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Abstract

Concerning the intergarability of almost KaÈhler manifolds, it is known the con-

jecture by S. I. Goldberg that a compact almost KaÈhler Einstein manifold is KaÈhler. In

this paper, we will give some positive partial answers to the conjecture.

1. Introduction

An almost Hermitian manifold M � �M; J; g� is called an almost KaÈhler
manifold if the KaÈhler form of M is closed or, equivalently, SX ;Y ;Zg�� X̀ J�Y ;Z�
� 0 for X ;Y ;Z A X�M�, where SX ;Y ;Z denotes the cyclic sum with respect to
X ;Y ;Z. It follows immediately from the de®nition that a KaÈhler manifold
�`J � 0� is an almost KaÈhler manifold. A non-KaÈhler, almost KaÈhler manifold
is called a strictly almost KaÈhler manifold. It is well-known that if the almost
complex structure of an almost KaÈhler manifold is integrable, then it is a KaÈhler
manifold. Concerning the integrability of almost KaÈhler manifold, the following
conjecture by S. I. Goldberg is known ([5]).

Conjecture. The almost complex structure of a compact almost KaÈhler
Einstein manifold is integrable.

The above conjecture is true in the case where the scalar curvature is non-
negative ([15]). However, it is still open in the remaining case and some pro-
gresses have been made by many authors under certain additional curvature
conditions. The authors and A. Yamada proved the following Theorems A
and B.
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Theorem A ([14]). A four-dimensional almost KaÈhler Einstein and �-Einstein
manifold is integrable.

Theorem B ([14]). A four-dimensional compact almost KaÈhler Einstein and
weakly �-Einstein manifold is integrable.

In the present paper, we shall prove the following Theorems 1 and 2 which
improve Theorems A and B respectively.

Theorem 1. Let M � �M; J; g� be a four-dimensional almost KaÈhler Einstein
manifold of constant �-scalar curvature. Then M is a KaÈhler manifold.

Theorem 2. Let M � �M; J; g� be a four-dimensional compact almost KaÈhler
Einstein manifold. If the norm of skew-symmetric part of the Ricci �-tensor is a
constant, then M is a KaÈhler manifold.

In [1], J. Armstrong proved that a four-dimensional compact almost KaÈhler
Einstein manifold of constant �-scalar curvature is integrable. So, our Theorem
1 also improves his result. Further, he proved that if M is a four-dimensional
compact almost KaÈhler Einstein manifold then the equality t� ÿ t � 0 holds at
some point of M, where t and t� are the scalar curvature and the �-scalar
curvature of M respectively. We see also that if M is a compact four-
dimensional almost KaÈhler Einstein manifold with constant negative scalar
curvature, then there exist a constant d �a 1� such that the inequality t a t�a dt
holds. In this paper, we shall also prove the following.

Theorem 3. Let M � �M; J; g� be a four-dimensional compact almost KaÈhler
Einstein manifold with negative scalar curvature. Then, the �-scalar curvature sat-
is®es t a t�aÿt=6 on M.

The authors would like to express their thanks to the referee for his many
valuable advice.

2. Preliminaries

In this section, we prepare several fundamental formulas which will be used
in our argument. Some of them are established in [13] and [14].

Let M � �M; J; g� be a four-dimensional almost Hermitian manifold with
almost Hermitian structure �J; g�. The KaÈhler form W of M is de®ned by
W�X ;Y � � g�X ; JY � for X ;Y A X�M�, where X�M� denotes the Lie algebra of
all smooth vector ®elds on M. We assume that M is oriented by the volume
form dM � W2=2. We denote by `;R; r, and t the Riemannian connection, the
curvature tensor, the Ricci tensor and the scalar curvature of M respectively.
The curvature tensor R is de®ned by R�X ;Y�Z � � X̀ ; Ỳ �Z ÿ �̀X ;Y �Z for X ;Y ;Z
A X�M�. We denote by r� the Ricci �-tensor of M de®ned by
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r��x; y� � 1

2
trace of �z 7! R�x; Jy�Jz��2:1�

for x; y; z A TpM, p A M. Further, we denote by t� the �-scalar curvature of M
which is the trace of the linear endomorphism Q� de®ned by g�Q�x; y� � r��x; y�
for x; y A TpM, p A M. By the de®nition, we see immediately

r��x; y� � r��Jy; Jx�;�2:2�
and hence r� is symmetric if and only if r� is J-invariant. We may also note that
if M is KaÈhler, then r� � r holds on M. An almost Hermitian manifold M is
called a weakly �-Einstein manifold if r� � �t�=4�g holds on M and a �-Einstein
manifold if it is a weakly �-Einstein manifold of constant �-scalar curvature. It is
known that the following identity holds for any four-dimensional almost Hermitian
manifold ([7]):

1

2
fr�x; y� � r�Jx; Jy�g ÿ 1

2
fr��x; y� � r��y; x�g � tÿ t�

4
g�x; y��2:3�

for x; y A TpM, p A M.
The curvature operator R is the symmetric endomorphism of the vector

bundle 52
M of real 2-forms over M de®ned by

g�R�i�x�5 i�y��; i�z�5 i�w�� � ÿg�R�x; y�z;w��2:4�
for x; y; z;w A TpM, p A M, where i : TM ! T �M denotes the duality de®ned by
means of the metric g.

The following decomposition for the vector bundle 52
M of real 2-forms on

M is useful in our arguments:

52
M � RWl51;1

0 M lLM�2:5�
where 51;1

0 M denotes the vector bundle of real primitive J-invariant 2-forms, LM
the vector bundle of real primitive J-skew-invariant 2-forms over M respectively.
The bundle LM is endowed with the natural complex structure (also denoted
by J ) which is de®ned by JF�X ;Y� � ÿF�JX ;Y��X ;Y A X�M�� for any local

section F of LM. The bundle 51;1

0
M is identi®ed itself with the bundle 52

ÿM

of anti-self-dual 2-forms, while the sum RWlLM is the bundle 52

�M of self-
dual 2-forms. Further, it is well-known that M is Einstein if and only if both

52

�M and 52

ÿM are preserved by the curvature operator R ([8]). Let feig �
fe1; e2 � Je1; e3; e4 � Je3g be any local orthonormal bases of TpM, p A M. Then,
the KaÈhler form is represented by W � ÿe15e2 ÿ e35e4 with respect to the dual
bases feig � fi�ei�g. Further, we may observe that

fF; JFg � 1���
2
p �e15e3 ÿ e25e4�; 1���

2
p �e15e4 � e25e3�

� �
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and

fC1;C2;C3g � 1���
2
p �e15e2 ÿ e35e4�; 1���

2
p �e15e3 � e25e4�;

�
1���
2
p �e15e4 ÿ e25e3�

�
are local orthonormal bases of LM and 51;1

0 M respectively.
We de®ne 2-forms j and c on M by

j�x; y� � trace of �z 7! J� x̀ J�� ỳ J�z�;
c�x; y� � trace of �z 7! R�x; y�Jz��2:6�

for x; y; z A TpM, r A M. Then, the ®rst Chern form g of M is given by

8pg � ÿj� 2c:�2:7�
It is well-known that the Chern class c1�M� of M is represented by g in the de
Rham cohomology group ([2]).

In this paper, for any orthonormal bases (resp. any local orthonormal frame
®eld) feig at any point p A M (resp. on a neighborhood of p), we shall adopt the
following notational convention:

Rijkl � g�R�ei; ej�ek; el�; . . . ;R
i j kl
� g�R�Jei; Jej�Jek; Jel�;

rij � r�ei; ej�; . . . ; ri j � r�Jei; Jej�;
r�ij � r��ei; ej�; . . . ; r�

i j
� r��Jei; Jej�;

Jij � g�Jei; ej�; ì Jjk � g�� èi
J�ej ; ek�;

�2:8�

and so on, where the Latin indices run over the range 1; . . . ; 4. Then, we have

Jij � ÿJji; ì Jjk � ÿ ì Jkj; ì Jj k
� ÿ ì Jjk:�2:9�

In the sequel, we assume that M � �M; J; g� is a four-dimensional almost
KaÈhler manifold. Then, the following curvature identity is known ([6]):

Rijkl ÿ R
ijkl
ÿ Ri jkl � R

i j kl
� R

ijkl
� R

ijkl
� R

ij kl
� R

ijkl
� 2

X
a

� à Jij� à Jkl :

Thus, we immediately have

r�ij � r�ji ÿ rij ÿ ri j �
X
a;k

� à Jik� à Jjk

and

k`Jk2 � 2�t� ÿ t�:�2:10�
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Since almost KaÈhler manifold is quasi-KaÈhler and hence semi-KaÈhler, the
equalities

ì Jjk � ÿ`i Jjk;
X

a

à Jai � 0�2:11�

hold. Taking account of (2.9) and (2.11), we may observe

`W � anFÿ Jan JF;�2:12�
where a is a local 1-form, F; JF A LM and the local 1-form Ja is de®ned by
Ja�X� � ÿa�JX � �X A X�M��. From this equality, we have

kak2 � 1

2
k`Wk2 � 1

4
k`Jk2 � t� ÿ t

2
:�2:13�

We put g� èi
ej ; ek� � Gijk. Then, Gijk � ÿGikj hold. Further, taking account

of (2.12), we have

Gi24 ÿ Gi13 � ÿ 1���
2
p ai; Gi23 � Gi14 � ÿ 1���

2
p ai:�2:14�

Now, we assume that M � �M; J; g� is in addition an Einstein manifold.
Then, we have

R1212 � R3434; R1313 � R2424; R1414 � R2323:�2:15�
Further, the equality (2.3) is reduced to

r�ij � r�ji �
t�

2
dij:�2:16�

Since R�52

�M�H52

�M, we may put

R�F� � uF� wJF� B0W;

R�JF� � wF� vJF� B1W:
�2:17�

Then, the equalities

u � g�R�F�;F� � ÿ�R1313 ÿ R1324�;
v � g�R�JF�; JF� � ÿ�R1414 � R1423�;
w � g�R�F�; JF� � ÿ�R1314 � R1323�;

B0 � g�R�F�;W�
g�W;W� �

1

2
���
2
p �r�14 ÿ r�41� �

1���
2
p r�14;

B1 � g�R�JF�;W�
g�W;W� � ÿ 1

2
���
2
p �r�13 ÿ r�31� � ÿ

1���
2
p r�13:
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are derived from direct calculation. We have also

u� v � ÿ�r�11 ÿ r11� � ÿ
t� ÿ t

4
:�2:18�

Now, we de®ne functions A;A 0;B;C;D;G and K on M respectively by

A �
X
� à Jij�Rijkl à Jkl ;

A 0 �
X
� à Jij�� àRijkl�Jkl ;

B �
X
� à Jij�� à Jkl��`bJij�`bJkl ;

C �
X

RijklRijkl
;

D �
X
�Rijkl ÿ R

ijkl
�2;

G �
X
�r�ij ÿ r�ji�2;

K � �uÿ v�2 � 4w2:

Then, the equalities

A � 1

4
B � �t

� ÿ t�2
2

;

C � ÿ2K � �t
� ÿ t�2

8
;

G � 4kr�k2 ÿ �t��2

�2:19�

are valid (see [13], (2.26), (3.9), (2.29)). Moreover, from (2.16), we have

G � 16f�r�13�2 � �r�14�2g:�2:20�
We denote by RLM the restriction of R to the subbundle LM and put R 0LM �
PLM �RLM , where PLM : 52

M ! LM is the projection. Then, from (2.17) and
(2.18), we obtain

K � �u� v�2 � 4�w2 ÿ uv� � �t
� ÿ t�2
16

ÿ 4 det R 0LM :

We also note that

kRLMk2 � 1

16
D; kR 0LMk2 � 1

16
�Dÿ G�

(see [13], (2.27), (2.28)).
Now, we denote by h � �ha� the smooth vector ®eld on M de®ned by

ha �
X
i; j

� à Jij�r�i j :�2:21�

Then, by direct calculation, we have
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A� A 0 �
X
� à Jij�Rijkl à Jkl �

X
� à Jij�� àRijkl�Jkl�2:22�

�
X

àf� à Jij�Rijkl Jklg ÿ
X
�`2

aa Jij�RijklJkl

� 2 div h� 2
X
�`2

aiJja � `2
aj Jai�r�i j

� 2 div hÿ 2
X

�Raijs � Rajsi�Jsa ÿ t

2
Jji

n o
r�

i j

� 2 div hÿ 2
X

Raaijr
�
i j
� tt�

� 2 div hÿ 4kr�k2 � tt�

� 2 div hÿ G ÿ t��t� ÿ t�;X
�`2

aa Jij�Rijkk
� ÿ2

X
�`2

ai Jja�Rijkk

� 2
X
�Raijt Jta � Raiat Jjt�Rijkk

�
X
�Riatj ÿ Ritaj�JtaR

ijkk
ÿ tt�

�
X

RijaaR
ijkk
ÿ tt�

� 4kr�k2 ÿ tt�

� G � t��t� ÿ t�;
and X

Jij�`2
aaRijkl�Jkl � ÿ2

X
Jij�`2

aiRjakl�Jkl

� 2
X

Jij�RaijtRtakl � RaiatRjtkl � 2RaiktRjatl�Jkl

� ÿ
X

JijRijatRtaklJkl ÿ tt� � 4C

� 4kr�k2 ÿ tt� � 4C

� G ÿ 8K � �3t� ÿ t��t� ÿ t�
2

:

Thus, we obtain

ÿ2Dt� �
X

a

`2
aa

X
i;k

R
iikk

 !
� 2

X
�`2

aaJij�Rijkk
� 2A� 4A 0 �

X
Jij�`2

aaRijkl�Jkl

� ÿG ÿ 8K ÿ �3t� ÿ t��t� ÿ t�
2

� 8 div h;

and hence

Dt� � G

2
� 4K � �3t� ÿ t��t� ÿ t�

4
ÿ 4 div h:�2:23�
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Next, we denote by x � �xi� the smooth vector ®eld on M de®ned by

xi �
X

a

� àr�ai�:

Then, we obtain the following:

x1 �
3���
2
p �a1r�14 ÿ a2r�13�;

x2 �
3���
2
p �a1r�13 � a2r�14�;

x3 �
3���
2
p �a3r�14 ÿ a4r�13� �

1���
2
p fÿ2a1w� a2�uÿ v�g;

x4 �
3���
2
p �a4r�14 � a3r�13� �

1���
2
p fa1�uÿ v� � 2a2wg

�2:24�

(see [14], (2.43)).
Now, let M � �M; J; g� be a four-dimensional strictly almost KaÈhler Einstein

manifold. We put M0 � f p AM j �t�ÿt�� p�>0g, a non-empty open submanifold
of M. For 1-forms a and Ja in (2.12), we denote by D the 2-dimensional J-
invariant smooth distribution on M0 spanned by fa�; Ja�g �i�a�� � a� and by D?

the orthogonal complement of D in TM. We choose a local unitary frame ®eld
fe1; e2 � Je1; e3; e4 � Je3g on a neighborhood of any point of M0 such that e1; e2

A D and e3; e4 A D?. Then, the equality

`W � an
1���
2
p �e15e3 ÿ e25e4� ÿ Jan

1���
2
p �e15e4 � e25e3��2:25�

holds. A pair ffeigi�1;...;4; fa; Jagg of unitary frame feig and 1-forms fa; Jag
is said to be adapted to `W if it satis®es (2.25) and D � spanfe1; e2g, D? �
spanfe3; e4g. For an adapted pair, it is clear that

a3 � a4 � 0:

Further, we have the following equalities ([14], (3.1)@(3.4), (2.39), (2.40), (3.9),
(3.11)):

w � 1���
2
p fÿG131a1 ÿ G132a2 ÿ `3a1 � a2�G312 � G334�g;

w � 1���
2
p fG241a1 � G242a2 � `4a2 � a1�G412 � G434�g;

w � 1���
2
p fÿG131a1 ÿ G132a2 � `4a2 � a1�G412 � G434�g;

w � 1���
2
p fG241a1 � G242a2 ÿ `3a1 � a2�G312 � G334�g;

�2:26�
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u � 1���
2
p G141a1 � G142a2 � `3a2 ÿ t� ÿ t

2
���
2
p � a1�G312 � G334�

� �
;

u � 1���
2
p G231a1 � G232a2 � `4a1 ÿ t� ÿ t

2
���
2
p ÿ a2�G412 � G434�

� �
;

�2:27�

v � 1���
2
p fÿG141a1 ÿ G142a2 ÿ `4a1 � a2�G412 � G434�g;

v � 1���
2
p fÿG231a1 ÿ G232a2 ÿ `3a2 ÿ a1�G312 � G334�g;

�2:28�

r�13 �
1���
2
p f`1a2 ÿ `2a1 � a1�G112 � G134� � a2�G212 � G234�g;

r�13 �
1���
2
p f�G431 ÿ G341�a1 � �G432 ÿ G342�a2g;

r�14 � ÿ
1���
2
p f`1a1 � `2a2 � a1�G212 � G234� ÿ a2�G112 � G134�g;

r�14 �
1���
2
p f�G342 ÿ G432�a1 ÿ �G341 ÿ G431�a2g:

�2:29�

G142 ÿ G131 � a2���
2
p ; G242 ÿ G231 � ÿ a1���

2
p ;

G132 � G141 � a1���
2
p ; G232 � G241 � a2���

2
p ;

�2:30�

G131 ÿ G232 � ÿ a2���
2
p ; G132 � G231 � a1���

2
p :�2:31�

From (2.25), we have

ÿ 1

2

X
Jab�`1Rabjk�Jjk � `1 ÿ 1

2

X
JabRabjkJjk

� �
�
X
�`1Jab�RabjkJjk

� e1t� � 2
X
�`1Jab�r�ab

� e1t� ÿ 4
���
2
p
�a1r�14 ÿ a2 r�13�;

and hence

e1t� � 4
���
2
p
�a1r�14 ÿ a2r�13� ÿ

1

2

X
Jab�`1Rabjk�Jjk:

From this equality, taking account of (2.16) and (2.25), we have
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�2:32� e3�e1t�� � 4
���
2
p
f�e3a1�r�14� a1e3r�14ÿ�e3a2�r�13ÿ a2e3r�13g

ÿ
X
�e3Jab��`1Rabjk�Jjkÿ 1

2

X
Jab�e3`1Rabjk�Jjk

� 4
���
2
p
f�`3a1�G312a2�r�14� a1`3r�14ÿa1�G312�G334�r�13

ÿ �`3a2ÿG312a1�r�13ÿ a2`3r�13ÿ a2�G312�G334�r�14g

ÿ 1

2

X
Jab�`2

31Rabjk�Jjkÿ 1

2

X
JabG31t�`tRabjk�Jjk

� 4
���
2
p
f�`3a1ÿG334a2�r�14ÿ�`3a2�G334a1�r�13�a1`3r�14ÿ a2`3r�13g

ÿ 1

2

X
Jab�`2

31Rabjk�Jjkÿ 1

2

X
G31t`t

X
JabRabjkJjk

� �
�
X

G31t�`tJab�RabjkJjk

� 4
���
2
p
f�`3a1ÿG334a2�r�14ÿ�`3a2�G334a1�r�13�a1`3r�14ÿa2`3r�13g

ÿ 1

2

X
Jab�`2

31Rabjk�Jjk�
X

G31tett
� �2

X
G312�`2Jab�r�ab

:

Here, we getX
Jab�`2

31Rabjk�Jjk�2:33�

�
X

Jab�`2
13Rabjk�Jjk ÿ 4

X
JabR31atRtbjkJjk

�
X

Jab�`2
13Rabjk�Jjk � 8

X
R31atr

�
ta

� `1

X
Jab�`3Rabjk�Jjk

� �
ÿ 2

X
�`1Jab��`3Rabjk�Jjk � 8

X
R31atr

�
ta

� ÿ2`1�e3t�� ÿ 2
X
�`1Jab�`3�RabjkJjk� � 8

X
R31atr

�
ta

� ÿ2e1�e3t�� � 2
X

G13tett
� ÿ 4

X
�`1Jab�`3r�

ab
� 8

X
R31atr

�
ta

� ÿ2e1�e3t���2
X

G13tett
�ÿ8

���
2
p
�a2`3r�13ÿ a1`3r�14��8

X
R31atr

�
ta;

and

2
X

G312�`2Jab�r�ab
� ÿ4

���
2
p

G312�a1r�13 � a2r�14�:�2:34�

Thus, from (2.32)@(2.34), (2.26)1 and (2.28)2, we obtain

e3�e1t�� � 4
���
2
p
f�`3a1 ÿ G334a2 ÿ G312a2�r�14 ÿ �`3a2 � G334a1 � G312a1�r�13g�2:35�

�
X

G31tett
� � e1�e3t�� ÿ

X
G13tett

� ÿ 4
X

R13tar�ta
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� 4
���
2
p
f�ÿ

���
2
p

wÿG131a1ÿG132a2�r�14 ÿ �ÿ
���
2
p

vÿG231a1ÿG232a2�r�13g
�
X

G31tett
� ÿ

X
G13tett

� � e1�e3t�� ÿ 4
X

R13tar�ta

� ÿ8wr�14 � 8vr�13 ÿ 4
���
2
p
�G131a1 � G132a2�r�14

� 4
���
2
p
�G231a1 � G232a2�r�13 ÿ �e1; e3�t� � e1�e3t�� ÿ 4

X
R13tar�ta:

Here, from (2.16), we have

ÿ8wr�14 � 8vr�13 � 8�R1314 � R1323�r�14 ÿ 8�R1414 � R1423�r�13�2:36�

� 8�R1314r�14 � R1323r�23� ÿ 8 ÿ t

4
ÿ R1212 ÿ R1313 ÿ R1234 ÿ R1342

� �
r�13

� 8�R1314r�14 � R1323r�23 � R1313r�13 � R1324r�24� ÿ 8 ÿ t

4
� r�11

� �
r�13

� 4
X

R13abr�ab ÿ 2�t� ÿ t�r�13:

Further, from (2.31), we have

G231a1 � G232a2 � a2
1���
2
p ÿ G132a1 � a2

2���
2
p � G131a2�2:37�

� t� ÿ t

2
���
2
p � G131a2 ÿ G132a1:

Therefore, from (2.35)@(2.37), we have ®nally

�G131a1 � G132a2�r�14 ÿ �ÿG132a1 � G131a2�r�13 � 0:�2:38�

Now, let ffeigi�1;...;4; fa; Jagg be an adapted pair. For arbitrary (local) func-

tions y and j, we consider local 1-forms a�y; j� � �cos y�aÿ �sin y�Ja, Ja�y; j� �
�sin y�a� �cos y�Ja and local unitary frame ®eld fe1�y; j� � �cos j�e1 ÿ �sin j�e2,
e2�y; j� � �sin j�e1� �cos j�e2; e3�y; j� � �cos�y� j��e3 � �sin�y� j��e4; e4�y; j� �
ÿ�sin�y� j��e3 � �cos�y� j��e4g. Then, it is easy to verify that ffei�y; j�gi�1;...;4,
fa�y; j�; Ja�y; j�gg is again an adapted pair and that the equalities

ka�y; j�k � kak�2:39�

and

a1�y; j� � �cos�jÿ y��a1 ÿ �sin�jÿ y��a2;

a2�y; j� � �sin�jÿ y��a1 � �cos�jÿ y��a2;

a3�y; j� � a4�y; j� � 0

�2:40�
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hold, where ai�y; j� � a�y; j��ei�y; j��. Moreover, from (2.16), we have

r�13�y; j� � r�13 cos y� r�14 sin y;

r�14�y; j� � ÿr�13 sin y� r�14 cos y;
�2:41�

where r�ij�y; j� � r��ei�y; j�; ej�y; j��. We denote by Gijk�y; j� the connection
coe½cients of g with respect to fei�y; j�gi�1;...;4. Then, from (2.30) and (2.31),
we get

G131�y; j� � G131 cos�y� j� ÿ G132 sin�y� j�

� a1���
2
p sin y cos jÿ a2���

2
p sin y sin j;

G132�y; j� � G131 sin�y� j� � G132 cos�y� j�

� a1���
2
p sin y sin j� a2���

2
p sin y cos j:

�2:42�

Applying the same argument to obtain (2.38) with respect to ffei�y; j�gi�1;...;4,
fa�y; j�; Ja�y; j�gg instead of ffeigi�1;...;4; fa; Jagg, we have

�G131�y; j�a1�y; j� � G132�y; j�a2�y; j��r�14�y; j�
ÿ �ÿG132�y; j�a1�y; j� � G131�y; j�a2�y; j��r�13�y; j� � 0:

From (2.41) and (2.42), this equality becomes

f�G132a1 ÿ G131a2�r�13 � �G131a1 � G132a2�r�14g cos y

� �G131a1 � G132a2�r�13 ÿ G132a1 ÿ G131a2 ÿ t� ÿ t

2
���
2
p

� �
r�14

� �
sin y � 0:

Since this equality is valid for arbitrary y, we obtain

�G131a1 � G132a2�r�13 ÿ G132a1 ÿ G131a2 ÿ t� ÿ t

2
���
2
p

� �
r�14 � 0:�2:43�

Now, taking account of (2.16), the 2-forms j and c of (2.6) satisfy

j�ei; ej� � 2�ai aj ÿ aiaj�; c�ei; ej� � ÿ2r�
i j
:

Thus, the ®rst Chern form g is locally represented by

8pg � t�e15e2 � e35e4� � �t� ÿ t�e35e4�2:44�
ÿ 4r�14�e15e3 ÿ e25e4� � 4r�13�e15e4 � e25e3�:

Since g is closed, we have in particular dg�e1; e2; e3� � 0. Thus, by using (2.14)
and (2.16), we get
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0 � e1�g�e2; e3�� � e2�g�e3; e1�� � e3�g�e1; e2��
ÿ fg��e1; e2�; e3� � g��e2; e3�; e1� � g��e3; e1�; e2�g

� 1

8p
f4e1r�13 � 4e2r�14 � 4�G212 � G234�r�13

ÿ 4�G112 � G134�r�14 ÿ �G214 ÿ G124��t� ÿ t�g

� 1

8p
f4`1r�13 � 4`2r�14 � �t� ÿ t��G124 ÿ G214�g;

and hence

`1r�13 � `2r�14 � ÿ
�t� ÿ t�

4
�G124 ÿ G214�:�2:45�

Similarly, dg�e1; e2; e4� � 0, dg�e1; e3; e4� � 0 and dg�e2; e3; e4� � 0 yield

`1r�14 ÿ `2r�13 �
t� ÿ t

4
�G123 ÿ G213�;

`3r�13 � `4r�14 �
1

4
e1t� ÿ

���
2
p

2
�a1r�14 ÿ a2r�13� �

t� ÿ t

4
�G313 � G414�

� 1

4
e1t� ÿ

���
2
p
�a1r�14 ÿ a2r�13�;

`3r�14 ÿ `4r�13 �
1

4
e2t� ÿ

���
2
p

2
�a1r�13 � a2r�14� ÿ

t� ÿ t

4
�G413 � G314�

� 1

4
e2t� ÿ

���
2
p
�a1r�13 � a2r�14�;

�2:46�

where we use (2.29)2;4 to obtain the last two equalities. From (2.14) and (2.45),
we have

x3 � `1r�13 � `2r�23 � `3r�33 � `4r�43

� `1r�13 � `2r�14 �
1

4
e3t� � �G414 � G423�r�13 ÿ �G413 ÿ G424�r�14

� ÿ t� ÿ t

4
�G124 ÿ G214� � 1

4
e3t�:

Comparing this equality with (2.24)3, we obtain

e3t� � 2
���
2
p
fÿ2a1w� a2�uÿ v�g � �t� ÿ t��G124 ÿ G214�:�2:47�

Applying the similar argument to x4, from (2.14), (2.46)1 and (2.24)4, we also
obtain

e4t� � 2
���
2
p
fa1�uÿ v� � 2a2wg ÿ �t� ÿ t��G123 ÿ G213�:�2:48�
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Now for the vector ®eld h de®ned by (2.21), we obtain

div h �
X
�`2

ii Jab�r�ab
�
X
� ì Jab�� ì Jbc�r�ac �

X
� ì Jab� ìr

�
ab

�2:49�
� ÿ

X
�`2

iaJbi�r�ab
ÿ
X
�`2

ibJia�r�ab

ÿ t�

2

X
f� ì J13�2 � � ì J24�2 � � ì J14�2 � � ì J23�2g

� 2
���
2
p X

�ÿai ìr
�
14 � ai ìr

�
13�

�
X
�Riabt Jti � Riait Jbt�r�ab

�
X
�Ribit Jta � Ribat Jit�r�ab

ÿ t�

2

X
�a2

i � a2
i
� ÿ 2

���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g

�
X
�Riabt � Rbiat�Jtir

�
ab
ÿ �t

��2
2

ÿ 2
���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g

�
X

RabitJitr
�

ab
ÿ �t

��2
2

ÿ 2
���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g

� 2kr�k2 ÿ �t
��2
2
ÿ 2

���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g

� G

2
ÿ 2

���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g:

Since

`kr�ij � ÿ
1

2

X
�`k Jju�Riutt ÿ

1

2

X
`kRijtt ÿ

1

2

X
Rijts`k Jts;

we have

`1r�13 � ÿ
1

2

X
�`1J32�R12tt ÿ

1

2

X
`1R14tt ÿ

1

2

X
R14ts`1Jts

� 1���
2
p a2r�11 ÿ �`1R1412 � `1R1434�

ÿ 1���
2
p a1�ÿR1314 � R1424� � 1���

2
p a2�R1414 � R1423�

� t�

4
���
2
p a2 ÿ �`1R1412 � `1R1434� ÿ 1���

2
p �a1w� a2v�;

and hence,
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`1R1412 � `1R1434 � ÿ`1r�13 �
t�

4
���
2
p a2 ÿ 1���

2
p �a1w� a2v�:�2:50�

Similarly, we calculate `1r�14;`2r�13 and `2r�14 to obtain

`1R1312 � `1R1334 � `1r�14 �
t�

4
���
2
p a1 ÿ 1���

2
p �a1u� a2w�;

`2R1412 � `2R1434 � ÿ`2r�13 ÿ
t�

4
���
2
p a1 � 1���

2
p �a1vÿ a2w�;

`2R1312 � `2R1334 � `2r�14 �
t�

4
���
2
p a2 � 1���

2
p �a1wÿ a2u�:

�2:51�

From (2.18), (2.50) and (2.51)3, we have

e3�uÿ v�� 2e4w�2:52�
� ÿe3R1313 � e3R1324 � e3R1414 � e3R1423 ÿ 2e4R1314 ÿ 2e4R1323

� ÿ`3R1313 � `3R1324 � `3R1414 � `3R1423 ÿ 2`4R1314 ÿ 2`4R1323

� 4w�G312 � G334� ÿ 2�uÿ v��G412 � G434�
� `1R1412 � `1R1434 � `2R1312 � `2R1334

� 4w�G312 � G334� ÿ 2�uÿ v��G412 � G434�

� ÿ`1r�13 � `2r�14 �
t�

2
���
2
p a2 ÿ 1���

2
p �u� v�a2

� 4w�G312 � G334� ÿ 2�uÿ v��G412 � G434�

� ÿ`1r�13 � `2r�14 �
3t� ÿ t

4
���
2
p a2

� 4w�G312 � G334� ÿ 2�uÿ v��G412 � G434�:
Similarly, from (2.18) and (2.51)1;2, we obtain

2e3wÿ e4�uÿ v� � ÿ`1r�14 ÿ `2r�13 ÿ
3t� ÿ t

4
���
2
p a1�2:53�

ÿ 2�uÿ v��G312 � G334� ÿ 4w�G412 � G434�:
From (2.26)1;3, we immediately have

2
���
2
p

w � ÿ2�a1G131 � a2G132� ÿ `3a1 � `4a2 � a1�G412 � G434� � a2�G312 � G334�;
and hence

ÿ`3a1 � `4a2 � a1�G412 � G434� � a2�G312 � G334��2:54�
� 2

���
2
p

w� 2�a1G131 � a2G132�:
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Further, from (2.30), (2.27)1 and (2.28)1, we have���
2
p
�uÿ v� � 2�a1G141 � a2G142� ÿ t� ÿ t

2
���
2
p

� `3a2 � `4a1 � a1�G312 � G334� ÿ a2�G412 � G434�

� 2
1���
2
p a2

1 ÿ a1G132 � 1���
2
p a2

2 � a2G131

� �
ÿ t� ÿ t

2
���
2
p

� `3a2 � `4a1 � a1�G312 � G334� ÿ a2�G412 � G434�

� t� ÿ t

2
���
2
p ÿ 2�a1G132 ÿ a2G131�

� `3a2 � `4a1 � a1�G312 � G334� ÿ a2�G412 � G434�;
and hence

`3a2 � `4a1 � a1�G312 � G334� ÿ a2�G412 � G434��2:55�

�
���
2
p
�uÿ v� ÿ t� ÿ t

2
���
2
p � 2�a1G132 ÿ a2G131�:

From (2.30), (2.31), (2.47) and (2.48), we have

�e3t��2 � �e4t��2�2:56�
� fÿ4

���
2
p

a1w� 2
���
2
p

a2�uÿ v� ÿ �t� ÿ t��G142 ÿ G241�g2

� f2
���
2
p

a1�uÿ v� � 4
���
2
p

a2w� �t� ÿ t��G132 ÿ G231�g2

� 8f4w2 � �uÿ v�2g�a2
1 � a2

2�
� �t� ÿ t�2f�G132 ÿ G231�2 � �G142 ÿ G241�2g
� 4

���
2
p
�t� ÿ t���uÿ v�fa1�G132 ÿ G231� ÿ a2�G142 ÿ G241�g

� 2wfa1�G142 ÿ G241� � a2�G132 ÿ G231�g�

� 4�t� ÿ t�K � �t� ÿ t�2 2G132 ÿ 1���
2
p a1

� �2

� 2G131 � 1���
2
p a2

� �2
( )

� 4
���
2
p
�t� ÿ t�

�
2�uÿ v��a1G132 ÿ a2G131� ÿ t� ÿ t

2
���
2
p �uÿ v�

� 4w�a1G131 � a2G132�
�
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� 4�t� ÿ t�K � �t
� ÿ t�3

4
ÿ 2�t� ÿ t�2�uÿ v�

� 2�t� ÿ t�2f2�G2
131 � G2

132� ÿ
���
2
p
�a1G132 ÿ a2G131�g

� 8
���
2
p
�t� ÿ t�f�uÿ v��a1G132 ÿ a2G131� � 2w�a1G131 � a2G132�g:

Further, from (2.49), (2.52)@(2.55), we get

e3�e3t�� � e4�e4t�� ÿ G334e4t� � G434e3t��2:57�
ÿ �G132 ÿ G231�e4t� � �G142 ÿ G241�e3t�

� e3fÿ4
���
2
p

a1w� 2
���
2
p

a2�uÿ v� ÿ �t� ÿ t��G142 ÿ G241�g
� e4f2

���
2
p

a1�uÿ v� � 4
���
2
p

a2w� �t� ÿ t��G132 ÿ G231�g
ÿ G334f2

���
2
p

a1�uÿ v� � 4
���
2
p

a2w� �t� ÿ t��G132 ÿ G231�g
� G434fÿ4

���
2
p

a1w� 2
���
2
p

a2�uÿ v� ÿ �t� ÿ t��G142 ÿ G241�g
ÿ �G132 ÿ G231�e4t� � �G142 ÿ G241�e3t�

� 2
���
2
p
f2w�ÿ`3a1 � `4a2 ÿ a1�G412 � G434� ÿ a2�G312 � G334��

� �uÿ v��`3a2 � `4a1 ÿ a1�G312 � G334� � a2�G412 � G434��g
� 2

���
2
p
fÿa1�2e3wÿ e4�uÿ v�� � a2�e3�uÿ v� � 2e4w�g � F

� 2
���
2
p �

2w�2
���
2
p

w� 2�a1G131 � a2G132��

� �uÿ v�
���
2
p
�uÿ v� ÿ t� ÿ t

2
���
2
p � 2�a1G132 ÿ a2G131�

� ��
� 2

���
2
p
fa1�`1r�14 � `2r�13� ÿ a2�`1r�13 ÿ `2r�14�g

� �3t� ÿ t��t� ÿ t�
4

� F

� 4K � 4
���
2
p
f2w�a1G131 � a2G132� � �uÿ v��a1G132 ÿ a2G131�g

ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F ;

where

F � ÿ�t� ÿ t�fe3�G142 ÿ G241� ÿ e4�G132 ÿ G231��2:58�
� G334�G132 ÿ G231� � G434�G142 ÿ G241�g:
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Similarly, from (2.49), (2.52)@(2.55), taking account of (2.30), we obtain

e3�e3t�� � e4�e4t�� ÿ G334e4t� � G434e3t�

� �G131 � G232�e3t� � �G141 � G242�e4t�

� 4K � 4
���
2
p
f2w�a1G131 � a2G132� � �uÿ v��a1G132 ÿ a2G131�g

ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F ;

and hence

Dt� �
X

ei�eit
�� ÿ

X
Giijejt

��2:59�
� fe1�e1t�� � e2�e2t�� ÿ G112e2t� � G212e1t�

ÿ �G342 ÿ G432�e1t� � �G341 ÿ G431�e2t�g
� 4K � 4

���
2
p
f2w�a1G131 � a2G132� � �uÿ v��a1G132 ÿ a2G131�g

ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F :

3. Some Formulas

In this section, we assume that M � �M; J; g� is a four-dimensional strictly
almost KaÈhler Einstein manifold. We put M0 � fp A M j �t� ÿ t�� p� > 0g, a
non-empty open submanifold of M, and M1 � fp A M0 j G�p� > 0g.

In case t < 0, we observe that M0 ÿM1 has no interior point unless it is
empty. In fact, if p A M0 ÿM1 is an interior point, then G � 0 holds on some
neighborhood U of p and hence M is locally a weakly �-Einstein manifold.
Then, from Main Theorem in [14], t � 0 on U. This is a contradiction.

Now, we shall prove the following lemma, which states the existence of a
`good' unitary frame on M1 in some sense.

Lemma 4. For each point p A M1, there exists a neighborhood U of p and an
adapted pair ffeigi�1;...;4; fa; Jagg satisfying

`W � kak e1 n
1���
2
p �e15e3 ÿ e25e4� ÿ e2 n

1���
2
p �e15e4 � e25e3�

� �
�3:1�

and

r�13 �
����
G
p

4
; r�14 � 0:�3:2�

We call such an adapted pair special.
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Proof. From (2.20), there exists a local smooth function h such that

r�13 �
����
G
p

4
cos h; r�14 �

����
G
p

4
sin h:�3:3�

Thus, from (2.41) and (3.3), we have

r�13�y; j� �
����
G
p

4
cos�yÿ h�; r�14�y; j� � ÿ

����
G
p

4
sin�yÿ h�:�3:4�

In particular, we consider an adapted pair ffei�h�gi�1;...;4; fa�h�; Ja�h�gg de®ned
by ei�h� � ei�h; 0�, a�h� � a�h; 0�. Then, from (2.40), we have

a1�h� � a1�h; 0� � �cos h�a1 � �sin h�a2;

a2�h� � a2�h; 0� � ÿ�sin h�a1 � �cos h�a2:
�3:5�

On one hand, since

spanfa�h�; Ja�h�g � spanfa; Jag � spanfe1; e2g � spanfe1�h�; e2�h�g;
taking account of (2.39), we may put

a�h� � kakf�cos z�e1�h� ÿ �sin z�e2�h�g;
Ja�h� � kakf�sin z�e1�h� � �cos z�e2�h�g

�3:6�

for some local smooth function z. The equalities (3.5) and (3.6) yield

kak cos z � �cos h�a1 � �sin h�a2;

kak sin z � �sin h�a1 ÿ �cos h�a2:
�3:7�

Now, we de®ne a adapted pair ff~eigi�1;...;4; f~a; J~agg by ~ei � ei�h; z�, ~a � a�h; z�.
Then, from (2.40) and (3.7), we have a1�h; z� � kak, a2�h; z� � 0, and hence

~a � kake1�h; z� � kak~e1; J~a � kak~e2:

Further, (3.4) yields

r�13�h; z� �
����
G
p

4
; r�14�h; z� � 0:

The lemma follows. r

Now, we deduce several formulas in terms of special adapted pair which play
an important role in the proofs of Theorems 1 and 2. Let ffeigi�1;...;4; fa; Jagg
be a special adapted pair on a neighborhood of any point in M1. From (3.1), we
see a � kake1 and hence

a2
1 � kak2 � t� ÿ t

2
; a2 � a3 � a4 � 0:�3:8�
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From (2.38), (2.43), (3.2) and (3.8), we obtain

G113 � G123 � 0:�3:9�
From (2.14), (2.30), (2.31), (3.8) and (3.9), we have further

G124 � G223 � G214 � G224 � 0;

G114 � G213 � ÿ a1���
2
p � ÿkak���

2
p ;�3:10�

G324 ÿ G313 � 0; G323 � G314 � 0;

G424 ÿ G413 � 0; G423 � G414 � 0:

From (3.8) and (3.10), the equality (2.29)2 is reduced to

r�13 �
1���
2
p �G314 ÿ G413�a1 � ÿ 1���

2
p �G323 � G424�a1�3:11�

and (2.29)4 yields

G324 ÿ G423 � 0; G313 � G414 � 0:�3:12�
Further, (3.8)@(3.10) reduce (2.26)1;2, (2.27), (2.28) and (2.29)1;3 respectively to

w � ÿ 1���
2
p e3a1; w � a1���

2
p �2G412 � G434�;

u � a1���
2
p �2G312 � G334�; u � 1���

2
p e4a1;

v � ÿ 1���
2
p e4a1 � t� ÿ t

2
���
2
p

� �
; v � ÿ 1���

2
p t� ÿ t

2
���
2
p � a1�2G312 � G334�

� �
;

r�13 �
1���
2
p fÿe2a1 � a1�2G112 � G134�g;

0 � ÿ 1���
2
p fe1a1 � a1�2G212 � G234�g;

�3:13�

and hence, we obtain

e1a1 � ÿa1�2G212 � G234�;
e2a1 � a1�2G112 � G134� ÿ

���
2
p

r�13;

e3a1 � ÿa1�2G412 � G434�;
e4a1 � a1�2G312 � G334�:

�3:14�

From (3.8), we see eit
� � ei�t� ÿ t� � 4a1eia1 �i � 1; . . . ; 4�. Substituting (3.14)

into this equality, we have
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e1t� � e1�t� ÿ t� � ÿ2�t� ÿ t��2G212 � G234�;
e2t� � e2�t� ÿ t� � 2�t� ÿ t��2G112 � G134� ÿ 4

���
2
p

a1r�13;

e3t� � e3�t� ÿ t� � ÿ2�t� ÿ t��2G412 � G434�;
e4t� � e4�t� ÿ t� � 2�t� ÿ t��2G312 � G334�:

�3:15�

Taking account of (2.16), (3.2), (3.8)@(3.10) and (3.15), we ®nd that (2.45) and
(2.46) are reduced to

e1r�13 � ÿ�G212 � G234�r�13;

e2r�13 � �G112 � G134�r�13 ÿ
t� ÿ t

4
���
2
p a1;

e3r�13 � ÿ�G412 � G434�r�13 �
1

4
e1t�

� ÿ�G412 � G434�r�13 ÿ
t� ÿ t

2
�2G212 � G234�;

e4r�13 � �G312 � G334�r�13 ÿ
1

4
e2t� �

���
2
p

a1r�13

� �G312 � G334�r�13 ÿ
t� ÿ t

2
�2G112 � G134� � 2

���
2
p

a1r�13:

�3:16�

Thus, since G � 16�r�13�2, we obtain

e1G � ÿ2�G212 � G234�G;
e2G � 2�G112 � G134�G ÿ 4

���
2
p
�t� ÿ t�a1r�13;

e3G � ÿ2�G412 � G434�G ÿ 16�t� ÿ t��2G212 � G234�r�13;

e4G � 2�G312 � G334�G ÿ 16�t� ÿ t��2G112 � G134�r�13 � 4
���
2
p

a1G;

�3:17�

and hence

1

2
e1 log G � ÿ�G212 � G234�;

1

2
e2 log G � �G112 � G134� ÿ

���
2
p

8r�13

�t� ÿ t�a1;

1

2
e3 log G � ÿ�G412 � G434� ÿ t� ÿ t

2r�13

�2G212 � G234�

� ÿ�G412 � G434� � 1

4r�13

e1t�;

1

2
e4 log G � �G312 � G334� ÿ t� ÿ t

2r�13

�2G112 � G134� � 2
���
2
p

a1

� �G312 � G334� ÿ 1

4r�13

e2t� �
���
2
p

a1:

�3:18�
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From (2.49) and (2.54)@(2.59), taking account of (3.2), (3.8)@(3.10), (3.12), (3.14)
and (3.16), we easily obtain the following equalities:

�e3t��2 � �e4t��2 � 4�t� ÿ t�K � �t
� ÿ t�3

4
ÿ 2�t� ÿ t�2�uÿ v�;�3:19�

e3�e3t�� � e4�e4t�� ÿ G334e4t� � G434e3t� � G231e4t��3:20�

� 4K ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F ;

Dt� � fe1�e1t�� � e2�e2t�� ÿ G112e2t� � G212e1t� � �G341 ÿ G431�e2t�g�3:21�

� 4K ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F ;

and

F � ÿ
���
2
p
�t� ÿ t�a1G312;

uÿ v � t� ÿ t

4
�

���
2
p

a1�2G312 � G334�;�3:22�

2w �
���
2
p

a1�2G412 � G434�;

div h � G

2
� �t

� ÿ t�2
4

ÿ 4
���
2
p
�G112 � G134�a1r�13:

Next, we put

D1�t� ÿ t� � e1�e1�t� ÿ t�� � e2�e2�t� ÿ t���3:23�
ÿ
X

G11jej�t� ÿ t� ÿ
X

G22 jej�t� ÿ t�

� e1�e1�t� ÿ t�� � e2�e2�t� ÿ t�� � a1���
2
p e4�t� ÿ t�

ÿ G112e2�t� ÿ t� � G212e1�t� ÿ t�;
D2�t� ÿ t� � e3�e3�t� ÿ t�� � e4�e4�t� ÿ t���3:24�

ÿ
X

G33jej�t� ÿ t� ÿ
X

G44jej�t� ÿ t�

� e3�e3�t� ÿ t�� � e4�e4�t� ÿ t�� ÿ
���
2
p

a1
r�13e2�t� ÿ t�

ÿ G334e4�t� ÿ t� ÿ G443e3�t� ÿ t�

and

kgrad1�t� ÿ t�k2 � �e1�t� ÿ t��2 � �e2�t� ÿ t��2;
kgrad2�t� ÿ t�k2 � �e3�t� ÿ t��2 � �e4�t� ÿ t��2:
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Then, D�t�ÿ t� � D1�t�ÿ t� � D2�t�ÿ t� and kgrad�t�ÿ t�k2 � kgrad1�t�ÿ t�k2�
kgrad2�t� ÿ t�k2. Further, we put

f � �t� ÿ t�D�t� ÿ t�;
f1 � �t� ÿ t�D1�t� ÿ t�;
f2 � �t� ÿ t�D2�t� ÿ t�;

and

H1 � �t� ÿ t�a1r�13�2G112 � G134�;
H2 � �t� ÿ t�a1r�13G112:

Taking account of (3.9), (3.10), (3.14)@(3.16) and (3.23), by direct calculation,
we have

R1212 ÿ t�

4
�3:25�

� 2R1212 � R1234

� 2 e1G212 ÿ e2G112 �
X

G21tG1t2 ÿ
X

G11tG2t2 ÿ
X
�G12t ÿ G21t�Gt12

n o
� e1G234 ÿ e2G134 �

X
G23tG1t4 ÿ

X
G13tG2t4 ÿ

X
�G12t ÿ G21t�Gt34

� e1�2G212 � G234� ÿ e2�2G112 � G134� � G112�2G112 � G134�

� G212�2G212 � G234� ÿ a1���
2
p �2G312 � G334� ÿ t� ÿ t

4

� e1 ÿ e1�t� ÿ t�
2�t� ÿ t�

� �
ÿ e2

e2�t� ÿ t�
2�t� ÿ t� �

2
���
2
p

a1r�13

t� ÿ t

 !

� G112
e2�t� ÿ t�
2�t� ÿ t� �

2
���
2
p

a1r�13

t� ÿ t

 !
� G212 ÿ e1�t� ÿ t�

2�t� ÿ t�
� �

ÿ a1���
2
p e4�t� ÿ t�

2�t� ÿ t�
� �

ÿ t� ÿ t

4

� ÿ 1

2�t� ÿ t� fe1�e1�t� ÿ t�� � e2�e2�t� ÿ t��g

� 1

2�t� ÿ t�2 f�e1�t� ÿ t��2 � �e2�t� ÿ t��2g

ÿ
���
2
p

a2
1

�a1e2r�13 ÿ r�13e2a1� � 1

2�t� ÿ t�G112e2�t� ÿ t� �
���
2
p

a1
G112r�13

ÿ 1

2�t� ÿ t�G212e1�t� ÿ t� ÿ a1

2
���
2
p �t� ÿ t� e4�t� ÿ t� ÿ t� ÿ t

4
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� ÿ 1

2�t� ÿ t�D1�t� ÿ t� � 1

2�t� ÿ t�2 kgrad1�t� ÿ t�k2

ÿ
���
2
p

a1
�G112 � G134�r�13 ÿ

t� ÿ t

4
���
2
p a1

� �
�

���
2
p

a2
1

r�13fa1�2G112 � G134� ÿ
���
2
p

r�13g �
���
2
p

a1
G112r�13 ÿ

t� ÿ t

4

� ÿ 1

2�t� ÿ t�D1�t� ÿ t� � 1

2�t� ÿ t�2 kgrad1�t� ÿ t�k2

ÿ G

4�t� ÿ t� �
2
���
2
p

a1
r�13G112:

Further, from (3.10)@(3.12) and (3.14), we have

ÿ t

4
ÿ R1212�3:26�
� R1313 � R1414

� e1G313 ÿ e3G113 �
X

G31tG1t3

ÿ
X

G11tG3t3 ÿ
X
�G13t ÿ G31t�Gt13

� e1G414 ÿ e4G114 �
X

G41tG1t4

ÿ
X

G11tG4t4 ÿ
X
�G14t ÿ G41t�Gt14

� e4
a1���

2
p
� �

ÿ a1���
2
p �G334 � G312� � G112�G314 ÿ G413�

� G2
313 � G2

414 � 2G314G413 � a2
1

2

� a1���
2
p G312 �

���
2
p

a1
r�13G112 � t� ÿ t

4
�H ÿ G

4�t� ÿ t� ;

where we put H � G2
314 � G2

413 � G2
324 � G2

423. From (3.25), (3.26) and (3.22), we
have

2�t� ÿ t�2 R1212 ÿ t�

4

� �
� ÿ f1 � kgrad1�t� ÿ t�k2 ÿ t� ÿ t

2
G � 8

���
2
p

H2;

ÿ2�t� ÿ t�2 t

4
� R1212

� �
� ÿ�t� ÿ t�F � 4

���
2
p

H2 � �t
� ÿ t�3

2

ÿ t� ÿ t

2
G � 2�t� ÿ t�2H:
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Adding each side of the above equalities, we obtain

f1 � t��t� ÿ t�2 ÿ �t� ÿ t�G ÿ �t� ÿ t�F�3:27�

� 2�t� ÿ t�2H � 12
���
2
p

H2 � kgrad1�t� ÿ t�k2:

On one hand, from (2.23), (3.21) and (3.23), we have

D1�t� ÿ t� � ÿG114e4�t� ÿ t� ÿ �G341 ÿ G431�e2�t� ÿ t�
� �t� ÿ t��uÿ v� ÿ 3 div hÿ F :

Thus, taking account of (3.11), (3.15) and (3.22), we obtain

f1 �
���
2
p

a1�t� ÿ t�2�2G312 � G334��3:28�

�
���
2
p

a1
�t� ÿ t�r�13f2�t� ÿ t��2G112 � G134� ÿ 4

���
2
p

a1r�13g

� �t� ÿ t�2�uÿ v� ÿ �t� ÿ t�F ÿ 3

2
�t� ÿ t�G

ÿ 3

4
�t� ÿ t�3 � 12

���
2
p
�t� ÿ t��G112 � G134�a1r�13

� �t� ÿ t�2 �uÿ v� ÿ t� ÿ t

4

� �
� 4

���
2
p

H1 ÿ t� ÿ t

2
G

� �t� ÿ t�2�uÿ v� ÿ �t� ÿ t�F ÿ 3

2
�t� ÿ t�G

ÿ 3

4
�t� ÿ t�3 � 12

���
2
p
�H1 ÿH2�

� 2�t� ÿ t�2�uÿ v� ÿ �t� ÿ t�3 ÿ 2�t� ÿ t�G ÿ �t� ÿ t�F

� 16
���
2
p

H1 ÿ 12
���
2
p

H2:

Further, from (3.10), (3.20) and (3.24), we have

D2�t� ÿ t� � ÿ
���
2
p

a1
r�13e2�t� ÿ t� ÿ a1���

2
p e4�t� ÿ t� � 4K

ÿ �t� ÿ t��uÿ v� � G

2
ÿ div h� �3t� ÿ t��t� ÿ t�

4
� F :

Thus, taking account of (3.15) and (3.22), we obtain
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f2 � ÿ
���
2
p

a1
�t� ÿ t�r�13f2�t� ÿ t��2G112 � G134� ÿ 4

���
2
p

a1r�13g�3:29�

ÿ
���
2
p

a1�t� ÿ t�2�2G312 � G334� � 4�t� ÿ t�K

ÿ �t� ÿ t�2�uÿ v� ÿ �t
� ÿ t�3

4
� 4

���
2
p

a1r�13�t� ÿ t��G112 � G134�

� �3t� ÿ t��t� ÿ t�2
4

� �t� ÿ t�F

� ÿ2�t� ÿ t�2�uÿ v� � t� ÿ t

2
G � �t� ÿ t�F

� 4�t� ÿ t�K � �3t� ÿ t��t� ÿ t�2
4

ÿ 4
���
2
p

H2:

From (2.21), (3.1) and (3.2), we have

h1 �
X
�`1Jab�r�ab

� ÿ a1���
2
p
X
�d1ad3b ÿ d1bd3a ÿ d2ad4b � d2bd4a�r�ab

� 0;

h2 �
X
�`2Jab�r�ab

� a1���
2
p
X
�d1ad4b ÿ d1bd4a � d2ad3b ÿ d2bd3a�r�ab

� ÿ2
���
2
p

a1r�13;

h3 � h4 � 0:

From these equalities and (3.15), we obtainX
� ìt

��hi � �`2t��h2 � ÿ2
���
2
p

a1r�13e2t��3:30�

� ÿ2
���
2
p

a1r�13�2�t� ÿ t��2G112 � G134� ÿ 4
���
2
p

a1r�13�

� ÿ4
���
2
p

H1 � t� ÿ t

2
G:

4. Proof of Theorem 1

We assume that M is not a KaÈhler manifold. Taking account of Theorem
A, it su½ces to consider the case where M is not weakly �-Einstein, namely
G 2 0 on M.

Let ffeigi�1;...;4, fa; Jagg be a special adapted pair on some neighborhood

of any point in M1 (see Lemma 4). With respect to the unitary frame feig, from
(3.9) and (3.10), we have
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R2312 � e2G312 ÿ e3G212 �
X

t

G31tG2t2 ÿ
X

t

G21tG3t2 ÿ
X

t

�G23t ÿ G32t�Gt12�4:1�

� e2G312 ÿ e3G212 � a1���
2
p G314 ÿ a1���

2
p G112

ÿ G234G412 ÿ G312G112 ÿ G314G312 � G313G412;

R2334 � e2G334 ÿ e3G234 ÿ a1���
2
p G314 ÿ a1���

2
p G134�4:2�

ÿ G234G434 ÿ G312G134 ÿ G314G334 � G313G434;

R2312 � R1223 � a1���
2
p G314 ÿ a1���

2
p G112:�4:3�

Since t� is constant, from (3.8), the equalities (3.15) are reduced to

2G112 � G134 �
���
2
p

a1
r�13; 2G212 � G234 � 0;

2G312 � G334 � 0; 2G412 � G434 � 0:

�4:4�

Thus, from (4.1)@(4.4), we have

ÿr�13 � r�24 � R2312 � R2334

� e2�G312 � G334� ÿ e3�G212 � G234� ÿ a1���
2
p �G112 � G134� ÿ G234�G412 � G434�

ÿ G312�G112 � G134� ÿ G314�G312 � G334� � G313�G412 � G434�

� ÿe2G312 � e3G212 ÿ a1���
2
p

���
2
p

a1
r�13 ÿ G112

 !
� G234G412

ÿ G312

���
2
p

a1
r�13 ÿ G112

 !
� G314G312 ÿ G313G412

� ÿ�e2G312 ÿ e3G212 ÿ G234G412 ÿ G312G112 ÿ G314G312 � G313G412�

ÿ r�13 �
a1���

2
p G112 ÿ

���
2
p

a1
G312r�13

� ÿr�13 �
a1���

2
p G112 ÿ

���
2
p

a1
G312r�13;

and hence

�t� ÿ t�G112 � 4G312r�13:�4:5�
If we put
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h1 �
���
2
p

a1
G112r�13 and h2 � a1���

2
p G312;

then (4.5) becomes

�t� ÿ t�2h1 � Gh2:�4:6�
Since t� is constant, from (3.19), (3.22)2 and (4.4), we have

K � �t
� ÿ t�2
16

:�4:7�

From (3.20), (3.22)4, (4.4) and (4.7), we have

0 � ÿ�t
� ÿ t�2

4
� 4

���
2
p ���

2
p

a1
r�13 ÿ G112

 !
a1r�13

� �3t� ÿ t��t� ÿ t�
4

ÿ
���
2
p
�t� ÿ t�a1G312

� t��t� ÿ t�
2

� G

2
ÿ 2�t� ÿ t�h1 ÿ 2�t� ÿ t�h2;

and hence

h1 � h2 � G

4�t� ÿ t� �
t�

4
:�4:8�

Thus, from (4.6) and (4.8), we obtain

h1 � GfG � t��t� ÿ t�g
4�t� ÿ t�fG � �t� ÿ t�2g ;

h2 � �t
� ÿ t�fG � t��t� ÿ t�g

4fG � �t� ÿ t�2g :

�4:9�

From (2.23), (3.22), (4.4) and (4.7), we have

0 � G

2
� �t

� ÿ t�2
4

� �3t� ÿ t��t� ÿ t�
4

�4:10�

ÿ 2G ÿ �t� ÿ t�2 � 16
���
2
p ���

2
p

a1
r�13 ÿ G112

 !
a1r�13

� G

2
� t�t� ÿ t�

2
ÿ 8�t� ÿ t�h1:

Substituting (4.9)1 into (4.10), we get

3G 2 � 3t��t� ÿ t�G ÿ t�t� ÿ t�3 � 0;�4:11�
which implies that G is (and hence r�13 is) constant.
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Now, since r�13 and a1 are constant, from (3.14)2 and (3.16)2, we have

2G112 � G134 �
���
2
p

a1
r�13;

�G112 � G134�r�13 �
t� ÿ t

4
���
2
p a1;

and hence

G112r�13 �
���
2
p

16a1
G ÿ t� ÿ t

4
���
2
p a1:

Thus, we obtain

h1 �
���
2
p

a1
G112r�13 �

G ÿ �t� ÿ t�2
4�t� ÿ t� :�4:12�

Comparing (4.9)1 with (4.12), we obtain

Gt� � ÿ�t� ÿ t�3:�4:13�
Since G > 0 and t� ÿ t > 0, this equality implies 0 > t� > t. On one hand, from
(4.11) and (4.13), we obtain

7t�t��2 ÿ 9t2t� � 3t3 � 0:

But, since t0 0, no real number t� satis®es this equality. This is a contradiction
and it completes the proof.

5. Proof of Theorem 2

We assume that M is not a KaÈhler manifold. By the assumption, G is
constant. Taking account of Theorem B, it su½ces to consider the case G > 0.

Let ffeigi�1;...;4; fa; Jagg be a special adapted pair on some neighborhood of
any point in M1 (see Lemma 4). With respect to the unitary frame feig, since G
is (and hence r�13 is) a non-zero constant, the equalities in (3.18) are reduced to

G112 � G134 �
���
2
p

a1

8r�13

�t� ÿ t�;

G212 � G234 � 0;

G312 � G334 � 1

4r�13

e2t� ÿ
���
2
p

a1;

G412 � G434 � 1

4r�13

e1t�:

�5:1�

Substituting (5.1)1 into (3.22)4, we obtain
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div h � G

2
ÿ �t

� ÿ t�2
4

:�5:2�

From (2.22), we may observe that this equality is also valid on the interior of the
complement of M1. Thus, we have�

M

G

2
ÿ �t

� ÿ t�2
4

( )
dM � 0:�5:3�

Now, let p0 A M be a point at which the function t� ÿ t attains its max-
imum. Since G is a positive constant, (5.3) implies

G

2
ÿ �t

� ÿ t�2
4

a 0�5:4�
at p0. On one hand, from (2.23) and (3.21), we have

L � �t� ÿ t��uÿ v� ÿ F ÿ 3 div h�5:5�
at p0, where L � e1�e1t�� � e2�e2t��. From (3.14)4 and (5.1)3, we have

2G312 � G334 � 0; G312 � G334 � ÿ
���
2
p

a1�5:6�
at p0, and hence, from (3.22)1;2 and (5.6), we have

F � ÿ
���
2
p
�t� ÿ t�a1G312 � ÿ�t� ÿ t�2;

uÿ v � t� ÿ t

4

at p0. Substituting these equalities and (5.2) into (5.5), we obtain

L � ÿ 3

2
G � 2�t� ÿ t�2�5:7�

at p0. Since L a 0 at p0,

3

2
G b 2�t� ÿ t�2�5:8�

at p0. Thus, from (5.4) and (5.8), we conclude

0 <
5

12
�t� ÿ t�2 � 2

3
�t� ÿ t�2 ÿ �t

� ÿ t�2
4

a
G

2
ÿ �t

� ÿ t�2
4

a 0�5:9�

at p0. This is a contradiction and it completes the proof.

6. Proof of Theorem 3

We may assume that M is a strictly almost KaÈhler manifold. Since t < 0, as
we have seen in section 3, M1 is open and dense in M0. Thus, taking account of
(2.57)@(2.59) and (3.19)@(3.30), we see that the functions H1 and H2 (de®ned on
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M1) can be extended to the ones on M0, respectively (and hence, the equalities
(3.19)@(3.30) (on M1) can be regarded as the ones on M0, respectively).

Let p0 A M0 be a point such that the function t� ÿ t attains its maximum
at p0. With respect to a special adapted frame ®eld, from (3.11) and (3.12),
we have

�G314 ÿ G413�2 � �G324 ÿ G423�2 � 2

a2
1

�r�13�2 �
G

4�t� ÿ t� :

From this equality, if we put H � G2
314 � G2

413 � G2
324 � G2

423, then we have

2�G314G413 � G324G423� � H ÿ G

4�t� ÿ t� :�6:1�

From the de®nition of H, we may put

G314 � a cos y; G413 � a sin y; G324 � b cos z; G423 � b sin z;

where a; b b 0 and a2 � b2 � H. Then, (6.1) becomes

a2 sin 2y� b2 sin 2z � H ÿ G

4�t� ÿ t� :

This implies

ÿH a H ÿ G

4�t� ÿ t� a H;

and hence

�0 a� G

8�t� ÿ t� a H:�6:2�

From (3.30), (3.15) and (3.22), we have

4
���
2
p

H1 � t� ÿ t

2
G;�6:3�

uÿ v � t� ÿ t

4
; w � 0;�6:4�

at p0, and thus, from (2.18) and the de®nition of K,

K � �t
� ÿ t�2
16

;�6:5�

u � 0; v � ÿ t� ÿ t

4
; w � 0;�6:6�

at p0.
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From (3.27), (3.29), (6.5) and (6.6), we have

f1�p0� � t��t� ÿ t�2 ÿ �t� ÿ t�G ÿ �t� ÿ t�F � 2�t� ÿ t�2H � 12
���
2
p

H2;�6:7�

f2�p0� �
1

2
t��t� ÿ t�2 � 1

2
�t� ÿ t�G � �t� ÿ t�F ÿ 4

���
2
p

H2;�6:8�
and hence

f �p0� � f1�p0� � f2�p0��6:9�

� 3

2
t��t� ÿ t�2 ÿ 1

2
�t� ÿ t�G � 2�t� ÿ t�2H � 8

���
2
p

H2:

On one hand, from (2.23), (3.22) and (6.3), we have

f �p0� � ÿ
3

2
�t� ÿ t�G � 1

2
t�t� ÿ t�2 � 16

���
2
p
�H1 ÿH2��6:10�

� 1

2
�t� ÿ t�G � 1

2
t�t� ÿ t�2 ÿ 16

���
2
p

H2:

Comparing (6.9) with (6.10), we obtain

24
���
2
p

H2 � �t� ÿ t�G ÿ 1

2
�3t� ÿ t��t� ÿ t�2 ÿ 2�t� ÿ t�2H�6:11�

at p0. Substituting this equality into (6.7) and (6.8) and taking account of (6.2),
we have

f1� p0� �
1

4
�t� � t��t� ÿ t�2 ÿ 1

2
�t� ÿ t�G � �t� ÿ t�2H ÿ �t� ÿ t�F�6:12�

b
1

4
�t� � t��t� ÿ t�2 ÿ 3

8
�t� ÿ t�G ÿ �t� ÿ t�F ;

f2�p0� �
1

12
�9t� ÿ t��t� ÿ t�2 � 1

3
�t� ÿ t�G � �t� ÿ t�F � 1

3
�t� ÿ t�2H�6:13�

b
1

12
�9t� ÿ t��t� ÿ t�2 � 3

8
�t� ÿ t�G � �t� ÿ t�F :

Since f1� p0�a 0 and f2�p0�a 0, (6.12) and (6.13) imply

1

4
�t� � t��t� ÿ t�2 � 1

12
�9t� ÿ t��t� ÿ t�2 a 0

at p0. From this inequality, we obtain t�aÿt=6 at p0. Since t��p0� is max-
imum, this inequality holds on M and it completes the proof.
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