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MINIMAL H3 ACTIONS AND SIMPLE QUOTIENTS OF DISCRETE

7-DIMENSIONAL NILPOTENT GROUPS

Paul Milnes

Abstract

For connected nilpotent groups, 7 is the lowest dimension where there are infinitely

many non-isomorphic groups, and also where some groups have no discrete cocompact

subgroups. Here one infinite family of 7-dimensional connected groups is studied,

discrete cocompact subgroups H are found for some of them, and then the faithful

simple quotients A of C �ðHÞ are identified. Such A are shown to be isomorphic to

C �-crossed products C �ðH3;CðT 3ÞÞ generated by some intriguing e¤ective minimal

distal flows ðH3;T
3Þ, where H3 is the discrete 3-dimensional Heisenberg group.

1. Introduction

In 3 dimensions there is a unique (up to isomorphism) connected, simply
connected, nilpotent Lie group, which we call G3 (following Nielsen [N]); G3

(¼R3 as a set) is the Heisenberg group with multiplication

ðk;m; nÞðk 0;m 0; n 0Þ ¼ ðk þ k 0 þ nm 0;mþm 0; nþ n 0Þ:
The faithful irreducible representations of the lattice subgroup H3 (¼Z 3 as a
set) of G3 generate the irrational rotation algebras Ay. In 4 dimensions there is
also a unique such connected group G4, in 5 dimensions there are 6 of them,
G5; i, 1a ia 6, and in 6 dimensions there are 24. The main thrust in [MW1,
MW2] was to find cocompact subgroups H4 HG4 and H5; i HG5; i, that would be
analogous to H3 HG3, and then for these H’s to identify the infinite dimensional
simple quotients of C �ðHÞ, both the faithful ones (generated by a faithful repre-
sentation of H) and the non-faithful ones, and also to give matrix representations
over lower dimensional algebras for as many of the non-faithful quotients as
possible. In the course of this work, it was observed that all flow presentations
of simple quotients that arose used actions of abelian groups, namely, Z or Z 2,
or subgroups of them; this situation changed for one of the 6-dimensional groups
[M].
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In §2 of the present paper, following [SS1, SS2], we display an infinite
family of connected, 7-dimensional, nilpotent groups G, and give a proof that
they are pairwise non-isomorphic. In §3 presentations of these groups as semi-
direct products R4 �H3 are given. In §4, after discrete cocompact subgroups H
are identified for those G not involving an irrational parameter a or b, the
semidirect product presentations are used to produce flows that identify, and give
concrete representations of, the faithful simple quotients A of the group C �-
algebras C �ðHÞ; di¤erent presentations of G as R4 �H3 give rise to unitarily
inequivalent irreducible representations of H generating A.

Preliminaries.
To present the results and proofs of the paper, we need notation for semi-

direct products and C �-crossed products; the discussion which follows is quite
standard, appearing in [MW1], [Z-M] and many other places.

Suppose that N and K are discrete groups, the identity of each of them
being denoted by e. Suppose that there is a homomorphism s 7! ss from K into
the automorphism group of N. Then G ¼ N � K becomes a group, the semi-
direct product of N and K , with the multiplication formula

ðt; sÞðt 0; s 0Þ ¼ ðtssðt 0Þ; ss 0Þ:

We will usually write sðtÞ instead of ssðtÞ.
Conversely, if N is a normal subgroup of G with quotient group K ¼ G=N

suitably embedded as a subgroup in G, then G is canonically isomorphic to a
semidirect product N � K , whose automorphisms are determined by G, ssðtÞ ¼
sts�1 (product in G).

Now replace N by a C �-algebra A with identity 1 and assume that we
have a homomorphism s 7! ss from K into the automorphism group of A.
Then, for f and g in the Banach space l1ðK ;AÞ, the convolution product f � g
and involution f � are defined by

f � gðs 0Þ ¼
X
s AK

f ðsÞssðgðs�1s 0ÞÞ and f �ðsÞ ¼ ssð f ðs�1Þ�Þ;

with these definitions, l1ðK ;AÞ becomes a Banach �-algebra. The C �-crossed
product C �ðA;KÞ is defined to be the enveloping C �-algebra of l1ðK ;AÞ.

For a A A and s A K, the d-functions as and ds in l1ðK ;AÞHC �ðA;KÞ
are defined by asðsÞ ¼ a, asðs 0Þ ¼ 0 otherwise, and dsðsÞ ¼ 1 (the identity of A),
dsðs 0Þ ¼ 0 for s 0 0 s.

2. Uncountably many 7-dimensional nilpotent groups

The material in this section is adapted from [SS1, SS2], where the setting
is that of Lie algebras. The groups themselves, as well as the classification the-
orem (Theorem 1), are given in some detail, partly because of the necessity to
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work closely with the groups, but also because it seems that [SS2] never appeared
in print; we thank T. Sund for correspondence, including a copy of [SS2].

We start with a description of the connected groups that will concern us here.

I The groups G7;a.
Let e1 ¼ ð. . . ; 0; 0; 1Þ, e2 ¼ ð. . . ; 0; 0; 1; 0Þ, e3 ¼ ð. . . ; 0; 1; 0; 0Þ, e4 ¼

ð. . . ; 0; 1; 0; 0; 0Þ, etc., give a basis for R6 or R7 and define multiplication as
follows.

Let e1, e2 and e3 have commutators

½e1; e2� ¼ e6; ½e2; e3� ¼ e4 and ½e3; e1� ¼ e5:ð1Þ
The resulting multiplication for R6 is (isomorphic to) that of Nielsen’s G6;15

(see the last 6 coordinates of ðmaÞ below). Then add further commutators

½e1; e4� ¼ C14e7; ½e2; e5� ¼ C25e7 and ½e3; e6� ¼ C36e7:ð2Þ
The resulting operation for R7 is

ð f ; g; h; j; k;m; nÞð f 0; g 0; h 0; j 0; k 0;m 0; n 0Þ
¼ ð f þ f 0 þ C14nj

0 þ C25mðh 0 � nk 0Þ þ C36kðg 0 þ nm 0Þ þ C36nm
0k 0;

gþ g 0 þ nm 0; hþ h 0 � nk 0; j þ j 0 þmk 0; k þ k 0;mþm 0; nþ n 0Þ:

8>><
>>:ðmaÞ

It is associative and a group multiplication if and only if

C14 þ C25 þ C36 ¼ 0;ð?Þ
and then yields non-isomorphic groups G7;a for 0 < aa 1 with

C25 ¼ a; C36 ¼ 1 and C14 ¼ �ðC25 þ C36Þ ¼ �ðaþ 1ÞðCaÞ
(see Theorem 1 below). Thus G7;a is an extension of G6;15 via the cocycle

½ðg; h; j; k;m; nÞ; ðg 0; h 0; j 0; k 0;m 0; n 0Þ�
¼ �ðaþ 1Þnj 0 þ amðh 0 � nk 0Þ þ kðg 0 þ nm 0Þ þ nm 0k 0:

Note. In this cocycle, and others in this paper, the quadratic terms are the
important part, the cubic terms arising merely from the order of the coordinates.

II The rest of the groups, G7;b and G7;�.
Now add commutators

½e2; e6� ¼ C26e7 and ½e3; e5� ¼ C35e7ð3Þ
to (1) and (2). The multiplication formula for R7 then has

C26mðg 0 þ nm 0Þ þ C26nm
0ðm 0 � 1Þ=2þ C35kðh 0 � nk 0Þ � C35nk

0ðk 0 � 1Þ=2
added to the e7 coordinate, and gives an associative multiplication if

C14 þ C25 þ C36 ¼ 0ð?Þ
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(as before). Further non-isomorphic groups G7;b for b > 0 are arrived at with

C14 ¼ �2; C25 ¼ 1 ¼ C36 and C35 ¼ b ¼ �C26:ðCbÞ
The cocycle on G6;15 for G7;b is seen in the first coordinate of the multiplication
formula

ð f ; g; h; j; k;m; nÞð f 0; g 0; h 0; j 0; k 0;m 0; n 0Þ
¼ ð f þ f 0 � 2nj 0 þmðh 0 � nk 0Þ þ kðg 0 þ nm 0Þ þ nm 0k 0

� bmðg 0 þ nm 0Þ � bnm 0ðm 0 � 1Þ=2þ bkðh 0 � nk 0Þ � bnk 0ðk 0 � 1Þ=2;
gþ g 0 þ nm 0; hþ h 0 � nk 0; j þ j 0 þmk 0; k þ k 0;mþm 0; nþ n 0Þ:

8>>>>><
>>>>>:

ðmbÞ

There is one more group G7;�; it has

C14 ¼ �2; C25 ¼ 1 ¼ C36; C35 ¼ 1 and C26 ¼ 0:ðC�Þ
For G7;� the cocycle on G6;15 is seen in the first coordinate of the multiplication
formula

ð f ; g; h; j; k;m; nÞð f 0; g 0; h 0; j 0; k 0;m 0; n 0Þ
¼ ð f þ f 0 � 2nj 0 þmðh 0 � nk 0Þ þ kðg 0 þ nm 0Þ

þ nm 0k 0 þ kðh 0 � nk 0Þ � nk 0ðk 0 � 1Þ=2;
gþ g 0 þ nm 0; hþ h 0 � nk 0; j þ j 0 þmk 0; k þ k 0;mþm 0; nþ n 0Þ:

8>>>>><
>>>>>:

ðm�Þ

Theorem 1. These groups, G7;a ð0 < aa 1Þ, G7;b ðb > 0Þ, and G7;�, are
pairwise non-isomorphic; any 7-dimensional extension (with one-dimensional centre)
of G6;15 is isomorphic to one of them.

Proof. Let G be the set of extensions G ¼ R�G6;15 of G6;15 with 1-
dimensional centre. We want to divide these up into isomorphism classes and
will do this by determining which cocycles a : G6;15 �G6;15 ! R give isomor-
phic groups, and then picking one group from each isomorphism class; these will
be the groups in the theorem.

Now a cocycle G6;15 �G6;15 ! R is a linear combination potentially of
36 (or more) terms, but a lot of these can be eliminated. We end up with the
cohomology group H2 ¼ H2ðG6;15;RÞ ¼ CC2ðG6;15;RÞ=B2ðG6;15;RÞ (the quo-
tient of the cocycles by the boundaries) represented as cocycles of the form

a ¼
X3

i¼1

X6

j¼4

Cij ½ei; ej� A H2; aðu; vÞ ¼
X3

i¼1

X6

j¼4

Cijuivj;

for u; v A G6;15 (¼R6 as a set. Here only the quadratic terms of the cocycles are
being kept track of; see the note before subheading II). The only restriction on
the Cij ’s is that

C14 þ C25 þ C36 ¼ 0;ð?Þ
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as above. (The other commutators ½ei; ej� give boundaries, or do not yield an
associative operation, or di¤er from one of the commutators above by a bound-
ary; see the Note below.) So, from now on we consider G to be the extensions
of G6;15 by these cocycles.

Now every A ¼ ðAijÞ3i; j¼1 A GLð3;RÞ gives an automorphism of G6;15 (also
denoted by A), and hence an isomorphism of each G A G, by acting on the
generating set,

ei 7! AðeiÞ ¼
X3

j¼1

Aijej ¼ e 0i A G6;15; 1a ia 3;

(essentially) every automorphism of G6;15 arises in this way. We need to see
how this action of GLð3;RÞ on G6;15 transfers to a cocycle

aðu; vÞ ¼
X3

i¼1

X6

j¼4

Cijuivj; u; v A G6;15:

To do this, first note that, with

e 04 ¼ ½e 02; e 03�; e 05 ¼ ½e 03; e 01� and e 06 ¼ ½e 01; e 02�
(as for the ei’s), we have

Aðe3þiÞ ¼ e 03þi ¼
X3

j¼1

Aije3þj ; 1a ia 3;

where A ¼ ðAijÞ3i; j¼1 is the matrix of cofactors of A ¼ ðAijÞ. Then, since
A�1 ¼ AT=det A, one sees directly that a cocycle a on G6;15 with basis feig,
a given by a matrix

C ¼ CðaÞ ¼ ðCij ; 1a ia 3; 4a ja 6Þ
is transformed by A to a cocycle a 0 on G6;15 with basis fe 0ig, a 0 given by a matrix
Cða 0Þ ¼ ðdet AÞACA�1 (product of 3� 3 matrices). But, by Jordan canoni-
cal form [LT; p. 243, for example], each CðaÞ can be written as AMA�1 for an
A A GLð3;RÞ and a matrix M of one of the following forms.

ð1Þ0
x 0 0

0 y 0

0 0 z

0
@

1
A ð3 real eigenvaluesÞ

ð2Þ0
x 0 0

0 y �z

0 z y

0
@

1
A ðcomplex eigenvalues yG iz with z0 0Þ

ð3Þ0
x 0 0

0 y 0

0 1 y

0
@

1
A ðJordan blockÞ
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Now the a’s we are considering must give an extension R�G6;15 with 1-
dimensional centre (i.e., a is non-degenerate); thus x0 0, also in ð1Þ0 y0 0,

z0 0; further, y0 0 in ð2Þ0 and ð3Þ0, because Tr C ¼ C14 þ C25 þ C36 ¼ 0 and

x0 0. Since the matrix A in AMA�1 can be multiplied by a scalar multiple of
the identity without changing AMA�1, we can see that the GLð3;RÞ-orbit in H2

of C ¼ CðaÞ contains exactly one of the following matrices.

ð1Þ
�a� 1 0 0

0 a 0

0 0 1

0
@

1
A; 0 < aa 1

ð2Þ
�2 0 0

0 1 �b

0 b 1

0
@

1
A; b > 0

ð3Þ
�2 0 0

0 1 0

0 1 1

0
@

1
A:

(For example, in ð1Þ0 we can scale with the det A from the action so that 2 of
the eigenvalues are positive and the larger of these equals 1, maybe both equal 1;
this gives (1).)

The proof is completed by observing that the matrices (Cij , 1a ia 3,
4a ja 6) at (1), (2) and (3) give the cocycles determined at ðCaÞ, ðCbÞ and ðC�Þ
for the groups in the statement of the theorem, G7;a ð0 < aa 1Þ, G7;b ðb > 0Þ
and G7;�. 9

Note. To eliminate terms in H2, like
½e1; e2� ¼ Fe7: substitute f 7! f þ cg (gets rid of the term);
½e1; e1� ¼ Fe7: substitute f 7! f þ cn2 (gets rid of the term).

(These last 2 terms are boundaries.)
½e4; e5� ¼ Fe7: doesn’t give an associative operation;
½e5; e1� ¼ Fe7: substitute f 7! f þ cnh (converts to �F ½e1; e5�).

3. Presentations as a semidirect product R4 �G3

All of these groups G have normal subgroups N1 ¼ ðR;R;R; 0; 0; 0;RÞGR4

with quotient K1¼G=N1¼G3 embedded in G as the subgroup ð0; 0; 0;R;R;R; 0Þ,
so that G is a semidirect product R4 �G3. The groups G7;a have 2 more pre-
sentations as a semidirect product R4 �G3, and the group G7;� has one more.

Presentation 1 for G7;a.
The relevant action of G3 ¼ ð0; 0; 0;R;R;R; 0ÞHG7;a on R4 ¼

ðR;R;R; 0; 0; 0;RÞ is given by
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ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ
7! ð f 0 þ ðaþ 1Þ jn 0 þ amh 0 þ kðg 0 �mn 0Þ; g 0 �mn 0; h 0 þ kn 0; n 0Þ;

(
ðacta;1Þ

and yields multiplication for R4 �G3 GG7;a,

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ ðaþ 1Þ jn 0 þ amh 0 þ kðg 0 �mn 0Þ;

gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ;

8>><
>>:ðma;1Þ

with inverse ð f ; g; h; n; j; k;mÞ�1 ¼
ð�f þ ðaþ 1Þ jnþ kgþ amðh� knÞ;�g�mn;�hþ kn;�n;�j þmk;�k;�mÞ:

We call this group Ga;1. An isomorphism j1 : G7;a ! Ga;1 is given by

j1 : ð f ; g; h; j; k;m; nÞ 7! ð f þ ðaþ 1Þnj � nkm; g� nm; hþ nk; n; j; k;mÞ:

Presentation 2 for G7;a.
Here N2 ¼ ðR; 0;R;R;R; 0; 0ÞGR4 is normal in G7;a with action of

G3 ¼ G7;a=N2 ¼ ð0;R; 0; 0; 0;R;RÞ
on R4 given by

ðg;m; nÞ : ð f 0; h 0; j 0; k 0Þ
7! ð f 0 � ðaþ 1Þnj 0 þ amðh 0 � nk 0Þ � gk 0; h 0 � nk 0; j 0 þmk 0; k 0Þ;

(
ðacta;2Þ

so that R4 �G3 GG7;a has multiplication

ð f ; h; j; k; g;m; nÞð f 0; h 0; j 0; k 0; g 0;m 0; n 0Þ
¼ ð f þ f 0 � ðaþ 1Þnj 0 þ amðh 0 � nk 0Þ � gk 0;

hþ h 0 � nk 0; j þ j 0 þmk 0; k þ k 0; gþ g 0 þ nm 0;mþm 0; nþ n 0Þ:

8>><
>>:ðma;2Þ

We call this group Ga;2. An isomorphism G7;a ! Ga;2 is given by

j2 : ð f ; g; h; j; k;m; nÞ 7! ð f � kg; h; j; k; g;m; nÞ:

Presentation 3 for G7;a.
Here N3 ¼ ðR;R; 0;R; 0;R; 0ÞGR4 is normal in G7;a with

G7;a=N3 ¼ ð0; 0;R; 0;R; 0;RÞGG3

(note the quotient is only isomorphic to G3 for this presentation). The action

of G3 on R4 is given by

ðh; k; nÞ : ð f 0; g 0; j 0;m 0Þ
7! ð f 0 � ðaþ 1Þnj 0 þ kðg 0 þ nm 0Þ � ahm 0; g 0 þ nm 0; j 0 � km 0;m 0Þ;

(
ðacta;3Þ
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so that R4 �G3 GG7;a has multiplication

ð f ; g; j;m; h; k; nÞð f 0; g 0; j 0;m 0; h 0; k 0; n 0Þ
¼ ð f þ f 0 � ðaþ 1Þnj 0 þ kðg 0 þ nm 0Þ � ahm 0;

gþ g 0 þ nm 0; j þ j 0 � km 0;mþm 0; hþ h 0 � nk 0; k þ k 0; nþ n 0Þ:

8>><
>>:ðma;3Þ

We call this group Ga;3. An isomorphism j : G7;a ! Ga;3 is given by

j3 : ð f ; g; h; j; k;m; nÞ 7! ð f � amh; g; j �mk;m; h; k; nÞ:

Of course, these presentations of G7;a are isomorphic, e.g., the map

j1 � j�1
2 : ð f ; h; j; k; g;m; nÞ
7! ð f þ gk þ ðaþ 1Þnj � nkm; g� nm; hþ nk; n; j; k;mÞ

is an isomorphism of Ga;2 onto Ga;1. One might expect also to get auto-
morphisms of Ga;1 with these isomorphisms, much as in [M], where 2 presenta-
tions of a 6-dimensional group G6;4 as a semidirect product R3 �G3 do give rise
to an automorphism of G6;4 (and also of the simple quotients of the lattice sub-
group H6;4 ¼Z 6HG6;4). However, here we do not seem to get an isomorphism
of Ga;1; the problem is the asymmetry of multiplication in the f -coordinate (of
ðma;1Þ, for example).

Presentations for G7;�.
The relevant action of G3 ¼ G7;�=N1 G ð0; 0; 0;R;R;R; 0ÞHG7;� on N1 ¼

R4 ¼ ðR;R;R; 0; 0; 0;RÞ is given by

ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ 7! ð f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ
þ kh 0 þ n 0kðk � 1Þ=2; g 0 �mn 0; h 0 þ kn 0; n 0Þ;

(
ðact�;1Þ

and yields multiplication for R4 �G3 GG7;�,

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ þ kh 0 þ n 0kðk � 1Þ=2;

gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>><
>>:ðm�;1Þ

with inverse

ð f ; g; h; j; k;m; nÞ�1

¼ ð�f þ 2jnþ kgþmðh� knÞ þ kh� nkðk þ 1Þ=2;
�g�mn;�hþ kn;�n;�j þmk;�k;�mÞ:

8>><
>>:

We call this group G�;1. An isomorphism j : G7;� ! G�;1 is given by

ð f ; g; h; j; k;m; nÞ 7! ð f þ 2nj � nkmþ nkðk � 1Þ=2; g� nm; hþ nk; n; j; k;mÞ:
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The second presentation for G7;� has normal subgroup

N2 ¼ ðR; 0;R;R;R; 0; 0ÞGR4 HG7;�

with G3 ¼ G7;a=N2 G ð0;R; 0; 0; 0;R;RÞ. The reason there is no third presenta-
tion for G7;� as R4 �H3 is simply that ð0; 0;R; 0;R; 0;RÞ is not a subgroup of
G7;�, as it was for G7;a.

Presentation for G7;b.
The relevant action of G3 ¼ G7;b=N ¼ ð0; 0; 0;R;R;R; 0ÞHG7;b on N ¼

R4 ¼ ðR;R;R; 0; 0; 0;RÞ is given by

ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ 7! ð f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ
þ bðkh 0 þ n 0kðk � 1Þ=2�mg 0 þ n 0mðm� 1Þ=2Þ;
g 0 �mn 0; h 0 þ kn 0; n 0Þ;

8>><
>>:ðactb;1Þ

and yields multiplication for R4 �G3 GG7;a,

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ

þ bðkh 0 þ n 0kðk � 1Þ=2�mg 0 þ n 0mðm� 1Þ=2;
gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>>>>><
>>>>>:

ðmb;1Þ

We call this group Gb;1. An isomorphism j : G7;b ! Gb;1 is given by

j : ð f ; g; h; j; k;m; nÞ
7! ð f þ 2jn� nkmþ bnðmðm� 1Þ=2þ kðk � 1Þ=2Þ; g� nm; hþ nk; n; j; k;mÞ:

4. Lattice subgroups H and faithful simple quotients of C �ðHÞ

The groups H7;a, 0 < aa 1
The objective is to identify a cocompact lattice subgroup of G7;a; such a

subgroup H clearly exists if a is rational and this is the case we will deal with in
detail. However, such an H also exists for some ‘mildly’ irrational a. What this
means is there are matrices C, as in the proof of Theorem 1, even with entries
in Z, for which the corresponding (connected) group is shown by the classifica-
tion process in Theorem 1 to be isomorphic to G7;a for an irrational a; e.g., the
group with

C ¼
1 2 0

4 1 0

0 0 �2

0
@

1
A
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is isomorphic to G7;a with a ¼
ffiffiffi
2

p
� 1=2. (We thank Dave Witte for corre-

spondence about these matters.)
So, let us work with Ga;1 (as above), and suppose that 0 < a ¼ p=qa 1 with

ðp; qÞ ¼ 1. Then ðZ=qÞ � Z 6 is a cocompact subgroup of Ga;1 (whose inverse
image under the isomorphism j1 : G7;a ! Ga;1 is a cocompact subgroup of G7;a);
we multiply the first coordinate of Ga;1 by q and define H7;a to be the set Z 7 with
multiplication

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ ðpþ qÞ jn 0 þ pmh 0 þ qkðg 0 �mn 0Þ;

gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>><
>>:ðm 0

a;1Þ

Of course, H7;a is the semidirect product Z 4 �H3, with action of H3 on Z 4

given by

ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ
7! ð f 0 þ ðpþ qÞ jn 0 þ pmh 0 þ qkðg 0 �mn 0Þ; g 0 �mn 0; h 0 þ kn 0; n 0Þ:

(
ðact 0a;1Þ

To identify the simple quotients of C �ðH7;aÞ this action must be transferred to the
generators x, w and v of CðT 3Þ (and of L2ðT 3Þ, i.e.,

x;w and v : ðx;w; vÞ 7! x;w and vÞ:

For l ¼ e2piy with irrational y, we get

ð j; k;mÞ : x 7! lqkx; w 7! lpmw and v 7! lðpþqÞ j�qkmx�mwkv:ðact 00a;1Þ

Some operator equations on L2ðT 3Þ are relevant here. The generators are

ð0; 0; 1Þ@U : w 7! lpw and v 7! x�1v;

ð0; 1; 0Þ@V : x 7! lqx and v 7! wv; and

W : f 7! vf ð f A L2ðT 3ÞÞ

(a generator u, v or w in L2ðT 3Þ not being mentioned when it is left fixed). The
operator equations and subsidiary operators are given by

ð1; 0; 0Þ@ ½U ;V � ¼ X : v 7! lpþqv;

½U ;W � ¼ Z�1 : f 7! x�1f ; ½V ;W � ¼ Y : f 7! wf ;

½X ;W � ¼ lpþq; ½U ;Y � ¼ lp and ½V ;Z� ¼ lq

8><
>:ðCRa;1Þ

(the other commutators from U ;V ;W ;X ;Y and Z being trivial, i.e., the oper-
ators commute). The point about the equations ðCRa;1Þ is that the map

ð f ; g; h; n; j; k;mÞ 7! l f ZgY hW nX jV kUmðpÞ

is a representation of H7;a, generating a C �-algebra A
7;a
y;1 , say.
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The next theorem also involves the (minimal distal) flow Fa;1 ¼ ðH3;T
3Þ

from ðact 00a;1Þ; to get it, just apply inversion to H3 at ðact 00a;1Þ and arrive at

ð j; k;mÞ : ðx;w; vÞ 7! ðl�qkx; l�pmw; l�ðpþqÞ jþpkmxmw�kvÞ; T 3 ! T 3:ðFa;1Þ

Theorem 2. Let l ¼ e2piy for an irrational y.
(a) There is a unique (up to isomorphism) C �-algebra A7;a

y generated (via p)
by (any) unitaries Z;Y ;W ;X ;V and U satisfying

½U ;V � ¼ X ; ½U ;W � ¼ Z�1; ½V ;W � ¼ Y ;

½X ;W � ¼ lpþq; ½U ;Y � ¼ lp and ½V ;Z� ¼ lq:

(
ðCRa;1Þ

A7;a
y is simple and is universal for the equations ðCRa;1Þ. Let H3 act on CðT 3Þ as

indicated at ðact 00a;1Þ; then

A7;a
y GC �ðCðT 3Þ;H3ÞGA7;a

y;1 :

(b) Let p 0 be a representation of H7;a such that p ¼ p 0 (as scalars) on the
center ðZ; 0; 0; 0; 0; 0; 0Þ of H7;a, and let A be the C �-algebra generated by p 0.
Then AGA7;a

y via a unique isomorphism o such that the following diagram
commutes.

H7;a �!
p

A7;a
y

p 0 & . o

A

(c) The C �-algebra A7;a
y has a unique tracial state.

Proof. The proof can be much as for Theorem 1.1 in [MW2]; we give some
details.

One must note first that the flow Fa;1 ¼ ðH3;T
3Þ above is minimal and

e¤ective; so the generated C �-crossed C �ðCðT 3Þ;H3Þ product is simple, by Cor-
ollary 5.16 of E¤ros and Hahn [EH].

Once the simplicity of C �ðCðT 3Þ;H3Þ is established, it is straightforward to
prove the rest of (a) using the correspondence of

dð0;0;1Þ; dð0;1;0Þ; dð1;0;0Þ; vð0;0;0Þ;wð0;0;0Þ; xð0;0;0Þ

A l1ðH3;CðT 3ÞÞHC �ðCðT 3Þ;H3Þ

to U ;V ;X ;W ;Y ;Z, respectively; see [MW2; proof of Theorem 1.1], for example,
also for (b) and (c). 9

Since the C �-algebra A7;a
y is generated by a faithful representation of H7;a,

we refer to it as a faithful simple quotient of the group C �-algebra C �ðH7;aÞ.
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Concrete representations of A7;a
y .

The first 3 are derived from the 3 semidirect product presentations of G7;a as
R4 �H3; they are interesting in part because they generate unitarily inequivalent
representations of A7;a

y on L2ðT 3Þ.
1. The first representation is the one generating A

7;a
y;1 above.

2. The second representation of A7;a
y is derived in similar fashion from

Ga;2 ¼ R4 �H3 GG7;a, which yields multiplication

ð f ; h; j; k; g;m; nÞð f 0; h 0; j 0; k 0; g 0;m 0; n 0Þ
¼ ð f þ f 0 � ðpþ qÞnj 0 þ pmðh 0 � nk 0Þ � qgk 0;

hþ h 0 � nk 0; j þ j 0 þmk 0; k þ k 0; gþ g 0 þ nm 0;mþm 0; nþ n 0Þ

8>><
>>:ðm 0

a;2Þ

for H 0
7;a ¼ Z 7; H 0

7;a is a semidirect product Z 4 �H3 with action of H3 on Z 4

given by

ðg;m; nÞ : ð f 0; h 0; j 0; k 0Þ
7! ð f 0 � ðpþ qÞnj 0 þ pmðh 0 � nk 0Þ � qgk 0; h 0 � nk 0; j 0 þmk 0; k 0Þ:

(
ðact 0a;2Þ

Transferring this action of H3 to CðT 3Þ (and L2ðT 3Þ) gives

ðg;m; nÞ : x 7! lpmx; w 7! l�ðpþqÞnw and v 7! l�pmn�qgx�nwmv;ðact 00a;2Þ

and leads to operators and operator equations on L2ðT 3Þ

ð0; 0; 1Þ@U 0 : w 7! l�ðpþqÞw and v 7! x�1v;

ð0; 1; 0Þ@V 0 : x 7! lpx and v 7! wv;

W 0 : f 7! vf ð f A L2ðT 3ÞÞ; and

ð1; 0; 0Þ@ ½U 0;V 0� ¼ X 0 : v 7! l�qv;

½U 0;W 0� ¼ Z 0�1 : f 7! x�1f ; ½V 0;W 0� ¼ Y 0 : f 7! wf ;

½X 0;W 0� ¼ l�q; ½U 0;Y 0� ¼ l�ðpþqÞ and ½V 0;Z 0� ¼ lp:

8><
>:ðCRa;2Þ

Then, much as for presentation 1, the map

ð f ; h; j; k; g;m; nÞ 7! l f Z 0hY 0jW 0kX 0gV 0mU 0nðp 0Þ

is a representation of H 0
7;a, generating a C �-algebra A7;a

y;2 , say. Of course,
the isomorphism j1 � j�1

2 : Ga;2 ! Ga;1 yields isomorphisms H 0
7;a ! H7;a and

c : A7;a
y;2 ! A

7;a
y;1 . To implement the last isomorphism, note that the unitaries

X 0;Z 0;U 0;Y 0;W 0;V 0 satisfy ðCRa;1Þ, so that, by Theorem 2, c�1 : A7;a
y;1 ! A

7;a
y;2

is generated by

ZgY hW nX jV kUm 7! X 0gZ 0hU 0nY 0jW 0kV 0m:
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3. The third representation of A7;a
y is derived from Ga;3 ¼ R4 �H3 GG7;a,

which yields multiplication

ð f ; g; j;m; h; k; nÞð f 0; g 0; j 0;m 0; h 0; k 0; n 0Þ
¼ ð f þ f 0 � ðpþ qÞnj 0 þ qkðg 0 þ nm 0Þ � phm 0;

gþ g 0 þ nm 0; j þ j 0 � km 0;mþm 0; hþ h 0 � nk 0; k þ k 0; nþ n 0Þ;

8>><
>>:ðm 0

a;3Þ

for H 00
7;a ¼ Z 7, which is a semidirect product Z 4 �H3 with the action of H3 on

Z 4 given by

ðh; k; nÞ : ð f 0; g 0; j 0;m 0Þ
7! ð f 0 � ðpþ qÞnj 0 þ qkðg 0 þ nm 0Þ � phm 0; g 0 þ nm 0; j 0 � km 0;m 0Þ;

(
ðact 0a;3Þ

Transferring this action of H3 to CðT 3Þ (and L2ðT 3Þ) gives

ðh; k; nÞ : x 7! lqkx; w 7! l�ðpþqÞnw and v 7! lqkn�phxnw�kv;ðact 00a;3Þ
and leads to operators and operator equations on L2ðT 3Þ,

ð0; 0; 1Þ@U 00 : w 7! l�ðpþqÞw and v 7! xv;

ð0; 1; 0Þ@V 00 : x 7! lqx and v 7! w�1v;

W 00 : f 7! vf ð f A L2ðT 3ÞÞ; and

ð�1; 0; 0Þ@ ½U 00;V 00� ¼ X 00�1 : v 7! lpv;

½U 00;W 00� ¼ Z 00 : f 7! xf ; ½V 00;W 00� ¼ Y 00�1 : f 7! w�1f ;

½X 00;W 00� ¼ l�p; ½U 00;Y 00� ¼ l�ðpþqÞ and ½V 00;Z 00� ¼ lq:

8><
>:ðCRa;3Þ

The map

ð f ; g; j;m; h; k; nÞ 7! l f Z 00gY 00jW 00mX 00hV 00kU 00nðp 00Þ
is a representation of H 00

7;a, generating a C �-algebra A7;a
y;3 . There are isomor-

phisms H 00
7;a ! H7;a and c1 : A

7;a
y;3 ! A

7;a
y;1 , the latter of which is implemented by

noting that the unitaries Z 00, X 00, U 00, Y 00, V 00, W 00 satisfy ðCRa;1Þ, so that c�1
1 is

generated by

ZgY hW nX jV kUm 7! Z 00gX 00hU 00nY 00jV 00kW 00m:

4. There is a fourth representation. It is generated by a representation r of
H7;a on l2ðZ 6Þ,

rð f ; g; h; k; j;m; nÞ : dðg 0;h 0; j 0;k 0;m 0;n 0Þ 7! l fþðpþqÞ jn 0þpmh 0þqkðg 0�mn 0Þds;

where

s ¼ ðgþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:
The unitaries U ¼ rð0; 0; 0; 0; 0; 0; 1Þ, V ¼ rð0; 0; 0; 0; 0; 1; 0Þ and W ¼
rð0; 0; 0; 1; 0; 0; 0Þ satisfy ðCRa;1), so the C �-algebra generated by r is isomorphic

to A7;a
y .
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Theorem 3. The representations p, p 0 and p 00 of H7;a generating
A

7;a
y; i ðGA7;a

y Þ, 1a ia 3, are irreducible, and are not unitarily equivalent.

Proof. We show that the representation p of H7;a is irreducible, and start
by noting that, in our notation, fxgwhvn : g; h; n A Zg is the usual basis for H ¼
L2ðT 3Þ. Then we have

U : xgwhvn 7! lphxg�nwhvn; V : xgwhvn 7! xqgxgwhþnvn and

W : xgwmvn 7! xgwhvnþ1:

Suppose that T A BðHÞ commutes with U , V and W ; we must show that T is
a multiple of the identity. Let matrix coe‰cients for T be given by

Txgwhvn ¼
X

g 0;h 0;n 0 AZ

t
g;h;n
g 0;h 0;n 0x

g 0
wh 0

vn
0
;

with
P

g 0;h 0;n 0 AZ jtg;h;ng 0;h 0;n 0 j2 < y and, in fact, uniformly bounded in g; h; n.

Now TW ¼ WT , TV ¼ VT and TU ¼ UT imply that

ð1Þ t
g;h;nþ1
g 0;h 0;n 0þ1 ¼ t

g;h;n
g 0;h 0;n 0 ; ð2Þ lgqt

g;hþn;n
g 0;h 0;n 0 ¼ lqg 0

t
g;h;n
g 0;h 0�n 0;n 0

and ð3Þ lpht
g�n;h;n
g 0;h 0;n 0 ¼ lph 0

t
g;h;n
g 0þn 0;h 0;n 0

respectively. Then (3), with n ¼ 0, implies that (4) t
g;h;0
g 0;h 0;n 0 ¼ 0 if n 0 0 0,

because of the convergence condition. Also (1) and (4) imply that t
g;h;n
g 0;h 0;n 0 ¼ 0

if n0 n 0, (2) and (1) imply that tg;h;ng 0;h 0;n ¼ 0 if g0 g 0, and then (3) and (1) imply

that t
g;h;n
g;h 0;n ¼ 0 if h0 h 0; it follows that t

g;h;n
g;h;n is constant for all g; h; n, T is a

multiple of the identity.
The proof that the other representations are irreducible is similar. To see

that the representations p and p 0 of A7;a
y are not unitarily equivalent, suppose that

T is a linear isometry of H onto itself, intertwines U ;V ;W and V 0;W 0;U 0, and
is given by

Txgwhvn ¼
X

h 0; j;k AZ

t
g;h;n
h 0; j;kx

h 0
w jvk:

Then TU ¼ V 0T , TV ¼ W 0T and TW ¼ U 0T imply that

ð1Þ lpht
g�n;h;n
h 0; j;k ¼ lph 0

t
g;h;n
h 0; j�k;k ð2Þ lgqt

g;hþn;n
h 0; j;k ¼ t

g;h;n
h 0; j;k�1

and ð3Þ t
g;h;nþ1
h 0; j;k ¼ l�ðpþqÞj tg;h;nh 0þk; j;k;

respectively. Then (1), with n ¼ 0, implies that (4) tg;h;0h 0; j;k ¼ 0 if k0 0, (2) implies

that t
g;h;0
h 0; j;0 ¼ 0, and then (3) implies that t

g;h;n
h 0; j;k ¼ 0 always, which is a contra-

diction. The other proofs of inequivalence are similar. 9
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The group H7;�
Here there is only one group G7;� GG�;1, and H7;� is defined to be the

lattice subgroup Z 7 HG�;1; so H7;� has the same multiplication formula as G�;1

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ þ kh 0 þ n 0kðk � 1Þ=2;

gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>><
>>:ðm 0

�;1Þ

Of course, H7;� is the semidirect product Z 4 �H3, with action of H3 on Z 4 given
by

ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ 7! ð f 0 þ 2jn 0 þmh 0 þ kðg 0 �mn 0Þ
þ kh 0 þ n 0kðk � 1Þ=2; g 0 �mn 0; h 0 þ kn 0; n 0Þ:

(
ðact 0�;1Þ

For l ¼ e2piy with irrational y, transferring this action of H3 to CðT 3Þ (and
L2ðT 2Þ) gives

ð j; k;mÞ : x 7! lkx; w 7! lmþkw and v 7! l2j�kmþkðk�1Þ=2x�mwkv;ðact 00�;1Þ
and leads to operators and operator equations on L2ðT 3Þ.

ð0; 0; 1Þ@U : w ! lw and v 7! x�1v;

ð0; 1; 0Þ@V : x 7! lx; w 7! lw and v 7! wv;

W : f 7! vf ð f A L2ðT 3ÞÞ and

ð1; 0; 0Þ@ ½U ;V � ¼ X : v 7! l2v;

½U ;W � ¼ Z�1 : f 7! x�1 f ; ½V ;W � ¼ Y : f 7! wf ;

½X ;W � ¼ l2; ½U ;Y � ¼ l ¼ ½V ;Z� ¼ ½V ;Y �:

8><
>:ðCR�;1Þ

The map

ð f ; g; h; n; j; k;mÞ 7! l f ZgY hW nX jV kUmðrÞ
is a representation of H7;�, generating a C �-algebra A

7;�
y;1 .

To get a (minimal distal) flow ðH3;T
3Þ, apply inversion to H3 at ðact 00�;1Þ

and arrive at

ð j; k;mÞ : ðx;w; vÞ 7! ðl�mx; lk�mw; l�2jþkmþmðmþ1Þ=2x�kw�mvÞ:ðF�;1Þ
Of course, there is an analogue of Theorem 2 for H7;�.

Theorem 4. Let l ¼ e2piy for an irrational y.
(a) There is a unique (up to isomorphism) C �-algebra A7;�

y generated (via r)
by (any) unitaries Z;Y ;W ;X ;V and U satisfying

½U ;V � ¼ X ; ½U ;W � ¼ Z�1; ½V ;W � ¼ Y ;

½X ;W � ¼ l2; ½U ;Y � ¼ l and ½V ;Z� ¼ l�1

(
ðCR�;1Þ
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A7;�
y is simple and is universal for the equations ðCR�;1Þ. Let H3 act on CðT 3Þ as

indicated at ðact 00�;1Þ; then

A7;�
y GC �ðCðT 3Þ;H3ÞGA

7;�
y;1 :

(b) Let r 0 be a representation of H7;� such that r ¼ r 0 (as scalars) on the
center ðZ; 0; 0; 0; 0; 0; 0Þ of H7;�, and let A be the C �-algebra generated by r 0.
Then AGA7;�

y via a unique isomorphism o such that the following diagram
commutes.

H7;� �!
r

A7;�
y

r 0 & . o

A

(c) The C �-algebra A7;�
y has a unique tracial state.

The simple quotient A7;�
y of C �ðH7;�Þ has 3 concrete representations, the first

of which is A
7;�
y;1 above. The second presentation G�;2 for G7;� gives another

concrete representation A
7;�
y;2 for A7;�

y . These C �-algebras A
7;�
y;1 and A

7;�
y;2 arise

from irreducible representations of H7;� that are unitarily inequivalent (much as
in Theorem 3). The third representation of A7;�

y is analogous to representation
4 of A7;a

y .

The groups H7;b, 0 < b
Here G7;b GGb;1, and as for Ga;1, we deal only with the rational case

0 < b ¼ p=q with ðp; qÞ ¼ 1. Then ðZ=qÞ � Z 6 is a cocompact subgroup of Gb;1,
so multiply the first coordinate of Gb;1 by q and define H7;b to be the set Z 7 with
multiplication

ð f ; g; h; n; j; k;mÞð f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ð f þ f 0 þ qð2jn 0 þmh 0 þ kðg 0 �mn 0ÞÞ

þ pðkh 0 þ n 0kðk � 1Þ=2�mg 0 þ n 0mðm� 1Þ=2Þ;
gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>>>>><
>>>>>:

ðm 0
b;1Þ

Of course, H7;a is the semidirect product Z 4 �H3, with action of H3 on Z 4

given by

ðact 0b;1Þ
ð j; k;mÞ : ð f 0; g 0; h 0; n 0Þ 7! ð f 0 þ qð2jn 0 þmh 0 þ kðg 0 �mn 0ÞÞ

þ pðkh 0 þ n 0kðk � 1Þ=2�mg 0 þ n 0mðm� 1Þ=2Þ; g 0 �mn 0; h 0 þ kn 0; n 0Þ:

(

For l ¼ e2piy with irrational y, transferring the action of H3 to CðT 3Þ (and
L2ðT 2Þ) gives

ð j; k;mÞ : x 7! lqk�pmx; w 7! lqmþpkw and

v 7! lqð2j�kmÞþpðmðm�1Þ=2þkðk�1Þ=2Þx�mwkv;

(
ðact 00b;1Þ
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and leads to operators and operator equations on L2ðT 3Þ
ð0; 0; 1Þ@U : x 7! l�px; w 7! lqw and v 7! x�1v;

ð0; 1; 0Þ@V : x 7! lqx; w 7! lpw and v 7! wv;

W : f 7! vf ð f A L2ðT 3ÞÞ; and

ð1; 0; 0Þ@ ½U ;V � ¼ X : v 7! l2qv;

½U ;W � ¼ Z�1 : f 7! x�1 f ; ½V ;W � ¼ Y : f 7! wf ;

½X ;W � ¼ l2q; ½U ;Y � ¼ lq; ½U ;Z� ¼ l�p;

½V ;Y � ¼ lp and ½V ;Z� ¼ lq:

8>>><
>>>:

ðCRbÞ

To get a (minimal distal) flow ðH3;T
3Þ, apply inversion to H3 at ðact 0b;1Þ

and arrive at

ð j; k;mÞ : ðx;w; vÞ 7! ðlpm�qkx; l�qm�pkw;

lqð�2jþkmÞþpðmðmþ1Þ=2þkðkþ1Þ=2Þxmw�kvÞ:

(
ðFbÞ

The reader can devise analogues of Theorems 2 and 3 for H7;b.

Notes. As for A3
y , we have here A7;a

y GA7;a
�y ; this is because of the iso-

morphism of flows e¤ected by the homeomorphism

ðx;w; vÞ 7! ðx; w; vÞ

of T 3. The same observation holds for A7;�
y and A7;b

y . However, the broad
task of classifying these C �-algebras must wait until a later time; it seems that
the presence of di¤erent powers of the same l in the commutation equations,
e.g., ðCRa;1Þ, is an obstacle. It may be worthwhile to point out that the faith-
ful simple quotients here, e.g., A7;a

y , are non-faithful simple quotients of an
8-dimensional group H8 (¼Z8 as a set) that does not involve such exponents; H8

has 2-dimensional centre, and multiplication

ðe; f ; g; h; n; j; k;mÞðe 0; f 0; g 0; h 0; n 0; j 0; k 0;m 0Þ
¼ ðeþ e 0 þ jn 0 þmh 0; f þ f 0 þ jn 0 þ kðg 0 �mn 0Þ;

gþ g 0 �mn 0; hþ h 0 þ kn 0; nþ n 0; j þ j 0 þmk 0; k þ k 0;mþm 0Þ:

8>><
>>:ðm8Þ

The faithful simple quotients of this group are generated by representations of

H8, ðe; f ; . . .Þ 7! lem f . . . for linearly independent l; m A T. The algebras A7;a
y are

generated by (non-faithful) representations of H8, ðe; f ; . . .Þ 7! lpelqf . . . :
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