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Abstract. Given a Dirichlet form with generator £ and a measure p,
we consider superharmonic functions of the Schrédinger operator £ + p. We
probabilistically prove that the existence of superharmonic functions gives rise
to the Hardy inequality. More precisely, the L2-Hardy inequality is derived
from It6’s formula applied to the superharmonic function.

1. Introduction.

Let M = (X;,P,) be an m-symmetric Hunt process on a locally compact separable
metric space F. Here m is a positive Radon measure with full topological support.
(€,D(€)) denotes the Dirichlet form on L?(E;m) generated by M.

Let p be a positive smooth measure and Djoc(€) the set of functions locally in D(E)
in the ordinary sense. A function h € Dj,c(€) is said to be superharmonic with respect
to the Schrédinger operator £# := L + p if

E(h, o) — /E hodu >0 forall g € D(E) N Co(E) with ¢ > 0.

Here L is the generator of the process M and Cy(E) is the set of continuous functions
with compact support. We remark that E(h, ¢) is not well-defined for h € Djo(€) and
v € D) N Cy(E) in general if (£,D(E)) has a jumping part. For this reason, we
assume that every superharmonic function belongs to the subclass DITOC(S) of Dioc(€)
(see Section 2 for the definition). The class DITOC (&) was introduced by Kuwae [16] and
satisfies the following property: for any u € DITOC(S) and ¢ € D(E) N Cy(E), E(u,p) is
well-defined by

E(u,p) = £©(u,0) + /

ExXE

(ule) = uw))ela) = olo) o dy) + [ wp
(the definitions of £(¢), J and & are found in Section 2).

It is known that superharmonic functions play an important role in the study of
(L?-)Hardy’s inequality:
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/ wldp < E(u,u), u € DE)
B

(see [4] and [9] for example). One of objectives is to show that if there exists a superha-
monic function A of £#, then the following equality holds true

E(U,u)—/Euzd,u:Eh (%%) +/E”“:dy, u € D). (1)

Note that the equality (1) is a refinement of L2-Hardy’s inequality because the right-
hand side is nonnegative. Here £" is the Dirichlet form generated by the Girsanov
transformed process defined by h (see Section 4 for details) and v is a positive smooth
measure satisfying the relation

E(h,cp)*/EWdu:/E@dv, p € D(E)NCo(E).

Our proof is obtained by applying It6’s formula to Fukushima’s decompositions of
superharmonic functions. Kuwae [16] and [17] proves that every u € DITOC(S) admits
Fukushima’s decomposition: u(X;) — u(Xjy) is decomposed into a martingale additive
functional locally of finite energy and a continuous additive functional locally of zero
energy. It is known that the 0-energy part in Fukushima’s decomposition is not always
of bounded variation, in particular, It6’s formula is not always applicable. From [13,
Chapter 5], we know sufficient conditions for the 0O-energy part of a function in D(E)
being of locally bounded variation. We extend those conditions to the class DITOC(S)
(Theorem 3.2, Corollary 3.3) and show that the O-energy part of superharmonic function
in DIOC
Itd’s formula, we prove that the equality (1) holds whenever there exists a positive
continuous superharmonic function in DITOC(é’ ).

We consider the Dirichlet form (£(*), D(£%)) associated with the symmetric a-stable
process on R%. Assume 0 < a < 2 A d, that is, (£(*), D(£%)) is transient. We show that
|2|7?, p € (0, (d/2) A(d—«)) is a superharmonic function of —1/2(—A)*/24+Cy o, - |2]|72,
and derive the following equality as an application of (1):

(&) is of locally bounded variation (Lemma 4.1). By combining this result with

u(x)?

g(a) _C «@ /
)= Cacr foo Taie

yl=r ) e —yltre

dx

(2)

(the definitions of constants Cy 4 p, A(d, @) are found in Section 6). The representation
(2) has been already proved by Bogdan, Dyda and Kim [5] (see also [2], [12]). We would
like to emphasize that although the proof in [5] is analytic, our proof is probabilistic,
that is, L2-Hardy’s inequality follows from It6’s formula.

We can characterize superharmonic functions by using excessive functions. Let p
be a positive measure in the local Kato class and {p} };+>0 the Feynman-Kac semigroup
defined by
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P f(w) = Ex[exp(Af) f (X)),

where { A}’ };>( is a positive continuous additive functional with Revuz measure p. Takeda
[20] shows that under the local property assumption, a strictly positive function h in
Dioc(E) NC(E) is superharmonic with respect to £ if and only if & is p}'-ezcessive, that
is, pi'h < h. We extend this result to more general Dirichlet forms with non-local part
(Theorem 5.1).

2. Preliminaries on Dirichlet forms.

Let E be a locally compact separable metric space and m a positive Radon measure
with full topological support on E. Denote by Ea := EU{A} the one point compactifi-
cation of E. Let (£, D(£)) be a regular Dirichlet form on L?(E;m). We denote D, (&) by
the family of m-measurable functions u on E such that |u| < oo m-a.e. and there exists
an £-Cauchy sequence {uy} of D(£) such that lim, . u, = u m-a.e. We call D,(€) the
extended Dirichlet space of (€, D(E)).

Let M = (Q, #,{%#:}1>0, {Ps }zer, {Xi}1>0, () be the symmetric Hunt process gen-
erated by (£, D(E)), where {#; }:>0 is the augmented filtration and ¢ := inf{t >0 | X; =
A} is the lifetime of M. Denote by {p:}+>0 and {Rg}g>0 the semigroup and resolvent of
M:

() = Bo[F(X0)], Rpf(x) = / TP fla)dt, € By(E),

where B,,(F) is the space of bounded Borel functions on E.
For a closed subset F' of E/, we define

DE)r:={uecDE)|u=0 mae on E\F}.

An increasing sequence { F}, },,>1 of closed sets of E is said to be an E-nest if |J,,~; D(€)r,
is dense in D(E) with respect to the norm /& (:: E(, )+ (-,-)m), where (-, )m
denotes the inner product on L?(E;m).

A subset N of E is said to be E-exceptional if there is an E-nest {F), },>1 such that
N cN,>1(E\ F,). A statement depending on = € E is said to hold quasi-everywhere
(q.e. in abbreviation) on E if there exists an £-exceptional set N such that the statement
is true for every x € E\ N. A function w is said to be quasi-continuous if there exists an
E-nest {F, },>1 such that u|p, is finite and continuous on F,, for each n. Here u|g, is
the restriction of u to F,,. Each function u € D.(£) admits a quasi-continuous m-version
u, that is u = u m-a.e. In the sequel, we always take a quasi-continuous m-version for
every element of D, ().

A positive Borel measure v on E is said to be smooth if it satisfies the following two
conditions:

(i) v charges no E-exceptional set,

(ii) there exists an E-nest {F},},>1 such that v(F,) < oo for each n.
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A function w is said to be locally in D(E) in the ordinary sense (u € Dic(€) in
notation) if for any relatively compact open set G, there exists a function v € D(E) such
that u = v m-a.e. on G.

We define the family © of finely open sets by

= {{Gn}n21 ’Gn is finely open and Borel for all n,G,, C Gp11, U,—y Gn = FE q.e.}.

(The definition of a finely open set is found in [13].) For two subsets A, B of E, A = B
q.e. means AAB := (A\ B) U (B\ A) is E-exceptional. Note that for an E-nest {F,} of
closed sets, {G,,} € © by setting G,, ;= F/ 1 where FJ ™ means the fine interior of
F,. A function u on E is said to be locally in D(E) in the broad sense (u € Die(E) in
notation) if there exists {G,,} € © and {u,} C D(£) such that v = u,, m-a.e. on G, for
each n € N. Clearly, Dioe(€) C Dioe(E).

For u,v € D(£), the following Beurling-Deny formula holds:

E(u,v) = E(C)(u,v) +/

ExXE

(u(z) — u(y))(v(x) —v(y))J (dz, dy) + /Euv dr (3)
([13, Theorem 4.5.2]). Here J is a symmetric Radon measure on E x E and k is a
Radon measure on E. £(¢) is a symmetric form possessing the strong local property, i.e.,
£©)(u,v) = 0 whenever u has a compact support and v is constant on a neighborhood
of supp|u]. Moreover, we see by [13, Lemma 3.2.3] that for u,v € D.(€), there exists a
signed measure uf, , such that E© (u,v) = 2_1/1?1“}) (E). Set [y = M
extend u? v tou,ve bloe(f).

u7

c

() We can

LEMMA 2.1.  For any {G,} € O, there exists an E-nest {F,} such that F,, C Gy,
g.e. and J(F, x (E\ Gy)) < oo for each n.

PrROOF. The proof is based on an idea in the proof of [16, Lemma 2.2]. Take
g € L?(E;m) with 0 < g <1 on E and define

TGn
R?"g(x) =E, [/ e_sg(XS)ds] ,
0

where 7¢, is the first exit time from the set G,,. Then R¥"g(z) > 0 on G, and RS"g
is quasi-continuous for each n. Take a common E-nest {K} such that all Rf" g,n>1
are continuous on each K;. Set F, := {x € K,, | RS"g(z) > 1/n}. Then since B, =
{R¢"g > 1/n} is increasing and E\J, -, B, is E-exceptional, {F, } is an E-nest by [15,
Lemma 3.3]. For each n, (E\ G,)" C E\ F,, where (E\ G,,)" = {z € E | R¢"g(z) = 0}
is the set of regular points for E'\ G,,. Hence,

Fo\G, CF,N((E\Gn)\ (E\Gn)").

Since ((E'\ Gn) \ (E'\ Gy)") is E-exceptional, we see F,, C G, q.e. Moreover, since
RS"g>1/non F, and RS"g =0 q.e. on E\ Gy, it holds that
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J(F, x (E\ Gp)) < n2/F e )(ang(x) — RS g(y))* T (da, dy).

The right-hand side is finite because R{"g is an element of D(E). Hence, {F,} is a
desired one. O

For u € Dioe(E), we define a Borel measure ;ﬂ@ on E by

iy ()= [ (ul) = )P T ).

We introduce subclasses DITOC(S) of Dioe(€) and Df. (€) of Dyoe(€) defined by

loc

i

loc

(&) :=={u € Die(€) | u{m is a Radon measure on E},
Df

loc

(&) := {u € Dipe(E) | u]@ is a smooth measure on E}.

Clearly, D{. () € D} (&). 1t is noted in [16] that D(E) U l(Diec(€))s C Df (£) and

loc loc loc

Do(E) U (Dioe(E))y € DL (E). Here (Dioc(€))s (resp. (Dioe(E))s) is the set of bounded
functions in Diye(E) (resp. Dioe(£)). For any v € D(E) with compact support and
u e D (), the value of £(u,v) defined by (3) is finite ([11, Theorem 3.5]).

loc

3. Continuous additive functionals locally of zero energy.

A stochastic process {A; }1>0 is said to be an additive functional (AF in abbreviation)
if it satisfies the following conditions:

(i) Ai() is F-measurable for all ¢ > 0,

(ii) there exists a set A € Fo = 0(U;5¢ %) such that P,(A) = 1 for qe. z € E,
0;A C A for all t > 0, and for each w € A, A.(w) is a function satisfying: Ag(w) = 0,
Ay(w) < oo for t < ((w), Ar(w) = A¢(w) for t > ((w), and Apps(w) = Ap(w) +
As(Ow) for s,t > 0.

An AF {A;}>0 is said to be continuous additive functional (CAF in abbreviation) if
t — Ai(w) is continuous on [0,00] for each w € A. A [0,00[-valued CAF is called
a positive continuous additive functional (PCAF in abbreviation). The family of all
smooth measures and the set of all PCAF’s are in one-to-one correspondence (Revuz
correspondence) as follows: for each smooth measure v, there exists a unique PCAF
{A¢}+>0 such that for any nonnegative Borel function f and y-excessive function h, that
is, e Vipsh < h,

it | [ 0000, = [ i@

([13, Theorem 5.1.4]). Here Epp,[-] = [ Ea[-]h(x)m(dz). For a smooth measure v, we
denote by {Af }+>0 the PCAF corresponding to v.
We see from [17, Theorem 1.2] that for u € ’DITOC (€), the additive functional u(X;) —

u(Xp) admits the following decomposition (Fukushima’s decomposition):
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u(Xy) — u(Xo) = M + N, fort € [0,

where Mt[“] is a martingale additive functional locally of finite energy and Nt[u] is a CAF
locally of zero energy (see [16] and [17] for more details). A CAF {4;};>¢ is said to be
of bounded variation if A; can be expressed as a difference of two PCAF’s:

Ay =AY AP <

|

It is known that the 0O-energy part Nt[u in Fukushima’s decomposition is not necessary

of bounded variation. For u € D.(E), sufficient conditions for Nt[u] being of bounded
variation are given in [13, Chapter 5]. Our aim in this section is to extend those results
to the class DITOC(E).

Recall that for a closed subset F' of E, D(E)F is the space defined by

DE)r={ueDE)|u=0 m-ae onF°:=F\F}.

D.(€)r and Dy(E)F are defined similarly, where Dy(&) is a set of bounded functions in
D(€). For a function f and a Borel set B C E, define

HBf(x) = E:v[f(XUB); op < OO]’

where op is the first hitting time of B.
Following the argument in the proof of [7, Lemma 6.2.10], we have the next lemma.

LEMMA 3.1.  For any u € D} (&), there exists an E-nest {F,} such that for each

loc
n, F, satisfies the following three properties:

0 wiE)+ [ (@)~ u@)PIdedy) + [ atde <,
F.xE F,
in particular, the value of E(u,v) defined by (3) is finite for all v € |, D(E)F,

(ii) v — Hpeu € De(E)F, and
1
€(u— Hrgu,u — Hrgu) < 5 iy (Fa) + / (u(z) — u(y))*J (dz, dy)
FpxFp
+ 2/ (u(x) — u(y))?J (dz, dy) + / u® drk,
FpoxFg Fp

(iii) Hpeu € TDITOC(S) and E(Hpeu,v) =0 for any v € Dy(€)F, -

ProoF. Note that Hpeu = u q.e. on Fy.

First we show that (i)—(iii) are satisfied for any v € D.(€) and closed set F' instead
of F,. Clearly, (i) holds. u — Hpeu € D.(€)F, and (iii) follow from [13, Theorem 4.6.5].
Since

E(u— Hpeu,u — Hpeu) = E(u,u) — E(Hpeu, Hpeu)
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and

—

E(Hpeu, Hpeu) > 3 I H ey (F€) —|—/ (Hpeu(z) — Hpcu(y))zJ(d%dy)

FexFe

(Hpcu)2 dk

c

=5+ [ ) )P oy + [ s

+
S

—_

c

we attain (ii).
Suppose u € D} (£). From the definition of D}

toe loe(£), there exists an E-nest {Frgl)}
such that

[ (0@) =~ uw) (e dy) < o0
FYxE
for every n. By the regularity of (£,D(£)), we may assume that all F,El), n > 1 are
compact. Take sequences {G,} € O and {u,} C D(£) such that v = u, q.e. on G, for
each n. From Lemma 2.1, there exists an £-nest {F,Sz)} such that FT(LQ) Cc G, q.e. and
J(F,?) x G¢) < oo for each n. We define an E-nest {F,,} by F,, := FY N FP. Clearly,
{F,} satisfies (i).

In the remainder of the proof, we fix n > 1 and put F := F,,, G := G,,. For k > n
and M > 0, we set u,(cM) = (=M)Vur, AM, u™) := (=M)VuA M. We have by applying
(ii) to u™ € D(&)

5(u§€M) - HFCUECM), UECM) - HFCU](CM))

1. 2
<L ()4 / (™ () — u{™ ()2 (de, dy)
27 w) FXF

+ 2/ (™ (@) = u™ ()" I (de, dy) +/ (u™")? d.

Noting that ufcM) =u™) q.e. on G and u™) is a normal contraction of u, the right-hand
side is dominated by

1 2
S0P+ [ (ule) = u)*I(do.dy)
2 u(r) —u 2J dx,d
2 () ) e dy
F

+ 2/ (u(M) () — u,gM)(y))zJ(dx,dy) +/ u? dk.
Fx(FenGe)

Since J(F' x G°) < oo, we have by the bounded convergence theorem
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lim supE(u,(cM) — Hpcu,(cM), u,(CM) — Hpcu,(CM))
k—o0
1 .
< i)+ [ (ule) - u(w)PIda,dy) (W
FxF

+ Q/FXFC(u(x) —u(y))?J(dx, dy) +/Fu2 dr < 0.

We see from the Banach—Saks theorem ([7, Theorem A.4.1]) that there exists a subse-
quence {uéjy)}jzl, k1 > n such that

13
W= = (g = Hpeup,”)

J {=1

is an £-Cauchy sequence. Hence, we see that {1;} E-converges to u™) — Hpcu™) ¢
D.(E)r N L>®(E;m). Since F is compact, the space D.(E)r N L™ (E;m) is contained in
L?(E;m), and thus it coincides with Dy(€)r by [13, Theorem 1.5.2]. Moreover,

S(u(M) — Hpeu™) (M) —Hpcu(M)) :jlirgog(¢j,¢j)

< timonp £(u*) — Hpead, ™~ HipeufP).

k—o0
From the inequality (4), the right-hand side is uniformly bounded in M > 0. By using
the Banach-Saks theorem again, we can choose an increasing sequence {M;};>1 such
that
1 J
oy = 13 (M0~ Hpou0)
=1

<

is an £-approximating sequence of u — Hpcu, which proves (ii).
Finally, we show (iii). From (ii) and the fact D.(€) C DITOC(S), we see Hpeu €
TDITOC(E). For M > 0, we take the sequences {ugy)}jzl, {tj}j>1 defined in the last
paragraph and put ﬂ;M) = (1/4) >0, u,(cjy) Note that ﬂ;M) = u™) q.e. on G. For
v € Dy(E) p, the value of S(HE-M), v) equals
1

3 Hun oy (F) + /F F(U(M)(:v) —u™ () (v(z) — v(y))J (dz, dy)

+ 2/ (u(M)(a:) — M) (y)) (v(z) —v(y))J (dz, dy)
Fx(F°NG)

u®™) (z) — @M v(z) — v x uMy di.
+2/Fx(chGc)( (z) =15 () (v(@) — v(y))J (d ,dy)+L d

Hence, 5(H§M),U) converges to £(u™) v) as j — oo by the bounded convergence theo-
rem, and thus
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E(Hpeu™,v) = Tim (£(@™,v) - €(v;,v))

j—o0

Take the sequences {u™Mi)Y i1 {p;};>1 defined in the last paragraph and put w; :=
(1/4)39_, wMe). Since ; is a normal contraction of u, £(7;,v) converges to &(u,v) as
j — oo. Consequently, we have
E(Hpeu,v) = lim (E(Hj,v) - 5(4@-,1}))
j—o0

J

ZE(HFcu(MZ),v) =0. O
=1

.1
= lim -
j—o0 j

We can now give a sufficient condition for u € DLC(E) that the O-energy part N[¥I
in Fukushima’s decomposition is of bounded variation.

THEOREM 3.2. Letv =vT —v~ be a difference of positive smooth measures on E.
Ifue Dl _(£) satisfies

loc
E(u,v) = / vdv for all v e U Dy(E)F, (5)
E n=1

or an E-nest {F,} associated with v and J , then
[ )

P (N = —Af + A7, t<() =1 qe.z€E,

where AE is a PCAF with Revuz measure vE.

PROOF. Suppose that u satisfies (5) for an E-nest {F,(Ll)}. Take another £-nest
{F,(LZ)} satisfying conditions in Lemma 3.1. Set F,, := F,(Ll) ﬂF,(LQ). By repeating computa-
tions in the proof of the previous lemma, we can check that the E-nest {F,,} also satisfies
the statements in Lemma 3.1. On account of Lemma 3.1 (iii) and [17, Theorem 1.2],
Hpeu(Xt) — Hpeu(Xo) has Fukushima’s decomposition:

Hpsu(X,) — Hpgu(Xo) = M5 4 N5y < ¢

By an argument similar to that in the proof of [7, Lemma 5.5.5], we can show that

[Hpgul

P, (Nt —0,t< rpn) =1 qe.z€E. (6)

Here 7F, is the first exit time from F,. Note that u — Hreu € D.()F, and

E(u—Hpﬁu,v):/vdV for all v € Dy(E)p,
E
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by Lemma 3.1. We then see from [13, Lemma 5.4.4] and (6) that
P (N = —Af + A;, t<7p)=1 qe z€E.
We have the assertion by letting n — co. O

By the same argument as that in the proof of [13, Corollary 5.4.1], we have the next
corollary.

COROLLARY 3.3. Let v =v" — v~ be a difference of positive smooth Radon mea-
sures on E. Suppose u € )) (&) satisfies

loc
E(u,v) :/ vdv forallveC
E
for some special standard core C. Then

P, (Nt[“] — A 1AL t<¢) —1 qe.z€E,

where A is a PCAF with Revuz measure v+,

4. Hardy inequalities.

Let p be a smooth measure (denote by p € S). In this section, we consider the
Hardy-type inequality:

/ u?dp < E(u,u)  for all u € D(E).
E

We shall show that if there exists a function in the space Ht (1) below, then the inequality
above holds.
Define

©9 ={G | Gis open and E \ G is E-exceptional}.

Take G € Op and let MY = (X P,) be the part process on G:

X, t<71g,
XtG: t G
A, tZT(;.

Define the Dirichlet form (€%, D(£Y)) on L%(G,m) by

EC =¢,

D(EY) =D(&)¢g.
Then (£9,D(E)) is a regular Dirichlet form generated by M ([13, Theorem 4.4.3]).
Note that D(EF) = D(E) because E \ G is £-exceptional.

For p € S, we set a function space of superharmonic functions:
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HE (n)

- {h

Here C’S‘ (G) is a set of nonnegative continuous functions on G whose supports are
compact and contained in G. Note that v € DITOC(SG) implies v € TDLC(S) and
E%(v,p) = E(v, ) holds for any ¢ € D(E) N Cy(G).

The next lemma tells us that h(X;) is a semimartingale for any h € H*(u).

there exists G € ©p such that h € DITOC(EG) NC(GU{A}), h>0 on G
and £%(h, ) — [, hodp >0 for all p € D(E)NCY(G) '

LEmMA 4.1.  For h € ﬁ*(,u), there exists a smooth measure vy, such that

t
Nt[h] = 7/ h(Xs)dAY — A7, t< (¢, Pras. qe. x€E,
0

where Nt[h] is the 0-energy part in Fukushima’s decomposition of h(X;) — h(Xo).

PROOF. Define a functional I on A := D(E) N Cy(G) by

I(so)=5c(h,<p)—/Eh<pdua ¢ € A.

Note that A is a Stone vector lattice, i.e., uhv € A, uA1 € A for any u,v € A. Moreover,
I is pre-integral on the space A, that is, I(pg) L 0 whenever ¢, € A and pg(z) | 0 for
all x € E. Indeed, let ¢ € D(E) N CF(G) such that ¢ = 1 on supp[p1]. Then since
lloklloot — @1 € D(E) N CF (G), it holds that

I(or) < |loklloo - I(10) L O as k — oo

by Dini’s theorem. We see from [8, Theorem 4.5.2] that there exists a Borel measure v
on G such that

I(gp):/Ggpdu, p € A. (7)

We extend v to a measure on E by setting v (E'\ G) = 0.

We shall prove that v is a smooth measure on E. Let K C G be a compact set
of zero capacity and take a relatively compact open set D such that K C D C G. On
account of [7, Theorem 3.3.8(iii)], there exists a sequence {¢,, },>1 C D(£)NCy (D) such
that ¢, > 1 on K and & (¢n,pn) = 0 as n — oo. Let ¢ € D(E) N Cy(G) such that
»=1on D and 0 < <1on E. Then note that h) € D() N Cy(G) and hy) = h on D.
Hence,

&) = 5 [ iy + [ (@) = b)) (onla) = 2 (0)) ()

2 /D oy ()~ D@11 )+ /E hipn di

> EC (N, pn).
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Therefore,

v(K) < / ndv = E°(h,pn) / hion dp < E(hi), on)
E E
and the right-hand side is dominated by
g(hd}a h'lzlj)l/? ’ 5(90717 @n)1/2'
Since E(n, ¢n)'/? tends to 0 as n — 0o, the measure v charges no E-exceptional set.
For any compact subset K of G, we can see v(K) < oo as proved above. Let {K;} be
an E-nest of compact sets satisfying £\ G C ()72, K§. Then v(Kj;) < oo implies the

smoothness of v.
We see from (7) that

EY%(h, @) = / @ (hdp+dv) for all ¢ € D(E)NCo(G).
G

Recall that h € DITOC(EG) implies h € Dltoc(é'). By applying Theorem 3.2 to M, it holds
that

t
NM = - / h(X,)dAY — AY, t<(, Pyas qe z € E.
0

We have the assertion by setting vy, 1= v. O

LEMMA 4.2.
w2
/ u? du—l—/ —dvp, < E(u,u) for any u € D(E).
E g h

ProOOF. We first show the following claim:
/ gad,qu/ fdl/h:(f(h,£> for any ¢ € D(E) N Co(G). (8)
I g h h

Let K = supp[y] and D a relatively compact open set satisfying K ¢ D € D C G. Put
¢:=1/(inf,ep h(z)). Then for (z,y) € D x D

Since ¢, hp € D(E) N Cy(G), the function ¢/h also belongs to D(E) N Cy(G). Hence, the
claim follows from (7).
Secondary, we shall show

(z)

< clp(x)],

=6 =6

(@)= £)] < 26lpta) — o(0)| + (a)o(o) ~ Aol

2
& (h, i) < E(p,p) forany ¢ € D(E) N Co(G). (9)
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Put v = o/h. By the derivation property, £(h,¢?/h) is equal to
1 c c i

e hit) =5 [ Wiy + [ hodisy + €90+ [ (oas

where
D)= [ (@)~ Fw)lo(@) - 9w (e, dy).
EXE
On the other hand, £(¢p, ¢) equals
el ) = 5 [ Wi+ [ ity + 5 [ Rty + 90 + [ (o

Since

£0) ) = €9 (i) = [ (0la) = o) @) (. dy),
we have

o ) = i) = 5 [ Wiy + [ (@G@) = ) PH@h(0) (o d)
ExXE

Obviously, the right-hand side is nonnegative, and thus (9) holds.

Remark that D(E)NCyH(G) is Ef/z—dense in D(£F) = D(E). For any u € D(E), there
exists {u,} C D(E) N Cy(G) such that, u, — u q.e. and E(up, u,) = E(u,u) as n — oo
([13, Theorem 2.1.4]). By Fatou’s lemma and (8), we have

u? u?
/ uzdu—i—/ — dvp, < liminf £ (h, ") .
E n—00 h

On account of (9), the right-hand side is dominated by

liminf &(un,u,) = E(u,u). O

n— oo

Suppose HT () # 0 and take h € ﬁ*‘( ) Define a local martingale on the random
interval [0,¢"[ by M; = fo )~tam!", where

"i=C¢nop, op=inf{t>0|X;e{h=0o0r h=o0}}

and Mt[h] is the martingale part in Fukushima’s decomposition of h(X;) —h(Xy). Let L?
be the solution to the following stochastic differential equation:

t
Lf:1+/ Lh dm,, t< ¢
0

It is known from the Doldns-Dade formula ([14, Theorem 9.39]) that
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o - 5o) T 85 - 451).

Since L is a positive local martingale on the random interval [0,¢"[, so is a positive
supermartingale. Define a family of probability measures on (2, %) by

dP" .= LMaP, on Zn{t < ("}

It follows from [19, (62.19)] that under new measures {P"}, {X;};>0 is a right Markov
process on {0 < h < oo}. It is known that M" := (Q, %, X, P2, (") is an h?m-symmetric
process (cf. [6], [18]). Let (£, D(£")) be the Dirichlet form generated by M".

On account of Lemma 4.1, we have the decomposition

t
hX,) — h(Xo) = MM — / h(X,)dA” — AVt < (, Py-as. qe. x € E.
0

By It6’s formula applied to the semimartingale h(X;) with the function logz, we have

h(Xy) Lo
h _ t _ (]
M=, e"p( | hxo) )

(
(X
(Xo

where &(dz) = pu(dz) + (1/h(x))vn(dz). Hence, the transition semigroup pp of M" is
expressed by

>

(10)

>
~—

exp (Af), t<(, Py-as. qe x€eFE,

D‘
\./

pif (@) =B [Ly f(X0) 1t < "]

1
= 77 B [exn 4D £(X) st < ]

for q.e. z € E. By using these expressions, we will prove the following equality. This
gives a refinement of Hardy’s inequality.

(11)

THEOREM 4.3.  Suppose Ht (1) # 0. Then for any h € H* (1),

2
B 5 h(U U u
E(u,u) /E du==¢& (h h)—i—/ . dvp, u€ D).
In addition, the value of £"(u/h,u/h) is equal to
5 [P+ [ (o) -5 )’ h@)h(y)I(da.d )+ha) [ Co (12)
2 [, Ham T | AR TR z)h(y)J(dz, dy - k.

E

PROOF. Let &(dz) = p(dx) + (1/h(z))vp(dx) and
S(u,u) = E(u,u u? :
£5(u, u) 5(,)+5/E dg, §>0

Then it follows from Lemma 4.2 that
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2 L 8
< -
/u d§ 1 55 (u,u), ueDE),

and thus ¢ belongs to the Hardy class associated with £°. Define the subprocess P by
PS = exp(—0A$)P,. On account of the relation (10),

E] [ f(X0)| = h() EL [er (i(xg)] .
We see from [10] that for u € D(E),

lim1<u—E§[eA§u(Xt)],u) :Sé(u,u)—/Eiﬁdf.

tl0 t m

On the other hand, we see from [18] that
i 7 (o hB [ o)) ), =t G- [ (G ).,
() (1) e

Moreover, it is noted in [18] that £"(u/h,u/h) equals (12). O

Assume M is transient. For u € S, we define its potential by Ru(z) = E, [A‘g] We
introduce

sh—{ues

For 11 € ST, the potential Ry satisfies

Ri >0 on G and Ry € D} (E9)NC(GU{A})

loc

there exists G € ©g such that p is a Radon measure on G,}

EY(Rp, o) — /E pdu=0 forall p € D(E)NCo(G).

Since [, @dp = [, Ry~ ¢ (1/Rp) dp, we see that Ry is in the space HT((1/Rp) - p). By
applying the previous theorem, we get

COROLLARY 4.4. Let p € ST. Then
’LL2 u u
E(u,u —/—d =8R“<,>, u € D).
(u, u) R R Bp (€)

5. p}'-excessive functions.

We introduce some subclasses of smooth measures S. A positive measure v in S is
said to be in the Kato class (K in abbreviation) if

lim HE [/ eﬁtdAg] H =0.
B—o0 0 IS
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A positive measure v in S is said to be in the local Kato class (Kjoe in abbreviation) if
v(-N K) € K for any compact set K.
Let u € Kjoc and define the Feynman-Kac semigroup {p}'}:+>0 by

pi f () = Ex[exp (A7) f(X0)]-

Let us introduce the function space of p}-excessive functions.

HY (p) = {h

The next theorem gives a characterization of p}'-excessive functions in H* (u).

loc
h >0 on G and pi'h < h m-a.e.

there exists G € Oy such that h € D] (£9)NC(GU {A}),}

THEOREM b5.1.  Let pu € Kyoc. Then
HE () = H ()

PROOF.  (HT (1) D H*(1)): Let {pl}i>0 be the transition semigroup of M given
by (11). Then

pih(z) < h(z)-pil(z) < h(z), qe z€E,

and thus h is p}'-excessive.

(Mt (n) € HT(u): Let ¢ € DE) N CF(G). Take an increasing sequence {G,} of
relatively compact open sets such that K := supp[y] C Gy and G,, T G. From the
regularity of £, there exists a sequence {¢,} C D(E) N Cy(G) such that 0 < ¢, <1 on
G and ¢, = 1 on G,,. Then hy,, € D(E) and

E(Mn, ) —/ hippodp >0 forall n>1,
B

where fi := u(- N K). Indeed, on account of i € I, the left-hand side is equal to

1 A 1 _
ltiﬁJl E (hwn - p?(hwn)v <'0)m = ltlﬁjl ; <(h, (,O)m - (pf(hwn)v 90)7”) .

This limit is nonnegative because pf (hpy,) < pi'h < h. Since hip, = h on Gy, the value
of E(hby, @) is equal to

: /E Qi oy + /K () = ) (o) — ol )
vz f (h(z) — h(y))(o(x) — (y))J (dx, dy)
Kx(K°NG1)
+2 /K e, () ) (@) T )+ /E hip dr.

Noting that J(K x G§) < oo, the fourth term tends to
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2 ()~ b)) ola) T
Kx(K¢NGS)
as n — oo by the dominated convergence theorem. Consequently, we have

6(h,so)—/ hwduzf(h,w)—/ h df
E E

n— oo

— tin (£(0n,p) = [ hwnpan) 20 .

6. Applications and examples.

In this section, we treat the case where the Dirichlet form has the jumping part.
Let d(-,-) be the metric which induces the original topology of E. We impose the next
assumption on M.

(J): For some Radon measure m* on E and non-increasing [0, co)-valued function ® on
(0, 00), the jumping measure J(dz,dy) on E x E'\ d is expressed as

J(dz,dy) = ®(d(x,y))m* (dz)m* (dy),
where d is the diagonal set.

Firstly, we give sufficient conditions for a function in D (€) belonging to DITOC(E).

LEMMA 6.1. Let u € Dio(E) NC(E). Then u belongs to DlTOC(E) if and only if for
any compact set K, there exists a constant ¢ > 0 such that

/ (u(z) — u(y))?J(dz, dy) < co.
K x{|u|>c}

Proor. The “only if” part is trivial.
We prove the “if” part. Take a relatively compact open set D such that K C D.
Note that J(K x D) < oo because of the regularity of £. We shall show that

| wle) = ) (o dy) < .
KxFE

The integral is decomposed as

/ (u(z) — u(y))*J(dz, dy) +/ (u(z) — u(y))*J(dz, dy).
KxD

KxD¢

The first term is finite because there exists v € D(E) such that v = v q.e. on D. The
second term is less than or equal to

() @) )+ [ () ) dy

/KX(DCFW{UISC})

<2(|1x )% —l—c2) - J(K x D) + /K o }(U(CL') —u(y))?J(dz,dy) < co. O
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LEMMA 6.2. Let u € Dyo.(E) N C(E). If there exists ¢ > 0 such that

/ u?dm* < oo,
{lul>c}

then u € DIOC(S)

PROOF. By considering the decomposition u = (uV 0) — (—u Vv 0), we may assume
u > 0. Fix a compact set K and put M := ¢V (max;cx u(x)). On account of Lemma 6.1,
it is sufficient to prove that

[t [ () - ule) et pym @) < .
K {u>2M}
Since |u(y) — u(z)| < u(y) for (z,y) € K x {u > 2M}, the left-hand side is bounded by
[t [ awPedw n)m ) (13
K {u>2M}

Let d(x) := inf{d(z,y) |y € {u > 2M}} and 6 := inf{d(z) |z € K}. Then we easily see
that § is strictly positive. Hence, (13) is dominated by

m™*(dx u(y)? m* m* u2dm* < .
[ o) /MM} (1)@ (5) m* (dy) < ® (8) m* (K /{} dm* < 0

EXAMPLE 6.3 (a-stable process). Let M* = (X;,P,), 0 < a < 2, be a symmetric
a-stable process on R¢ generated by the fractional Laplacian —1/2(—A)%/2. Assume
a < d, that is, M? is transient. Then its Green function R(z,y) is given by

R(z,y) = C(d,a) - |z —y|*™?,

where C(d,a) = 27n~4?I'((d — a)/2)I'(a/2)~" and T is the Gamma function. For a
Borel function f, the O-potential of f is written as

Rf(@) = [ Rls.)fw)ds
R
The Dirichlet form generated by M® is given by
() = L) [ — ) (@) = o) ,
R4 xR

S

u(y))? }
————=dxdy < © ¢,
//Rdx]Rd |{,C - y|d+a Y

where A(d, ) = a2 17~ ((a + d)/2)T(1 — (a/2)) 7}
Let w(x) = |z|7P. If p € (0,d/2), then

/ w(z)?dr < 0o
{w>c}

D(EW) = {u € L*(R%; dx)
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for any ¢ > 0, and thus w € D _(£9) N C(GU{A}), G := R?\ {0} by Lemma 6.2. Let

loc

v(x) = |z|~ P+ 0 < p < (d/2) A (d — a). Then it follows from [3, Lemma 2.1] that

et i where o o g R @)/ )/
RO = Oy Wl whete Caor =21 (0 - a)) 2T )

By applying Corollary 4.4 to Rv, we have the equality

u(x)?

£ — Cn /
)= Caer fo Toe

N %A(d’ ®) //Rdxmd (fiﬁxl oo )2 WL vy, w e DE)

dx

Syl ) |- yldte

The equality above has been already shown by Bogdan, Dyda and Kim [5, Proposition 5]
in an analytic way. The case p = (d — «)/2 is treated in [2] and [12]. We see from [3,
Lemma 2.2] that the maximum of a function

o L((p+)/2)T((d = p)/2)
I'((d=(p+a))/2)T(p/2)
is achieved at p = (d— ) /2. Tt is known in [1] that Cy o (4—a)/2 = 2°T((d+ ) /4)*T((d—

«)/4)72 is the best constant for Hardy’s inequality, that is, for any C' > Ca,a,(d—a)/2:
there exists u € D(E(®) such that

F(p) =2 (: Cd,a,p)» pE (07d - Ot),

u(x)de

E@(u,u) < C .
() <C f Tl
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