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Abstract

Concerning the intergarability of almost Kéhler manifolds, it is known the con-
jecture by S. I. Goldberg that a compact almost Kéhler Einstein manifold is Kédhler. In
this paper, we will give some positive partial answers to the conjecture.

1. Introduction

An almost Hermitian manifold M = (M,J,g) is called an almost Kihler
manifold if the Kéhler form of M is closed or, equivalently, Sy y,zg((VxJ)Y,Z)
=0 for X,Y,Ze X(M), where Sy y z denotes the cyclic sum with respect to
X,Y,Z. It follows immediately from the definition that a Kéhler manifold
(VJ =0) is an almost Kéhler manifold. A non-Kéhler, almost Kéhler manifold
is called a strictly almost Kdhler manifold. It is well-known that if the almost
complex structure of an almost Kdhler manifold is integrable, then it is a Kéhler
manifold. Concerning the integrability of almost Kéhler manifold, the following
conjecture by S. I. Goldberg is known ([5]).

CONJECTURE. The almost complex structure of a compact almost Kdihler
Einstein manifold is integrable.

The above conjecture is true in the case where the scalar curvature is non-
negative ([15]). However, it is still open in the remaining case and some pro-
gresses have been made by many authors under certain additional curvature
conditions. The authors and A. Yamada proved the following Theorems A
and B.
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THEOREM A ([14]). A four-dimensional almost Kdhler Einstein and *-Einstein
manifold is integrable.

THEOREM B ([14]). A four-dimensional compact almost Kdihler Einstein and
weakly *-FEinstein manifold is integrable.

In the present paper, we shall prove the following Theorems 1 and 2 which
improve Theorems A and B respectively.

THEOREM 1. Let M = (M, J,g) be a four-dimensional almost Kdihler Einstein
manifold of constant x-scalar curvature. Then M is a Kdhler manifold.

THEOREM 2. Let M = (M,J,g) be a four-dimensional compact almost Kdhler
Einstein manifold. If the norm of skew-symmetric part of the Ricci x-tensor is a
constant, then M is a Kdihler manifold.

In [1], J. Armstrong proved that a four-dimensional compact almost Kédhler
Einstein manifold of constant x-scalar curvature is integrable. So, our Theorem
1 also improves his result. Further, he proved that if M is a four-dimensional
compact almost Kéhler Einstein manifold then the equality t* — ¢ = 0 holds at
some point of M, where 7 and t* are the scalar curvature and the x-scalar
curvature of M respectively. We see also that if M is a compact four-
dimensional almost Kéahler Einstein manifold with constant negative scalar
curvature, then there exist a constant & (< 1) such that the inequality 7 < t* < dt
holds. In this paper, we shall also prove the following.

THEOREM 3. Let M = (M, J,g) be a four-dimensional compact almost Kdihler
Einstein manifold with negative scalar curvature. Then, the x-scalar curvature sat-
isfies T < 1" < —1/6 on M.

The authors would like to express their thanks to the referee for his many
valuable advice.

2. Preliminaries

In this section, we prepare several fundamental formulas which will be used
in our argument. Some of them are established in [13] and [14].

Let M =(M,J,g) be a four-dimensional almost Hermitian manifold with
almost Hermitian structure (J,g). The Kadhler form Q of M is defined by
QX,Y)=yg(X,JY) for X,Y € X(M), where X(M) denotes the Lie algebra of
all smooth vector fields on M. We assume that M is oriented by the volume
form dM = Q? /2. We denote by V, R, p, and 7 the Riemannian connection, the
curvature tensor, the Ricci tensor and the scalar curvature of M respectively.
The curvature tensor R is defined by R(X, Y)Z = [Vx,Vy]Z — Viy y1Z for X, Y, Z
€ X(M). We denote by p* the Ricci *-tensor of M defined by
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1
(2.1) pi(x,y) = 5 trace of (z+— R(x,Jy)Jz)
for x,y,ze T,M, pe M. Further, we denote by t* the *-scalar curvature of M
which is the trace of the linear endomorphism Q* defined by g(Q*x, y) = p*(x, )
for x,ye T,M, pe M. By the definition, we see immediately

(2.2) pr(x,y) = p*(Jy, Jx),

and hence p* is symmetric if and only if p* is J-invariant. We may also note that
if M is Kéhler, then p* = p holds on M. An almost Hermitian manifold M is
called a weakly x-Einstein manifold if p* = (7*/4)g holds on M and a *-Einstein
manifold if it is a weakly *-Einstein manifold of constant x-scalar curvature. It is
known that the following identity holds for any four-dimensional almost Hermitian
manifold ([7]):

T—1"

(2.3) %{p(x,y)+p(fx7Jy)}—%{p*(x,y)er*(yJ)}= y) g(x, )

for x,ye T,M, pe M.
The curvature operator £ is the symmetric endomorphism of the vector

bundle AzM of real 2-forms over M defined by

(2.4) g(A0(x) A 1(p)),1(2) A 1(w)) = =g(R(x, y)z,w)

for x, y,z,we T,M, pe M, where 1 : TM — T*M denotes the duality defined by
means of the metric g.

The following decomposition for the vector bundle /\2 M of real 2-forms on
M is useful in our arguments:

2 1,1
(2.5) NM=RQ® )\, M®LM

where /\1(’]l M denotes the vector bundle of real primitive J-invariant 2-forms, LM
the vector bundle of real primitive J-skew-invariant 2-forms over M respectively.
The bundle LM is endowed with the natural complex structure (also denoted
by J) which is defined by JO(X,Y)=—-®P(JX,Y)(X,Y € X(M)) for any local
section @ of LM. The bundle Al(’)l M is identified itself with the bundle A{ M
of anti-self-dual 2-forms, while the sum RQ @ LM is the bundle /\2+ M of self-
dual 2-forms. Further, it is well-known that M is Einstein if and only if both
/\2+M and /\27 M are preserved by the curvature operator # ([8]). Let {¢;} =
{e1,e2 = Jey, e3,e4 = Jes} be any local orthonormal bases of 7,M, p e M. Then,
the Kihler form is represented by Q = —e! A e> — €3 A e* with respect to the dual
bases {e’} = {i(e;)}. Further, we may observe that

1 1
{®,JD} = {%(el/\ e} —e’net),—(e'net +en 6‘3)}

\S)
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and

1
{¥1, V2, ¥} Z{—(el At —edn ey,
—(e'Aet —e’ned)
V2

are local orthonormal bases of LM and Al(’)l M respectively.
We define 2-forms ¢ and yy on M by

a6 ¢(x,y) = trace of (z+— J(V.J)(V,J)z),
(26) Y(x,y) = trace of (z+— R(x, y)Jz)

for x,y,ze T,M, re M. Then, the first Chern form y of M is given by
(2.7) 8y = —p + 2y.

It is well-known that the Chern class ¢;(M) of M is represented by y in the de
Rham cohomology group ([2]).

In this paper, for any orthonormal bases (resp. any local orthonormal frame
field) {e;} at any point p € M (resp. on a neighborhood of p), we shall adopt the
following notational convention:

R(/‘kl = g(R(ei, ej)ek, e;), ve 7Rz71€i = g(R(Je[, Jej)Jek, Je/),

Py = plei,e),. .. Pi = p(Jei, Jej),

(2.8)

Py =r-(ene),... ,p’lijf = p*(Je;, Jej),

Jiy=g(Jei ), ViJi =g((Ved)es ex),
and so on, where the Latin indices run over the range 1,...,4. Then, we have
(2.9) Jij=—Ji, ViJi = =ViJy, V,-Jj—,; = —ViJi.

In the sequel, we assume that M = (M,J,g) is a four-dimensional almost
Kéhler manifold. Then, the following curvature identity is known ([6]):

Ry = Rygr = Ry + Rygpi+ Ry + Ry + Ry + Ry =2 (Vay)VaJut-

Thus, we immediately have

Pyt P — Py — Pif = Z(Vajik)vajjk
a,k

and

(2.10) V1> = 2(z* — 7).
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Since almost Kéhler manifold is quasi-Kédhler and hence semi-Kéhler, the
equalities

(2.11) Vidie = —Vilz, Y VaJui =0

hold. Taking account of (2.9) and (2.11), we may observe
(2.12) VQ=0Q®—-Ju®JD,

where o is a local 1-form, ®,J® e LM and the local 1-form Jo is defined by
Jo(X) = —a(JX) (X € ¥(M)). From this equality, we have

1 1 Tt —1
2.1 T IVQE = VP = ——.
(2.13) e =5 V@) = v ="
We put g(Veej,ex) = Ti.  Then, Iy = —Tj; hold. Further, taking account
of (2.12), we have
(2.14) Tos—Ts = — o Tt Ts = —
. 24 i13 = \/§ i i23 il4 = \/j i

Now, we assume that M = (M,J,g) is in addition an Einstein manifold.
Then, we have

(2.15) Ri21 = R3g3a, Riziz = Rogs,  Riss = Rozos.

Further, the equality (2.3) is reduced to

*

* * T
Since ,93?(/\2+ M) < /\2+ M, we may put

R(D) = ud + wJd + ByQ,

(2.17)
R(JD) = wd + vJD + B Q.

Then, the equalities

u=g(R(@),0) = —(Riz13 — Riz),
v=g(RJD),JD) = —(Ri414 + Ri423),
w=g(A(D),J®) = —(Ri314 + Ri33),
9(2(D),Q) | . I,
B == = -
0 9(Q,Q) 2\/5(/)14 Par) \/517147
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are derived from direct calculation. We have also
(2.18) wtv=—(phy o) =~
Now, we define functions 4,4’,B,C,D,G and K on M respectively by

A= (VaJy) Ry Va T,
A= " (Vady) (VaRija) T,
B =" (Vady)(Vadur) (VoJ ) ViJur,
C=Y RuRjrp
D=3 (Riu— Ryz)”,
G=> (=)
K = (u—0)* + 4w’

Then, the equalities

(2.19) (c* — 1)
8 )
G =4l - =)
are valid (see [13], (2.26), (3.9), (2.29)). Moreover, from (2.16), we have

(2.20) G =16{(pi3)* + (p}s)’}.
We denote by % the restriction of # to the subbundle LM and put %;,, =

Py o Ry, where Ppyy - /\2 M — LM is the projection. Then, from (2.17) and
(2.18), we obtain

C=-2K+

* 2
K = (u+0)* +4w> —w) = &176T) — 4 det %, ,,.
We also note that
2 1 / 2 1

(see [13], (2.27), (2.28)).
Now, we denote by # = (7,) the smooth vector field on M defined by

(221) ﬁa = IX/:(VGJU),DZ]_

Then, by direct calculation, we have
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(2.22) A+ A" =" (Vo) RijgaVaTis + Y (Vi) (VaRijea) Jua
= VA (Vo) Rija T} = > (Vi) RijaTua
*2leﬂ+2Z al +Va/']lll)

T *
*2d1V77 22{ al/s+Ra/Sl Jya_zJ/l}pU

=2divij — 22Ra&ijpi*f+ "
—2aivi— 4l + o
—2divii— G- (r" 1),
Z(Vz t]kk -2 Z aija) z]kk
=2 Z RjjiJia + Raiatth)Rl-jk,;
= Z iatj — Ritaj) Jia Ry — 7"
= Z RijaaRz — 17"

= 47> -
=G+t (" —1),
and

ZJ (V2 Rjt)Ju = *ZZJU Rjaii) Jxi
=2 Z Jij(RaijiRiakt + Raiar Rkt + 2R aitt Rjart) it
== JjRjuRuis — 10" + 4C
= 4||p*||* — 1" +4C

=G—8K+(3T —‘2(1 —‘[).

Thus, we obtain

—2At* —Z (ZR”M>

722 ’] Rt/kk+2A+4A JrZJ'] l]k/)Jkl

Z—G—8K—W+8divﬁ,
and hence

(2.23) At* =2+ 4K +

G Br* —1)(t* — 1) A
7 f—4dlv 7.
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Next, we denote by & = (&) the smooth vector field on M defined by
¢ = Z(Va%*i)~

a

Then, we obtain the following:

3 * *
=—(a —o ,
¢ \/5( 1914 — %2P73)
& = = (piy + 32p})
2= =013 2P14)»
(2.24) \f 1
=—(az3pis — 0apiz) + —={ 200w + o2 (u —v)},
& \/5( 3P1s — %4pl3) \/5{ | 2( )}
3 1
= ——(oapiy + o3p5) + —={og(u — v) + 2000w
s \/Z( apiy +o3pi3) \/5{ 1 ( ) 2w}

(see [14], (2.43)).

Now, let M = (M, J,g) be a four-dimensional strictly almost Kédhler Einstein
manifold. We put My ={peM | (t*—1)(p)>0}, a non-empty open submanifold
of M. For 1-forms o and Jo in (2.12), we denote by & the 2-dimensional J-
invariant smooth distribution on M; spanned by {a*,Jo*} (1(a*) = &) and by Z*+
the orthogonal complement of & in TM. We choose a local unitary frame field
{e1,es = Jey,e3,e4 = Jez} on a neighborhood of any point of M) such that ej,e;
€ Z and e3,es € 2. Then, the equality

1 1
2.25 VO=0® —=(e'red—e?ret) —Ja® —=(e' A et + 2 A &°
(2.25) 7! )~ ® )

holds. A pair {{e;j},_; 4,{% Jo}} of unitary frame {e;} and l-forms {o,Jo}
is said to be adapted to VQ if it satisfies (2.25) and % = span{e;,e;}, 2+ =
span{es;,eq}. For an adapted pair, it is clear that

03 = 0lg = 0.
Further, we have the following equalities ([14], (3.1)~(3.4), (2.39), (2.40), (3.9),
(3.11)):

1
W= 75{-E31°¢1 — Disan — Vaoy + (D + [334) §,

1
w = —={Toa1001 + Taap0t2 + Voo + o1 (Tar2 + Tuza) },
V2
(2.26) 1
W= 75{—1"131% — D300 + Vaorp + o (Tapa + Tyza) 3,

1
W= 75{1341061 + Doy — Vsag + oa(T312 + I334) },
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1 { ™t —1
u=——=« Nuoy + Dapory + Vi — + a1 (G2 + F334)},
2 22
(2.27) \/1— *‘/—
-1
u=—=<In100 + Ispor + Vaoy ——— — op(Iypp + I ,
\/f{ 23100 + T30 + Vaay W) 2 (Ta12 434)}
1
v= 75{—1"141061 — Taootp — Vaorp + 02(Tyrn + Tuza) },
(2.28) :
v= 75{*1331061 — Dogpop — Vaop — oy (I312 + I334) },
1
Py = ﬁ{vm — Voo + oy (T2 + Tisa) + o2 (To12 + o) },
1
P = 7{@431 — Taap)on + (Tusa — Daan)on §,
(2.29)
Pla = f{V1a1 + Voo + oy (Toi + To34) — o(Ti2 + Tisa) }s
Pla = ﬁ{(rm — Tzn)o — (a1 — Tgzn)on
oo 241
lp —Tizi=—7%, DLa-Ihy=-—7,
2 2
(2.30) fal i
I3 + Ty = N D3y + gy = NG
o o
(2.31) IBES! —1"232——722, N + s 2715

From (2.25), we have

1 1
) Z Jar (ViR ) I = Vi <— 3 Z JabRabijjk) + Z(Vljab)Rabijjk

=et" +2Y (Vidw)p;

=ett — 4\/5(051,DT4 —2p13),

and hence
et = 4V2(apiy — mpis) ZJab ViR i) i

From this equality, taking account of (2.16) and (2.25), we have
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(232) es(ert”) = 4vV2{(eson)piy + mespiy — (e3o2)pis — cmespis}
1
= (e3du) (Vi Ranje) T — 3 > Jan(e3Vi Rasje) I
= 4V2{(V3oy + Typp00)ply + o1 Vapiy — o1 (Tana + Daaa)ply
— (Vi — 31201 ) pl3 — 02 V3 pl3 — o (T312 + I334)p14 }
Z-]ab V3 Ravje) —5 ZJabrsn (ViRapjic ) Jjic

= 4V2{ (V301 — Dyaaon)ply — (V300 + Ty3400 ) pls 4+ 01 Vaply — 0 Vapis }

-5 Z Jab (Va1 Rabje) T — Z [31:Vi (Z JaR ah,kJ,k)
+ Z 310(Vidap) Ravjic Tk
= 4V2{(V3o1 — T33a%2)pi4 — (V3o + Traact1 )i + o Vapiy — 02Vapis }
- %Z Jab (V31 Raji) T + Z et +2 Z G (Vadw)p;
Here, we get
(2.33) > Jap(V3) Rav) i
= Z Jab (VAR i) Ty — 4 Z Jar R31a: Rupjic T
= T (VR )i +8 Y Rarapy,
=V (Z Jab(V3Rabjk)ij) -2 Z(Vljab)(V3Rabjk)ij +8 Z R31apy,
= —2Vi(e3t") =2 Z(VlJab)V3(Rabijjk) +38 Z R31aipry
= —2ei(e3t") +2> Tizer” =4 (ViJu)Vap; + 8> Rtap;,

= —2¢1(e3t")+2 Z Diset* —8V2(aVaply— i Vapi,) +8 Z R31ap;y

and
(2.34) 2 Z G (Vadw)py = *4\/51“312(061/773 + 02piy)-
Thus, from (2.32)~(2.34), (2.26); and (2.28),, we obtain

(235) 63(61‘[*) = 4\/5{(V3061 — r334062 — r3120(2)pT4 — (V30€2 + F3340(] + F3120c1)pf3}

+) Det’ +eest’) =Y Naer =4 Risup),
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= 4V2{(—V2w—Ti310 —Tino)pis — (—V20—Ta310 —Dma)pis}
+ Z ettt Z Niyet* +er(est™) — 4 Z Rizup},
= —8wpj, + 8upj; — 4V2(Ti3100 + Ninc2)ply
+4V2(Do3 100 + Dynaon)pis — [e1, €3] + e (e3t”) 4ZR13m,0m-
Here, from (2.16), we have
(2.36)  —8wpiy + 8upy; = 8(Ruz1a + Rizz)piy — 8(Riara + Ruaz)pis

= 8(Ru314p14 + Riznzpys) — 8(*% — Ri212 — Riz1i3 — Riza — R1342),0T3
= 8(Ru314P14 + Ri3n3pr; + Riz13pys + Rizoapry) — 8 (— ;Tl + PTl)PT3
=4 Z Ruzanpyy — 2(7" = 1)pis.

Further, from (2.31), we have

2 2
o o
(2.37) Doy 4 Danoy = —= — Doy + =+ Lzpon

V2 V2

Tt —1
= ——=+ 3100 — T13004.

2V2
Therefore, from (2.35)~(2.37), we have finally

(2.38) (Tisron + Do) pis — (—Tisoon + Dizio)pi; = 0.

Now, let {{e;},_; 4, {o,Ja}} be an adapted pair. For arbitrary (local) func-
tions ¢ and ¢, we consider local 1-forms (6, ¢) = (cos 0)a — (sin 0)Jo, Jo(0,p) =
(sin O)a + (cos B)Ja and local unitary frame field {e; (0, p) = (cos p)e; — (sin @)es,
e2(0,p) = (sin p)ey + (cos p)e, e3(0, ) = (cos(0+ ¢))es + (sin(0+ @))es, eq (0, cﬂ)

—(sin(0 + ¢))es + (cos(O +¢))ea}. Then, it is easy to verify that {{e;(0,¢)},_;
{a(0,9),Jo(0,9)}} is again an adapted pair and that the equalities

(2.39) (6, )| = el

and

21(0,9) = (cos(p — 0))our — (sin(p — 0))aa,
(2.40) 2%(0, 9) = (sin(p — 0))o + (cos(p — 0))aa,
23(0, ) = 04(0,90) =0
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hold, where «;(0,p) = (0, ¢)(ei(0,9)). Moreover, from (2.16), we have

130, 9) = pi; cos 0+ pj, sin O,
(2.41) 13 ) 13* . 14*
P14(0,9) = —pi5 sin 0 + pj, cos 0,

where p(0,9) = p*(ei(0,9),¢;(0,9)). We denote by Iju(0,p) the connection
coefficients of g with respect to {e;(0,¢)},_; 4 Then, from (2.30) and (2.31),
we get

131 (0, ¢) = T31 cos(0 + ¢) — I sin(0 + @)

o . 2] . .
—— sin # cos ¢ — — sin 6 sin ¢,

V2 V2
F132(0, go) = F]31 sin(@ + §9) + rl32 COS(H + §0)

+
(2.42)

or . . o
+ = s1n051n(p+—2

V2 V2

Applying the same argument to obtain (2.38) with respect to {{e:(0,9)},_; 4
{(0,9),J0(0,0)}} instead of {{ei},_; 4 {oJo}}, we have '

(T131(0, )21 (0, ) + T132(0, 9)22(6, 9) ) P14 (6, 0)
— (=T32(0, 9)21 (0, ) + T131(0, )220, 9) ) p15 (0, 9) = 0.
From (2.41) and (2.42), this equality becomes

sin 6 cos ¢.

{(Mz0n — Tisio0)pi; + (Mizion + Lison)pi,} cos 0

Tt —1
+ < (s + Do) pis — | Tizpan — z10p — —— | pia ¢ sin 0 = 0.
{( 1310 + N3202)p]5 ( 2o =l === >p14}
Since this equality is valid for arbitrary 6, we obtain
(2.43) (Tiaten + Nix00)p] (r o — g0 T*_T)*—o
. 13121 13202)P13 13201 — L131000 WG P14 .

Now, taking account of (2.16), the 2-forms ¢ and y of (2.6) satisfy
p(ei,¢) = 2(oz05 — ajot7),  Ylei ) = 72/);7.
Thus, the first Chern form y is locally represented by
(2.44) 8y =t(e'ne*+enet) + (7" —1)e*net
—dpiet A e —ernet) Fapis(et et e ed).

Since y is closed, we have in particular dy(e;, ez, e3) = 0. Thus, by using (2.14)
and (2.16), we get
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0 =ei(y(ez; e3)) +ea(y(es, e1)) +ex(y(er, e2))
—{y(le1, ea], €3) + p([ea, e3], e1) + p([es, e1], €2) }
1
= %n {4e1p]; +4erpiy + 4112 + Ta34) P15

— 42 + Niza)ply — Tois — Dog) (77 — 1)}

= 8%{4V1/ff3 +4Vapiy + (77 — 7)(Th2s — To14) },
and hence
(" —17)
4
Similarly, dy(e;,es,eq) =0, dy(er,es,eq) =0 and dy(e,e3,e4) =0 yield

(2.45) Vipis + Vapiy = — (Ti24 — Toua).

*

T —7

Vipi, — Vapiy = T(Fm - ),

Vapis + Vapts = sere” — Y2ty — ompiy) + T (i + T
(2.46) = %elr* — \/§(d1PT4 — 02p13),

Vipls — Vapis = %62‘6* - ? (1pi3 + w2piy) — % (Fars + Da)

1 . " "
= Zezf* - \/5(051P13 + 02pl4),

where we use (2.29), 4 to obtain the last two equalities. From (2.14) and (2.45),
we have

&3 = Vipis + Vapys + Vapys + Vapl,

* * 1 * * *
= Vipl; + Vapis + 197 + (Fa1a + Tu3)pis — (T — Taoa)piy

-1 1
= — Ty — I —estt.
a (Th2a 214)+4€3T

Comparing this equality with (2.24);, we obtain

(2.47) et = 2\/5{—20(114/ +a(—0v)}+ (t* = 1)(Tia — Lo1a).

Applying the similar argument to &, from (2.14), (2.46); and (2.24)4, we also
obtain

(2.48) eqt* = 2V2{o (u — v) + 20w} — (v* — 7)(Tias — Dop3).
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Now for the vector field 7 defined by (2.21), we obtain
(249)  divg=> (Vidw)ps+ > (Vidu) Vidse)p + > (Vidawp)Vip's
= Z V Jbl - Z(ijjia)pal;
Z{ (ViJ13)® + (ViJ2a)® + (ViJ1a)* + (ViJ23)*}
+ 2\/52 —OCiV,'pM + OC;V,’,DE)
= Z(Riabt-]ti + Riuierr),Q;; + Z(Ribit-]ta + RibatJn)Q;;
(7 +02) = 2V2{o1 (Vipiy + Vapis) — aa(Vipis — Vapis)}
2
y T
= Z(Riabt + Rbiat)JziPag - ( 2)

= 2V2{o (Vipiy + Vapis) = ea(Vipis — Vapiy)}

*)2
= Z Rathltp B
= 2V2{a1 (Vipiy + Vapis) — 2(Vipis — Vapiy)}

2

- &) (Vipia + Vapis) — m(Viphs — Vapia)}
= 2V (Vupi + Vani) — (Vipis ~ iy}
Since
1 1 1
Viry = =5 (Vedi)Rii =5 > ViR = 5> Rz VicTis,
we have

1 1 1
Vipi; = - EZ(VIJQ)RIM - EZ ViR — QZ RiaisViJis

1
= %fxz/ﬁl — (ViRua12 + ViR1434)

1 1
- Efxl (—Riz14 + Riang) + 7

T 1
= mdz — (ViRis12 + ViR434) — ﬁ (oqyw + 20),

o2(Ria14 + Rians)

and hence,
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(2.50) ViRi412 + ViR 434 = —leT3 (O(]W + OCzU)

VA

Similarly, we calculate V;pj,, Vopj; and Vzp]‘4 to obtain

ViR + VIR =V o U+ onpw
141312 141334 1p14 4\/— \/—( 1 2 )
2.51 V2R]4]2 + 52R1434 = 7V2p* o +—= (O!]U — (ZQW),
( ) 13 4\/— \/—
V>R + VLR = Vopi oW — ooU).
20%1312 24%1334 2014 T \/— \/—( 1 2 )

From (2.18), (2.50) and (2.51);, we have
(2.52)  es(u—v)+2esw
= —e3Ri313 + e3R1324 + e3R1414 + €3R1423 — 2e4R1314 — 2e4R1323
= —V3Ri313 + V3Ri34 + V3Ria14 + V3Ri423 — 2V4R1314 — 2VaRi323
+4w(io + I334) — 2(u — v)(Tai2 + Tuza)
= ViRua12 + ViRi434 + V2 Riz12 + Vo Rizag
+4w(D312 + T334) — 2(u — 0) (T2 + Tz4)
T* 1
ﬁaz _E(LH_ )0
+4w(12 + I334) — 2(u — v)(Ta12 + Tuza)

3t* —1
42
+4w(D312 + D3ag) — 2(u — v)(Tar2 + Taza).

= —Vipis + Vopiy +

= =Vipis + Vopiy + o

Similarly, from (2.18) and (2.51);,, we obtain

3t* —1

v
—2(u —v)(I312 + I334) — 4w(La12 + Taz4).

(2.53) 2esw —es(u—v) = =Vipiy — Vapi; — o

From (2.26); 3, we immediately have

22w = =2(e D31 + 0ali32) — Vo + Vaora + oy (Tarz + Tasg) + 02 (D312 + T334),
and hence

(2.54) —Vs0q + Voo + o1 (Tarn + Tasa) + 02 (I312 + I334)
= 2\/5W + 2(O{1H31 + OCQH:;Z).
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Further, from (2.30), (2.27); and (2.28);, we have

T —1
2V2
+ Vo + Vao + o (T312 + Tasa) — o2 (Tann + Tuza)

V2(u —v) = 2(oy Ty + olia) —

1 1 ™t —1
=2 —=0? — o3 + —=03 + ol >——
<\/§ 1 11132 \/E 2 21131 2\/5

+ V3o + Vaory + o (T312 + [334) — 02 (Tan2 + Taze)

*

= 12_\;; — 2(o1 32 — 2lian)
+ V30 + Vaou + o1 (G312 + T334) — 02(Tan2 + Taza),
and hence
(2.55) Vs 4+ Vaoy + o1 (a2 + Isa) — 02 (Tarz + Taza)

=V2(u—v —Q+2(xr —apIq31).
( ) o) (o132 — o2l031)

From (2.30), (2.31), (2.47) and (2.48), we have
(2.56)  (e3t*)* + (eat)?
= {420 4 2V20 (1 — v) — (t* — 1) (Tig2 — Toa1)}?
+ {2V 20 (u — v) + 4V 2w + (t* — 1) (T2 — Dozy)}2
= 8{4w? + (u— v)*} (o} +3)
+ (2" = 0 {(Nin2 — To31)” + (a2 — Tar)*}
+4V2(r" — )[(u — v){o1(Tiz2 — Taz1) — o2(Tiaz — Do)}
+ 2w{o (Taz — Doar) + o2 (Tiz2 — Tas1) }]

— 4t - K+ (1 - f>2{ (2“32 - %"“)2*(2““ +%“Z>2}

Tt —1

—2\/5 (u—v)

+ 4\/5(‘[* — T){2(u — U)(O(]F]g,z — O(zrlgl) —

+ 4w(on Iz + fxzrm)}
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(" —7)°
4

+2(t" = 1) {2(Th + Thy) — V2(ouTiz — 2Lz }

+8V2(t* — ) {(u — v)(uTizy — alis1) + 2w(on Tizy + 0ali30) }

=4 DK + — 2" 0 (u )

Further, from (2.49), (2.52)~(2.55), we get
(2.57) e3(est”) + ea(eat™) — Izaeat™ + Dyngest™
— (D32 — oar)eat™ + (Mg — Toar)est”
= e3{—4V200w 4+ 2V2u (u — v) — (v* — 7)(Tig2 — Doar)}
+ e4{2\/§a1(u —v) + 4200w + (r" = 1)(Tis2 — Ta31) }
— T334{2V201 (1 — v) + 4200w + (z* — 7)(Ti32 — Da1)}
+ Tuza{—4V 200w + 2V 20, (u — v) — (7" — 7)(Ti42 — Toa1)}
— (Mis2 — Tasr)eat™ + (Taz — Toay)est”
= 2V2{2w(— V301 + Vaors — oy (Ty1z + Tyza) — 02(T312 4 T334))
+ (0 — v)(V3o + Vaoy — o1 (G312 + T334) + 02 (Ta12 + Tuza)) }
+ 2V2{—o; (2e3w — e (u — v)) + oz (e3(u — v) + 2eqw)} + F

= 2\/5{214/(2\/51} + 2(ou 31 + o2li32))
Tt —1
+(u—v V2(u—v — ——— 4+ 2(o1 130 — oI
( )( ( ) W) (oT32 2131))}
+2V2{o1 (V1 iy + Vapis) — 02(Vipls — Vapiy)}

n (3¢* — Ti(r* —1)

= 4K + 4V2{2w(ou T3 + aalisn) + (u — 0)(oaTis2 — 0aliar)}
Bt —1)(t* — 1)
4

+F

—(r*—r)(u—v)—&—g—divﬁ—f—

F
2 +5

where

(2.58) F=—(t" —t){es(Ta2 — Toa1) — ea(Tiz2 — I231)
+ aa(T32 — Taat) + Tuza(Dap — Toan) 3
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Similarly, from (2.49), (2.52)~(2.55), taking account of (2.30), we obtain

e3(e3t”) + es(est”) — Izgeat™ + Tysge3t”
+ (D31 + Ds)est™ + (T + Doan)eat”
= 4K + 4V2{2w(o T3 4 0lis2) + (u — 0) (o Tiz2 — 22Ti31)}

B3t —1)(z* — 1)
4

—(r*—r)(u—v)—&-g—divr‘]—&— +F,

and hence

(2.59) A" = Ze,-(e,-r*) - Z Lijejt”
= {e1(e1t*) + ea(eat™) — Lipeat® + ey t*
— (a2 — Tuzp)ert™ + (I3a1 — [uz1)eat™}
+ 4K +4v2{2w(o Tia1 + 0ali32) + (u — v) (o Tizn — 22 i31)}

(Bt —1)(t* —1)

F.
T +

—(r*—t)(u—v)—kg—divﬁ—!-

3. Some Formulas

In this section, we assume that M = (M,J,g) is a four-dimensional strictly
almost Kéhler Einstein manifold. We put My={peM | (z*—1)(p) >0}, a
non-empty open submanifold of M, and M, = {p e M, | G(p) > 0}.

In case 7 < 0, we observe that My, — M| has no interior point unless it is
empty. In fact, if p e My — M, is an interior point, then G = 0 holds on some
neighborhood U of p and hence M is locally a weakly x-Finstein manifold.
Then, from Main Theorem in [14], 7=0 on U. This is a contradiction.

Now, we shall prove the following lemma, which states the existence of a
‘good’ unitary frame on M; in some sense.

Lemma 4. For each point p € My, there exists a neighborhood U of p and an
adapted pair {{e;};_, 4,{o,Jo}} satisfying

,,,,,

3.1) Vva= ||:>c||{e1 ® %(el/\ e —enet) -’ ® %(el/\ et +e*n e3)}

and

L VG
(3.2) Pi3="73 Pu= 0.

We call such an adapted pair special.
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Proof.  From (2.20), there exists a local smooth function # such that

. VG . VG |
(33) Piy =4 COSH, Py =g sing.

Thus, from (2.41) and (3.3), we have

(3.4) P13(0,9) = \/TE cos(0 —n), piu(0,0) = — \/Té sin(0 — 7).

In particular, we consider an adapted pair {{e;(7)},_; 4, {2(n),Jo(n)}} defined
by e;(n) = ei(n,0), a(y) = a(n,0). Then, from (2.40), we have

a1 (17) = o1 (n7,0) = (cos n)oy + (sin n)xz,

3.5
B3 a2 (17)

o2(n7,0) = —(sin 7)oy + (cos n7)oz.
On one hand, since
span{a(n), J(n)} = span{x, Ja} = span{e', e} = spanfe' (1), (1)},
taking account of (2.39), we may put
() = ||e[{(cos e () — (sin O)e*(m)},

Jo(n) = |l {(sin {)e' (1) + (cos O)e? ()}
for some local smooth function {. The equalities (3.5) and (3.6) yield

(3.6)

(3.7) llo]| cos £ = (cos n)oy + (sin 7)o,

' Ja sin £ = (sin )1 — (cos 7).
Now, we define a adapted pair {{&;},_; 4, {% Ja}} by & =ei(n,{), a=a(n,{).
Then, from (2.40) and (3.7), we have «(#,{) = ||o||, «2(,{) =0, and hence

a=lale'(n,0) = llalle’, Ja=|alle.
Further, (3.4) yields

.

pT3(’77C) = ’ pT4(’77C) =0.

The lemma follows. O

Now, we deduce several formulas in terms of special adapted pair which play
an important role in the proofs of Theorems 1 and 2. Let {{e;},_; 4, {o, Jo}}

be a special adapted pair on a neighborhood of any point in M. From (3.1), we

see o = ||a|le! and hence

Tt —1
5

(3.8) 0} = ||of|* = o = a3 = ag = 0.
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From (2.38), (2.43), (3.2) and (3.8), we obtain
(3.9) i3 =T =0.
From (2.14), (2.30), (2.31), (3.8) and (3.9), we have further

Noa =103 = Io1a = Iopa = 0,

(3.10) 1"11421"213:—%:—%,
324 —I313 =0, TI33+41I314=0,
Dag — T4z =0, Typ3 + T4 =0.

From (3.8) and (3.10), the equality (2.29), is reduced to

1 1
3.11 = —=(314 — Tu3)oy = — —= (1303 + Tuns)
(3.11) P13 \/5( 314 — Lu13) \/f( 323 + Laa) oy
and (2.29) yields
(3.12) 34 — T3 =0, I3;3+ T4 =0.

Further, (3.8) ~(3.10) reduce (2.26); 2, (2.27), (2.28) and (2.29), 3 respectively to

1 o
w=——esa;, w=——=2I42+434),
N 301 \/5( 412 434)
M*ﬂ(zr +I334) u*Leoc
N 312 334), \/5417
1 Tt —1 1 (-7
3.13 v=——|e4 +—>, v:——{—+oc 2131 + I },
( ) \/2(41 2\/5 \/2 2\/5 121512 334)
1
Pz = ﬁ{_eﬂl + o1 (212 + Ti4) },

1
0—— - {er01 + o1 (2312 + oaa) },

and hence, we obtain
et = —o1 (2012 + o3a),
o1 (2012 4 Tiag) — V291,
e3ory = —o (20412 + Taa),
eqo = o (21310 + I334).

(3.14) e

From (3.8), we see ¢, = e;(t* — 1) = 4doye;oq (i=1,...,4). Substituting (3.14)
into this equality, we have
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et =e (" —1) =

(3.15)

*

Tt —1) =

(
et =e(t"—1) =
e3t” = e3(

(

TAKASHI OGURO AND KOUEI

SEKIGAWA

(I’ — T)(2r212 + 1"234)
27" = 1)(2Th 12 + Niza) —
=2(t* — 1)(2L412 + Tuza),

4\/50‘1/)T3a

eyt = ey4(tt — ‘L') = 2(‘[ - T)(2r312 + F334)

Taking account of (2.16), (3.2), (3.8)~
(2.46) are reduced to

*
e1p13 =

expyy = (N2 + Nsa)pis —

€3PT3 =
(3.16)

espys = (T2 + I3 pl5

= (G2 + ag)pis —

Thus, since G = 16(pT3)2, we obtain
e1G = =2(Thn + [hu)G,

o
—(Ta12 + Taza)pis +

—(Ta12 + Taza)pls —

G =2(Tip2 + N13a) G — 4V2(¢* —

(3.10) and (3.15), we find that (2.45) and

—(oia + Iosa)piss

‘c*—ra
4\/5 1,

*
et
4

*

Th—1
— (2Ta12 + osa),

1
— =t + \/EOCIPE

4

*

TF—1
> (2L + L) + 2\/5051PT3-

T)“IPT37

3G = 72(1—1412 + F434)G — 16(‘[* — ‘L')(zrzlz + 1"234)/)}‘3,

16(¢* — 7)(2012 + Diaa)pis +4V201 G,

—(t" — 1)y,
8p13

*

— 7T
— (2110 + o
2piy )

*

et
*
413

*

. (Zrllz + Taa) +2v20
2pi5

(3.17)
esG =2(I312 + 33a) G —
and hence
1
34 log G = —(Ta12 + Toaa),s
1
3 log G = (I12 + Iina) —
1
76 log G = —(T412 + I'y34) —
(3.18)
—(Taq12 + Ta3q) +
1
S e log G = (B33 + Taag) —
= (G + ) —

4015
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From (2.49) and (2.54) ~(2.59), taking account of (3.2), (3.8) ~(3.10), (3.12), (3.14)
and (3.16), we easily obtain the following equalities:

* _\3
(319) () () =4 K+ T a6 ),
(320) 6‘3(83‘[*) + 64(6‘4‘[*) — I334e47™ + Tyzae3t™ + Izjeat®
(3t* —1)(t* — 1)
4
(3.21) AtF = {61 (€1T*) + 62(627.'*) — et + hpet* + (F341 — r431)€2T*}

+4K—(T*—r)(u—v)+g—divﬁ+w

:4K—(T*—r)(u—v)+g—divﬁ+ +F,

+F,
and
F= —\/E(T* — T)OC1F3]2,

Tt —1

(3.22) Uu—v= + V201 (21312 + Taaa),

2w = V20 (21412 + Tusa),

. G ‘L'*—T 2 *
div n= 54—% — 4\/5(1—112 + 1—‘134)061,0]3'

Next, we put
(3.23) Ai(z" —1)=ei(e1(t" — 1)) + ea(ea(z* — 7))
— Z Lijej(z" — 1) — Z I jei(t" — 1)
=ei(e(t" — 1)) + er(er(z* — 1)) +%64(T* - 1)
— e (" — 1) + hnel (" — 1),

(324) Ay(t" —1) =e3(e3(t" — 1)) + eqlea(z” — 7))
— 21"331-6]-(1* — T) — Zr44j€j(f* — T)
= exlesls” = 1))+ exlen(s” — 1) = Lpeals” =1
— Iszgea(t” — 1) — Tazes (7" — 1)

and
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Then, A(t*— 1) = Ay (t* — 7) + Ay(z*— 7) and ||grad(¢* — 7)||* = ||grad, (c* — 7)||* +
|lgrad,(z* — 7)||>. Further, we put
f="—1)AE" —1),
Si= (T DA (T =),
=" =1)A(" — 1),
and
Hy = (" — 1)a1 pi5(2012 + Tisa),
H, = (" — t)ay pisLinn.
Taking account of (3.9), (3.10), (3.14)~(3.16) and (3.23), by direct calculation,

we have

*

T
(325) Rir1p — Z

=2R1212 + Ri3s
= 2{611"212 —e i+ Z T — Z i don — Z(Flzz - Fth)rtlz}

+e1lazs — exlag + Z 1300 — Z [BEN B Z(FUI —Io1)las
= e1 (2112 + Ioaa) — (212 + Tisa) + T112(2T012 + Tisa)

*

o T —7
+ (2151 + Ihsg) — 73 (2I312 4+ I334) — 1
— e Ca(T -1\ o e t* —1) n V2u1pis
2(t* —1) 2(t* —1) TF—1T

et —1) 2V 20 p% ei(tr —1
+ rnz( 2(1 )-i- 1p13> + (_ 21((1* _ 1'))>

=——Aeiler(t" — 1)) + e2(e2(z* — 7))}

2(t* — 1)
1 ; 2 . 2
+——7{lam —1)" + (e2t” — 1))}
2(t* — 1)
% * * \/E %
- 0‘_12 (ae2pls — pizeacn) + mﬂlzez(f —-7)+ a—lruzpn
1 o Tt —1
_ rC * o) * 2y
2(t* — 1) e (T —7) 2V2(r* — 7) e(® =1 4
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1 1 .
=————Ai(tF =1 +— rad Tt -1
SN = g lerad )

V2 Tt —1
Y2l I® - -
” {( 112 + Disa)pis 2 OC]}

V2 Y o
+ 7 P13l (@l + Tisa) = V2pis} +a—lﬂlzﬂ’f3 B
1

1 *
= —mAI(T *‘L’) +

G 22
el SulyS ) e
4(1*—1)+ 0 Pi3linz

grad, («* — 7)||*

2(t* — 1)2 |

Further, from (3.10)~(3.12) and (3.14), we have

(3.26) *%* R
= Ri313 + Riau4
= el —esfin+ > Tl
= Tl =Y (Gs — D) Tas
+e1lyg —eslng + Z | AP P!
- Z Lielas — Z(Fm —Ty1)Ta

o o
=e <—1> — =L (T334 + B312) + Dia(Taig — Ti3)

V2] V2
2
o
+ T3 + Tiy + 2514l + 71
o V2 Tt —1 G
=Ly +—pi T H-—
N 312 + o Pzl + 1 + A —7)

where we put H = T3, + T3+ T3, + T4, From (3.25), (3.26) and (3.22), we
have

*

T
2(e" = (R - ) = <A+ lead (= )17 -

(" =1
2

Tt —1

G+ 8V2H,,

=2(t" = 7)2(%4- R1212) = —(t" —0)F +4V2H, +

Tt—1

G+2(t* —1)°H.
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Adding each side of the above equalities, we obtain
(3.27) fi=t(t" =)= (=" —1)G— (" = 1)F
+2(¢* — 1)’ H 4 12V2H, + ||grad, (¢* — 7)||*.
On one hand, from (2.23), (3.21) and (3.23), we have
A(t" — 1) = —Tes(t* — 1) — (I341 — Taz)ea (7" — 1)
+ (" —1)(u—v)—-3divyg—F.
Thus, taking account of (3.11), (3.15) and (3.22), we obtain

(3.28) fi = V21 (t* — 1)*(2T315 + D)

\/Z * * * *
+071(T —1)p;3{2(r" = )(2012 + Tis4) — 4v2a1p}5}

+ (@ =1 u—-v)— (" —1)F —%(r* -G

3
- Z(T* — 1) + 12V2(z* — 7)(12 + Liaa)ou pis

= (¢* —r)z{(u—v) —T*;T} +4V2H, —T*Z_TG
+ (@ =) w—v) - (tF - T)F—%(r* -17)G

7%(7?* - 1)3 + 12\/2(1‘11 - Hz)

=20t =) (u—v)— (t* —1)° =2(t* —=1)G — (¢* = 1)F
+16vV2H, — 12V2H,.
Further, from (3.10), (3.20) and (3.24), we have

* \/Z * * o *
Asx(t —r):—a—lpwez(r —r)—7l§e4(r —17)+4K

Bt* —1)(t* — 1)

F.
T +

—(r*—r)(u—v)—&—g—divﬁ—f—

Thus, taking account of (3.15) and (3.22), we obtain
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329)  fo=- Z—? (t" = 0p}3{2(r" — 0)(2Nn2 + Niaa) — 4V201 973}

— V20 (" — T)2(2r312 + Iag) +4(z" — 1)K

*_ 1 3
— (% - T)Z(H —v) — %—F 4\/50‘1PT3(T* — ) (T2 + Tiza)

(3t —1)(¢* —1)*

+ 4

+ (" =0)F
Tt —1

=2t — 0’ (u—v) +—

G+ (" —1)F

* * 2
+4(z* — 1)K + B - T)4(T —O°_ 4V2H,.

From (2.21), (3.1) and (3.2), we have
=y (ViJw)n;

%
= PN (51403 — 01503 — Srdap + Ondaa)ps = 0,
ﬁZ(l 3b — 015030 — 0204 + 025044) P

=Y (Valw)r;
= %Z(éla(;% — 015040 + 02a035 — O203a)p; = —2V 201},
;3 =14 =0.
From these equalities and (3.15), we obtain
(3.30) Z(Vif*)’_li = (Vo)1 = =2V2u pjsert”

= —2V200p}3(2(c" — 7)(2N112 + Ti34) — 4V 201 p}5)

Tt—1

G.

= —4V2H, +

4. Proof of Theorem 1

We assume that M is not a Kdhler manifold. Taking account of Theorem
A, it suffices to consider the case where M is not weakly *-Einstein, namely
G#0 on M.

Let {{ei};,_ 4> {®,Jo}} be a special adapted pair on some neighborhood

of any point in M) (see Lemma 4). With respect to the unitary frame {e;}, from
(3.9) and (3.10), we have
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(4.1)  Rapp = ez —eslhonn + Z 3110 — Z Didzn — Z(Fnz — 3Tz
t t

t
o o
— —Tin
V2 V2
— I3alan — 3ol — B3ial2 + Daialan,

=el3p —e3lnp +—=1314 —

o] o]

(4.2)  Rozzs = eal33q — e3lnag — \/51}14 — \/21"134
— Iosalazs — T3121h34 — T31a1534 + [3131434,
o o
(43)  Rppn=Rin= 7%514 — 7151"112.

Since 7* is constant, from (3.8), the equalities (3.15) are reduced to

V2
(4.4) 2T + T34 Za—lﬂma 2I51 + 1h3s = 0,
20512 + 334 = 0, 2T410 +Ty34 = 0.
Thus, from (4.1)~(4.4), we have

—pl3 = Pry = Razin + Razs

o
= er(ia + I3sa) — e3(Inin + Iosa) — 715 (T2 + Disa) — Do3a(Tain + Taza)
— Gz + Disa) — s (i + I3aa) + iz (Tain + Tazae)

a (V2
= —e,l3p + e3Dpp — — (—

2\ Pl — F112> + Iosalun

V2
— I3 (a_1p13 — T2 | + 31al310 — I3isTan

= —(e2a312 — e3Inin — Dosalunn — DD — sl + DisTann)
* o \/z *
— P+ 7lirllz - a_1r312'013
* o \/E *
=—pp+ 7151—]12 - 711—‘312,0137
and hence
(45) (‘L'* — ‘L')Fllz = 4F312pT3.

If we put
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o]

2
1 P 112P13 Al 2 \/i 3125
then (4.5) becomes
(4.6) (t* —7)*hy = Ghy.
Since 7* is constant, from (3.19), (3.22), and (4.4), we have

(" -7’
4.7 K=—F"—.
(4.7) T

From (3.20), (3.22)4, (4.4) and (4.7), we have

2
Tt —1 V2, N
0= - + 4\/§<a—lﬂ13 - lﬂ112> a1p3

4
+ w —V2(t* =)Dy
)% G
T =D LG e~y — 20 — o,
2 2
and hence

G T
(48) R S

Thus, from (4.6) and (4.8), we obtain
_ G{G+t*(t* —1)}
4(rr — ) {G + (v* —1)%}
(t* =) {G+*(z* — 1)}
MG+ (-0
From (2.23), (3.22), (4.4) and (4.7), we have

Y

(4.9)

G (- )2 (Bt —1)(t" —1)

(4.10) 0= st 1
2
-2G— (% — 1)2 +16V2 <t:1_p’f3 - H12> a1 Pl

G t(rr 1) .

=5t 8(t" — ).
Substituting (4.9), into (4.10), we get
(4.11) 3G? + 3t (t* —1)G —1(x* —1)° =0,

which implies that G is (and hence pj, is) constant.
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Now, since pj; and «; are constant, from (3.14), and (3.16),, we have

V2,
2l + s = a—lpw

™t —7
L+ 0aa)pls = o,
(T2 134)P13 43 1
and hence
V2 Tt —1
Lippii=—-G— .
11213 160, 4\/5 o]
Thus, we obtain
V2 G— (1" —1)*
4.12 h=~"ppy=—ow—o
( ) il ” 112013 4 —1)

Comparing (4.9); with (4.12), we obtain
(4.13) Gt* = —(t* —1)°.
Since G > 0 and 7* — 7 > 0, this equality implies 0 > 7* > t. On one hand, from
(4.11) and (4.13), we obtain
7r(t*)? = 972* + 37 = 0.

But, since 7 # 0, no real number 7* satisfies this equality. This is a contradiction
and it completes the proof.

5. Proof of Theorem 2

We assume that M is not a Kéhler manifold. By the assumption, G is
constant. Taking account of Theorem B, it suffices to consider the case G > 0.
Let {{ei},_; 4 1%, Jo}} be a special adapted pair on some neighborhood of
any point in M; (see Lemma 4). With respect to the unitary frame {e;}, since G
is (and hence pj, is) a non-zero constant, the equalities in (3.18) are reduced to

V20
8p13
iy + T34 =0,

Lo + Ty = (" —1),

(5.1)

D 4 T = ertt —V2uy,

4pis

*

Lo + Dz = T

1
— e
4pis
Substituting (5.1); into (3.22)4, we obtain
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G_ (-7’

2 4

From (2.22), we may observe that this equality is also valid on the interior of the
complement of M;. Thus, we have

*_ 1 2
(53 [f5- 5 o

Now, let p,e M be a point at which the function 7* — 7 attains its max-
imum. Since G is a positive constant, (5.3) implies

(5.2) divy =

G (" —1)°
—_— <
2 4 =0
at p,. On one hand, from (2.23) and (3.21), we have

(5.4)

(5.5) L=(t"—1)(u—v)—F-3divy
at py, where L =e¢j(ejt*) + ea(e2t*). From (3.14)4 and (5.1);, we have
(5.6) 2+ Tazg =0, Typ+ Ty = —V2
at py, and hence, from (3.22);, and (5.6), we have
F=—V2(t" -0l = —(c* —1)%,

Tt —7

u—v=
at po,. Substituting these equalities and (5.2) into (5.5), we obtain
(5.7) L:—%G+Mﬁ—02

at p,. Since L <0 at p,,

G>2(c" —1)?

\SJ OS]

at po. Thus, from (5.4) and (5.8), we conclude

5 *x 272 * 27(7’-*_7’-)2 Gi(f*—f)z
(5.9) O<E(T 7) 75(7 7) —1 < R <0

at po. This is a contradiction and it completes the proof.

6. Proof of Theorem 3

We may assume that M is a strictly almost Kéhler manifold. Since 7 < 0, as
we have seen in section 3, M) is open and dense in M. Thus, taking account of
(2.57)~(2.59) and (3.19) ~(3.30), we see that the functions H; and H, (defined on



256 TAKASHI OGURO AND KOUEI SEKIGAWA

M) can be extended to the ones on M, respectively (and hence, the equalities
(3.19)~(3.30) (on M;) can be regarded as the ones on M), respectively).

Let p, € My be a point such that the function v* — 7 attains its maximum
at p,. With respect to a special adapted frame field, from (3.11) and (3.12),
we have

G

2
2 ) N2
(Ts1a — Tu13)” + (Taoa — T23) " = = (p}3)" = Ao =1

%
From this equality, if we put H = T3}, + I35 + [y + [hs, then we have

G

6.1 2(I314T Goalyys) =H ————.

(6.1) (G31aT413 + T324T23) e —7)
From the definition of H, we may put

1"314 = da COS 0, 1"413 = qa sin 0, 1"324 = b cos C, F423 = b sin C,

where a,b >0 and a*> +b*> = H. Then, (6.1) becomes

a® sin 20 + b? sin2C:H—L.
4(t* — 1)
This implies
G
—-H<H- H
4(t* — 1) =
and hence
G
6.2 0<)— <H.
(62) 02) g <
From (3.30), (3.15) and (3.22), we have
(6.3) w2 =G,
(6.4) u—v:%, w =0,

at p,, and thus, from (2.18) and the definition of K,

(6.5) K — (-’

(6.6) u=0, v=

at p,.
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From (3.27), (3.29), (6.5) and (6.6), we have

67)  filpo) =7 =0 = (1" —=1)G— (t* —1)F +2(¢* — 1)’ H + 12V2H>,

(6.8) f(po) = %f*(f* e % (t* = 1)G + (t* — 7)F — 4V2H>,
and hence
(6.9) f(po) = f1(po) + f2(po)
= gf*(f* —17)? —%(r* —1)G+2(t* —1)*H + 8V2H,.
On one hand, from (2.23), (3.22) and (6.3), we have
(6.10) fpo) = —;(f* —T)G%f(f* — )2 + 16V2(H, — H>)
- %(f* - T)GJr%T(‘L'* —7)? — 16V2H,.

Comparing (6.9) with (6.10), we obtain
1
(6.11) 24V2H, = (7" —1)G — 5(31* ) (" —1)? =2(¢* —0)’H

at p,. Substituting this equality into (6.7) and (6.8) and taking account of (6.2),
we have

6.12)  fi(po) :%(f* +1)(c* —1)2 —%(f* ~ )G+ (t* —1)’H — (¢ — 7)F
> %(r* O — 1) _g(f* _ G- (t* = O)F,
(6.13)  fo(po) = 11—2<9T* —7)(* —1)° +%(r* — )G+ (" - T)F—&-%(T* —7)’H
> SO0 — O~ (DG (¢ OF.

Since fi(py) <0 and f5(py) <0, (6.12) and (6.13) imply
1 * * 2 1 * x )2
Z(T +0)(c"—1)"+ B Ot —7)(z"—1)" <0

at p,. From this inequality, we obtain 7* < —7/6 at p,. Since 7*(p,) is max-
imum, this inequality holds on M and it completes the proof.
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