yq
X

j AP1�P0

oqð jÞ

¼ q� ð2N � nþ 1Þ �
X

j AP1�P0

ð1 � yqoqð jÞÞ:

From (G1) and (G2) we have the equality

q� ð2N � nþ 1Þ ¼ q� ð2N � nþ 1Þ �
X

j AP1�P0

ð1 � yqoqð jÞÞ � yqðn� dkðqÞÞ;

so that we have the equalityX
j AP1�P0

ð1 � yqoqð jÞÞ þ yqðn� dkðqÞÞ ¼ 0:

If either P0 YP1 or dkðqÞ < n holds, we have a contradiction since yqoqð jÞ < 1
for j A P1 and dkðqÞa n by (15). This means that it must hold both P1 ¼ P0

and dkðqÞ ¼ n. r

Proposition 14. For any j A P0, dðaj; f Þ ¼ 1.

Proof. Suppose to the contrary that

min
j AP0

dðaj; f Þ ¼ d < 1:ð20Þ

Now, for any positive number e2 satisfying

0 < e2 < min 1 � N

nðN � nþ 1Þ

� �
ð1 � dÞ; ðN � nÞð1 �WkÞ

ðN � nþ 1Þðnþ 1Þ

� �
;ð21Þ

we choose s A N satisfying S ¼ f1; . . . ; sgIP0, sb p and

2N � nþ 1 � e2 <
Xs
j¼1

dðaj; f Þ:ð22Þ
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Note that 2N � nþ 1 < s < y. For this S we use ys, os and ls instead of
y, o and l in Section 2 respectively. Then, by the choice of s the following
relations hold from the results obtained in this section:

(a) ls ¼ ly ¼ 1=ðN � nþ 1Þ ¼ osð jÞ for j A P0 (Corollary 4);
(b) ys ¼ N=n (Proposition 12(c)).
By the equality (2) in the proof of Lemma 3 in [9], Lemma 3, Remark 1 and

(22) we obtain

Xs
j¼1

ð1 � ysosð jÞÞð1 � dðaj; f ÞÞ < e2

so that for any j A S

ð1 � ysosð jÞÞð1 � dðaj; f ÞÞ < e2:

By the definition of d, (a) and (b) given above we have the inquality

1 � N

nðN � nþ 1Þ

� �
ð1 � dÞ < e2;

which is a contradiction to (21). This means that d ¼ 1 and we completes the
proof of this proposition. r

As in Proposition 7, we have the following

Proposition 15. Any n elements of X � faj j j A P0g are linearly independent.

Summarizing Propositions from 8 through 15 given above we obtain the
following

Theorem 2. Suppose that
(i) N > nb 2;
(ii) there are an infinite number of vectors a1; a2; . . . A X satisfying dðaj; f Þ >

0 ð j A NÞ and

Xy
j¼1

dðaj; f Þ ¼ 2N � nþ 1:

If Wk < 1 for some k ð1a ka nþ 1Þ, then
(a) Xkð0ÞH fa1; a2; . . .g and #Xkð0Þ ¼ N;
(b) there is a subset P of N satisfying

#P ¼ N � nþ 1; dðPÞ ¼ 1; dðaj; f Þ ¼ 1 ð j A PÞ
and

Xkð0ÞV faj j j A Pg ¼ f;

(c) any n elements of X � faj j j A Pg are linearly independent.
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5. Application

In this section we shall apply the result obtained in Section 3 to exponential
curves. For any nþ 1 distinct complex numbers m1; m2; . . . ; mnþ1 we define a
holomorphic curve fe by

fe ¼ ½em1z; em2z; . . . ; emnþ1z�:

We call it an exponential curve ([11], p. 94). It is easy to see that fe is
transcendental and non-degenerate. We use the notations Xkð0Þ, Wk etc. given
in Section 1 in this section. We denote by e1; e2; . . . ; enþ1 the standard basis of
C nþ1.

Let D be the convex polygon spanned around the nþ 1 points m1; m2; . . . ;
mnþ1 and l the length of the polygon, where l ¼ 2jmj � mkj if the polygon reduces
to a segment with the endpoints mj and mk.

Lemma 8 ([11], pp. 95–98). Tðr; feÞ ¼ ðl=2pÞrþOð1Þ.

Lemma 9. #fk jWk < 1; 1a ka nþ 1gb 2.

Proof. (a) The case when D is an nþ 1-gon.
In this case, the points m1; m2; . . . ; mnþ1 are the vertices of D. We number

without loss of generality the vertices mj ð j ¼ 1; . . . ; nþ 1Þ in asending sequence

as one goes arround D in the positive direction. For any k ð1a ka nþ 1Þ, the
n-gon Dk with the vertices m1; . . . ; mk�1; mkþ1; . . . ; mnþ1 is convex. Let lk be the
length of the circumference of Dk. By the representation (1) of Tðr; f Þ due to
Cartan given in Introduction, by the definition of tkðr; f Þ and by Lemma 8 we
have

tkðr; feÞ ¼
lk

2p
rþOð1Þ;

and so we have

Wk ¼ lim sup
r!y

tkðr; f Þ
Tðr; f Þ ¼

lk

l
< 1

since lk < l as is easily seen.
(b) The case when D is an mþ 1-gon ð2ama n� 1Þ.
We may suppose without loss of generality that the vertices of D are

m1; m2; . . . ; mmþ1. The other points mmþ2; . . . ; mnþ1 are on the circumference of D
or inside D.

For any k ð1a kamþ 1Þ, let Dk be the convex polygon surrounding the
points m1; . . . ; mk�1; mkþ1; . . . ; mnþ1 and let lk be the length of the circumference of
Dk. Then as in (a), we have

tkðr; feÞ ¼
lk

2p
rþOð1Þ;
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and so we have

Wk ¼ lim sup
r!y

tkðr; f Þ
Tðr; f Þ ¼

lk

l
< 1

since lk < l as is easily seen by an application of the triangle inequality.
(c) The case when D reduces to a segment L.
We may suppose without loss of generality that
(i) m1 and mnþ1 are the endpoints of L;
(ii) The points m1; m2; . . . ; mnþ1 are in ascending sequence as one goes from m1

to mnþ1 on L.
Then, as in (a) we have

t1ðr; feÞ ¼
1

p
jm2 � mnþ1jrþOð1Þ; tnþ1ðr; feÞ ¼

1

p
jm1 � mnjrþOð1Þ

and

Tðr; feÞ ¼
1

p
jm1 � mnþ1jrþOð1Þ;

from which we obtain

W1 ¼ jm2 � mnþ1j
jm1 � mnþ1j

< 1 and Wnþ1 ¼ jm1 � mnj
jm1 � mnþ1j

< 1:r

Lemma 10. 1) #fa A X j dða; feÞ > 0gaNðnþ 1Þ.
2) dða; feÞ ¼ 1 if and only if a ¼ aek ða0 0Þ for some k ð1a ka nþ 1Þ and

for some nonzero constant a.

Proof. 1) Let a ¼ ða1; a2; . . . ; anþ1Þ be an element of X satisfying dða; feÞ >
0. Then, at least one of a1; a2; . . . ; anþ1 is equal to zero.

In fact, suppose to the contrary that aj 0 0 ð j ¼ 1; . . . ; nþ 1Þ. Then
e1; e2; . . . ; enþ1 and a are in general position and by Theorem A for N ¼ n, we
have

Xnþ1

j¼1

dðej; feÞ þ dða; feÞa nþ 1;

from which we have dða; feÞ ¼ 0 since dðej; feÞ ¼ 1 ð j ¼ 1; . . . ; nþ 1Þ.
This means that

fa A X j dða; feÞ > 0gH 6
nþ1

k¼1

Xkð0Þ

and as X is in N-subgeneral position, #Xkð0ÞaN ðk ¼ 1; . . . ; nþ 1Þ. Due to
these facts we reach to the fact that

#fa A X j dða; feÞ > 0gaNðnþ 1Þ:
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2) If a ¼ aek ða0 0Þ, then it is trivial that dða; feÞ ¼ 1.
Conversely, suppose that

a ¼ aj1ej1 þ � � � þ ajmejm ðaj10 0; . . . ; ajm 0 0; 2ama nÞ:
Let

ge ¼ ½ea1z; . . . ; eamz� ðap ¼ mjp ðp ¼ 1; . . . ;mÞÞ:

Then, ge is a transcendental and non-degenerate exponential curve and by
Lemma 8

Tðr; geÞ ¼
l 0

2p
rþOð1Þ;

where ð0<Þl 0ðalÞ is the length of the convex polygon spanned around the points
a1; . . . ; am.

As Nðr; a; feÞ ¼ Nðr; a; geÞ and

dða; geÞ ¼ 1 � lim sup
r!y

Nðr; a; geÞ
Tðr; geÞ

¼ 0

by 1) of this lemma, we have

dða; feÞ ¼ 1 � lim sup
r!y

Nðr; a; feÞ
Tðr; feÞ

¼ 1 � lim sup
r!y

Nðr; a; geÞ
Tðr; geÞ

� Tðr; geÞ
Tðr; feÞ

¼ 1 � l 0

l
< 1: r

Using these lemmas we obtain the following

Theorem 3. When N > nb 2, for any exponential curve feX
a AX

dða; feÞ < 2N � nþ 1:

Proof. Suppose to the contrary that there exists an exponential curve fe
satisfying X

a AX

dða; feÞ ¼ 2N � nþ 1:

Then, as the number of a A X satisfying dða; feÞ > 0 is finite by Lemma 10-1), let
a1; . . . ; aq be the elements of X satisfying

dðaj; feÞ > 0 ð j ¼ 1; . . . ; qÞ
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and

Xq
j¼1

dðaj; feÞ ¼ 2N � nþ 1;ð23Þ

where 2N � nþ 1a q < y.
(I) The case when q ¼ 2N � nþ 1.
In this case, as q ¼ 2N � nþ 1 and dðaj; feÞa 1 we obtain from (23) that

dðaj ; feÞ ¼ 1 ð j ¼ 1; . . . ; 2N � nþ 1Þ:
By Lemma 10-2), for each j ¼ 1; . . . ; 2N � nþ 1 there exists some k ð1a ka
nþ 1Þ satisfying aj ¼ ajek.

Put for each k ¼ 1; . . . ; nþ 1

xk ¼ #faj j aj ¼ ajek; aj 0 0; 1a ja 2N � nþ 1g:
Then, by (23) and q ¼ 2N � nþ 1 we have

Xnþ1

k¼1

xk ¼ 2N � nþ 1:ð24Þ

As a1; a2; . . . ; a2N�nþ1 are in N-subgeneral position and 2N � nþ 1 > N þ 1, it
must hold that 1a xk for each k and

Xnþ1

k¼1

xk � xp aN; ðp ¼ 1; 2; . . . ; nþ 1Þ:ð25Þ

Summing up nþ 1 inequalities of (25), we obtain

n
Xnþ1

k¼1

xk aNðnþ 1Þ:ð26Þ

From (24) and (26) we obtain the inequality

nð2N � nþ 1ÞaNðnþ 1Þ;
from which we have the inequality

ðN � nÞðn� 1Þa 0;

which is impossible since N > nb 2.
(II) The case when 2N � nþ 1 < q < y.
By Lemma 9 we may suppose that

Wm < 1 and Wn < 1 ð1a m0 na nþ 1Þ:
By Theorem 1 for k ¼ m

(a) Xmð0ÞH fa1; . . . ; aqg and #Xmð0Þ ¼ N;
(b) There exists a subset P of Q ¼ f1; 2; . . . ; qg satisfying
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#P ¼ N � nþ 1; dðPÞ ¼ 1; dðaj; feÞ ¼ 1 ð j A PÞ
and

Xmð0ÞV faj j j A Pg ¼ f:

Note that #P ¼ N � nþ 1b 2. By Lemma 10-2) and (b) given above we obtain
that

aj ¼ bjem ð j A PÞ:

This means that aj A Xnð0Þ ð j A PÞ, and so if we choose n vectors containing at
least two vectors of faj j j A Pg from Xnð0Þ, they are linearly dependent. On the
other hand, by Theorem 1(c) for k ¼ n, any n elements of Xnð0Þ must be linearly
independent. This is a contradiction.

From (I) and (II) we have that there is no exponential curve fe satisfyingX
a AX

dða; feÞ ¼ 2N � nþ 1:

We complete the proof of this theorem. r

Remark 3. When n ¼ 1, there is an example of exponential curve fe which
satisfies (23) for any Nb 2. Put fe ¼ ½ez; e2z� and

X ¼ faj ¼ je1 ð j ¼ 1; 2; . . . ;NÞ; aj ¼ je2 ð j ¼ N þ 1;N þ 2; . . . ; 2NÞg:

Then, X is in N-subgeneral position and

X2N
j¼1

dðaj; feÞ ¼ 2N:
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