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Abstract. We give a differential-geometric construction of compact
manifolds with holonomy Spin(7) which is based on Joyce’s second con-
struction of compact Spin(7)-manifolds and Kovalev’s gluing construction of
compact Ga-manifolds. We provide several examples of compact Spin(7)-
manifolds, at least one of which is new. Here in this paper we need orbifold
admissible pairs (X, D) consisting of a compact Kéhler orbifold X with iso-
lated singular points modelled on (C4/Z4, and a smooth anticanonical divisor
D on X. Also, we need a compatible antiholomorphic involution o on X which
fixes the singular points on X and acts freely on the anticanoncial divisor D. If
two orbifold admissible pairs (X1, D1), (X2, D2) and compatible antiholomor-
phic involutions ¢; on X; for i = 1,2 satisfy the gluing condition, we can glue
(X1\ D1)/{o1) and (X2 \ D2)/{0o2) together to obtain a compact Riemannian
8-manifold (M, g) whose holonomy group Hol(g) is contained in Spin(7). Fur-
thermore, if the g—genus of M equals 1, then M is a compact Spin(7)-manifold,
i.e. a compact Riemannian manifold with holonomy Spin(7).

1. Introduction.

According to the Berger—Simons classification of holonomy groups of irreducible
simply-connected Riemannian manifolds, the exeptional Lie group Spin(7) arises as the
‘maximal’ Lie group among the holonomy groups corresponding to simply-connected
Ricci-flat Riemannian manifolds of dimensions less than or equal to 8; if an m-dimensional
(m < 8) simply-connected Riemannian manifold (M, g) satisfies Ric(g) = 0 and Hol(g) C
SO(m), then Hol(g) C Spin(7). For example, any complex three- and four-dimensional
Calabi—Yau manifold has a Kéhler metric with holonomy SU(3) and SU(4) respectively,
where SU(3) € SU(4) C Spin(7). Since a huge number of examples of Calabi-Yau
manifolds have been discovered by mathematicians and physicists, we can expect that
there are enormous examples of compact Spin(7)-manifolds also.

However, there are only a little over 200 examples of compact Spin(7)-manifolds so
far, which are obtained by Joyce [14] and Clancy [2]: Joyce constructed the first compact
manifolds with holonomy group Spin(7) by a generalized Kummer construction [12].
Later he gave another method starting from Calabi—Yau 4-orbifold in weighted projective
spaces and provided further examples [13]. Following Joyce’s second construction, Clancy
systematically investigated such a Calabi—Yau 4-orbifold with particular singularities
admitting an antiholomorphic involution, which fixes the singularities [2]. Eventually he
discovered more new examples of compact Spin(7)-manifolds.
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In the present paper we glue two asymptotically cylindrical Spin(7)-orbifolds to
construct a compact Spin(7)-orbifold MY, and then resolve the singularities of MV to
obtain a compact Spin(7)-manifold. Such an asymptotically cylindrical Spin(7)-orbifold
is obtained by setting (X \ D)/(c) for an orbifold admissible pairs (X, D) with isolated
singular points modelled on C*/Z,, where o is a compatible antiholomorphic involution
on X. Another technical difficulty to deal with Spin(7)-manifolds stems from these
singularities on X. Although our primary joint research project has aimed to construct
compact Spin(7)-manifolds, we first constructed Calabi-Yau manifolds in order to avoid
such technical difficulties. In a word, we constructed Calabi-Yau threefolds [5] and
fourfolds [6] by gluing together two asymptotically cylindrical Ricci-flat Kéhler manifolds,
using the gluing technique which Kovalev used in constructing compact Ga-manifolds
[15]. Recall that asymptotically cylindrical Ricci-flat Kéhler manifolds X are obtained
from smooth admissible pairs (X, D) by setting X = X\ D with Sing X = ). Furthermore
in [6], we used the A-genera of the resulting compact Riemannian 8-manifold (M, g)
with Hol(g) C Spin(7) in order to conclude Hol(g) = SU(4) (see Theorem 2.8). This
is a reason why we first considered Calabi-Yau constructions before Spin(7) cases. On
the other hand, our construction of compact Spin(7)-manifolds which would be the main
part of our joint research project, has been accomplished building upon Joyce’s second
construction of compact Spin(7)-manifolds. Originally, Joyce resolved X = X \ D to
obtain compact Spin(7)-manifolds when X is a four-dimensional Calabi-Yau orbifold and
D =0, so that X = X is compact: Beginning with a compact four-dimensional Calabi-
Yau orbifold X with isolated singular points modelled on C*/Z,4, and an antiholomorphic
involution o on X with (X)° = Sing X, Joyce proved that Z = X /(o) admits a torsion-
free Spin(7)-structure. Since the associated Riemannian metric is flat (Euclidean) around
the singularities of Z, he then replaced the neighborhood of each singularity of Z with a
suitable asymptotically locally Euclidean (ALE) Spin(7)-manifold to obtain a family of
simply-connected, smooth 8-manifolds { M€} for e € (0,1] with a Spin(7)-structure o€
with small torsion, which satisfies d®¢ — 0 as ¢ — 0 in a suitable sense. Finally, Joyce
proved that ®¢ can be deformed to a torsion-free Spin(7)-structure for sufficiently small
€ using the analysis on Spin(7)-structures. Hence M = M€ admits a Riemannian metric
with holonomy Spin(7).

In addition to the doubling method presented in previous papers [5], [6], one im-
portant benefit of the present paper is that we can successfully glue different pieces
(X1 \ D1)/{o1) and (X3 \ D2)/(02) together to obtain practical examples of compact
Spin(7)-manifolds (see Section 6), whereas we only construct examples from two copies
of admissible pairs (X1, D;) = (X2, D) = (X, D) in our previous papers [5], [6]. Even-
tually we discovered a new example of compact Spin(7)-manifolds in our gluing construc-
tion which we already announced at Math Society of Japan Autumn Meeting 2011 and
described in our abstract [7]. We note that asymptotically cylindrical Spin(7)-manifolds
are recently constructed by Kovalev in [16] by resolving (X \ D)/(c).

To be specific, we begin in our construction with two orbifold admissible pairs
(Yl, D;) and (Yg, D), consisting of a compact K&hler orbifold X, and a smooth anti-
canonical divisor D; on X;. Also, we consider an antiholomorphic involution o; acting
on each X;. As in Joyce’s second construction, we require that X; have isolated singular
points modelled on C*/Z4, and (X;)° = Sing X; (see Definitions 3.6 and 3.10). In addi-



Gluing construction of compact Spin(7)-manifolds 351

tion, we suppose that o preserves and acts freely on D. Then by the existence result of an
asymptotically cylindrical Ricci-flat Kithler form on X; \ D;, each X; \ D; has a natural
o;-invariant asymptotically cylindrical torsion-free Spin(7)-structure, which pushes down
to a torsion-free Spin(7)-structure ®; on (X; \ D;)/{0;). Now suppose the asymptotic
models ((D; x S*)/{op,xs1.ey1) X R, @; ey1) of (X \ D;)/(0s), ®;) are isomorphic in a
suitable sense, which is ensured by the gluing condition defined later (see Section 3.4.1).
Then as in Kovalev’s construction in [15], we can glue together (X; \ D;)/{o1) and
(X2 \ D2)/(02) along their cylindrical ends (D1 x S*)/{(op,xs1.ey1) X (T'—1,T + 1) and
(D2 x §Y)/{op,xsiep) X (T'—1,T + 1), to obtain a compact Riemannian 8-orbifold
My.. Also, we can glue together the torsion-free Spin(7)-structures ®; on (X; \ D;)/(c:)
to construct a d-closed 4-form &JT on Mjy. Furthermore, replacing each neighborhood
of singular points on My with a certain ALE Spin(7)-manifold, we construct a family
(M5, CT)ET) of simply-connected, smooth 8-manifolds with a d-closed 4-form for sufficiently
small € > 0. Here each ®%. is projected to a Spin(7)-structure &5, = O(®¢.), with &5, — 0
as T — oo or € — 0 in a suitable sense. Now set ¢ = e~?T for some v > 0, and con-
sider a family (M€, ®¢) = (Mg, ®S) of compact 8-manifolds with a Spin(7)-structure
with small torsion. Then using the analysis on Spin(7)-structures by Joyce [14], we
shall prove that ®¢ can be deformed into a torsion-free Spin(7)-structure for sufficiently
small €, that is, the resulting compact manifold M€ admits a Riemannian metric with
holonomy contained in Spin(7). Since M = M¢€ is simply-connected, the ﬁ—genus A\(M )
of M is 1,2,3 or 4, and the holonomy group is determined as Spin(7), SU(4), Sp(2),
Sp(1) x Sp(1) respectively (see Theorem 2.8). Hence if A(M) = 1, then M is a compact
Spin(7)-manifold.

Finally we describe a remarkable difference between our previous works [5], [6] and
the present paper to provide interesting examples of compact Spin(7)-manifolds, at least
one of which is topologically new. For a given orbifold admissible pair (X1, D;) with
a compatible antiholomorphic involution oy, it is difficult in general to find another
admissible pair (X9, Do) with o5 such that both (X;\ D;)/(0;) have the same asymptotic
model. One way to solve this is the ‘doubling’ method used in [5], [6], in which we take
(X1,D1) = (X2,D5) and 01 = 0. There is another solution, which we discuss in
Section 6.

In the present paper, we shall give 3 topologically distinct compact Spin(7)-
manifolds, at least one of which is new. Each of the examples satisfies b2(M) = b3(M) = 0
and A\(M) = 1. In order to show E(M) = 1, we reduce the problem to computations on
the cohomology groups of D and S. Betti numbers (b%,5%,b%) of the compact Spin(7)-
manifolds in our construction are (0,0,910), (0,0,1294) and (0,0,1678). Of these com-
pact Spin(7)-manifolds, the resulting manifold M with x (M) = 1680 is at least one new
example which is not diffeomorphic to the known ones (see Theorem 5.1).

This paper is organized as follows. Section 2 is a brief review on Spin(7)-structures.
In Section 3 we define orbifold admissible pairs which will be ingredients in our gluing
construction of compact Spin(7)-manifolds. This section is the heart of the present pa-
per. We consider compatible antiholomorphic involutions o on orbifold admissible pairs
(X, D) and glue together two orbifold admissible pairs with dim¢ X = 4 divided by o.
The gluing theorems are stated in Section 3.5 including both cases of Spin(7)-manifolds
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and Calabi—Yau fourfolds. Giving a quick review of basics on weighted projective spaces
in Section 4.1, we obtain in Section 4.3 orbifold admissible pairs from complete inter-
sections in weighted projective spaces. Then in Section 5 we give a new example of
compact Spin(7)-manifolds M. In the last section we shall give other examples of com-
pact Spin(7)-manifolds taking weighted complete intersections in CP®(1,1,1,1,4,4). All
the resulting compact Spin(7)-manifolds are listed in Table 6.5. Finally we shall provide
a criterion for finding compact Spin(7)-manifolds (Proposition 6.2).

ACKNOWLEDGEMENTS. The authors are grateful to Professors Xiuxiong Chen and
Bin Xu for valuable discussions in University of Science and Technology of China, Hefei in
April, 2011. The second author is also grateful to Professors Shengli Kang and Haozhao
Li for their useful comments.

2. Geometry of Spin(7)-structures.

Here we shall recall some basic facts about Spin(7)-structures on oriented 8-
manifolds. For more details, see [14, Chapter 10].

We begin with the definition of Spin(7)-structures on oriented real vector spaces of
dimension 8.

DEFINITION 2.1. Let V be an oriented real vector space of dimension 8. Let
{6,...,6%} be an oriented basis of V. Set

B, = 01234 4 1256 | 91278 | 1357 _ 1368 _ gl458 _ gld67
_ 92358 _ 92367 _ 92457 | 2468 | 03456 | g34T8 | 5678

8
go=) 026,
i=1
where 7% = @° A @7 A --- A @F. Define the GL, (V)-orbit spaces

A(V)={a"®o |a € GL(V)},
Met(V) ={a"go|a e GLL(V)}.

We call A(V) the set of Cayley 4-forms (or the set of Spin(7)-structures) on V. On
the other hand, Met(V) is the set of positive-definite inner products on V', which is also
a homogeneous space isomorphic to GL4(V)/SO(V'), where SO(V) is defined by

SO(V)={aeGL(V)|a"go=go}.

Now the group Spin(7) is defined as the isotropy of the action of GL(V') (in place of
GL4(V)) on A(V) at ®:

Spln(?) = {CL S GL(V) | a*<I>0 =&, } .

Then one can show that Spin(7) is a compact Lie group of dimension 27 which is a Lie
subgroup of SO(V') (see [10]). Thus we have a natural projection
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A(V) = GL4(V)/Spin(7) —= GL4(V)/SO(V) =2 Met(V) ,

so that each Cayley 4-form (or Spin(7)-structure) ® € A(V) defines a positive-definite
inner product gg € Met(V) on V.

DEFINITION 2.2. Let V be an oriented vector space of dimension 8. If ® € A(V),
then we have the orthogonal decomposition

NV* =T A(V) & Ty A(V) (2.1)

with respect to the induced inner product gg. We define a neighborhood 7 (V') of A(V)
in AYV* by

TV)={®+a|®cAV)and ac TgAV) with |als, <p}.

We choose and fix a small constant p so that any x € T(V) is uniquely written as
X =P+ a with a € T(f;A(V). Thus we can define the projection

0:T(V) — A(V), x— 2.

LEMMA 2.3 (Joyce [14, Proposition 10.5.4]). Let ® € A(V) and A*V* = ANLV* @
AL V* be the orthogonal decomposition with respect to ge, where /\iV* (resp. ANLV™)
is the set of self-dual (resp. anti-self-dual) 4-forms on V. Then we have the following
inclusion:

ALV C T A(V).
Now we define Spin(7)-structures on oriented 8-manifolds.

DEFINITION 2.4. Let M be an oriented 8-manifold. We define A(M) — M to
be the fiber bundle whose fiber over x is A(T; M) C A*TFM. Then ® € C°(A*T*M)
is a Cayley 4-form or a Spin(7)-structure on M if ® € C*(A(M)), i.e., ® is a smooth
section of A(M). If @ is a Spin(7)-structure on M, then ® induces a Riemannian metric
ga since @[, for each x € M induces a positive-definite inner product ge|, on T, M. A
Spin(7)-structure ® on M is said to be torsion-free if it is parallel with respect to the
induced Riemannian metric go, i.e., Vg4, ® = 0, where V,, is the Levi-Civita connection
of Jdo.

DEFINITION 2.5.  Let ® be a Spin(7)-structure on an oriented 8-manifold M. We
define T (M) to be the fiber bundle whose fiber over x is T (T M) C A*T; M. Then for
the constant p given in Definition 2.2, we have the well-defined projection © : T(M) —
A(M). Also, we see from Lemma 2.3 that A2T*M C Ty.A(M) as subbundles of AYT* M.

LEMMA 2.6 (Joyce [14, Proposition 10.5.9]). Let ® be a Spin(7)-structure on M.
There exist €1, €2, €3 independent of M and ®, such that the following is true.

If n € C®(A*T*M) satisfies ||n||co < €1, then ® +n € T(M). For this n, ©(® +n)
is well-defined as a Spin(7)-structure on M, and expanded as
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O(® +1) =@+ p(n) — F(n), (2.2)

where p(n) is the linear term and F(n) is the higher order term in 7, and for each
x € M, p(n)|y is the T A(V')-component of n|, in the orthogonal decomposition (2.1) for
V =T:M. Also, we have the following pointwise estimates for any n,n’ € C°(A*T*M)
with |n|, [n'| < ex:

|F(n) — F(n')| < e2ln —n'|(In] + 7],
IV(F(n) = F(n")l < es{ln—n'|(Inl + [7'DIA®| + [V (n —n")|(In] + [7])
+In =111Vl + V') }.

Here all norms are measured by ge .

The following result is important in that it relates the holonomy contained in Spin(7)
with the d-closedness of the Spin(7)-structure.

THEOREM 2.7 (Salamon [18, Lemma 12.4]).  Let M be an oriented 8-manifold. Let
® be a Spin(7)-structure on M and g the induced Riemannian metric on M. Then the
following conditions are equivalent.

(1) @ is a torsion-free Spin(7)-structure, i.e., Vg, ® = 0.
(2) d® =0.
(3) The holonomy group Hol(gs) of ge is contained in Spin(7).
Now suppose ® € O (T(M)) with d® = 0. We shall construct such a form ® in
Section 3.4.2. Then ® = ©(®) is a Spin(7)-structure on M. If n € C®(A*T*M) with

[nllco < €1, then ©(® +7) is expanded as in (2.2). Setting ¢ = ® — ® and using d® = 0,
we have

dO(® +n) = —d¢ + dp(n) — dF(n).

Thus the equation dO(® + 1) = 0 for O(P + 7) to be a torsion-free Spin(7)-structure is
equivalent to

dp(n) = d¢ + dF(n). (2.3)

In particular, we see from Lemma 2.3 that if n € C°°(ALT*M) then p(n) = 7, so that
Equation (2.3) becomes

dn =d¢ + dF(n). (2.4)

Joyce proved by using the iteration method and dC™(A* T*M) = dC®(A*T*M) that
Equation (2.4) has a solution n € C®°(ALT*M) if ¢ is sufficiently small with respect to
certain norms (see Theorem 3.25).

For an oriented 8-manifold M satisfying one of the conditions (1)—(3) in Theorem
2.7, the following therem completely determines the holonomy of M from its topological
invariants.



Gluing construction of compact Spin(7)-manifolds 355

THEOREM 2.8 (Joyce [14, Theorem 10.6.1]). Let (M, g) be a compact Riemannian
8-manifold such that its holonomy group Hol(g) is contained in Spin(7). Then the A-
genus A(M) of M satisfies

A8A(M) = 31(M) — x(M), (2.5)

where T(M) and x(M) are the signature and the Euler characteristic of M respectively.
Moreover, if M is simply-connected, then A(M) is 1,2,3 or 4, and the holonomy group
of (M, g) is determined as follows:

Spin(7) if %(M) —1,

Hol(g) = 4 VW # AN =2,
p(2) if A() =3,

Sp(1) x Sp(1) if A(M) = 4.

3. The gluing procedure.

3.1. Compact complex manifolds with an anticanonical divisor.

We suppose that X is a compact complex manifold of dimension m, and D is a
smooth irreducible anticanonical divisor on X. We recall some results in [4, Sections
3.1-3.2], and [5, Sections 3.1-3.2].

LEMMA 3.1.  Let X and D be as above. Then there exists a local coordinate system
{Uq, (2L, ..., 2" Y w,)} on X such that

(i) wq s a local defining function of D on Uy, i.e., D NU, = {w, = 0}, and

(ii) the m-forms Qq = (dwa/wa) A dzh A - Adz™™ on U, \ D together yield a
holomorphic volume form  on X = X \ D.

Next we shall see that X = X\ D is a cylindrical manifold whose structure is induced
from the holomorphic normal bundle N = N /x to D in X, where the definition of
cylindrical manifolds is given as follows.

DEFINITION 3.2. Let X be a noncompact differentiable manifold of dimension r.
Then X is called a cylindrical manifold or a manifold with a cylindrical end if there exists
a diffeomorphism 7 : X\ Xg — E xRy = {(p,t) | p € £,0 < t < 0o } for some compact
submanifold Xy of dimension r with boundary ¥ = 0Xj. Also, extending ¢ smoothly on
X so that t <0 on Xg, we call t a cylindrical parameter on X.

Let (24,Ya) be local coordinates on V,, = U, N D, such that z, is the restriction
of z, to V, and y, is a coordinate in the fiber direction. Then one can see easily that
dzl A+ Adz™7! on V, together yield a holomorphic volume form 2p, which is also
called the Poincaré residue of 2 along D. Let || - || be the norm of a Hermitian bundle
metric on N. We can define a cylindrical parameter t on N by ¢t = (—1/2)log||s|?
for s € N\ D. Then the local coordinates (z,ws) on X are asymptotic to the local
coordinates (Zq,ys) on N \ D in the following sense.
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LEMMA 3.3.  There exists a diffeomorphism o from a neighborhood V of the zero
section of N containing t—1(Ry) to a tubular neighborhood U of D in X such that ¢ can
be locally written as

Zo = %o + O(|ya‘2) =Tq+ O(e_t)a
Wo = Yo + O(|ya|2) = Yo + O(eit)a

where we multiply all 2z, and w, by a single constant to ensure t=1(Ry) C V if necessary.

Hence X is a cylindrical manifold with the cylindrical parameter ¢ via the diffeo-
morphism @ given in the above lemma. In particular, when H°(X,O%) = 0 and N, /X
is trivial, we have a useful coordinate system near D.

LEMMA 3.4 ([5, Lemma 3.4]). Let (X, D) be as in Lemma 3.1. If HY(X,0«) =0
and the normal bundle ND/Y 18 holomorphically trivial, then there exist an open neigh-
borhood Up of D and a holomorphic function w on Up such that w is a local defining
function of D on Up. Also, we may define the cylindrical parametert witht=1(R,) C Up
by writing the fiber coordinate y of ND/Y as y = exp(—t — /—16).

3.2. Admissible pairs and asymptotically cylindrical Ricci-flat Kéahler

manifolds.

DEFINITION 3.5. Let X be a cylindrical manifold such that 7 : X\ Xg — xRy =
{(p,t)} is a corresponding diffeomorphism. If g5 is a Riemannian metric on %, then it
defines a cylindrical metric gey1 = gs + dt? on ¥ x R;. Then a complete Riemannian
metric g on X is said to be asymptotically cylindrical (to (X x Ry, gey1)) if g satisfies for
some cylindrical metric gey1 = g + dt?

|Vgcy1 (9 = gey)lgeyy — 0 ast —> o0 forall j >0,

where we regarded g1 as a Riemannian metric on X \ Xy via the diffeomorphism 7. Also,
we call (X, g) an asymptotically cylindrical manifold and (¥ x Ry, gey1) the asymptotic
model of (X, g).

DEFINITION 3.6. Let X be a complex orbifold with isolated singular points
Sing X = {p1,...,px } and D a divisor on X. Then (X, D) is said to be an orbifold
admissible pair if the following conditions hold:

(a) X is a compact Kéhler orbifold.

(b) D is a smooth anticanonical divisor on X with D N Sing X = ().
(c) the normal bundle Np, = is trivial.

(d) X and X \ (D U Sing X) are simply-connected.

(e) Each p € Sing X has a neighborhood U, such that there exists a crepant resolution
Up --» U, at p.
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Throughout this paper, we shall consider the action of Z, on C* generated by
(21, 20, 23, 24) — (V—=121,V =120,V —123,V/—124) for (z1,22,23,24) € CL

Under the above action, it can be shown that C*/Z4 has a unique crepant resolution. If
each U, in condition (e) is isomorphic to C*/Z,, then we shall call (X, D) an orbifold
admissible pair with isolated singular points modelled on C*/Z4. This kind of orbifold
admissible pair plays an important role later in constructing compact Spin(7)-manifolds.

If X is smooth, then Sing X = () and condition (e) is empty, so that the above
conditions reduce to the definition of admissible pairs which originates in Kovalev [15]
and is also used in our papers [5], [6]. From the above conditions, we see that Lemmas
3.1 and 3.4 apply to admissible pairs. Also, from conditions (a) and (b), we see that D
is a compact Kéahler manifold with trivial canonical bundle. The following result holds
for orbifold admissible pairs (X, D), which uses a generalization of Tian—Yau’s theorem
[19] by Haskins—Hein-Nordstrom.

THEOREM 3.7 (Haskins—Hein-Nordstrom [11]).  Let (X,w’) be a compact Kdhler
manifold and m = dimc X. If (X, D) is an orbifold admissible pair, then the following
18 true.

It follows from Lemmas 3.1 and 3.4, there exist a local coordinate system (Up q,
(2L,...,2m7 1 w)) on a neighborhood Up = UaUp o of D and a holomorphic volume

(2] tade’

form Q on X \ D such that

d
Q:—w/\dz;/\uﬁ\dz;"*l on Up,a \ D.
w

Let kp be the unique Ricci-flat Kdhler form on D in the Kdhler class [w'|p]. Also let
(Zayy) be local coordinates of Npx \ D as in Section 3.1 and write y as y = exp(—t —

vV —160). Now define a holomorphic volume form Qcy1 and a cylindrical Ricci-flat Kdhler
form wey1 on ND/Y \ D by

d
eyt = 2L Adal A Ada™ ! = (dt + vV—1d6) A Qp,
y
v-ldyAdy

Weyl = KD + T |y|2 =kp +dt Adb. (31)

Then there exist a holomorphic volume form € and an asymptotically cylindrical Ricci-
flat Kdihler form w on X = X \ D such that

Q—=Qc1 =d¢, w—wey1 =d§  for some ¢ and § with
V) nllgen = O™, |V} €l = O(e™)
forall >0 and B € (0,min{1/2,v/A1}),

where Ay is the first eigenvalue of the Laplacian A, q92 acting on D x S with gp the
metric associated with Kp.
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A pair (Q,w) consisting of a holomorphic volume form Q and a Ricci-flat Kéhler
form w on an m-dimensional Kéhler manifold normalized so that

2
m —1)ym -
% = %Q A Q (= the volume form)

is called a Calabi—Yau structure. The above theorem states that there exists a Calabi—
Yau structure (2,w) on X asymptotic to a cylindrical Calabi-Yau structure (Qcy1, wey1)
on N /X \ D if we multiply © by some constant.

3.3. Kahler orbifolds with an antiholomorphic involution and Spin(7)
manifolds.
3.3.1. Two basic examples of ALE Spin(7)-manifolds.
Let @y be the standard Spin(7)-structure on R® = { (21, 22,...,25) }. Let o, 3 act
on R® by
Qo (xla Z2,. .. ,.’,Eg) — (—1’271'1, —T4,T3, =T, L5, _:E87'I7)a
B:(z1,22,...,28) — (T3, —T4, —T1, T2, T7, —Tg, —T5,T6)-
Then «, 8 satisfy a* = * = idgs,a8 = Ba® and a*®y = $*®y = Pg, so that the

group G = (a, ) is a subgroup of Spin(7). Define complex coordinates (z1, 22, 23, 24)
and (wq,ws, w3, wy) on R® by

21 =z1 + /1w wy = —x1 + v —1x3
2o = x5+ /1y Wo = Ty +/—124
z3 = x5+~ lag wy = —x5 + /17
z4 = x7 + /—1las, wy =z + v/ —lug.

Then the coordinates (z1, 22, 23, 24) and (w1, ws,ws,wy) define Calabi—Yau structures
(wo, ) and (wf, ) on R® by

{wo = (V=1/2) i, dz A dz; {wa = (V=1/2) SL, dw; A dw;

Qo = le A dZQ N ng N dZ4, 96 = dw1 AN de A\ d’LU3 A dw4,

both of which induce the Spin(7)-structure ®¢ by
o 1 o 1 ’ / ’
(po = 5&]0 N\ wo +RGQO = iwo /\wo +RGQO.

We see that «, 8 act on these coodinates as

o (21, 22, 23, 22) ¥ (V—1z1, V=129,V —123,v/—124)
{5 21,22, 23, 24) — (Z2, —Z1, 24, —Z3),

(0%
;

Wi, Wa, w3, ws) — (W, —W1, Wa, —W3)

¥
N
H(
s (wy, wa, w3, wy) — (V—=1wy, vV —1ws, vV—1ws, v/—1wy).
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Now we resolve the singularity of R®/G in two ways. Let us consider the action of
a on C* in the z-coordinates. Then we have the following commutative diagram:

B Y ——= X
| |
crepant | |71

\ \
B C*/{a) —=R8/q,

where 3 is an antiholomorphic involution on C*/{a) induced by £, and 3 is the lift of B

which acts freely on ). Since there exists an ALE Calabi—Yau structure (&1, fll) on )
with

B = —o1, B = (),

the induced torsion-free Spin(7)-structure ®; = (1/2)& A & + Re €y pushes down to
a torsion-free Spin(7)-structure ®; on X;. This gives a resolution of R®/G by an ALE
Spin(7)-manifold (X7, ®;). Similarly, if we consider the action of 8 on C* in the w-
coordinate, then we have

an Yo— A
I I
crepant | | T2

A A
an C/(B) —=R8¥/G.
If we consider

& (21,22, 23, 24) —> (w1, we, w3,wy), that is,

(xla X2, ... 7x8) [ — (—1'1,1'3,$2,.’E4, _‘r57x77x671.8)7

then ¢ induces an isomorphism C*/{a) =t /{B), which lifts to an isomorphism 6
Vi — V. Let &3 be a Spin(7)-structure on X, to which the Spin(7)-structure (¢=1)*®;
on Y, pushes down. Then (Xz, ®2) is another ALE Spin(7)-manifold which resolves R® /G,
but topologically distinct because ¢ does not commute with «, 3, so that the isomorphism
¢ acts nontrivially on R®/G.

PROPOSITION 3.8 (Joyce [14, Section 15.1.1]).  Let (X5, ®5) for s = 1,2 be ALE
Spin(7)-manifolds as above. Then the fundamental group of Xy is Za, and

. 1 i=0,4
b'(Xs) = i ’ so that x(Xs) = 2. (3.2)
0 otherwise,

3.3.2. Compatible antiholomorphic involutions on orbifold admissible
pairs.

PropoSITION 3.9. Let X be a complex orbifold and o : X — X be an antiholo-

morphic involution. Suppose S is a complex submanifold of X such that o preserves and
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acts freely on S. Then o lifts to a unique antiholomorphic involution o on the blow-up
@ : Blg(X) --+» X of X along S such that ¢ preserves and acts freely on w=1(S).

PrROOF. Let m = dim¢ X and k = dim¢ S. Fix a point x € S. It is enough to find
a lift & of o acting on a neighborhood of w™!(z) in Blg(X).

First we consider local coordinates near z and o(z) in X. We can choose a neigh-
borhood U of z € S and local coordinates (y,z) = (Y1,.-, Yk, 21, -+, 2m—k) o0 U
such that SNU = {z=0}. We can similarly choose local coordinates (y',z') =
(Yo Yp 21y« - 2y ) o0 0(U) such that o(SNU) = {2’ =0} and

(v, 2") = o(y,2) = (aly, 2), B(y, 2))

for some antiholomorphic functions o : C™ — C¥ and 8 : C™ — C™%. Also,
o(S) = S yields that for (y,0) € SNU we have

o(y,0) = (a(y,0),0), thatis, B(y,0)=0. (3.3)

Next we consider local coordinates near @~ !(x) and @ !(o(z)) in Blg(X). Local
coordinates of Blg(X) on w1 (U) are written as

{(y,2,[¢]) eC™ x Cpm—k-1 | ¢ = 2z;¢ forall i,j € {1,...,m—k}},

where ¢ = (C1, ..., Cn_k) € C™ %, Similarly, local coordinates of Blg(X) on w ! (a(U))
are written as

{2, [¢) eC™ x CP™ 1| 2i¢f = 20¢] forall i, j € {1,..., m—k}}.
Thus we have

Yy, 2) = {(y, 2 [2])} for (y,z)eU\S (andso z#0),
Hy,0)={(y.0,[C) | [CleCP™ "1} for (y,0)eSNU.

-
-
Now we shall find a lift & of o acting on w~1(U). For (y,z) € U \ S, we must have

a(y, 2, [2]) = (o(y, 2), [B(y, 2)))-

Then & extends naturally to @ =1(S N U) by continuity as

79,0, [¢]) = lim 7y, A, ]AC))
m (a(y, AC), By, A0). [6(y, A))

=1

A—=0
m—k

= <a(yv O)v 0; Z 5k+iﬁ(yv 0)@;| ) ) (34)

where D is the antiholomorphic partial differentiation with respect to the j-th variable.
Since o is an antiholomorphic diffeomorphism on X, the matrix (D;o;(y, 2))1<i j<m is
invertible for all (y,z) € U. In particular, the invertiblility of (D;o;(y,0))1<i,j<m leads
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to the invertiblity of (Dg+:3j(y,0))1<i,j<m—k. Hence (3.4) gives the desired action of &
on the neighborhood w=1(U) of w™1(x) in Blg(X). O

DEFINITION 3.10. Let X be a four-dimensional compact Kihler orbifold with iso-
lated singular points modelled on C*/Z4, such that (X, D) is an orbifold admissible
pair. An antiholomorphic involution o on X is said to be compatible with (X, D) if the
following conditions hold:

(f) We can choose a defining function w on a neighborhood Up of D given in Lemma
3.4 so that

ocfw =, (3.5)
where the complex conjugate f for a complex function f is defined by f(x) = f(z).
(g) (X)? = Sing X, where (X) is the fixed point set of the action of o on X.

Note that (3.5) in condition (f) implies o(D) = D, and op = o|p yields an anti-
holomorphic involution on D.

LEMMA 3.11.  Let ocy1 be an antiholomorphic involution on ND/Y defined by
Oeyi(Za,y) = (0p(240),7) for (za,y) € (UaND)xCC ND/Y' (3.6)
Then we have
0(2a,w) = Ocy1(Za,y) + O(e ™).
PROOF. Using (3.5), we can write o(zq,w) as
0(2q,w) = (01(20,w), W) with o1(x4,0) = op(xq). (3.7
Thus the assertion follows from Lemma 3.3. 0
Since the cylindrical parameter ¢ is defined by y = exp(—t — v/—16), we have
oot =t, ognt=—0
and thus
(N5 \ D)/ 0eyt) = ((D % §1) /(0 pxsext)) % Ri (3.8)
where opy g1 cy1 acts on D X St as
Ustl,cyl(Ime) = (UD(Ia)7 *9)- (3-9)

One can prove the following result by Theorem 3.7 and an argument as used in the proof
of [14, Proposition 15.2.2].
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THEOREM 3.12. Let (X,w') be a four-dimensional Kdihler orbifold with isolated
singular points modelled on C*/Zy4, such that (X, D) is an orbifold admissible pair with a
compatible antiholomorphic involution o. Then there exists an asymptotically cylindrical
Calabi-Yau structure (w, ) on X = X \ D asymptotic to (wey1, Qey1) on N\ D, such that

ocfg=g¢g, cw=-w, oN=Q,

where N = Np, % and g is the Riemannian metric on X associated with (w,Q). Thus
the torsion-free Spin(7)-structure (1/2)w Aw +ReQ on X pushes down to a torsion-free
Spin(7)-structure ® on X/(c). Also, an antiholomorphic involution ocy defined in (3.9)
satisfies

* * * O
Ocyl9eyl = Jeyl;  OcylWeyl = —Weyl, UcleCyl = Qcy17

so that the torsion-free Spin(7)-structure (1/2)weyt A Wey1 + Re Qey1 pushes down to a
torsion-free Spin(7)-structure ®cy1. We have

S — b =d=E, for some E with

VI Elgen =0(e™P), forallj >0 and 0 < B <min{1/2,\/\}, (3.10)

eyl

where Ay is the constant given in Theorem 3.7. Hence (X/(o),®) is an asymptotically
cylindrical Spin(7)-manifold, with the asymptotic model (N \ D)/(0cy1), Pey1), with

(N\ D)/(oey1) = (D x 8)/(0pxst ) X Ry = { ([za,0],1) },
where  [xq,0] = [op(za),—0] in (D x Sl)/<chX51_ycy1).

THEOREM 3.13 (Joyce [14, Proposition 15.2.3 and Corollary 15.2.4]).  All isolated
singular points of X/{c) are modelled on R®/G given in Section 3.3.1. For each p €
Sing X /(o) there exists an isomorphism v, : R® /G — T,(X/(0)), which identifies the
Spin(7)-structures ®o on R® and ® on T,(X/{(0)).

3.4. Gluing orbifold admissible pairs divided by compatible antiholo-
morphic involutions.
In this subsection we will only consider orbifold admissible pairs (X, D) with
dimc X = 4. Also, we will denote N = Np/x and X = X\ D.

3.4.1. The gluing condition.

Let (X,w’) be a four-dimensional compact Kéhler orbifold with isolated singular
points modelled on C*/Z4, and (X, D) be an orbifold admissible pair with a compatible
antiholomorphic involution o. Then we obtained in Theorem 3.12 an asymptotically
cylindrical, torsion-free Spin(7)-manifold (X, ®), with the asymptotic model (N\D, ®¢y1).

Next we consider the condition under which we can glue together X;/(o1) and
X5 /{o2) obtained from orbifold admissible pairs (X1, D;) and (X2, Dy) with antiholo-
morphic involutions ¢;. For gluing X;/(o1) and X5/(02) to obtain a manifold with a
Spin(7)-structure with small torsion, we would like (X;/(c1), ®1) and (Xa2/(02), ®2) to
have the same asymptotic model. Thus we put the following
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GLUING CONDITION. There exists an isomorphism f : D1 — Dy between the
cross-sections of the cylindrical ends of X; \ D; with

foailp, =0o2lp, o f,

such that

~ (1 1
fT <2w2,cy1 A w2 eyl + Re Q2,cy1) = iwl,cyl A w1 eyl + Re Q1,cy1a (311)

where fr: Dy x S! x (0,2T) — Dy x S! x (0,27) is defined by
fr(z1,01,t) = (f(21),—01,2T — ) for (z1,61,t) € Dy x S* x (0,27T).

LEMMA 3.14. If f : D1 — Ds is an isomorphism satisfying f o o1|lp, = 02|p, © f
and f*kp, = kp,. Then the gluing condition (3.11) holds, where we change the sign of
Qo cy1 (and also the sign of Qa correspondingly).

PrROOF. It follows by a straightforward calculation using (3.1) and Lemma 3.11.
g

The above fand fT pushes down to maps

f+Di/{op,) — D2/{op,),
Jr: (D1 x 81 /(op,xst,e51)) X (0,2T) — (D2 x S*) /(0 p,xs1,e51)) * (0,27),

with  f([z1]) = [f(z1)], fr(a1,61],t) = ([f(21), —601]), 2T — t)

such that

*
fT(I)Q,Cyl = q)l,cyl'

3.4.2. Spin(7)-structures with small torsion.
Now we shall glue X;/(01) and Xo/{(o3) under the gluing condition (3.11). Let
p: R — [0, 1] denote a smooth cut-off function

(@) 1 ifz <0,
T) =
P 0 ifx>1,

and define pr : R — [0, 1] by

1 ifr<T -1,

pT(m):p(m_Tﬂ):{o itz >T

Setting an approximating Calabi-Yau structure (€; r,w; r) on X; by

Qi1 =

)

Qi —d(l—pr-1)G on {t; <T —1},
Qi eyl +dpr—1G; on {t; >T — 2}



364 M. Dot and N. YOTSUTANI

and similarly

wi —d(1 = pr-1)§ on {t; <T —1},
Wi =
l Wi,eyl +dpr—1&; on {t; >T — 2},

we can define a d-closed 4-form @,T on each X;/{o;) by

1
cbi,T = T <2wi’T AN Wi, T + Re QT) s

where 7; : X; — X;/(0;) are projections. We see that %i,T satisfies

- b, on {t; <T —2},
;7 =
(I)i,cyl on {ti >T — 1}
and from (3.10) that
@7 — Pieyilge =0 PT) forall B € (0,min{1/2, /A1 }). (3.12)

i,cyl

Let Xl,T = {tl <T+ 1} C X; and X2)T = {tg <T+ 1} C Xs5. We glue X17T/<0'1>
and X5 1/(02) along (D1 x S')/(op,xst,eq1) X {T'—1<t1 <T+1} C Xq,r/{c1) and
(D2 x SY)/{opyxstep) X {T'—1 <ty <T+1} C Xo7/(02) to construct a compact
8-orbifold using the gluing map fr (more precisely, Fr = w3 0 fr o @1’17 where ¢, and
o are the diffeomorphisms given in Lemma 3.3). We denote this orbifold by M7, (the
upper index V indicates singularities to be resolved). Also, we can glue together 51,T
and 527T to obtain a d-closed 4-form (i)T on M7 by Lemma 3.14. There exists a positive
constant T}, such that &, € C°(T(MJ)) for any T with T > T,. This ®; is what was
discussed right after Theorem 2.7, from which we can define a Spin(7)-structure @1 with

small torsion by & = @(Eﬁ). Letting ¢ = 5T — &7, we have dor + dPp = 0.

PROPOSITION 3.15.  Let T > T,. Then there exist constants Ap 1 g independent of
T such that for € (0,min{1/2,v/A1 }) we have

—BT
lprllzy < Aprge T,
where all norms are measured using go. .

PRrROOF. These estimates follow in a straightforward way from Theorem 3.7 and
(3.12) by an argument similar to those in [4, Section 3.5]. O

3.4.3. Resolving My by ALE Spin(7)-manifolds X; and A5.

Let p € Sing My and v, : R®/G — T,Mj as in Theorem 3.13. Let exp, :
T, M} — M} be the exponential map. Then v, = exp, ot, maps each ball By (R®/G)
of 2¢ in R®/G to a neighborhood of p € MJ.. Choose ¢ > 0 small so that U, =
exp, otp(Bac (R®/G)) satisty Uy NUpy =0 and Uy N{T —2<t; <T+1} = 0,i =1,2
for any p,p’ € My with p # p' and for any T > T..
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PROPOSITION 3.16 (Joyce [14, Proposition 15.2.6]).  There exists a smooth 3-form
op on Boc(R¥/G) for each p € Sing M. and a constant Cy > 0 independent of T > T,
such that

@1 — @ = doy, |V€Up| <Ot for=0,1,2

on Boc(R8/G). Here | -| and V is defined by the metric go induced by ®o, and r is the
radius function on R®/G.

Let 75 : Xs — R8/G be the projections given in Section 3.3.1. For each € € (0, 1]
and s = 1,2 let X = X, define a Spin(7)-structure ®¢ = €'®, and define 7¢ : X —
R®/G by 7€ = ems. Then (X, ®¢) is an ALE Spin(7)-manifold asymptotic to R®/G.

PROPOSITION 3.17 (Joyce [14, Equation (15.6)]).  There exist a constant Cz > 0
independent of T > T\, and a smooth 3-form 75 on R®/G \ B (R®/G) such that

(19)u @5 — @ = drs,  [Vir| < Coe®r™™" for £=0,1,2
on R¥/G \ B.(R¥/G).

Now we glue together

Up =M\ |J  p(Bas((R®/G)) and

pESing M.
Vy = (n5,) 7 (Baewrs (RP/G)),  sp € {1,2},
along the regions diffeomorphic to

3264/5c(R8/G) \§E4/5<(R8/G) in RS/G,

to obtain a compact 8-manifold M. Choosing s, € { 1,2} for each p € Sing M., we can
also glue the Spin(7)-structures @7 on My and @5 on X; to obtain a closed 4-form @5,
on Mg by

&),ET = (1)0 + d(pefz;/srap) + d((l — p5—4/57,)7'§p) on U% n ‘/;

Now we set ¢ = exp(—~T') for some constant v > 0 to be determined later, and define
M¢ = Mg, & = ®% and U® = Uy,

PROPOSITION 3.18 (Joyce [14, Proposition 15.2.9]).  If s, =1 for all p € Sing M.,
then the fundamental group of M€ is Zs. Otherwise, M€ is simply-connected.

The following result is a consequence of Propositions 3.16 and 3.17.

LEMMA 3.19 (Joyce, [14, Lemma 15.2.11]).  There exists a constant C3 > 0 inde-
pendent of T > T, such that ® satisfies

|B€ — Bg| < O3/, V(D€ — Dg)| < Cye/®
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on U N V5, where |- | and V is defined using the metric go induced by Dy.

Letting ®¢ = ©(®¢) and ¢° = ®° — &<, we have d¢® + dd¢ = 0.

THEOREM 3.20.  There exists a family (M€, ®¢) of smooth 8-manifolds with a
Spin(7)-structure with small torsion and resolutions w¢ : M¢ — MY for e € (0,1]
such that we have

(1) ll0lle < A2/ and ||dé|| Lo < Ae36/25,

ii) the injectivity radius §(g) satisfies 6(g) > pe, and
(i) j y g 9) = pe,

(ili) the Riemann curvature R(g) satisfies |R(g)|lco < ve 2,

where all norms are measured using the metric g¢ on M€ induced by P€.

PROOF. The proof is almost the same as that of [14, Proposition 15.2.13] except
for the contributions from the cylinder, which is diffeomorphic to ¥ x (0,27 with ¥ =
(D x SY)/{opxst ey). Joyce proved using Lemma 3.19 that

Z / |¢€|2 < )\2648/5, Z / |d¢€|2 < )\10672/5.
Uenvyg

pESing MJ. pEMY. Uenvy

Meanwhile, Proposition 3.15 gives

/ |¢T|2 < 2A,@2€_2’8T, / |d¢T|1O < 2A5106—10ﬂT’
¥x(0,2T) 2% (0,2T)

where we take 8 € (0,max{1/2,v/A;}) and Ag = max{As04,4101,3} Now if
we choose v > 0 for ¢ = e 7T so that (24/5)y < S, then we have e 287 < ¢*8/5
and e 10T < /5 Summing up the above contributions and redefining A to be
max { (A2 +2A45%)1/2 (A0 £ 24,510 1/101 " we see that condition (i) holds. Conditions
(ii) and (iii) are obvious. O

3.5. Gluing theorems.

First we give a gluing and a doubling construction of Calabi—Yau fourfolds from
orbifold admissible pairs, which are generalizations of Theorem 3.10 and Corollary 3.11
in [6].

THEOREM 3.21. Let (X1,w}) and (Xa,wh) be compact Kihler orbifolds with
dime X; = 4 such that (X1,D1) and (X2, D2) are orbifold admissible pairs. Suppose
there exists an isomorphism f : D1 — Dy such that f*rko = k1, where k; is the unique
Ricci-flat Kdhler form on D; in the Kdhler class [wi|p,]. Then we can glue together the
crepant resolutions of X1 and Xo along their cylindrical ends to obtain a compact simply-
connected 8-manifold M. The manifold M admits a Riemannian metric with holonomy
contained in Spin(7). Moreover, if A\(M) =2, then M is a Calabi-Yau fourfold, i.e., M
admits a Ricci-flat Kdhler metric with holonomy SU(4).
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COROLLARY 3.22. Let (X, D) be an orbifold admissible pair with dime¢ X = 4.
Then we can glue two copies of the crepant resolution of X along their cylindrical ends
to obtain a compact simply-connected 8-manifold M. Then M admits a Riemannian
metric with holonomy contained in Spin(7). If A\(M) = 2, then the manifold M is a
Calabi—Yau fourfold.

Next we give a gluing and a doubling construction of compact Spin(7)-manifolds.

THEOREM 3.23. Let (X1,w)) and (X2,wh) be four-dimensional compact Kdihler
orbifolds with singularities such that (X1, D1), (X2, D2) are orbifold admissible pairs
with a compatible antiholomorphic involution o;. Suppose there exists an isomorphism
f: Dy — Do such that foal\Dl = 02|D20f and f*liz = K1, where k; is the unique Ricci-
flat Kdhler form on D; in the Kdhler class [w}|p,]. Then we can glue together X1 /{o1)
and X5 /{(0o2) along their cylindrical ends to obtain a compact 8-orbifold MY . There exists
a compact simply-connected 8-manifold M which resolves MY at (# Sing X1 +# Sing X )
isolated singular points such that M admits a Riemannian metric with holonomy con-
tained in Spin(7). Furthermore if A(M) =1, then M is a compact Spin(7)-manifold.

COROLLARY 3.24. Let (X,w’) be a four-dimensional Kihler orbifold with isolated
singular points modelled on C*/Zy4, such that (X, D) be an orbifold admissible pair with
a compatible antiholomorphic involution o. Then we can glue together two copies of
X/(o) = (X\D)/{o) to obtain a compact 8-orbifold MY . There exists a compact simply-
connected 8-manifold M which resolves MY at 2(# Sing X) isolated singular points such
that M admits a Riemannian metric with holonomy contained in Spin(7). Furthermore
if A(M) =1, then M is a compact Spin(7)-manifold.

ProOOF OF THEOREM 3.23. By Proposition 3.18, there exists a choice
{spe{1,2}|pecSingM"} of resolutions by X, such that M = M€ is simply-
connected. The assertion for A(M) = 1 in Theorem 3.23 follows directly from Theorem
2.8. Thus it remains to prove the existence of a torsion-free Spin(7)-structure on M€ for
sufficiently small € € (0, 1]. This is a consequence of the following.

THEOREM 3.25 (Joyce [14, Theorem 13.6.1]). Let A\, u,v be positive constants.
Then there exists a positive constant €, such that whenever 0 < € < €., the following is
true.

Let M be a compact 8-manifold and ® a Spin(7)-structure on M. Suppose ¢ is a
smooth 4-form on M with d® + d¢ =0, and

L [¢llre < Ae'®/? and ||de|| L0 < AeT/?,
2. the injectivity radius 6(g) satisfies §(g) > pe, and
3. the Riemann curvature R(g) satisfies |[R(g)|lco < ve=2.

Let €1 be as in Lemma 2.6. Then there exists n € C°(AYT* M) with ||n||co < €1 such that
dO(® +n) = 0. Hence the manifold M admits a torsion-free Spin(7)-structure O(® +n).
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If we set ¢ = ¢¢, then M€ and ¢° satisfy conditions (i)—(iii) in Theorem 3.20. Thus
we can apply Theorem 3.25 to prove that ®¢ can be deformed into a torsion-free Spin(7)-
structure for sufficiently small e € (0,1]. This completes the proof of Theorem 3.23. O

4. Orbifold admissible pairs and weighted projective spaces.

In order to find orbifold admissible pairs with a compatible antiholomorphic involu-
tion in Definitions 3.6 and 3.10, we will use some algebro-geometrical approach. First we
review some basics on weighted projective spaces. In Section 4.2, we explain notation on
complete intersections in weighted projective spaces. (See [8] for more details). Later in
Section 4.3, we consider a situation where the gluing condition holds naturally.

4.1. Basics on projective spaces.

First we will observe the structure of the weighted projective space as a complex
orbifold. Let ag,...,a, be positive integers with ged(ag,...,a,) = 1. Recall that the
weighted projective space CP™(ay, . . ., ay) is the quotient (C"*1\ {0})/C*, where C* acts
on C"*1\ {0} by

crtt \ {0} — crtt \ {0}, (wo, -« -y wp) — (E"wg, . .., t%wy)

for t € C*. Let us fix the point p = [1,0,...,0] in CP™(aq,...,a,). Denote the stabilizer
of p in C* by (C*),. Then the point (1,0,...,0) in C"*\ {0} is taken to (¢*,0,...,0)
under the action of t € C*. Thus we have an isomorphism

(C)p={teC |t =1}=Z,,

where Z,, is a finite cyclic group of order ag. Let [z, ..., 2,] be the weighted homoge-
neous coordinates on CP™(ay,...,a,). Then the affine open chart

Uo ={[20,...,2n] € CP"(ag,...,an) | 20 #0}

is isomorphic to C"/Z,,. Furthermore p € CP"(ay,...,a,) is a quotient singular point
with a finite cyclic group Z,, which acts on C" by

(T1,...,2n) — ((Mz1,...,("xy),

where ¢ € (C*), is a primitive ag-th root of unity. In this way, we see that all singularities
of CP"(ay,...,a,) are cyclic quotient singularities.

Next we shall define CP"(ay,...,a,) as a projective variety. Let R be the graded
ring Clzo,...,2,]. Suppose each variable z; has the weight a;. Then R has a natural
weight decomposition R = @ffzo R; where R, denotes the vector space spanned by
all monomials 28 ... 2% with Y a;d; = d. Elements of Ry are said to be weighted
homogeneous polynomials of degree d and then CP™(ay,...,ay) is defined by

CP"(ag,...,a,) = Proj(R).

For a given finitely generated graded ring R, Proj(R) denotes the projective scheme. Fur-
thermore, if positive integers aq, ..., a, have a common divisor, we have an isomorphism
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CP"(ag,...,an) = CP"(ag,a1/q,-..,an/q)
where ¢ = ged(ay, - .., a,). This yields the following property.

PROPOSITION 4.1 (Fletcher [8, Corollary 5.9]).  Let ao,...,a, be positive integers
with ged(ag, . .., a,) = 1. Then we have an isomorphism as varieties

CP"(ag,...,an) =2 CP"(bg,...,by)

for some positive integers by, . .., b, with ged(by, ..., bAi, ...ybp) =1 for each i. Here the
symbol b; means that the entry b; is omitted.

A weighted projective space CP™(aq,...,a,) is said to be well-formed if and
only if ged(ag,...,a;,...,a,) = 1 for each i. Now we recall that the graded ring
R =Clzg,..., 2] is given by deg z; = a; € Zs¢. Let S = Clwy,...,w,] be the standard
polynomial ring with degw; = 1. Then we have the injective ring homomorphism

R— S, 2z — w.

This injective ring homomorphism induces the well-defined surjective morphism of vari-
eties

m: Proj(S) = CP"™ — Proj(R) = CP"(ao, ..., an),

[woy -« wn] — [20, -y 2n) = [WG°, ..., wam]. (4.1)

By abuse of notation, we also denote by 7 the canonical projection from C"*1\ {0} onto
CP"(ag,...,an) :

P G \ {0} — CP"(ag,...,an), (wo,...,wy)—> [wg®,...,wi"].

For this canonical projection 7 and a subvariety X < CP™(aq,...,a,), we define the
affine cone Cx over X to be

Cx =n"Y(X)u{0} in C".

Then a subvariety X of CP"(ay, ..., a,) is said to be quasismooth if Cx is smooth except
at the origin. Furthermore, let X be a subvariety of CP"(ay, ..., a,) of codimension k.
Then X is said to be well-formed if CP™(ay,...,a,) is well-formed and X does not
contain a codimension k + 1 singular locus of CP™(aq, ..., ay).

4.2. Weighted complete intersections.

Let ag,...,a, be positive integers with ged(ag,...,a,) = 1 and R = Clz, ..., 2y]
be the graded ring with degz; = a; as usual. Let f1,..., fr with & < n + 1 be weighted
homogeneous polynomials of the graded ring R with deg f; = d;. Then I = (f1,..., fr)
is a homogeneous ideal of R. We define X by

X1 =Proj(R/I) C CP"(ag,-..,an).
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Then X; is a weighted complete intersection of multidegree (dy,...,dy) if the defining

ideal I can be generated by a regular sequence f1,..., fx. Here a sequence of elements
g1,---,9¢ with £ <n +11in R is said to be a regular sequence if g; is not a zero-divisor
in R and the class [g;] is not a zero-divisor in R/{¢g1,...,¢;—1) for each 2 < i < ¢. Now

we will state the following results which will be needed for our arguments later on.

LEMMA 4.2 (Fletcher [8, Lemma 7.1]). Let X C CP"(aq,...,ay) be a well-formed
quasismooth weighted complete intersection with the defining ideal I(X) = {(f1,..., fx).
Suppose deg f; = d;. Let A be the residue ring

(C[ZOM'WZTL}
(frseos fa)

Since each f; is homogeneous, the ring A decomposes into graded pieces as A= D,, Am.
Then we have

A=

Am Zf q:()
H‘I(X,OX(m))g 0 if ¢g=1,...,dimcX —1
Ag_m if g=dimec X

for any m € Z, where o = ZI;\ZI dy — Y i G-
In particular, we have the following result for hypersurfaces.

THEOREM 4.3 (Fletcher [8, Theorem 7.2]). Let f be the defining polynomial of a
weighted hypersurface X in CP™(aq, ..., ay) with deg f = d. The Jacobian ring R(f) of
f is the quotient ring

Clzoy-- -, 2n]

(0f)0z0,...,0f)0z,)

Let R(f)m denote the m-th graded part of R(f). Then the Hodge numbers of X are
given by

R(f) =

0 if p+q#Fn—1,p#q
B (X) = 1 if pta#Fn—1,p=q
dime R(f)qd+a if prq=n—-1,p#q

dime R(f)ga+a +1 if p+g=n—-1p=q,
where o =d — Y1 a;.

4.3. Orbifold admissible pairs with a compatible antiholomorphic invo-
lution from weighted complete intersections.
We first recall the following result, which provides a way of obtaining orbifold ad-
missible pairs of Fano type.

THEOREM 4.4 (Kovalev [15]).  Let V' be a Fano four-orbifold with isolated singular
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points which have local crepant resolutions and D € |— Ky| a smooth Calabi-Yau divisor.
We denote a smooth surface representing the self-intersection class of D - D by S.

Let @ : X = Blg(V) --» V be the blow-up of V along the surface S. If we take the
proper transform D' of D under the blow-up w, then (X, D') is an orbifold admissible
pair. Moreover, w|p: yields an isomorphism between D' and D, and so we may denote
D' by D.

PROOF. See [15, Proposition 6.42 and Corollary 6.43]. One can see that these
results for Fano threefolds also hold for Fano four-orbifolds. O

The above orbifold admissible pair (X, D) obtained from V and D is said to be of
Fano type.

Next we consider a well-formed weighted projective space W = CP**3(ag, ay, ...,
ak+3) with k > 1. Let f1,..., frt+1 be a regular sequence of weighted homogeneous
polynomials such that

(1) Z/\ 1 d Zf+0 a;, where dy = deg f»,

(2) V is a complete intersection defined by the ideal I,_1 = (f1, ..., fr—1), with isolated
singular points modelled on C*/Z4 (we set Ip = 0 and V = W when k = 1),

(3) D is a smooth complete intersection defined by the ideal I, = (f1,..., fi), so that
DN SingV =0, and

(4) S is a smooth complete intersection defined by the ideal I+1 = (f1,..., fr+1) with
deg fr+1 = deg fi.

Then V is a four-dimensional Fano orbifold with D a smooth anticanonical Calabi—Yau
divisor, and S is a smooth surface in D representing D - D on V. Suppose there exists
an antiholomorphic involution ¢ on W such that

(5) o*f; = fifori=1,...,k+ 1 and o acts freely on D and S, and
(6) V° =SingV, where Vo ={z €V |o(z) =z}.

Then by Proposition 3.9, o lifts to an antiholomorphic involution & on the blow-up
@ : X = Blg(V) --» V such that & preserves and acts freely on the exceptional divisor
E =w }(S). Let [2] = |20, ..., 2k+3] be weighted homogeneous coordinates on W, with
degz; = a; for i = 0,...,k+ 3. We can describe the blow-up X of V, the exceptional
divisor E and the proper transform D’ of D as

X =Bls(V) = {([z], [u,v]) € W x CP'| fi(2) = fr-1(2) = 0,vfi(2) = ufet1(2)}
@i X -V, ([2], [u,0]) — [2],
E=w""(8) ={([z],[uv]) e Wx CP" | fi(z) =+ = fir1(2) =0} = § x CP",
D'=w 1 (D\S)={([z],[u,0]) € W x CP' | fi(z) = - = fu(z) =u =0}
=Dx{[0,1]eCP'}=D
EnD =8Sx{[0,1]eCP'}=S
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Note that the above equation v fy(z) = ufi41(2) is well-defined because both fi(z) and
fr+1(2) are sections of the line bundle Oy (dy). Also, we can compute as

D' =w*D - E,
Ky =w'Ky +E=w"(Ky + D) - D' =-D/,
Npx=D'|p=D"-D =0,

by the adjunction formula. Let 2" = (zg,. .., 2, 3) and consider the transformation
zi=2z for i=0,1,....;k+1, z.=/fu(z) and 2z 3= fri1(2).
Then z’ define well-defined coordinates on W, and we can rewrite X and D’ as

X = {([z/]’[uvv]) eEW x cpP! | f{(z/) == fllc—l(z/) = O,UZ;;_,'_Q ZUZ,/H_S},
D' = {([zl]v[%v]) eyluzo}v

where f/(z') = fi(z) for i =1,...,k — 1. In this coordinate system, it follows from the
proof of Proposition 3.9 that

(2, [u,v]) = (o(2),[u,v]) for (2,[u,v]) € X.

Thus we may assume that the defining function u of D’ on X satisfies (3.5), so that
7 is a compatible antiholomorphic involution on X. Observe that V inherits a Kihler
form wy from the ambient Kihler orbifold (W,ww) with wy = wy |y, and that X is
endowed with a Kahler form o' = w*wy — k_lw[E] for sufficiently large k, where wig
is a d-closed semi-positive (1,1)-form which represents c;([E]) and satisfies wig|5 = 0
(see Griffiths—Harris [9, pp. 186-187] and [15, Proof of Proposition 6.42]). Therefore
w5 D — D is an isomorphism with (@|3)*wv|p = w5

Now suppose k > 2 in the above situation. Let g1 = f1,...,9xk—2 = fr_2 and
9k—1 = [k, gk = frk—1. Also, choose git1 so that gxy; satisfies the above conditions (4)
and (5) Let (Yh D1), Vl, Sl, 01 and (Yg, Dz), VQ, SQ, 02 correspond to fl, ceey fk+1 and
g1,- .., g1 respectively. Then X5 and Vo may change from X; and Vi, but Dy = Dy
and the asymptotic models of X; \ D; and X5 \ Dy are the same.

Setting the isomorphism f: Dy — D5 by

f: (WQ‘DQ)_I OZU1|D1 :Dy — D — Do,

we have fooy|p, = 03|p, o f and f*wh|p, = w}|p,. Also, we have f*ky = k1, where k;
is the unique Ricci-flat Kahler form on D; in the Kédhler class [w)

‘|p,]- Consequently, we
have the following theorem which we shall need in Section 6.1.

THEOREM 4.5. The above isomorphism f satisfies the gluing condition given in
Section 3.4.1. Thus we can apply Theorem 3.23 to (X;, D;),0; for i = 1,2, to obtain
a compact simply-connected Riemannian 8-manifold M, which has holonomy Spin(7) if
AM)=1.
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5. A new example of compact Spin(7)-manifolds.

The main theorem of this section is the following.

THEOREM 5.1.  There exists a compact Spin(7)-manifold M whose Betti numbers,
the Euler characteristic and the signature are given by

(M) =b*(M) =0,
b*(M) = 1678, (5.1)
X(M)=1680 and (M) = 576.

In particular, this is a new example of compact Spin(7)-manifold.

Remark that only a small number of examples (around 200) of compact Spin(7)-
manifolds are known and all known examples of them can be found in [14, Tables 14.1-3,
15.1] and [2]. Among them, one can see that there is no example of compact Spin(7)-
manifolds which has Betti numbers (b2, 6%, b*) = (0,0, 1678). Hence it suffices to construct
a compact Spin(7)-manifold satisfying (5.1) by using Corollary 3.24.

Here and hereafter, we will use the same notation as in Section 4.3. First we provide
an explicit example of simply-connected 8-manifolds as follows.

5.1. Setup.

Let W = CP*(1,1,1,1,4) be the weighted projective space and [z] = [zo,..., 24]
be weighted homogeneous coordinates on W. Then W has an isolated singular point at
p=10,0,0,0,1], which is modelled on C*/Z,. If we define an antiholomorphic involution
o on W by

[2’0,21,22,23,24] — [_217207_23322724]5 (52)
then we have W¢ = {p} = Sing W. Define

V=W, D={[z]eW]|fi(z)=0} and S={[z]eW|/fi(z)=/fa(z)=0}
(5.3)
by weighted homogeneous polynomials

) =842+ 8428427 and  fo(z) = a2 +azf + 028 +b25 4 c22,  (5.4)

where a,b and ¢ are real coefficients. Then we see that conditions (1)—(3), (5) and (6)
in Section 4.3 hold. Also, we can choose a,b and ¢ so that condition (4) holds. Thus
following Section 4.3, we have an orbifold admissible pair (X, D) from V, D and S, where
X = Blg(V) and we denote the proper transform D’ of D by D again. Then Proposition
3.9 gives a lift of o on X, which satisfies conditions (f) and (g) in Definition 3.10 (we
denote this lift by o again). Hence this is a compatible antiholomorphic involution on
X. Applying the doubling construction in Corollary 3.24, we can resolve the orbifold
MY = X/(o) U X/{o) to obtain a compact 8-manifold M. Hence we have the following
result.
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PROPOSITION 5.2.  This simply-connected 8-manifold M admits a Riemannian
metric with holonomy contained in Spin(7).

Now it suffices to show that the above resulting manifold (M, g) with Hol(g) C
Spin(7) is a compact Spin(7)-manifold (i.e. Hol(g) = Spin(7)) which satisfies (5.1) to
prove Theorem 5.1. We will show this in Section 5.5, while Sections 5.2-5.4 are devoted
to compute the Hodge numbers of D and S.

5.2. Contributions from the singular point.
First, we observe that the branched covering of the isolated singular point p =
[0,0,0,0,1] on V = CP*(1,1,1,1,4). Consider the surjective morphism

7:CP*—V

defined in (4.1), and let [w] = [wy,...,ws] be the standard homogeneous coordinates
on CP*. Then the restriction of the map 7 to $; = { [w] € CP* | wy =0} is bijective
since §)4 can be identified with CP3. On the other hand, the restriction of the map
7 to U, = {[w] € CP*|ws #0} = C*is 4 : 1 except at p. This is because we have
Uy={[z] €V |24 # 0} =2 C*/Zy as seen in Section 4.1:

cpt

(Ssu{p}) U O\ {p})
7r 1:1l 4:1J{ (5.5)
4 (ZaU{p}) U (Up\{p}).

Here we denote ¥4 = 7r(§~]4) ={[z] €V ]z =0}
A straightforward computation shows the following.

LEMMA 5.3. Let F be a projective subvariety of CP* with F N {p} =0, and

F =n(F). Then we have

X(F) = 3 (x(F) + 8x(F N ).
5.3. Computing the topology of D.
In order to prove Theorem 5.1 first we need to calculate the Euler characteristic
x(D). We will find this by the following two ways.
Computing x(D): First way. Let f1 and f3 be the weighted homogeneous polynomial
defined in (5.4). Then ﬁ = 7* f; for i = 1,2 are homogeneous polynomials of degree 8 in
Clwo, . . ., wy] given by

fi(w) = wh +wf +wh +wi +wf, and fa(w) = aws 4 aw$ + bw§ + bwl + cwl, (5.6)
where [w] = [wo, . ..,w4] are the standard homogeneous coordinates on CP%. Setting

D={[w] e CP*| fi(w)=0} and S={[w]eCP*| fi(w)=falw)=0}, (5.7)
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we have m(D) = D, n(S) = S and DN {p} = SN {p} = 0. Thus the assumption of

Lemma 5.3 holds for D and S. Since D N Yy is given by

DNYy={|w] € CP*| fi(w) =ws =0} = {[w] € CP? | wd + w} + wl +w =01},
(5.8)
where [w'] = [wg, w1, ws, w3] are the standard homogeneous coordinates on CP3, a com-
putation of the total Chern classes gives

x(D) = —2096 and (DN Xy) = 7808.
Hence Lemma 5.3 yields the following.

PROPOSITION 5.4.  This smooth Calabi—Yau divisor D on V has the Euler charac-
teristic

Xx(D) = —296.

Computing x(D): Second way. Theorem 4.3 determines the Hodge numbers of D as
follows. Let R(f) be the Jacobian ring of f

(C[Zo, S 2’4}

7T 7T LT 7 .
<ZO’21’22723724>

R(f) =

Assume that a graded ring B is finitely generated over C. Then the Hilbert series of the
graded ring B = €, By, is defined to be

Hp(t) =) (dimc By,)t™.

m=0

On the one hand, we can apply [1, Proposition 23.4] to the Jacobian ring R(f). Con-
sequently, the Hilbert series of R(f) is the power series expansion at ¢ = 0 of a rational
function

(1—1t7)*

W:1+4t+101t2+---+149158+(’)(t9).

Hpp)(t) =
Then Theorem 4.3 gives
RYY(D) =1, K*(D)=dimcR(f)o=1 and h*'(D) = dimc R(f)s = 149.

Since the Euler characteristic x(D) is also given by x(D) = > (—=1)PT9hP4(D), the

result is consistent with Proposition 5.4.

p,q

REMARK 5.5. Since D is a Calabi—Yau threefold, the Lefchetz hyperplane theorem
and the Euler characteristic determine the Hodge numbers in this example.

5.4. Computing the topology of S.
Analogously to Section 5.3, we shall find all Hodge numbers of the weighted complete
intersection S defined in (5.3).
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Recall that f;(z) and ﬁ(w) for i = 1,2 are the weighted homogeneous polynomials
given by (5.4) and (5.6) respectively. Let S be a complex surface given by (5.7). Then
we have x(S) = 7808. As in (5.8), we have

Sﬂi;;

{[w] € CPY| fi(w) = falw) = wy =0}
=~ {[w'] € CP? | w§ + w4+ w§ + wl = awd + aw? + bwl +bws =0},
which is a smooth complex curve in S with x(S N ¥4) = —768. Again by using Lemma

5.3, we find x(S) = 1376. Also, we have b!(S) = 0 by the Lefschetz hyperplane theorem.
Let us consider the residue ring

(C[Zo, ceey Z4}

<f17f2>

Using [1, Proposition 23.4] again we find that the Hilbert series of A can be written as

A:

(1—1t%)2

) = ==

=1+4t+ 102 +--- + 199t + O(¢°).

Applying Lemma 4.2 to the residue ring A for ¢ = 2, m = 0 and « = 8, we have
h%2(S) = dim¢ Ag = 199.

Since x(S) = 1376, we find h11(S) = 976. By the Hodge index theorem, we also find
the signature of S is

dim¢ S

7(8)= > (=1)*h"7 = —576.

P,q=0
Summing up our argument, we conclude the following.
PROPOSITION 5.6.  This smooth compact complex surface S has
x(S)=1376 and 7(S)= —576.

5.5. Proof of Theorem 5.1.

Our proof separates into the following two steps: In Step 1, we show that the
resulting manifold in Proposition 5.2 is a compact Spin(7)-manifold by Theorem 2.8. In
Step 2, we conclude that our Spin(7)-manifold M has the Betti numbers (b2,3,b%) =
(0,0,1678).

PRrROOF OF THEOREM 5.1.

Step 1: First we will compute the Euler characteristic and the signature of the
resulting compact simply-connected 8-manifold M. Recall that @ : X --+ V is the blow-
up of V along the submanifold S. It is well-known that the Euler characteristic of X
satisfies the equality

X(X) =x(V) +x(E) — x(9) (5.9)
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where E is the exceptional divisor of the blow-up w. As seen in Section 4.3, we have
E =~ S xCP!, and so

X(X) = x(V) +x(S) = 1381,

where we used Proposition 5.6 and x (V) = 5. Thus x(X) = x(X) — x(D) = 1677. Since
o fixes the singular point p on X, we have

X(X/(0)) = 5 (x(X) +1) = 839.

Now we construct M by resolving the orbifold MY = X /(o) U X/{o) with two isolated
singular points. Observing from (3.2) that replacing the neighborhood of each singular
point on MV with an ALE manifold X, adds 1 to the Euler characteristic, we have

X(M) = x(MY) +2 =2x(X/{o)) + 2 = 1680.

In order to find the signature 7(M), we see that 7(X) = 7(V) — 7(S) = 577 in the same
manner as (5.9). Hence

(M) =27(X/{o)) =7(X)+1
= %(w(?) —7(D x CP")) +1=578.
Consequently we obtain 7(M) = 7(MV) — 2 = 576 by taking resolutions of isolated
singular points. Hence (2.5) implies that A(M) = 1, that is, M is a compact Spin(7)-
manifold.
Step 2: Next we find the Betti numbers of our Spin(7)-manifold M. Consider
MY = 71U Zy
where Z; = X /(o) for i = 1,2. Then we have homotopy equivalences
MY ~ZyUZy, ZiNZy~(DxSY)/(0pxstey) =Y (5.10)
as in [5, Equation (4.6)]. Here the action of opy g1 cy1 is given by (3.9).
LEMMA 5.7 (Kovalev [16]). Let Z; (i =1,2) and Y be as above. Then we have
V(Y)=0*(Y)=0 and b*(Z;)=0%Z;)=0.
Once Lemma 5.7 has been proved, we conclude that
(M) =03(MY)=0

by applying the Mayer—Vietoris theorem to (5.10). Then it follows from (M) = 1678
that

b4 (MY) = 1676.
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By (15.10) in [14], the Betti numbers b7 (M) satisfy
V(M)=t(M") for j=1,2,3 and b*(M)=0'(M")+k

where k = # Sing MV. Thus, we conclude our Spin(7)-manifold M has the Betti numbers
(b2,b%,b%) = (0,0,1678). This completes the proof. O

It remains to prove Lemma 5.7.

PROOF OF LEMMA 5.7. Note that b/(Y) = 0 for j = 1,2 were already proved in
[16, Proposition 6.2]. Hence it suffices to show b?(Z;) = b3(Z;) = 0 for our purpose.
Recall that b?(V) = 1 and b3(V) =0 for V = CP*(1,1,1,1,4). Now w }(S) = S x CP!
where @ : X --» V is the blow-up of V along S. Then the Betti numbers b’(X) are
given by the formula

bi(X) = b (V) +b2(S)
(see [3, (1.10)]). This gives
V(X)) =0*(V)+0°(S) =2 and B3(X)=03(V)+b(S)=0.
Since there is a tubular neighborhood U of D in X such that
X=XUU and XNU=~DxS"xRs, (5.11)

we apply the Mayer—Vietoris theorem to (5.11). Then we see that

{bQ(X) = b(X) +1, (512)

b (X) =b3(X) + b*(D) — b*(X)
(see [17, (2.10)]). Let b*(X)° be the dimension of the o-invariant part of H*(X,R). Then
V' (Z;) =b*(X)7 =0

because H?(X,R) is generated by the Kihler form on X and is not o-invariant. Similarly,

by (5.12). The assertion is verified. O

6. Other examples.

In Section 6.1, we investigate orbifold admissible pairs (X, D) of Fano type when V/
is a complete intersection in a weighted projective space W = CP**3(ay, ..., ax,3) with
k > 2. Suppose o is an antiholomorphic involution on W and

V={zleW| fi(z) == fr_1(z) =0},
D={[z]leW | filz)=-=fu(z) =0},
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where D is smooth and f; are weighted homogeneous polynomials satisfying deg f1+- -+
deg frx =ap+ -+ agyrs and o* f; = f; for i =1,..., k. Then by the adjunction formula,
V is a Fano four-orbifold with an anticanonical Calabi-Yau divisor D. Choosing fx11 so
that

deg fr+1 =deg fr, 0" fry1 = fey1 and
S={[z]eW| fi(z)=---= fus1(z) =0} represents D - D,

we have an orbifold admissible pair (X1, D;) with a compatible antiholomorphic involu-
tion oy such that (D, 01|p,) is isomorphic to (D,o|p). Meanwhile, if we exchange f
and fr_1 (and choose suitable fii1 correspondingly), then V' may change, but D does
not change. Hence we have another orbifold admissible pair (Yg, D5) with o5 which has
the same asymptotic model. This new perspective leads us to obtain practical examples
in our gluing construction.

6.1. Complete intersections in CP%(1,1,1,1,4,4).

Suppose k£ = 2 in the above argument. We consider the weighted complete in-
tersection of two weighted hypersurfaces in W = CP®(1,1,1,1,4,4) with homogeneous
coordinates [z] = [2o,...,25]. Define an antiholomorphic involution o : W — W by

[ZQ,...,Z5] — [—51750,—53,52754,55}. (61)
Consider complete intersections

Vi={lzleW|[fi(z) =0}, Di={[z]e W]fi(z) = fa(z) =0} and
S1={[z] e W | fi(2) = fa(z) = fs(2) = 0},

where f; and fo are defined by
fi(z) :zg—i—z?—&—zg—i—zg—&—zz—zg and  fo(2) :z§+zf+z§+z§+2z4+25,

and f3(z) is chosen so that deg f3 = deg fo = 4, 0*f3 = f3, and S; is a smooth com-
plete intersection in W. Then V; has two isolated singular points p; = [0,0,0,0,1,1]
and py = [0,0,0,0,1,—1], which are modelled on C*/Z4 and fixed by 0. We can see
easily that conditions (1)—(6) in Section 4.3 hold, and thus following the argument in
Section 4.3 we obtain an orbifold admissible pair (X1, D;) with a compatible antiholo-
morphic involution o7;.

Similarly, we set g1 = f2, go = f1 and

Vo={[z] €W |gi(z) =0}, Dy={[z] € W|gi(z) =ga(2) =0} and
Sy ={[z] e W|gi1(2) = g2(2) = g3(2) =0},

where we choose g3 with deggs = deggs = 8 so that o*g3 = g3, and S is a smooth
complete intersection. Then V5 has an isolated singular point p3 = [0,0,0,0,1, —2],
which is modelled on C*/Z, and fixed by o. Conditions (1)—(6) in Section 4.3 also hold
in this case, and we obtain another orbifold admissible pair (YQ, D5) with o2. Note that
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(X;\D;)/{c;) for i = 1,2 have the same asymptotic model, and so can be glued together.

Now we can apply Theorem 4.5. Setting Z; = (X; \ D;)/{(0s) and M = Z; U Z;,
where i, 7 € { 1,2}, we can resolve orbifolds My, M}, and M, to obtain compact simply-
connected 8-manifolds Mi1, M2 and Mss respectively. Then we see that A\(M”) =1
in each case. Hence we conclude that all resulting manifolds M;; are compact Spin(7)-
manifolds. In particular, the resulting manifold Msy has the same Betti numbers as the
above Spin(7)-manifold M in Theorem 5.1. Finally we shall list all Hodge numbers in
Table 6.4 which are needed to compute x(M;;) and 7(M;;).

REMARK 6.1. Since our examples M, Mo with (b2,6%,b%) = (0,0,910),
(0,0,1294) in Table 6.5 are already listed in [14, Table 15.1], we can not distinguish
the topological types of these examples from those in [14].

6.2. From the viewpoint of Calabi—Yau structures.

In this subsection, we shall give a useful criterion for finding a compact Spin(7)-
manifold by considering Calabi—Yau fourfolds constructed by Theorem 3.21. Let V', D
and S be as in Theorem 4.4. Let @ : X --» V be the blow-up of V along S. Taking
the proper transform D’ of D under @, we have an orbifold admissible pair_ (X,D') by
Theorem 4.4. Then we may denote D' by D. Let 7 : X->Xandnm:V -=> V be
the crepant resolutions of X and V respectively. Let D denote the proper transform of
D € | — K| under the resolution 7. Then there is an induced map @ : X --» V which
makes the following diagram commutative:

% %7
| |

T : crepant | |7 : crepant
¥ y
X-%>v

Here the vertical maps are crepant resolutions and the horizontal maps are the blow-
ups of four-dimensional complex algebraic varieties along the complete intersections.
Furthermore, a compatible antiholomorphic involution ¢ on V lifts to X by Proposition
3.9. With this notation, we consider a compact simply-connected 8-manifold Mcy =
()?1 \lA)l) U ()?2 \ 132) which is obtained by Theorem 3.21. Also, let Mgpin be a compact
simply-connected 8-manifold which is a resolution of Mg, = (X1 \ D1)/(o1) U (X2 \
D5)/{o3) obtained by Theorem 3.23. Then we have the following.

PROPOSITION 6.2.  The above Mcy admits a Ricci-flat Kdhler metric. Moreover,
if Mcy has no K3-factor, then Mcy is a Calabi-Yau fourfold and Mspin is a compact
Spin(7)-manifold.

PrOOF. For i = 1,2, let k; = #Sing X;. In our case, each singular point is
modelled on C*/Z, and has a unique crepant resolution with the exceptional divisor
E =C*/Zy = Kcps. Thus we have x(F) = 4. This implies that

X(Xi) = x(X3) — ki + x(BE)ki = x(X;) + 3k
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A straightforward calculation shows that

X(Moy) = 2x(Mspin) = > (x(Xi) = x(Di) + 3k;)  and

-

Il
—

K2

r(Moy) = 2r(Mspin) = 3 ((X0) — ki) -

B

i=1

This yields
A(Mcy) = 2A(Mspin).- (6.2)

Now Theorem 3.23 shows that Hol(Mspin) C Spin(7). Therefore we conclude that

~

A(Msgpin) > 1 by Theorem 2.8. Then A(Mcy) is 2 or 4 by (6.2). Again by Theo-
rem 2.8, Moy admits a Ricci-flat Kéhler metric. Moreover, if Mcy has no K3-factor,
then A(Mcy) must be 2, and hence A(Mgpin) = 1. O

Finally we find an example of Calabi—Yau fourfolds using the same ingredients of
the previous Spin(7)-manifold in Section 5.

EXAMPLE 6.3. Let V be CP4(1,1,1,1,4). Let D and S be as in Section 5. Accord-
ing to the previous argument, we obtain Mgy by gluing two copies of X \ D along their
cylindrical ends. Then we have x(X) = 1381 — 1 4+ 4 = 1384 and y(D) = x(D) = —296.
This implies

X(Mcy) = 2(x(X) — x(D)) = 3360 # 576 = x(K3 x K3).

Thus Mcy is a Calabi—Yau fourfold by Proposition 6.2.

Table 6.4. The list of the Hodge numbers.

Index  Weighted hypersurfaces Smooth Calabi-Yau Weighted complete

in W = CP>(14,42) divisor on V; intersection in V;
) Vi D =Dy =D, SZE|DZD1‘
1 AM(V) =LA (Vi) =35, AM(D)=1, h2(Sy) = 35,
h22(V;) = 232 h21(D) = 149 RU1(S,) = 232

2 hN(Va) = h23(Vy) = 1 W (D) =1, hO2(Sy) = 199,
h21(D) = 149 hL1(Sy) = 976

Table 6.5. The resulting Spin(7)-manifolds in Section 6.1.

The resulting
Spin(7)-manifolds M

My 320 912 910
Mo 448 1296 1294
Moo 576 1680 1678

(M) x(M) b
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