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Abstract. In 1978 Uchiyama gave a proof of the characterization of
CMO(R™) which is the closure of CSS,,,(R™) in BMO(R"™). We extend the

comp

characterization to the closure of Cg5,,,(R™) in the Campanato space with

variable growth condition. As an application we characterize compact com-
mutators [b, T] and [b, Io] on Morrey spaces with variable growth condition,
where T is the Calderén-Zygmund singular integral operator, I, is the frac-
tional integral operator and b is a function in the Campanato space with
variable growth condition.

1. Introduction.

Let b € BMO(R") and T be a Calderén-Zygmund singular integral operator. In
1976 Coifman, Rochberg and Weiss [12] proved that the commutator [b,T] = bT — T'b is
bounded on LP(R™) (1 < p < 00), that is,

I16; T]f lze = 6T = T(®f)llzr < CllbllB7O] fllL7s

where C'is a positive constant independent of b and f. For the fractional integral operator
I,, Chanillo [5] proved the boundedness of [b,I,] in 1982. Coifman, Rochberg and
Weiss [12] and Chanillo [5] also gave the necessary conditions for the boundedness, that
is, if the commutator [b, T or [b,I,] is bounded, then b is in BMO(RR™). These results
were extended to Morrey and generalized Morrey spaces by Di Fazio and Ragusa [13]
in 1991 and Mizuhara [23] in 1999, respectively. In 1978 Janson [19] investigated the
commutator [b, T] with a function b in BMOy which is a kind of generalized Campanato
spaces. For other extensions and generalizations of [5], [12], see [15], [17], [21], [36],
[43], [44], etc.

On the other hand, Uchiyama [45] considered the compactness of the commutator
[b, T) on LP(R™) in 1978, where T is a Calderén—Zygmund singular integral operator with
convolution type of smooth kernel K # 0. He proved that [b, T is compact on LP(R™)
if and only if b € CMO(R"), where CMO(RR") is the closure of Cgy,,(R™) in BMO(RR™).
In its proof he used the following characterization of CMO(R™), which was mentioned
by Neri [37, Remark 2.6] without proof.
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THEOREM 1.1 ([45]). Let f € BMO(R"), and let MO(f, B(x,r)) be the mean
oscillation of f on the ball B(z,r) centered at x € R™ and of radius r > 0. Then
f € CMO(R™) if and only if f satisfies the following three conditions:

(i) lm sup MO(f, B(z,r)) = 0.
r—=+0 zcRrn

(ii) lim sup MO(f, B(x,r)) = 0.

r—00 TER™

(iii) lm MO(f,B(z+y,r)) =0 for each ball B(z,r).
ly|—o0
After that, using this characterization, many authors gave the characterization of
various compact commutators on several function spaces. For example, Chen, Ding and
Wang (7], [9] gave the characterization of the compact commutators [b, 7] and [b, I,] on
Morrey spaces. For the others, see [4], [6], [8], [10], [11], [22], etc.

—— L1 4 (R
In this paper we extend Theorem 1.1 to CZ3,, (R?) R

comp

Cosmp(R™) in the generalized Campanato space L1 4(R") with variable growth condition.
To prove the extension of Theorem 1.1 we improve the proof of Uchiyama [45] by using

the mollifier and a smooth cut-off method. As a corollary we give a characterization of
-~ Lip,(R"
the space C2,,,(R™) P (®) which is the closure of Ce.»(R™) in the Lipschitz space

Lip,(R™), 0 < Zz < 1. Moreover, as an application of the thension of Theorem 1.1 we
give a characterization of compact commutators [b,T] and [b, I,] on generalized Morrey
spaces L(P#)(R™) with variable growth condition. We shall give the definitions of the
function spaces £, 4(R™) and L(P¥)(R™) in Sections 2 and 4, respectively.

Recently, the authors [2] proved that, under suitable conditions, the commutator
[b,T] or [b,1,] is bounded on L(®*)(R") if and only if b is in £1 4(R"), where T is the
Calderén—Zygmund operator and I, is the generalized fractional integral operator, see
Section 4 for their definitions. Moreover, using Sawano and Shirai’s method in [41], the

authors [3] proved that, if b is in W£1’¢’(R )

comp
on L®:#) (R™). In this paper, as an application of the extension of Theorem 1.1, we prove

L1 4(R"
that, if the commutator [b, T'| or [b, I,] is compact, then b is in Cg5,,, (R™) LoD,

The organization of this paper is as follows. We state the definition of £, 4(R™)
and the main result (Theorem 2.1) in Section 2 and prove it in Section 3. Next, in

which is the closure of

, then [b,T] and [b,I,] are compact

Section 4, we state the results (Theorems 4.5 and 4.6) on the commutators [b, 7] and
[b,1,] on L(®%)(R™) together with known results. Then we give proofs of the results on
commutators in Sections 5 and 6.

At the end of this section, we make some conventions. Throughout this paper, we
always use C to denote a positive constant that is independent of the main parameters
involved but whose value may differ from line to line. Constants with subscripts, such
as Cp, is dependent on the subscripts. If f < Cg, we then write f < g or g 2 f; and if
f < g < f, we then write f ~ g.
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2. Generalized Campanato spaces with variable growth condition and
main results.

In this paper we denote by B(x,r) the open ball centered at @ € R™ and of radius
r, that is,

B(z,r)={yeR": |ly—z| <r}.

For a ball B = B(z,r) and a positive constant k we denote B(z,kr) by kB. For a
measurable set G C R™, we denote by |G| and x¢ the Lebesgue measure of G and the

characteristic function of G, respectively. For a function f € L{ (R™) and a ball B, let

fB—]if—]éf<y>dy—|;|/Bf<y>dy.

First we recall the definition of generalized Campanato spaces L, 4(R™) for p € [1, c0)
and variable growth function ¢ : R™ x (0, 00) — (0,00). For a ball B = B(z,r) we write

P(B) = ¢(z,7).

DEFINITION 2.1.  For p € [1,00) and ¢ : R" x (0,00) — (0,00), let £, 4(R™) be the
set of all functions f such that the following functional is finite:

B 1 pd 1/19
IFle,.. =sup = (é FW) — fol y) |

where the supremum is taken over all balls B in R™.

Then || f||z,., is a norm modulo constant functions and thereby £, 4(R™) is a Banach
space. If p =1 and ¢ = 1, then £, 4(R") = BMO(R"). If p = 1 and ¢(z,r) = r*
(0 < a <1), then £, 4(R™) coincides with Lip, (R").

Generalized Campanato spaces L, (R") with variable growth condition were intro-
duced in [35] to characterize pointwise multipliers on BMO(R™) and studied in [24], [30],
[32], etc. Moreover, it has been proved that £, 4(R™) is the dual space of the Hardy
space HP()(R™) with variable exponent in [34].

We say that a function 6 : R” x (0,00) — (0, 00) satisfies the doubling condition if
there exists a positive constant C such that, for all x € R™ and r, s € (0, 00),

>

(z,7)

(x,s)

We say that 6 is almost increasing (resp. almost decreasing) if there exists a positive
constant C such that, for all x € R” and r, s € (0, c0),

< <O, if ;<

w3

<2 (2.1)

Ql
>
N

O(x,r) < CH(x,s) (resp. O(zx,s) < CO(x,r)), ifr<s. (2.2)

We also consider the following nearness condition; there exists a positive constant C' such
that, for all z,y € R™ and r € (0, 00),
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>

1 (z,7)
c =9y

<C, if lz—yl<r (2.3)

For two functions 6,k : R™ x (0,00) — (0,00), we write § ~ & if there exists a
positive constant C' such that, for all z € R™ and r € (0, 00),
1 O(x,7)

C = k(x,r)

<C. (2.4)

Let 1 < p < ooand ¢, ¢ : R"x (0,00) = (0,00). If ¢ ~ &, then £, 4(R™) = L, 5(R™)
with equivalent norms.
In this paper we consider the following class of ¢:

DEFINITION 2.2.  Let G be the set of all functions ¢ : R” x (0, 00) — (0, 00) such
that ¢ is almost increasing and that r — ¢(x,r)/r is almost decreasing. That is, there
exists a positive constant C' such that, for all € R™ and r, s € (0, 00),

d(z,r) < Ch(x,s), Coh(x,r)/r> ¢(x,s)/s, ifr<s.
If ¢ € Gi"°, then ¢ satisfies the doubling condition (2.1).

REMARK 2.1. It is known that, if ¢ € G"° and ¢ satisfies (2.3), then £, 4»(R") =
L1,,(R™) with equivalent norms for each p € [1,00), see [31, Theorem 3.1]. In particular,
for each p € [1,00), L, 4(R™) = BMO(R") if ¢ = 1 and £, 4(R™) = Lip, (R") if ¢(z,r) =
r®, 0 < a < 1. For the relation between £, 4,(R™) and Hélder (Lipschitz) spaces Ay (R™)
with variable growth condition, see [30, Theorem 2.4].

For a measurable function f and a ball B, we denote by MO(f, B) the mean oscil-
lation of f on B, that is,

MO(S,B) = F £(s) - fal dy. (25)
B
Then our main results are the following;:

THEOREM 2.1.  Let ¢ be in G and satisfy (2.3). Assume that

lim inf o,r) _ oo, lim inf r"¢(z,r) = oco. (2.6)
r—+0 xeR" T r—oo r€R”
‘Cl,(i)(]Rn

Let f € L1,4(R"). Then f € C,,,(R™) ) if and only if [ satisfies the following
three conditions:

MO(/f, B(x,))

(i) lim s =0.
o MO(f, B(z,r))

ii) lim sup ————————= =0.
( ) r—00 xeﬂgl ¢($, 7")

(i)t MOUBGr)

=0 for eachr > 0.
|z|— 00 ¢($,7’) f
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REMARK 2.2. We do not need (2.6) to prove that, if f satisfies (i)—(iii), then
fe ngmp(R”)Ll‘d)(R ), We do not need (2.3) to prove that, if f € ngmp(R")El’d)(R ),

then f satisfies (1)—(iii).
If ¢ = 1, then the theorem above is the same as Theorem 1.1. If ¢(z,7) = r®, then
we have the following corollary.

—Li R™
CoROLLARY 2.2 ([38]). Let f€ Lip,(R"), 0 <a< 1. Then fe Caop ®7) o™

if and only if [ satisfies the following three conditions:
MO(f, B(z,))

(1) rlirilo mseuugb s =0.
M B
(i) lm sup MO(f, B(z,7)) _ 0.

r—00 TER™ re

(iii) lim MO(f, B(z,7)) =0 for each r > 0.

|z|— 00

As another corollary, we consider the Lipschitz (Holder) space with variable expo-
nent. For a(-) : R™ — [0,00) and o, € [0,00), let Lipzz_)(R”) be the set of all functions
f such that the following functional is finite:

2|f(z) — _
iy, =max{ _sup Lo SOl sy LT,
0 o<lo—yl<1 [T = y|*F + ]z —y|oW sy -yl

see [32, Definition 2.1 and Remark 2.2]. For these a(-) and a., let

o@, 0<r<l
r R <r<l,
T,T) = 2.7
o ) {TO‘*, 1 <r<oo. ( )
If
0< inf a(z) < sup a(z) <1, 0<a. <1, (2.8)
TER™ zER™

then ¢ is in G and satisfies (2.6). If a(-) is log-Holder continuous also, that is, there
exists a positive constant C' such that, for all z,y € R™,

P
log(e/|z —yl)
then ¢ satisfies (2.3), see [32, Proposition 3.3]. Moreover, if inf,cgr a(z) > 0 and a, > 0,

then £ 4(R") = Lipzz_)(R”) with equivalent norms, see [32, Corollary 3.5]. Hence we
have the following corollary.

a(z) = a(y)|

it 0<|z—y| <1,

COROLLARY 2.3. Let ¢ : R™ x (0,00) — (0,00) be defined by (2.7). Assume that
a(-) and o, satisfy (2.8) and that a(-) is log-Hélder continuous. Let f € L1,4(R™). Then

fe ngmp(R")Ll’¢(R ) if and only if f satisfies the following three conditions:
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MO(f, B(z,r))

O Ao s = =0
M B
(ii) lim sup MO(f, B(x,r)) =0.
=00 zcRn O
(iii) | l‘im MO(f, B(z,r)) =0 for each r > 0.
T|—00

Lip27, (R™)

Moreover, if infegn a(z) > 0 and a, > 0, then f € Cg5,,(R™) if and only if f

satisfies the above three conditions.
3. Proof of Theorem 2.1.

In this section we first show three lemmas and one proposition to prove Theorem 2.1.
Let n be a function on R™ such that

suppy CBOD, 0<n<z and [ q)dy=|BO.0L G
B(0,1)
and let 7j,(z) = |B(0,r)|"'n(z/r). Then, for f € L] (R"),
B f@) =1 al@-9)/nf) dy (32
B(z,r)
If n = XxB(0,1), then 7, * f(x) = fpr. If n € Co5yp(R™), then (3.2) is a mollifier. We
can choose 7 € Cg5,,,(R™) which satisfies (3.1) and
[VnllLe < ¢ (3.3)

for some positive constant ¢,, dependent only on n.
For two balls By and Bs, if By C B, then

Fon — fuul < 22vo(s, By), (3.4)
| B1]
and
MO(f, By) < 2:?:Mo<f, By). (3.5)
1

The first lemma is an extension of (3.4).
LEMMA 3.1. If By = B(z,r) C Ba, then

% 1) — fr] < 2:}§leo<f, By). (3.6)

PrOOF. From (3.1) and (3.2) it follows that

5 £(2) — f| = \ f = n/mrway - fa,
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F =i - iz dy]

<2 f 15 tonldy <25 f, 15060~ Sl

which shows the conclusion. O

LEMMA 3.2.  For any ball B(z,r),
F 1) = e f)]dy < 24O, B, 20)). (3.7
B(x,r)
PrROOF. Let B = B(z,r). From Lemma 3.1 it follows that

f ) — e+ ()] dy < f (£ ) = fon| + | fos — 7+ F(5)]) dy
B B

< f 11~ fasldy -+ 2O, 2B)
B
< 2"2MO(f,2B),
which shows the conclusion. O

LEMMA 3.3.  Letn be in C, (R™) and satisfy (3.1). If y,z € B(x,r), then

comp
ly — ZIM
T

|7 f(y) — 7 * f(2)] < 27| Vnl| Lo O(f, B(x,2r)). (3.8)

PRrOOF. Letting f(x) = f(z) = fB(s,2r), We have
- % f(y) = 7 5 F(2)| = |00 % Fy) = 7 5 F(2))]

"wn o, (= 0)/7) = 0((z = w)/r) ) o

<o f |(0((y — w)/r) = n((z — w) /7)) Flaw) | dw
B(z,2r)
n|y Z| Nw w
<9 1V ]i(m)lf( )| du,

which shows the conclusion. O

PROPOSITION 3.4.  Let 1 be in Cgy,,, (R™) and satisfy (3.1) and (3.3). Let ¢ be in
G and satisfy (2.3). Then there exists a positive constant C, dependent only on n and

¢, such that, for all r >0,

If =7 * fllc,, < sup MO(/, B(=,1))

3.9
:L’ER”, 0<t<2r (b(xat) ( )

Before we prove Proposition 3.4 we state its corollary, which is a variant of Theo-
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rem 2.1.

COROLLARY 3.5.  Let i be in C 0 (R™) and satisfy (3.1) and (3.3). Let ¢ be in

) comp
G™¢ and satisfy (2.3). Then there exists a positive constant C, dependent only on n and

¢, such that, for all f € L1,4(R™) and r > 0,

||77T * f||£1,¢ < 0”le31¢ (310)
Moreover, if f satisfies (i) in Theorem 2.1, then 7, * f — f in L1 4(R™) as r — +0.

PROOF OF PROPOSITION 3.4. We show that

O(f — 77/7‘ * f7B('T7t))
o(z,t)

is dominated by the right hand side of (3.9) for each ball B(x,t).
Case 1: 0 <t <7: From Lemma 3.3 it follows that

1 n —
¢(z,1t) ]é(m) 175 () = (e 5 Fp e | dy
1 %) —
= m ]i(r t) 7{9@ t) [ % f(y) = 71 % f(2)| dz dy

2"||V77HL<>0 ly =2
<X (7[ - 7{3(“) itz )MO(f, (,2r))

T¢(ﬂ?,t) O(va( 2 )) < CTL7¢ ¢(l‘,27”) :

In the above we used the almost decreasingness of r +— ¢(x,r)/r for the last inequality.
Hence

O(f B ﬁr * f,B(J},t))
¢(z,1)

2"¢c,

1 — _
= 50 Foy 10~ 10 100 = (0 = D)
1 1 B )
= %@ ][W) ) = foenldy + 25 ]i(m) (7% () = (T * B dy
MO(f, B(z,1)) MO(f, B(x, 2r))
= o) Crg o(x,2r)

Case 2: t > r: Take balls {B(z;,)}; such that

B(z,t) c | JB(xj,r) € B(x,2t), > [B(x;,7)| < Co|B(a, )],
J J

where C), is a positive constant depending only on n. Then, using Lemma 3.2, we have
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2
MO — 1y * aB ) = T/ — 1y * d
(f =7 * f, B(z, 1)) < B B(xyt)lf(y) - * f(y)| dy

2

= 1B, 0)] 2 /B(W) [ (y) =7+ f(y)| dy
2 n
< m ; |B(z;,7)|2 +2MO(f,B(:cj,2r))

< 2"*3C, supMO(f, B(zj,2r)).
J

By the almost increasingness of ¢, (2.3) and the doubling condition of ¢ we have
(b(xjv 271) 5 (b(xja 2t) ~ ¢((E, 2t) S ¢(x7t)
Therefore,

MO(f — 7, * f, B(z,1)) MO(/f, B(;, 2r))
¢(xvt) (b(xj’?r)

The proof is complete. a

< G g 5UD
J

ProOF OF THEOREM 2.1.  Part 1: Let f € Cgg,,(R™). Then, from the inequality

][ F(y) — fuldy < 20| V]|~
B(z,r)

and (2.6) it follows that

. MO(f, B(z,7)) _ ..
lim sup ————————— < lim sup
740 peRn o(z,r) r—+0 4ern O(T,7T)

2r
|Vl = 0.

On the other hand, from the inequality

2| supp f||| fll L
— faldy < Z22EP S TIL>
]i )= fsldy < RIS

and (2.6) it follows that

. MO(f,B(z,1) _ .. 2 supp f|[|fllL= _
lim sup —————= < lim su =
=00 xcRn ¢($,T) =00 zcRn ¢(1’7T)|B($,T)|
For each r > 0, take z € R™ such that supp f N B(z,r) = . Then
MO, Br,r))
o(,7) '

Let f € Ccogmp(Rn)led}(R : comp
that, sup,cgn. o MO(f —g, B(z,7))/é(z,7) < €. Therefore, f satisfies (i), (ii) and (iii).

That is, f satisfies (i), (ii) and (iii).
. Then, for any € > 0, there exists g € C33 (R™) such
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Part 2: Let f satisfy (i), (ii) and (iii). For any € > 0, from (i) and (ii) there exist
integers i. and ke (i < k) such that

sup{l\W:xeR”, O<r§2if}<e

and

up{W:xeR”, r>2k€}<e.

From (iii) it follows that

lim max
|| =00

{ MO(f, B(z,2"))
¢(,2%)

By (3.5) and the doubling condition of ¢ we have

:E:i6,15+1,...,k6}=0.

sup MO(f, B(z,r)) < CMO(f,B(m,QZ))

— ) Ezi67i6+17""k67
20-1<pr<2t QZ/)(I, T’) ¢(I7 22)

where the positive constant C' is dependent only on n and ¢. Consequently,
MO(f, B(x,
b e MOU.B(r) _
|z| =00 gic <r<2ke ¢5($,7")
Then there exists an integer j. such that j. > k(> i.) and

sup { MO(f, B(z,r))

o(zr) :B(x,r)ﬂB(O,QJS)Z(Z)} <e.

Using i, ke and j., we set
By ={B(z,r):z €R", 0 <r <2},
By = {B(a:,r) cx €eR™ r> 2kf},
Bs = {B(z,r) : B(z,r) N B(0,27) =0} .

Then MO(f, B)/¢(B) < e if B € By U B2 U Bs.
We define a C'>°-function f; as follows: Let n be in Cg5,,,(R") and satisfy (3.1) and
(3.3), and let

fr=iie = f, T =20
Then, from Proposition 3.4 it follows that

— < up ———=2 < 11
Hf f1||£17¢ < Cn,¢ sep1 (B) < Cn,¢ €, (3 )

where the positive constant C), 4 is dependent only on n and ¢, and independent of 7.
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This also shows that

MO(f1, B)

(b(B) S ||f - f1||£1,¢ +

< (Cn@ + 1)6
for B e B;UByUBs. (3.12)

Next we define a C*°-function f> as follows: Let h € CS5 (R™) satisfy

comp

XB0,1) < h < XBoy2), VAL~ <2,
and let
fa = (f1 = (f1) Boars) ) ors + (f1)B(0are), P () = h(x/r2), 1o =27H1.
Then fo — (f1)B(0,4rs) € Coomp(R™), that is,

=0. 3.13
ECg’g’mp( ||f2 g||£1,¢ ( )

In the following, using (3.12), we will show that there exists a positive constant 5n7¢,
dependent only on n and ¢, such that

||f1 - fQHCL(;) < én,cb €. (314)

Once we show (3.14), combining this with (3.11) and (3.13), we obtain that f €
F TRy ®)
CVcomp( ) .

Now, take a ball B = B(z,r) arbitrarily.

Case 1: 7 > ro/2: In this case B € Bs.

Case 1-1: If BN B(0,2ry) = 0, then fo = (f1)p(0,4r,) o0 B, that is, MO(fa, B) = 0.
Hence, by (3.12) we have

O(f1 — f2, B) _ MO(f1,B
¢(B) ¢(B)

Case 1-2: If BN B(0,2r3) # @, then, using the almost increasingness, the nearness
condition (2.3) and the doubling condition (2.1) of ¢, we have

) < (Cn,gs + 1e.

¢(0,4r2) S ¢(0,8r) ~ ¢(2,8r) ~ ¢(B), [B(0,4r)| < 8" B,

and then

O(f2,B) _ MO((f1—(f) (o ar3)) vy B)
¢(B)

B ][ |(f1(y) = (f1) B(0,ar)) ory | dy

(B)|B| B(O,4r2)|f() ()B4 dy
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< MO( f1, B(0,4r3))
~ o(B(0,4r))
Since both B and B(0,4r3) are in Bg, from (3.12) it follows that
MO(f1 — f2, B) < MO(f1.B) | MO(/2, B) <c
¢(B) ¢(B) ¢(B)

where C;L) o 18 dependent only on n and ¢.
Case 2: r < ry/2:
Case 2-1: If B C B(0,72), then MO(f; — f2, B) = 0, since

fi—fo=(fi = (f1)Boars)) (L —hr,) =0 on  B(0,rs).

Case 2-2: If BN B(0,2r;y) = (), then B € Bs and fa = (f1)p(0,4r,) o0 B. Hence

O(f1 — f2,B) _ MO(f1, B)
o(B) #(B)

Case 2-3: If BN (B(0,2r2) \ B(0,72)) # 0, then B C B(0,4r2) \ B(0,72/2), since
7 < r2/2, and hence B € B;. Choose a sequence of balls {B,};“t" such that

< (Ch,p + 1)e.

B(0,47"2):Bo OB DD By DBm+1 :B,

IBy| = 2°|Bysal, (=0, m-1,
|Bm| < 2"[Bpit],

By € B, 0=01,2,3,

By € Bs, (=4, . m+1.

Note that the balls above are not concentric. Then, using (3.4) and (3.12), we have

m

|(f1)B(0,4r2) — < ()8, = (F1) By

=0

<2nz¢(36)maX{W :£=071,...7m}

Z:O

Since ¢ is in GI"° and satisfies the nearness condition (2.3), the inequalities

d(Be) /(227 ry) < Cyd(B)/r, £=0,1,...,m,

hold for some positive constant C, dependent only on ¢. Then

"L (2% ry)e(B B
Z¢B£ SZ 7¢()§23C¢7A2¢7a¥'

£=0

m
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Hence,

|(f1)B(0,4rs) — (f1)B] < ,’{¢r2¢( ) €, (3.15)

where C’:{,d) = 2n+3(Cn)¢ + 1)C¢. Next, let
Cfl = ((fl)B - (fl)B(0747.2)) (]_ — (h’l“g)B)
Then

(fily) = f2(y)) — Cyp,
= (fily) = (f1)B0,4ars)) (1 = Py () — ((f1) B — (f1)B(0,4r2)) (1 = (hey) B)

= (1) = (18) (1 = by @) ) + ((hra) = (ar)B) (1) 0,47 — (F1)8) )

and then, for y € B = B(z,r),

’(fl(y) - fay)) = Cy,

< |fily) = (f1)B| + 27| Vhey | Lo | (1) B(0,4r2) — (f1)B]

é!fl(y)—(f1)3|+2r%>< r 2B,

where we used (3.15) in the last inequality. Hence,

][| fy) = faly)) — Cy| dy < M%((J;’) )+220"¢6<c;;j¢e

where C’;L” » is dependent only on n and ¢, which shows

Mo(fl_f2aB) "
Tam) S e

The proof is complete. O

4. Commutators on Morrey spaces.

In this section, as an application of Theorem 2.1, we give a characterization of
compact commutators [b, T] and [b, Io] with b € £1 4(R™) on generalized Morrey spaces
LP#)(R™) with variable growth condition. First we state the definition of the Morrey
space L(P#)(R") in Subsection 4.1. Next we state known results on the boundedness
and compactness of the commutators [b,T] and [b,I,] in Subsections 4.2 and 4.3, re-
spectively, where I, is the generalized fractional integral operator. Then we state the
characterization in Subsection 4.4.

4.1. Generalized Morrey spaces with variable growth condition.

First we recall the definition of generalized Morrey spaces L(#)(R") for p € [1, 00)
and variable growth function ¢ : R™ x (0,00) — (0,00). Recall also that, for a ball
B = B(z,r), we write p(B) = ¢(x,r).
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DEFINITION 4.1.  For p € [1,00) and ¢ : R™ x (0,00) — (0,00), let L®¥)(R™) be
the set of all functions f such that the following functional is finite:

1 1/10
Il = sup (MB) / If(y)l”dy) 7

where the supremum is taken over all balls B in R".

Then || f|| . is a norm and L") (R™) is a Banach space. Let ¢y (z,7) = r* for
A € [-n,0]. Then L®P¥2)(R") is the classical Morrey space. That is,

1 1/p 1 1/p
lsnon =sp (5 f 1sPay) = s (5 f 1rwray)

Note that L®#-n)(R") = LP(R™) if A = —n and that L®¥0)(R™) = L®(R") if A = 0.
Generalized Morrey spaces L (%) (R™) with variable growth function ¢ were introduced
in [25] and studied in [26], [30], [33], etc.

We consider the following class of ¢:

DEFINITION 4.2.  Let G4°¢ be the set of all functions ¢ : R™ x (0,00) — (0, c0) such
that ¢ is almost decreasing and that r — @(x,r)r™ is almost increasing. That is, there
exists a positive constant C' such that, for all € R™ and r, s € (0, 00),

Colw,r) 2 pla,s),  pla,r)" < Cola,s)s", ifr<s.

4.2. Calderén—Zygmund operators.
We recall the definition of Calderén—Zygmund operators following [46]. Let Q2 be the
set of all nonnegative nondecreasing functions w on (0, c0) such that fol (w(t)/t)dt < 0.

DEFINITION 4.3 (standard kernel). Let w € Q. A continuous function K(z,y)
on R" x R\ {(z,z) € R?"} is said to be a standard kernel of type w if the following
conditions are satisfied;

C
|K(z,y)| < W for = #y,

T N ¢ (lv—~
|K (2, y) — K(z,2)| + |K(y, z) — K(2, )I§|x_y|n <|$_y|>

for 2y —z| <z —y|.

DEFINITION 4.4 (Calder6n—Zygmund operator). Let w € €. A linear operator
T from S(R™) to S’'(R™) is said to be a Calderén—Zygmund operator of type w, if T
is bounded on L?(R™) and there exists a standard kernel K of type w such that, for
[ € Liomp(R™),

comp

Tf(r) = . K(z,y)f(y)dy, = ¢suppf.

It is known by [46, Theorem 2.4] that any Calderén—Zygmund operator of type
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w € Q is bounded on LP(R™) for 1 < p < co. This result was extended to generalized
Morrey spaces L(P%)(R™) with variable growth function ¢ by [25] as follows: Assume
that ¢ € G9°¢ and that there exists a positive constant C' such that, for all 2 € R” and
r € (0, 00),

/00 ga(s;,t) dt < Cop(z,r). (4.1)

For f € L»¥)(R™), 1 < p < oo, we define T'f on each ball B by

Tf(x) = T(fx2n)(x) + / K(z.)f(y)dy. =€ B,

R"\2B

Then the first term in the right-hand side is well defined, since fx2p € LP(R™), and the
integral of the second term converges absolutely. Moreover, T f(z) is independent of the
choice of the ball B containing x. By this definition we can show that 7" is a bounded
operator on L(P#)(R"), see [25].

For the boundedness of the commutator [b, T] on L®%¥)(R"™), we have the following
theorem.

THEOREM 4.1 ([2]). Letl <p<g< oo and ¢,y :R" x (0,00) = (0,00). Assume
that ¢ € G4¢ and ) € G°. Let b € LL _(R") and T be a Calderén—Zygmund operator of
type w € Q.

(i) Assume that ¢ satisfies (2.3), that ¢ satisfies (4.1), that fol (w(t)log(1/t)/t)dt < oo
and that there exists a positive constant Cy such that, for allz € R™ and r € (0, 00),

b(,r)p(w, )P < Copla,r)M/. (4.2)

Ifb € L1,4(R™), then, for all f € LP#)(R™),

BTG = B TPen)@) + [0 b K0S dy, < B

is well defined for each ball B and there ezists a positive constant C, independent
of b and f, such that

0TI fll paer < Clbllzy Il -

(ii) Conversely, assume that ¢ satisfies (2.3) and that there exists a positive constant
Co such that, for all x € R™ and r € (0,00),

Cow(m,r)gp(x,r)l/” > <p(a:,r)1/q. (4.3)

If T is a convolution type such that

Tf(x) = p.w. - K(z —y)f(y)dy (4.4)



522 R. ARAI and E. NAKAI

with homogeneous kernel K : R™ \ {0} — C satisfying K(x) = |z| " K(z/|x|),
Jon1 K =0, K € C®(S"™ ) and K # 0, and if [b,T)] is bounded from L) (R™)
to LI&#)(R™), then b € L1 ,(R™) and there exists a positive constant C, independent
of b, such that

||bH£1,w S C” [b? T] ||L(P«¢)*>L(Q:<P)7

where ||[b, T]|| o)1) is the operator morm of [b,T] from L®¥)(R™) to
L(@9) (R™),

REMARK 4.1. For the well-definedness of [b,T]f under the assumption in Theo-
rem 4.1, see [2, Remark 4.2].

Next we state sufficient conditions for the compactness. To do this we consider the
following condition on v: There exists a positive constant C' such that, for all x € R"
and 7 € (0, 00),

/Too Mfz’ D gt < Cw(ff r), (4.5)

THEOREM 4.2 ([3]). Letl <p<gqg<ooandp,:R"x(0,00) — (0,00). Assume
the same condition as Theorem 4.1 (i). Assume also that, for all f € CZ5,,,(R™),

Tf(z)= lim K(z,y)f(y)dy a.e.x € R", (4.6)

20 |z—y[>e

L1,4(R")

and that ¢ and ¢ satisfy (2.3) and (4.5), respectively. If b € Cg5,,,(R™) , then the

commutator [b,T] is compact from LP#)(R™) to L(®¥)(R™).

4.3. Generalized fractional integral operators.
Let I, be the fractional integral operator of order a € (0,n), that is,

It = [ 1w,

n |z =yl

Then it is known as the Hardy—Littlewood—Sobolev theorem that I, is bounded from
LP(R™) to LY(R™), if a € (0,n), p,q € (1,00) and —n/p + a = —n/q. This boundedness
was extended to Morrey spaces by Adams [1] as follows: If « € (0,n), p,q € (1,00),
A € [-n,0) and A/p+a = \/q, then I, is bounded from LP#*)(R") to L&) (R™). See
also [39] for the boundedness of I, on Morrey and Campanato spaces.

For a function p : R™ x (0,00) — (0,00), we consider the generalized fractional
integral operator I, defined by

i) = [ 2= ) ay, (a.7)

|z —y|™

where we always assume that
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1
/ p(i ) dt < oo for each z € R", (4.8)
0

and that there exist positive constants C', Ky and Ky with Ky < K5 such that

K2’l“

t

sup p(z,t) <C o,
r<t<2r Kir

dt for all z € R™ and r > 0. (4.9)

Condition (4.8) is necessary for the integral in (4.7) to converge for bounded functions f
with compact support. Condition (4.9) was considered in [40].

If p(x,r) = r*, 0 < a < n, then I, is the usual fractional integral operator I,. If
a(:) : R™ = (0,n) and p(z,r) = r*@ then I, is a generalized fractional integral operator
I (z) with variable order. For the boundedness of I,,, see [14], [27], [28], [29], [42], etc.

Assume that p satisfies (4.8) and (4.9). Let 1 < p < oo and ¢ € G9°. Then, for
f € L»¥)(R™), under some suitable condition, the integral in (4.7) converges absolutely
and we can show that I, is a bounded operator from L®#)(R") to L(@¥)(R"), see 33,
Corollary 2.13].

For the boundedness of the commutator [b, I,] on L®¥)(R™), we have the following
theorem.

THEOREM 4.3 ([2]). Letl <p < g < oo and p,p, : R" x (0,00) = (0,00). Let
be Ll (R™). Assume that ¢ € GI*¢ and ¢ € G'°. Assume also that p satisfies (4.8)
and (4.9). Let p*(z,r) = [, (p(x,t)/t)dt.

(i) Assume that p, p* and ¢ satisfy (2.3), that ¢ satisfies (4.1) and that there exist
positive constants €, C,, Co, Cy and an exponent p € (p,q| such that, for all
x,y € R™ and r,s € (0,00),

c, p(f :) > p(f f), if r<s, (4.10)
r S
p(x,r)  ply,s) p* (@)
200 20 < 6 (ol 4 o - o) 2T,
1 r r
if —< - < — = .
if 27872 and |x y|<2, (4.11)
T 0 1/p -
/ @dw(x,r)l/u/ wcug Cop(a, VP, (4.12)
0 T
(@, r)p(a, )P < Crp(a,r)'/9. (4.13)

If b € L1,.4(R™), then [b,I,]f is well defined for all f € LP#)(R™) and there exists
a positive constant C, independent of b and f, such that

||[b, Ip]fHL(qw < CHbHELw”fHL(P»w)-

(ii) Conversely, assume that ¢ satisfies (2.3), that p(z,r) =r%, 0 < a < n, and that

Cotp(, r)r® o, 1) /P = p(a,r)' /1. (4.14)
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If [b, 1] is bounded from L®P%)(R™) to L(&#)(R"), then b € Ly ,(R") and there
exists a positive constant C, independent of b, such that

[1bll2s,y < CllB L] lzwer— L0

where ||[b, In]|| o) s 10y 5 the operator morm of [b,I,] from L®P#)(R™) to
L(@%) (R™),

REMARK 4.2. For the well-definedness of [b, I,]f under the assumption in Theo-
rem 4.3, see [2, Remark 4.3].

Next we state a sufficient condition for the compactness of the commutator [b, I,
on L(pv‘»@) (Rn)

THEOREM 4.4 ([3]). Letl < p < g < oo and p,,% : R" x (0,00) — (0,00).
Assume the same condition as Theorem 4.3 (i). Assume also that ¢ and v satisfy (2.3)
and (4.5), respectively. If b € ngmp(R")El’MR )
from L®#)(R™) to L@¥)(R™).

, then the commutator [b,1,] is compact

4.4. Characterization of compact commutators.

In the previous subsections we state sufficient conditions for the compactness of
the commutators [b, 7] and [b, I,] on L(P¥)(R™). In this subsection, to characterize the
compactness, we give necessary conditions. To prove the results we apply Theorem 2.1
in the final section.

THEOREM 4.5. Let 1 <p<gq < oo and ¢,9 : R" x (0,00) = (0,00). Let T be a
Calderén—Zygmund operator of convolution type with kernel K : R™ \ {0} — R. Assume
the same condition on @, ¥ and T as Theorem 4.1 (ii). Assume also that there exists a
positive constant po such that

limsup sup @(x, )Pz, r)r™/9 < pg inf oz, )Pz, )/, (4.15)
r—4+0 zeR" z€R™, re(0,1]

sup oz, ) Pz, r)r"/1 < poliminf inf o(z, r)YPy(x, r)r/, (4.16)
z€R™, re(l,00) r—oo zeRn

lim sup <p(a:,r)1/pw(x, r) < uo 1ir|[l inf <p(ac,r)1/pw(x, r) for every r > 0. (4.17)

Let b be a real valued function in Li (R™). If [b,T] is well defined on LP*) (R"™) and

loc
compact from LP#)(R") to L(@¥)(R™), then b is in C (IR")&’MIR ),

comp

We note that the Riesz transforms fall under the scope of Theorem 4.5.

REMARK 4.3. If ¢ and v satisfy
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lim sup go(w,r)l/pw(x,r)r”/q =0,
r—=+0 zcRrn

lim inf o(z,r)YPy(z,r)r™/ = oo, (4.18)

r—oo0 zER™

lim @(xz,r)Py(x,r) exists for every r > 0,
|z|—o00

or
pot < o, r)YPy(x, 7)1 < g for all z € R™, r € (0, 00), (4.19)
then the conditions (4.15), (4.16) and (4.17) hold.
EXAMPLE 4.1. Let 1 <p <g<ooand 8(:),A(*) : R" = (—00,00). Assume that

0< inf B(z) < sup B(z) <1, 0< B, <1,
weRn 2CRn
—n < inf A(z) < sup A(z) <0, —n <A <O0.
reR® zER™

Let

rB@), @0 <r <,
xT,T)= T,T)=
Plar) {rﬁ*, g ) 7“/\*, 1 <r<oo.

Assume that A(+) is log-Holder continuous. Assume also that S(z) and A(z) have finite
limits as |z| — oo respectively and that

inf (8(x)+ A@)/p) > —nfa, B.+Nfp>—n/q

Blx)+Ax)/p < Mx)/q, Be+ A/ > A/g.

Then ¢ satisfies (2.3) and ¢ and © satisfy (4.3) and (4.18). Let b € Ll _(R"). If a

loc
Calder6n—Zygmund operator T satisfies the assumption in Theorem 4.5, and if [b, T is

7C . R’!L
compact from L®#)(R") to L(@¥)(R™), then b is in CZ5,,, (R™) e
We also take the cases

w7700 0gle/m)n 0, 0 <<,
z,7) =
7B (log(er))ﬁ**, 1<r<oo,

etc.

THEOREM 4.6. Letl <p<qg<oo,0<a<n and @, :R" x (0,00) = (0,00).
Assume the same condition on ¢, ¥ and o as Theorem 4.3 (ii). Assume also that there
exists a positive constant pg such that

limsup sup (e, ) PG o inf o) P )L (420)
r— rER™ x » T >
sup o, r) P, r)re Y < poliminf inf o(z, 7)YPp(2, r)rot/e (4.21)

z€R™, re[l,00) r—oo zeR™
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lim sup @ (z, ) YPy(x, r) < po liminf (z, 7) /P (z,r) for every r > 0.

(4.22)

Let b be a real valued function in Ll _(R™). If [b,1,] is well defined on LP?)(R™) and

loc
-
compact from LP#)(R™) to L(@¥)(R™), then b is in O (R") e

comp
We can take similar examples to Example 4.1 for the compactness of [b, I,,].
We will prove Theorems 4.5 and 4.6 in the following sections by using Theorem 2.1.
5. Lemmas.

In this section we show several lemmas to prove Theorems 4.5 and 4.6 in Section 6.

LEMMA 5.1 ([24, Corollary 2.4]).  There exists a positive constant ¢, dependent
only on n such that, for all x € R™ and r,s € (0,00),

2 MO(f, B(z,1))

; dt, if r<s.

|fB(m,r) - fB(x,s)| <ecp

T

The next lemma is well known as the John-Nirenberg inequality.
LEMMA 5.2 ([20]). For all cubes Qo and all t > 0,
{z € Qo= [f(2) = fq,| > t}] < e|Qo| exp (=At/sup {MO(f, Q) : Q@ C Qo}),
with A = (2"e)~1.
For the constants e and A in the above lemma, see [16, Theorem 3.1.6].

COROLLARY 5.3.  Assume that ¢ € G™. Let v > 1 and f € Lq,4(R") with
I fllz,, =1. Then, for all balls By and all t > 0,

[{z € vBo 1 [f(2) = fBo| >t + Aovib(Bo)}| < Arv"|Bo| exp (—A2t/(vp(Bo))) ,
where the constants Ay, A1 and As are dependent only on n and 1.

PrOOF. We denote by v,, the volume of the unit ball. Let @y be the smallest cube
containing vBy. Then
[Qol _ (2v)"

I/BO C Q() C \/EVBO, @ = 0

By this relation, Lemma 5.1 and || f||z, , = 1 we have

|fBo _fQU| < |fBo _f\/ﬁuBO| + |f\/ﬁuBo _fQo|

/2\/51, MO(f, tBo) dt + |\/ﬁVBo|MO
" t |Qol

<c

(fv \/EVBO)
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<o | Y UBY) 4y (2B

t
< AOl/w(BO)a

where the constant Ag is dependent only on n and ). Since

|f(z) = fB,| >t + Aovip(Bo)
= |f(@) = feo|l >t +1fB, — f@ol = [f(z) = fq,l >t

we have

{z € vBo : [f(2) = fB,| >t + Aovib(Bo)}|
< Hz evBo:|f(z) = fqol >t}
<z € Qo:[f(x) - fq,l >t}
< €|Qo| exp (—At/sup {MO(f,Q) : Q C Qo})
= @md exp (—At/sup {MO(f,Q) : Q C Qo}) with A= (2"¢)"L.

n

In the above the third inequality follows from the John—Nirenberg inequality. For any
cube @ C Qo, take the smallest ball B containing ). Then

|B|

QCBCVawBy (o= (Vi/2)"u
Hence
MO(/,Q) < 25 MO, B) = 2(1//2)"0,MO(f. B).
That is,

sup {MO(f,Q) : Q C Qo} < 2(v/n/2)"v,sup {MO(f, B) : B C v/nvBy}
< 2(v/n/2) vy sup {¥(B) : B C v/nvBy}
< Ayv(Bo),

where the constant Af is dependent only on n and . Letting A; = e2™/v,, and Ay =
A/Al,, we have the conclusion. O

In the following lemma we used the idea in [7].

LEMMA 5.4. Let b be a real valued function. For any ball B, let

B(2) = p(B)'/P (sgn(b(z) —bg) — CO)XB(Z)a where ¢y = ][Bsgn(b(z) —bg)dz. (5.1)

Then



528 R. ARAI and E. NAKAI

supp fZ ¢ B, . fB(z)dz=0, (5.2)
FP(2)(b(z) —b) >0, (5.3)

. FP(2)(b(2) — bp) dz = (B)"/?|B]MO(b, B), (5.4)
12w < C, (5.5)

where C' is a constant dependent only on n and .

PROOF.  The first assertion (5.2) is clear. Since [5(b(z) —bp)dz =0, it is easy to
check || < 1. Then we have

FE(2)(0(2) — bg) = 9(B)/7 (Ib(2) — ba| = co(b(2) ~ b)) xm(2) = 0

and

FP(2)(b(z) — bp) dz = p(B)!/" /B (16(z) = sl = co(b(z) — b)) =

B)P /B 1b(=) — bi| d=

= ¢(B)/?|BI]MO(b, B).

Rn

Finally, let B = B(x,r). We show that, for any B’ = B(a/,1),

f FB(2)Pdz < C.
B/

¢(B')

If BNB # 0 and v < r, then o(z,7) ~ @(z,2r) ~ o(a’,2r) < p@’,r') by (2.1), (2.3)
and the almost decreasingness of ¢. Hence

¢(B)
fB z)Pdz < <C.
f, e < Zg
If BNB # 0 and v > r, then o(z,r)r"™ < o(z,2r")(2r")" ~ (@', 2r")(2r" )" ~

2"p(x’,7")(r")™ by the almost increasingness of ¢ — ¢(x,t)t", (2.3) and (2.1). Hence

i bop . - 2B
o) ]i el < S < © -

LEMMA 5.5. Let p,q € (1,00). Let T be a convolution type singular integral oper-
ator such that

@(B')

Tf(x)=po. | K(z—y)fly)dy (5.6)

Rn
with homogeneous kernel K : R™\ {0} — R satisfying K (x) = |z|""K (z/|x]), [go K =
0, K € O®(S" 1) and K # 0, Assume that ¢ € G¥° and 1 € G"°. Assume also
that 1 satisfies (4.5). Let b be a real valued function and ||b|z, , = 1. For any ball



An extension of the characterization of CMO 529

B, define fB by (5.1). Then, for any constants ey, o € (0,00), there exist constants
V1,9 € [2,00) (11 < 112), v3 € (0,00) and v4 € (0,1) such that, for all balls B satisfying
MO(b, B) /¥ (B) > €, the following three inequalities hold:

1 1/q

(IBI/ B\ 5 BT |qdy> > v3p(B)Py(B), (5.7)
1 1/q )

2] B i 1/p

<|B| /]Rn\yzBHb T )" dy) = 4MOW(B) ¥(B), (5.8)

and, for any measurable set E C vaB \ 11 B satisfying |E|/|B]| < vq,

e
(51 LIemir @l ) < 2wy iru). (5:9)

The Riesz transforms fall under the scope of Lemma 5.5.

PROOF. Step 1: Since K € C*®°(S"™ 1) and K # 0, we may assume that |K(y") —
K(2)| <y — 2| forall y,2" € S"~1 and that

o({z' € S K(2') > 26}) >0
for some constant €; € (0,1), where o is the area measure on S~ !. Let
A={2x € S" ' K(z') > 26}
Then
yeN eSS tand |y — | <er = K()>e, (5.10)

since K(y') > 2e; and |K(y') — K(2")| < |y — 2| < e1. Set £ =2/e; > 2.
Step 2: Let B = B(z,r) satisfy MO(b, B)/1(B) > €. We show that

¢(B)'/74(B)| B y—=x
T((b—-bp)fB)(y)| > F———"""ejey fory ¢ ¢B and €A, 5.11
(= bn)f )W) = =Gp— e —ac foryé =] (5.11)
B)YPy(B)|B
(0 o)) ) < 20 A8 AL oy g 0, (5.12)
r|b(y) — bple(B)'/?|B
00~ b)) < PO T oy g o, (5.13)
where the constant C'k is dependent only on the kernel K.
Now, for y ¢ ¢{B and z € B, we have
y—x y—z y—z y—2z 2|z — x|
- - =e.

y—al =2l - Iy—xl y—al| Iy—xl y—z| = y—af ¢

In this case, if (y —x)/|y — x| € A also, then K((y — 2)/|y — z|) > €1 by (5.10), and then
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€1 €1

K(y—z)> > .
ly — 2" = (2ly —=|)"

Hence, from (5.3) and (5.4) it follows that, for y ¢ ¢B and (y — z)/|y — x| € A,
#(B)!/?|BMO(b, B)
(2ly — )"

which shows (5.11), since MO(b, B) > 1(B)eg. On the other hand, for y ¢ ¢B and z € B,
we have

€1,

IT((b — b)) ()| = /B K(y — 2)(b(z) — bp) fP(2) dz >

Cx  _ 2"Ck
ly — 2" = |y — x|

[K(y —2)| <

Then, from (5.3) and (5.4) it follows that, for y ¢ ¢B,

(B)'/?|B]MO(b, B)
ly — x|

IT((b—b)fP)(y)| < 2"Ck 2

)

which shows (5.12), since ||b]|¢, , = 1. Finally, from (5.2) and (5.5) it follows that, for
y ¢ (B,

|(b(y) = bB)T(f7)(y)] = ‘( (y )*bB)/ (K(y—2)fP(2) = K(y — 2) " (2)) dz

Cklz
< bt~ bul [ L)

r[b(y) — bp|e(B)'/?|B]
ly — x|+

<Ck

b

which is (5.13).

Step 3: Let K = n—n/q > 0. From the condition (4.5) it follows that ¢ ~— v (z,t)/t1~¢
is almost decreasing for some constant 6 € (0,1), see [25, Lemma 2] or [31, Lemma 7.1].
In this step, using (5.13), we show

1/q
(/R"\zjoB|(b(y)_bB)T(fB)(y)|qdy> < Cl(2j0)7H70@(B)1/p‘3‘1/q1/)(3)7 (5.14)

where the constant C; is independent of B and jy € Z satisfying jo > log, £.
By Lemma 5.1 and ||b]|z, , = 1 we have

1/q 1/q
(7[ |b<y>—bB|Qdy) s(][ Ib(y)—b2j+13|qdy) + Pbyrers — bl
2i+1B 2i+1RB

2i+2
t
Scn/ w(i’)dt, j=1,2,....

Then, for jo > log, ¢, by (5.13),
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1/q
</ , I(b(y)—bB)T(fB)(y)lqdl/>
n\2/0 B

b(y) — bp|?
< Cxre(B)7(B] Y </2 | %dy)

i+1B\27 B ly

2042y

1 o~ |27 B Y(z,t)
< ro(B)Y?|B| Z DB 7 dt

<SrpB)7B| [ sHn/a? ( / g dt) ds.

2701

Recall that k =n —n/q > 0, and let

[’} 290 ') s
L= / s (/ LG dt) ds, Ip= / §F2 (/ $la.t) dt) ds.
290 r t 290 290 t

Then

1/q
</]R"\2j03 |(b(y) = bB)T (") ()" dy) S re(B)YP|B|(I + I). (5.15)

tl—«g

Using the almost decreasingness of ¢ — ¢(z,t)/t' %, we have

2j0 k—1 2.io,,, " . 2.707,
I, = ( T) 1/)(967 ) dt 5 (2307,)7;471 w(iﬂﬂ’) tft‘) dt
k+1 ” t =0/

5(2j0 ) K— 1w( )(2]0 ) (2]’0) K— Ow( )|B| 1+1/q

and

t

2301 t 2§01 t k+1

¢($72j07") k-1 Y(z,7) j 91/’( ) 1
< ® < Jo Joy—r— +1/q.
~ (2dop)1-0 2jort RS rl=0 (Zor) ™~ (270)7 1Bl

Hence, combining (5.15) with the estimates of I; and I, we have (5.14).
Step 4: Recall that k = n —n/q > 0. We show (5.7) and (5.8). From (5.11) and
(5.14) it follows that, for j; > jo,

1/q
( / b T]fB(y)quy>
201 B\290 B

1/q
> ( [ e - bB>fB><y>|Qdy>
291 B\290 B
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1/q
- (/ —|(o(y) - bB)T(fB)(y)quy>
7L\2]OB

1/aq
> (B)"/"y(B)|B| </(2 1)nqdy> €160

71 B\290 B)n{y:(y—=) /ly—zlen} (2ly — 7]
— C1(270) 7" (B)"/?|B|"1y(B)
> @(B)/P| B 1p(B) (Co((27) 79 — (2) ") ereg — Ca(270) ")

where the constant Cs is independent of B, jo and j;. From (5.12) and (5.14) it follows
that

1/q
( Lo, BTG dy>

< 2"C(B)/7(B)|B| ( /

< @(B)/P|BV4p(B) (C3(2) 7" + Cr(2) 7" 77)

1

_ x|nq

1/q
- dy) +C1(27) 7 Pp(B) /7| B|Y 1) (B)
n\92J1 B

where the constant C3 is independent of B, jo and j;. Therefore, we can choose v; = 27,
vg = 271 and v3 > 0 such that (5.7) and (5.8) hold.
Step 5: We show (5.9). Let E C 1B\ 11 B. From (5.12) and (5.13) it follows that

(L1 T]fB<y>|Qdy)l/q (5.16)

1 1/q
< v @l ([ o= i)

by) — bal’ >”‘1

1/p
+CKT§0(B) |B| ( 5 |y—l‘|(n+1)q

< Cn(1)"0(B)Py(B)|E|/
1/q
+ Crnln) o) ([ ) - bltay)
E
Let b=1b—bg, and let
Mw)=|{z e E:|b(z)] >w}| and b*(t) = inf{w > 0: Aw) < t}.

Since E C 15 B, by Corollary 5.3 we have

AMw + Aorap(B)) < A1o"|Blexp (—Aaw/(12(B))) -
Hence

Aw) < Ay | Bl exp (= Az (w — Aoratp(B))/ (129 (B))) -



An extension of the characterization of CMO 533

Since

t = Ajp"|Blexp (—Az(w — Aovatp(B))/ (v29(B)))

1 A" B
& wwﬂ@(%+bg”“')
Ay t

we see that

9

b (1) < 1o (B) (Ao SE

A11/2n|B|
Ag t

A" B
s@wwm(uwglf/)

with A3 = max(1, Ap)/ min(1, A2). Then

|E] _
/E|b(m)—b3|qu§/0 (5*(1))7 dt (5.17)

|E| n q
< (ara(B)" [ (mog A”t'm) at
0

|E|/(A1v2™|B]) 1\ ¢
< (AsVzw(B))qA1V2n|B|/ <1 + log t) dt.
0

1+1o 1 q<2i t{1+1o 5y O<t<e 2
g, ) =24 S ; < ;

if |E|/(A1v2"|B]) < e™24, then

|El/(A1v2™|Bl) 1\ ¢ 2|E| All/Q"‘B‘ q
l+log-) dt<———(14+log——— ] . 5.18
A ( gt) Awﬂm( * B ) (519

Combining (5.16), (5.17) and (5.18), we have

1/q 1/q n
(/ I[byT]fB(y)lqdy) < Cop(B)Y/?|B|"p(B) (|E|) (1+10g Al”23|>7
E |B| |E|

Since

where C' is dependent only on n, Ay, As, 1 and vo. Therefore, we can choose v4 € (0, 1)
such that (5.9) holds whenever |E|/|B| < vy. O

LEMMA 5.6. Letp,q € (1,00) and a € (0,n). Assume that ¢ € G3¢ and ¢ € G'*°.
Assume also that v satisfies (4.5) and that n —a —n/q > 0. Let b be a real valued
function and ||b|lz, , = 1. For any ball B, define fP by (5.1). Then, for any constants
€0, to € (0,00), there exist constants v1,vs € [2,00) (11 < va), v3 € (0,00) and vy € (0,1)
such that, for all balls B satisfying MO(b, B) /¥ (B) > €, the following three inequalities
hold:

1/q
(;/B\ B|[b,1a]f3(y)|qdy> > vs(B)Y/?|B|*/™(B), (5.19)
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1/q
71 1%
I B q < 73 B 1/p Ba/n B 9
(lBI o 11 'dy> < pB) B, (620

and, for any measurable set E C vo B\ 11 B satisfying |E|/|B| < vy,

1%

1/a
(&/E\[bJa]fB(y)de) < Je(B)7|B")(B). (5.21)

PROOF. Let B = B(z,r) satisty MO(b, B)/1(B) > €. For y ¢ 2B and z € B, we
have

1 PR B 1
Qly =)= 7 Jy =z = (Jy —«|/2)"~

From (5.3), (5.4), [|bllz,, = 1 and MO(b, B) > ¥(B)e it follows that, for y ¢ 2B,

2) —bg)fB(z p
o= b)) )| = [ PEZ2E g, c ABTHEITL s

(b(z) = bp)fP(2) | $(B)'"6(B)B
= T eyl

(0= o) 7)) = | 0 (52)

From (5.2) and (5.5) it follows that, for y ¢ 2B,

00) = b)) = |16 — ) [ L

fP(z) fP(2) ) ‘
= |(b(y) — b / ( — dz
oo -om [, (5555 - 5 S
r|b(y) — bz / B
z)| dz

= ay - [, )

< b)) — bsle(B)'/7|B]

~ (n—o)(ly —xf/2)ret!
Next, let Kk = n—a—n/q > 0. Then in a similar way to Step 3 in the proof of Lemma 5.5,
instead of (5.14), we have that

(5.24)

1/q
(/RH\QJ_OB |(b(y) — bB)Ia(fB)(y)lqdy> < C1(270) 7" 0o (B)V/P|B|/ (B,

(5.25)
for some 0 € (0,1), where the constant C; is independent of B and jy. Moreover, in a
similar way to Steps 4 and 5 in the proof of Lemma 5.5, using (5.22)—(5.25), we have
(5.19), (5.20) and (5.21). O

6. Proofs of Theorems 4.5 and 4.6.

In this section, we prove Theorem 4.5 by using Theorem 2.1 and Lemma 5.5. We
omit the proof of Theorem 4.6, since we can prove it in the same way as Theorem 4.5 by
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using Lemma 5.6 instead of Lemma 5.5.

PROOF OF THEOREM 4.5.  Since [b, T] is compact from LP#)(R™) to L&) (R™),
then b € £;,4(R") by Theorem 4.1 (ii). We may assume that ||b]z, , = 1. Below we
show that b must satisfy the conditions (i), (ii) and (iii) in Theorem 2.1.

Part 1: Firstly, we show that, if b does not satisfy the condition (i), then [b,T] is not
compact. Since b does not satisfy the condition (i), there exist ¢y > 0 and a sequence of
balls {B;}32, = {B(z;,7;)}32, with jhﬁrglo r; = 0 such that, for every j,

MO(b, B;)
¥(B;)

For every B;, we define f; = f5 by (5.1). Then sup; || fill L@y < C by Lemma 5.4. If we
can choose a subsequence {f;)}z2; such that {[b,T]f;x) }72, has no any convergence
subsequence in L(QW)(R”), then we have the conclusion.

Now, for the constant € in (6.1), let v; (i = 1,2,3,4) be the constants defined by
Lemma 5.5. By Jlggo r; = 0 and the assumption (4.15) we may choose a subsequence

By} such that
3 (k)

> €p. (61)

B.
| Bl 2z
and
@(Bjk+1) P (Bjrt1))| By 9 < p0@(Biay) P (B ) )1 By |9 (6.3)

Then the subsequence {f;()} associated with {Bj)} is just what we request. Namely,
there exists a positive constant § such that, for any k,¢ € N with k < £,

116, T fjky — [0: TN fi0) I Lcaer = 0 (6.4)
In fact, for fixed k,¢ € N with k& < ¢, denote
G= UgBj(k) \V1Bj(k), E=Gn VQBj(g).

Then by (6.2) we have

E] _ %8B
1Biay| = [Bjw)l

From the relation G\ £ = G\ voBjp) CvaBjy N (ygBj(g))C it follows that

1/q 1/q
< / 16,7101 dz — / [va]fj(k)qu) — < / |[b,T}fj<k>|qdw>
G E G\ v2Bj)

1/q 1/q
< </ 1[0, T]f k) — [0:T] fi0) | dﬂ?) + (/ 1[0, T f(0) dﬂ?) . (6.5)
v2 Bk (v2Bj())®
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By (5.7), (5.8), (5.9) and (6.3) we have

LTl e > (molBi) P otBi) 1Bl (©66)

1/q
V3
(/( Byt [0, T]f;(0)|? dx) < me(Bj(E))l/pw(Bj(Z))|Bj(e)‘l/q
v2Bj(e)

IN

1%
Zg (Bji)/P0(Bjr)) | Bjgy V4, (6.7)
q
10007 ds < (B0 Po(B) Bl 69

Combining (6.5)—(6.8), we have
q a\!/ 1/p 1/q
(Vg — (v3/4) ) (Bj)) "P(Bjw)) Bkl

1/q
V3
< (/ . [0, T) fik) — [bs T]fj(z)qd9€> + Z@(Bj(k))l/pw(Bj(k))|Bj(k)|1/qv
V2bj(k)

which shows

1/q
80 2(Bj() P (Bjky) | Bj |V < (/ 1[0, T ficky — [0, T f(0)|* dx) ,

2Bj(k)

1/q
where g = (ng — (1/3/4)q) —wv3/4 > 0. Thus, using (4.3) and the almost decreasing-

ness of ¢, we have

1/q
1 ][
A B ban _b,Tf4 4 dx 26’
<¢(V2Bj(k)) v2 Bj (1) |[ ] s [ ] ](£)| )

where ¢ is independent on m and ¢, which shows (6.4).

Part 2: Secondly, we show that, if b does not satisfy the condition (ii), then [b, T] is
not compact. Since b does not satisfy the condition (ii), there exist ¢y > 0 and a sequence
of balls {B;}52, = {B(z;,7;)}52, with ]lglolo r; = oo such that, for every j,

MO(b, B;)
Y(B;))

For every Bj;, we define f; = f5 by (5.1). Then sup, || f;| ;o) < C by Lemma 5.4. By

hr% r; = oo and the assumption (4.16) we may choose a subsequence {Bj)}3Z, such
1

that

> €.

1Biw| _ v
|Bj(kt1)]
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and

(BP0 (Bio) 1By [ < 1100(Bjtes1) PU( Bk 1)) Birry 2.

Then, in a similar way to Step 1 we conclude that there exists a positive constant § such
that, for all k,¢ € N with k < ¢,

1/4q

1
f 6,750 — 0. TVl da | > 6.
v2Bj(e)

©(v2Bjr))

That is, [b, T] is not compact.
Part 3: Finally, we show that, if b does not satisfy the condition (iii), then [b,T]
is not compact. Since b does not satisfy the condition (iii), there exist ¢g > 0 and a
sequence of balls {B;}32; = {B(z;,7)}32; with lim [z;| = oo such that, for every j,
j—00
MO(b, B;)
¥(B;)

By 1ir% |z;| = oo and the assumption (4.17) we may choose a subsequence {B;)}72,
71—

> €.

such that v, By N2 Bj(,41) = 0 and

OBtk 1)) PV (Bjtes 1)1 Bjter )| 9 < 1o@(Bir) P (B | B | 1.

Then, in a similar way to Step 1 we conclude that [b, T] is not compact. O
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