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Abstract. This paper deals with the elastic wave equation (Df —
L(z,D,s, Dz, ))u(t,z’,zy) = 0 in the half-space n > 0. In the constant
coefficient case, it is known that the solution is represented by using the
Cauchy integral fc e®nC(I — L(¢,¢))"'d¢. In this paper this representa-
tion is extended to the variable coefficient case, and an asymptotic solu-
tion with the similar Cauchy integral is constructed. In this case, the terms
o [, e?*n¢(I — L(x,&',¢))~1d¢ appear in the inductive process. These do not
become lower terms necessarily, and therefore the principal part of asymptotic
solution is a little different from the form in the constant coefficient case.

1. Introduction.

In this paper we consider the elastic wave equation in the half-space R’} with the
Dirichlet boundary condition:

(D} — L(x,Dy))u(t,z) =0 in R x R7,

1.1
en=0 = f(t,2") on R x R 1, (1.1)

u

where L(z, D,) (x = (2/,2,)) is of the form

n n

L(z,Dy) = Y aj(@)(=ids;)(=i0y,) + Y bj(@)(=ids,) + bo(x).

=1 j=1

The coefficients are (n x n)-matrices of real-valued bounded C'* functions with bounded
derivatives (i.e. € B(R%)). We assume that the principal part Lo(z, &) of the symbol
L(z, &) satisfies the following conditions.

(A1) aj(z) ="tay(x), 4,01=1,2,...,n.
(A.2) Lo(z,£) is positive definite for any (z,£) € R x R (£ #0).
(A.3) The multiplicity of every eigenvalue A;(z, &) of Lo(x,&) is constant.

Lo(z,€) is a real symmetric matrix. The eigenvalues {\;(z,&)};=1,... 4 are all positive
and homogeneous of order 2 in £. Let A\; < -+ < Ayq. Fix x € @ and ' € R"1, and
consider the equation (in z)
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det(I — Lo(z,n’,2)) = 0. (1.2)

Then the real number Z is the root of this equation if and only if Z satisfies 1—\;(z, 7', 2) =
0 for some j.

We say that (z,7) is non-glancing if 0¢, A;(2’,0,7',2) # 0 for any real Z with
A (Z',0,7,2) =1 for all j(=1,...,d). Let us say that the boundary value f in (1.1) is
non-glancing if its wave front set (WF[f]) is included in a conic neighborhood consisting
of non-glancing points (for the definition of WF[f], e.g., see Section 3 in Chapter 10 of
Kumano-go [3]).

Let (Z',7') be non-glancing. Then the number of the real roots Z of (1.2) with
O¢, \j(x',0,1',Z) > 0 and the one of the roots with d¢, A;(2",0,7,Z) < 0 are same in a
neighborhood U’ of (#',7"). We assume that for any non-glancing point (&',7’)

(A.4) there exists only one or no real point Z satisfying 1 — A;(2’,0,%',2) = 0 with
O, Aj(2',0,1,2) < 0 (when Z is real) for every j.

The multiplicity of the root Z coincides with the one of \j(x,7’, Z). Let us note that the
assumption (A.4) is satisfied if the slowness surface {£ | Aj(z, &) = 1} is strictly convex.

Under the assumptions (A.1)-(A.4) we classify the (distinct) roots {2 };=1. 4 of
(1.2) in the following way for (2/,n") € U’ and z,, € J (J is a small interval [0, r]):

zi (resp. z) (j =1,...,k) are real roots satisfying 1 — \j(z,7/,2.) =0
and 85n/\j(x,n',zi) < 0 (resp. > 0);

24 (j=k+1,...,d) are non-real roots satisfying zi =2/ and Im zi > 0.

We assume that there exist at least two real roots (i.e., all the roots are not non-real). For
the real roots 2. their multiplicities (mult[z7]) are equal to dim Ker[I — Lo (z, 7/, 2. )], and
for the non-real roots 2/, (z,n) it holds generally only that dimKer[l — Lo(z,7/,2})] <
mult[z}] (cf. Section 2 of Soga [6]). We assume that for (z,7') € U (= U’ x .J) every
non-real root zJ, (x,7’) can be extended C*-smoothly for the complex variable 7’ near
the real values, and that for j =k +1,...,d

(A.5) the multiplicity of 27 (z,7) is constant and is equal to dim Ker[I — Lo(z, 7', 27.)].

In this paper we construct outgoing asymptotic solutions of (1.1) for non-glancing
boundary values f. ‘Outgoing’ means that singsupp[u] C {t > ¢} holds if sing supp[f] C
{t > to}. When the coefficients of Ly are constant and L = Ly, we have some result due
to Kawashita, Soga and Ralston [2]. In this case we expect that the function

//eiateix’g’ [/eix”4(02f _ Lo(é",C))_ldC h(07 fl)f(av g’)dU_df’ (1.3)

becomes an outgoing solution of (1.1), where f is the Fourier transform of f in (¢,1’),
d¢ = (2mi)~td¢, do = (2r)~ldo and d¢’ = (27)'~"d¢’. They in [2] show under some
additional assumptions that this expectation is correct for some matrix h and some
path c.



Analysis of elastic symbols with the Cauchy integral 1559

In the present paper we extend the result in [2] to the case of the variable coefficients.
Namely, we construct the asymptotic solution with the integral terms of the same type
as (1.3). To do so, we derive various properties of the Cauchy integrals fc e nCg(o?l —
Lo(z,€,¢))"thd( in Section 2. Firstly we need to check whether the derivatives of those
integrals are also of the same type since their derivatives appear in the process of the
construction (cf. Corollary 2.3). Let us note that the integral [, "¢ (6?1 —Lo(¢',¢)) " d¢
is transformed to the form [ e““r*(I — Lo(z,n’,z))"*dz by change of the variables:
¢ — on and ¢ — oz (0 > 0). We define the integral operators Op elron(z49) gz by

cn>L/ewwﬂz+Wg(1_Ldznlhaz]f

C

too . . I . ’
= [ e { [ teag(a 21 - Lou,n',z))lh(x,n')dz}
0 c
flo,on)x(x, 0,9 )dn'c" " o, (1.4)

where x(z,0,7') is a C> cutoff function equal to 1 on U x {& > 1} for a neighborhood U
(C U) and with suppy, ,»[x] C U. We omit notations of the variables x or 1’ (e.g., Lo(z))
if confusion does not occur. (I—Lo(z))~! has (simple) poles only at z = 2/, (j =1,...,d)
(cf. Lemma 2.1 in Section 2). We can assume that x(z,0,n') =0 near 0 = 0 in (1.4).

We expect that we can make the asymptotic solutions so that the principal term is
of the same form as in the constant coefficient case (i.e., Op[[, e”*r*g(I — Lo(z))~'hdz|f
for some g and h € B> (R} xR™~')). However, this is difficult. The residue of the integral

J. e nZg(I — Lo(z)) 'hdz is sum of the forms ei‘”””zirg{F{esZ:Z,J-r (I — Lo(2))"1}h. This
means that the phase functions xnzi are of the special form (i.e., product of z,, and zi)
On the other hand, Soga [6] constructed the similar solutions by different procedures.
The phase functions in [6] have more general forms in the Taylor expansion for z,,. This
is not consistent with the above mention. It is also another difficulty in the variable
coefficient case that the order of the pole increases when the derivation 9, is applied to
(I — Lo(x,n',2))~! (in detail, cf. Section 2).

Therefore, we construct asymptotic solutions with several kinds of the phase func-
tions oz, (z + (2, 7)) in the Cauchy integral [ e@®»+¥)g(I — Lo(z,n'z))"*hdz. Fur-
thermore, we need to provide the integral with more than one kind of g for each phase
function. The reason for this is explained later. In this way we can construct the outgoing
asymptotic solutions as stated in Theorem 1 below.

Let H(R x R"') (= H') be the Sobolev space on R; x R”;"! of order I. For
non-negative integers m and s € R let C™(J; H®) denote the set of all H*-valued C™

functions on an interval J = [0,7] in R, . We set

H™e = CHJ; H Y.
1=0
Opl[, e+ g(2) (I — Lo(2)) tho~™dz] is a bounded linear operator from H® (s =

0,1,...) to HS*T™ if Im(2+ 1)) is greater than 0 at every pole of g(2)(I — Lo(z)) L. If we
obtain the outgoing solution in an interval 0 < x,, < r, we can know about the singular-
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ities on the whole interval 0 < z,, < 400 in a restricted interval in ¢ (cf. Corollary 6.3).
We say that the formal sum Z o um(t,x) (um € H?™*2) is an asymptotic solution
of (L1)if (D2=L)N_ u e HO N and YN tp|a,—0 — f € HNH! for any positive
integer V.

THEOREM 1.  Let (&',7)') be non-glancing, and let U" be a small neighborhood of
(Z',7). We take a small closed path cy surrounding only the roots zﬂr(] =1,...,d),
and take an interval J small enough. Then, there exist C°° functions V3! (z,n") (4,1 =
L,...,d), ¢'(z,n,2) (analytic in 2), hi (z,n') (m = 0,1,...) and a neighborhood U’
(C U') such that for any f(t,z") with WF[f] C {(¢,2',0,&) | (2',&' /o) € U',0 > 0}

d
ZZOp [/ ei”"(”w]l(m’"/))g (z,n',2)(I — Lo(z,7, 2) Z hi (x,n) mdz}f
et

j=11=1

is an outgoing asymptotic solution of (1.1) for x,, € J. Furthermore, the principal part
is reformed in the form

d
> Op {/ el G @I g (', 2) (1 — Lo(x,n’,Z))lh%(x,n’)dZ] f
j=1

Ct

where gg(z) s analytic and equal to 0 at z = zi for every I # j. The above functions
@I (x,n') and 7' (x, ') satisfy

Plonco =0, Pl=zl 4+ 24 (j,l=1,...,d).

Introduce operators of the form Op_[[, e+ g(2)(I — Lo(2))~'hdz]f =
[P et fer ], e elrmn g (2)(I=Lo(2 ))"thdz]f (0,00 )x @ |o|" " do with a path
c_ surrounding only z+ (j 1,. ,k) and 22 (j = k+1,...,d). Then, substi-
tuting Op_[[, ---dz] for Op f dz], we can obtain the same theorem for f with
WF[f] C {(t,2',0,&) | (x ,5/0) € U',0 < 0} as Theorem 1. Therefore, for any f
with WF[f] C {(t,2,0,¢) | (z,€ /o) € U'} we can construct the outgoing asymptotic
solution consisting of sum of the parts Op[fC --dz) and Op_[[, ---dz].

In Theorem 1 the term Y7, Op[fC eomn (A gL (T — Lo(2)) L 20 b,
o~™dz|f for j = 1,...,k represents the (\;-mode) body wave, and the one for
j=k+1,...,d does the surface wave. The body wave and the surface wave are as-
sociated with the real roots zﬂ_ (j =1,...,k) and the non-real roots zﬂ_ (j=k+1,...,d)
respectively. Those constructions are also a little different each other (cf. Section 5 and
Section 4 respectively).

Theorem 1 means that the lower terms (i.e. with the index m =1,2,...) for each j

are sum of more than one term with the index ! =1,...,d. This is natural in view of the
result in Soga [6]. Resz:zi (I — Lo(2))~* projects C™ to the space Ker[l — Lg(z?)]. On
the other hand the result in [6] shows that the lower terms are not necessarily restricted
in such a particular subspace as Ker[I — Lo(27.)]. Therefore, we provide some more than
one term for each j, and sum them up (in the index 1). In this procedure we need to show
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that ¢! can be chosen such that Zfl:l fc+ ' (2)(I — Lo(z))~*dz = I. This is guaranteed
by the following theorem.

THEOREM 2. Let (#',7') be non-glancing. Then there exist (n X n)-matrices
Mi(z,n') € B¥([RT x R"™!) and a neighborhood U of (&',0,7') such that for (z,n’)
eU

d
" MG, of ) {Res._y (T = Lo, 2)) ) = 1.
j=1

Noting that Resz:zi (I-Lo(2))~'C" = Ker[I—Lo(zi)] (cf. Lemma 2.1 in Section 2),
we can derive this theorem from

Ker[I — Lo(z, 7/, 21)] + - - - + Ker[I — Lo(z, 7/, 2%)] = C™. (1.5)

The above equality is stated also in Soga [6]. The proof in [6], however, contains an
incomplete part. In Section 2 we prove (1.5) by the method different from the one in [6].
Our proof is an improvement of the method for Theorem 2.1 in Kawashita, Soga and
Ralston [2].

Taylor [7] and others construct asymptotic solutions for more general equations sim-
ilar to ours. We note that in the general cases such conditions as (1.5) do not necessarily
hold and that (1.5) is due to the elasticity (i.e., (A.1)—(A.5)). The equality (1.5) can
be checked rather easily when the surface waves do not appear (i.e., all the roots zi
are real), which was shown in Soga [5]. In this case he also constructed the asymptotic
solution by the same idea as in Soga [6].

Using the asymptotic solution in this paper, we can know how the singularities of
the outgoing (genuine) solution propagate near the boundary as ¢ (> 0) moves near 0
(cf. Theorem 6.2). Our solution is essentially equal to the one in the paper of Soga [6]
if the residue is taken in the integral fc+ eiomn () gl ([ — Lo(2))~'hi, dz. Kumano-go
[3] examines singularities of the Fourier integral operators of the general type. Adding
concrete calculation to the results in [6] and [3], we can obtain the same informations
of the singularities that in Section 6. However, we remark that our asymptotic solution
gives an integral form common to all the modes (i.e., all the parts associated with each
of the roots zi) with accuracy equivalent to one in [6], etc.

Outline of the paper is as follows: In the next section (Section 2) we analyze the
integral fc et (%) g (I — Lo(2))~*hdz and explain the basic properties. They are used
later for the proof of above Theorem 1, etc. Section 3 is devoted to basic examination for
the construction of the asymptotic solutions. In Section 4 the construction is performed
in the case of the non-real root zi_. This is similar essentially to the Poisson operator. In
Section 5 we construct the asymptotic solutions in the case of the real root zi, and prove
Theorem 1. The case of the real root zi is related with the Fourier integral operator. In
Section 6 we examine the singularities of the solutions, and confirm the outgoingness of
the solutions.

ACKNOWLEDGEMENTS. The author would thank the referee for his useful indica-
tions, which have made the descriptions and considerations more appropriate.
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2. Analysis of the symbols.

In this section we explain properties of the Cauchy integrals fc+ etomn (z+¢) g(I —
Lo(2))"thdz. Tt is seen from the examination in this section that the set consisting of
sum of those integrals is closed for differentiation (cf. Corollary 2.3). Throughout this
section let the assumptions (A.1)—(A.5) in Section 1 be satisfied for a non-glancing point
(Z',7"), and let U’ be a small neighborhood of (Z’,7) and J be a small interval [0, 7]
inR,, .

We see that a real value Z becomes a root of the equation (1.2) (i.e., det[I —
Lo(z,n',2)] =0, (x,n") € U =U'xJ) if and only if Z satisfies 1 —\;(z,n’, Z) = 0 for some
j. Furthermore, this j is only one; because det[I — Lo(2)] = (1 — Aq(z))™utral...(1 —
Aa(z))™ultal and A\;(2), ..., Ag(2) are distinct each other. The number di of the z with
e, Aj(%) < 0'is equal to the one d’ with d¢, \j(Z) > 0.

Let us verify this fact: Such numbers dji are finite. Let z; < -+ < z,, be all the
real values z satisfying 1 — A\;(z) = 0 (where j is fixed). Since lim, o Aj(2) = oo, the
inequality Og, Aj(21) < 0 must hold. Therefore, (1 — A;(2)) > 0 on (z1,22). Hence, we
have Og, Aj(22) > 0 and (1 — A;(2)) < 0 on (22, 23). Repeating this process inductively,
we see that m is an even integer and that 0, A;(z;) < 0 for the odd [ and 0, A;(z) >0
for the even [. Therefore we have di = ¢’ . Hereafter we assume that di =d = 1, as
is stated in (A.4) in Section 1.

We state some properties concerning the behavior of (I — Lo(z,7/,2))~ 1

LemMa 2.1, (I — Lo(z,7,2))"" is a (matriz-valued) meromorphic function in z
and may have poles only at {z%};j=1.. 4. The following (i)-(iii) hold for (z,n') € U
(=U"xJ) at z= 2z}, and also the same ones hold at 2’ .

(i) (I —Lo(z,n',2))~t has a simple pole at zi; namely, it is expanded at z = zi(m,n’):

(I — Lo(z,1,2)" ' = R%(mm’) + R{(m,n’) + (2 — ZiW%(%n’) 4

_
z— 24

(i) {Res,_y (I = Lo(w,1/,2)) " (= RIC™) = Kerll — Lo,/ ).

(iii) Let zﬂr be the real root and denote by Pi(x,n') the orthogonal projection to the
eigen-space (= Ker[I — Lo(z,n',2))]) of the eigen-value A;(x,n',2%). Then we
have

Res___i (I — Lo(z,n,2)" ' (= R%) = (ag,nAj(x,n',zi))_le(x,n').

Noting that (I — Lo(2))~" = (det[I — Lo(2)])~" cof[I — Lo(z)] (cof[-] denotes the
cofactor), we see easily that (I — Lo(x,n’,2)) ! has poles only at {2’ };=1, 4. It follows
from Remark 2.4 (ii) in Soga [6] that dim Ker[] — Lo(27.)] < mult[z/ ]. Furthermore, we
can prove by the same method as for Lemma 2.3 and Remark 2.4 in [6] that the pole
at 2} is simple if and only if dim Ker[l — Lo(2})] = mult[z}]. This equality holds for
the real root 27 automatically (cf. the proof of Lemma 2.3 in [6]). Therefore, from the
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assumption (A.5) the pole at zi is always simple. Hence, (i) of Lemma 2.1 is obtained.
For (ii) and (iii) of Lemma 2.1, see Lemma 2.5 in Soga [6] and Remark 3.2 in Kawashita,
Soga and Ralston [2] respectively.

The order of the pole of (I — Lo(x,7,2)) ! may increase by differentiating. Because
of this, the integral fc+ eim"’(z"’w)gD% (I — Lo(z,n',2))"thdz may become of higher
order in o:

THEOREM 2.2. Let c(zj) be a small path surrounding only zi_ Assume that

U(z,n'), g(z,n',2) and h(z,n') € B (R} x R"1) and that g is analytic near 2%.. Then
we have

[ T e 2D, (1~ Lol )
c Z+
= / ei”"(z"’w)axng(@zpzi)(l— Lo(2))"thdz
c(zi)
b O RDe, L)L) + gD, L) NI ~ o) bt
c(2%)

+ /( 5 el ) (1 — Lo(2)) " {(8:Da, Lo)(2,)) R
+ (Da, Lo) (1) RINI(I — Lo(2)) ' dz (2.1)

where R} (x,n') (p = 0,1,...) are the matrices in (i) of Lemma 2.1. In the above integrals
the path c(zi_) can be changed with cy if g is analytic on the area [c4] surrounded by c4
and is equal to 0 at z = zi for every 1 #£ j.

By Theorem 2.2 we obtain immediately the following corollary.

COROLLARY 2.3. Let c(zi) be the path in Theorem 2.2 and let v, g and h be the
functions in the same theorem. We define the differential operators B%p and ng for
g(x,n',2) and h(z,n’) respectively by

B} g = Dy,g+ (0:9)R) Dy, Lo(2}) + gR| D, Lo,
BJ h= Dy h+ (0:Dy,Lo)(2})) Ry + (Da, Lo) R .

Then we have
Doy [ e g ) = Lol 2)) e
c(2%)
= [ 00, (o0 + gl — Lofz) " hd
c(zi)

+/ T EFI(BY g) (I~ Lo(2)"'h + g(I — Lo(2)) "' B] h}d=.
c(2%)

+

In the above integrals the path c(zi) can be changed with cy if g is analytic on [c1] and
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9(2), Bipg(z) are equal to 0 at z = 2\ for every l # j.

PROOF OF THEOREM 2.2.  Noting that D, (I — Lo(x,n/,2))"" = (I — Lo(z))~*
(D, Lo(2))(I — Lo(2)) ™", by the expansion in (i) of Lemma 2.1 we have

D, (I —Lo(2))™" = (2 — 2} ) 2R)(D., Lo) (] ) R}
+ (2 = 20) "H{R)(Da, Lo) (L) R] + R (D, Lo) (=) ) R)} + -+
at z = zi (2.2)

This yields that
[ £ D 1~ et
/ 7D i, (T — Lo(2))~ (Da, Lo) Ry
* / ) € ) RYDe, o) + 9B (D, L)1 = La(2) it
+ /( i) e (1 — Lo(2)) (02 Da, Lo) R) + (Dy, Lo) R] ) h 2. (2.3)

Therefore, we obtain Theorem 2.2 if the leading terms of the right hands in (2.1) and
(2.2) coincide each other, i.e.,

/ et Wigq, g(I — Lo(2)) " (Dy, Lo) Ry hdz
(1)
:/ et )iog g (8zpzi)(IfL0(z))*1hdz.
(z+)

Calculating the residues of the integrals, we see from (i) of Lemma 2.1 that the above
equality means

eioTn(FHAV) oy ng (2’ )Rg(DIpLO)Rgh = ei”"(Z{r'*'w)iaxng(zi)azpzi}{%h. (2.4)
Applying D, to the expansion in (i) of Lemma 2.1, we have

~ D, 2 1 4
Dy, (I = Lo(2)) " = —S—Rj + — D, Ry +
(z—2}) z— 2z

Comparing the terms of the order (z — zi)_2 in this expansion and (2.2), we have
R)(Dy, Lo)R}) = 0,2, R).
Therefore, we get the equality (2.4) and obtain Theorem 2.2. The proof is complete. [

It seems that the first term in (2.1) is associated with the principal part. However,
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the term for the non-real root zﬂr (j=k+1,...,d) becomes of lower order. This is seen
from (ii) of the following lemma.

LEMMA 2.4. Let ¢(z,n'), g(x,n',2) and h(z,n’) € B®(R" x R"~') and g be ana-
lytic on [c] (the area surrounded by c.). Assume that z+1) is real-valued or Tm(z+1)) > ¢
(v, € J) with a constant § > 0 at each pole of g(z)(I — Lo(2))~t. Then we obtain the
following (1)—(iii) (z, € J).

(1) Op[fc+ e ren(249) () (I — Lo(2))~'hdz] is a bounded operator from H*® to H** for
any non-negative integer s.

(ii) Let cﬁ_ be a small path surrounding only all the poles with Tm(z + 1) > 6. Then we

obtain for any positive integer m

‘/ et oTn ) pm g () (I — Lo(2)) " hdz| < Cou(oc +1)"™ (0 > 0).
e}

(iii) Let ¢} be the path in the above (ii). Then, Op[fdr elren () pm g () (I — Lo(2)) "

hdz] is a bounded operator from H® to H®5T™. Here, the path ci can be changed
with cy if g is analytic on [c4] and equal to 0 at all the poles outside [c}].

PROOF. At all the poles in [c ] we have
|eiazn(z+w)xnm0m| < (0$n)m67601"L < C,p,.

(ii) of the lemma follows from this inequality.
Let ST be the symbol class with the weight function <o,&'> = (0 + [¢'|%)1/2 (cf.

Section 1 in Chapter 2 of Kumano-go [3]); i.e. ‘p(z’,0,¢’) € Sf’)’o’ means that for any a
and S

10200, onp(a’,0,€)] < Cop<a, &> (2.5)

For p(a',0,¢') € ST we define the pseudo-differential operator by p(z’, Dy, Dy ) f =
ffeit"‘”’”/&l p(a!, 0,8 ) flo,&)dode . If p(2/,0,€) € 57, we have

Ip(%", De, Do) fll e < Csl| fl| s (2.6)

(cf. Theorem 2.7 in Chapter 3 of Kumano-go [3]). We set
q(xl7xn70-7 g/)
= [ e D g 0, o 2)(1  Lo(a. € f0,2) i€ fo)dex(a. 0. ),
“+
where we take the cutoff function x so that x(z,0,n") = 0 for ¢ < 1/2. Then, tak-
ing the residues in [c!], we see from (ii) of Lemma 2.4 that 8. g¢(z,0,&’) belongs to

CO(J; Si%“)(l = 0,1,...,s) since the inequality Cl<o,&>™ < o™ < C<o, &>
holds for (o, &’) satisfying x(z,0,&' /o) # 0. Therefore, using (2.6), we have
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Hai,nq(l'l,l'n7Dth/)fHHerm—l < CHfHHS

Furthermore, 0., Op[fcﬁr ot (ZH) g g(2)(I—Lo(2)) "'hdz]f is equal to 0, q(2/, 2y, Dy,
D,/)f. Hence, we obtain (iii) of Lemma 2.4 when the integral is of the form fci - dz.
If g(z) = 0 at all the poles outside [c!], it is obvious that fci el V) g g ()1 —
Lo(2)) *hdz = [ etomnGH¥)gm g(2)(I — Lo(2))~hdz. Therefore all the statements in

ct
(iii) are obtained.

Let us verify (i) of Lemma 2.4. We have Op[fC+ et (ZH0) g () (I — Lo(2)) " 'hdz] =
Op[fcﬂr el ) () (I — Lo(2)) " hdz] + Z?Zl Opleio®n(F+%) g (9 Rih), where 3 are
the poles outside [c}] and R/ = Res,_z (I — Lo(z))~'. We have shown that
Op[fcgr el (2HY) g () (I — Lo(2))~*hdz] is bounded from H* to H**. Ople®n(Z'+¥)
g(Z?) R?h|f is of the form

/ / itrtia S ion (et () iy (w, 0,€' /) (0, ') dordg’.

This is a Fourier integral operator on R; x R ! with the phase function (with the
parameter z,, € J)

¢t 2,0,&) = to + '€ + o1, (F (2, /o) + Y (x, € /7)),

and the symbol g(37)R7hx belongs to S?,0~ We can check that the function ¢(t,z,0,n’)
satisfies the conditions for the real-valued phase functions stated in Kumano-go [3] (cf.
Definition 1.2 in Chapter 10) if the interval J is small enough. Therefore, by Theorem
2.3 in Chapter 10 of [3], we obtain

| Ople!™® &'+ g(ZVRIB] f | e < C|| 1o

We can confirm the similar property for 0, Opl[e’®®»(*'+¥)g(27)R7]] also. Thus (i) is
proved. The proof is complete. O

The principal part of the asymptotic solution in Theorem 1 can be made by super-
posing the forms Opl[f, etz gl (T — Lo(2))"'h}ydz]f (j = 1,...,d). This proof is
based on Theorem 2 in Introduction (Section 1). Theorem 2 follows from the following
theorem.

THEOREM 2.5.  Let (&,7') be non-glancing. Then in a neighborhood U of (Z',0,7')
we have

d
> ARes_; (I = Lo(,1/,2)"}C" =C" for (z,1/) €U,

j=1
i.e., for any v € C" there exist v; € {Res___; (I — Lo(z,n,2)) *}C" such that v =

d
Zj:l ,Uj :

i
ks
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Let us note that this theorem is equivalent to (1.5) (cf. (ii) of Lemma 2.1 also).

PROOF OF THEOREM 2.5. Let v € C™ be orthogonal to Z?:l{Resz:zi (I -
Lo(x,n',2))"1}C". To prove Theorem 2.5, we have only to show that v = 0. De-
note the residues of (I — Lo(z))"' at z =z by R}, (j =1,...,d). Note that Ri =R}
(j=1,...,d) and that R}, = (9, \;(21.))""PL (j = 1,...,k), where P] are the orthog-
onal projections to the eigenspaces of the eigenvalues )\j(zi) (cf. (iii) in Lemma 2.1). By
calculation of the residue at z = oo, for large r > 0 we have

d
Z(z A —I—Z )R _/||— I = Lo(z)) 'z

j=1
=0 (whenl=0), =—a,5 (whenl=1), (2.7)

nn

where ap,, is the coefficient of D2 in Lo(z, D,).

Since ‘(I — Lo(z,2))~1 = (I — Lo(x,2)) ! for j = k+1,...,d, it follows that ‘RS =
—R’_for j =k+1,...,d. Hence, noting that v is orthochI to Ri@” forj=1,...,d,
we have (R v,v) =0 for j =1,...,d and (R’ v,v) = (v,'R_v) =0for j=k+1,...,d.
Combining this and (2.7), we get

k

Z(R] v,v) =0, Zz —(a; v, v). (2.8)

Jj=1

The first equality in (2.8) means that > _1(85n i(22))" (P v,v) = 0. All the terms in
this sum are non-negative since d, \j(22.) >0 (j = 1,...,k). Hence, (R’ v,v) = 0 holds
for j = 1,...,k. Therefore, using the second equality in (2.8), we have (a,lv,v) = 0,
which yields v = 0. Thus the theorem is proved. O

At the end of this section we prove Theorem 2 in Introduction (Section 1).

PROOF OF THEOREM 2. Let n/ be the dimension of Ri(i:’,(),f]’)([:” and take
el €C" (I =1,...,n7) such that {R’(#,0,7)e/}i=1,. ns are bases in R’ (#,0,7)C".
Then, Theorem 2.5 means that {R’ (Z',0,7)e] | j = 1,...,d, | = 1,...,n/} ex-
pands C". Therefore, if the number of {Rie{} is equal to n (ie. n = 27:1 n’),
{Rie{} are linearly independent. For the real roots zi (ie. 7 =1,...,k) we have
nl = mult[zz_] (cf. Remark 2.4 in [6]), and mult[zz_] = mult[z/] by (A4). Fur-
thermore, the same equalities for j = k + 1,...,d follow from (A.5). Therefore,
noting that Z?Zl mult[zi] + Zd 1mult[zi] = 2n, we have Z?Zl n/ = n. Hence,
H(z,n') = (RY(z,n)et, -, RY(z, 1 )etr, -, RE(x, 0 )ef,- -, RL (2,1 )ed,) isan nxn
matrix and {R! (&', 0,7 )e 71 are linearly independent, which yields that det H (x,7’) # 0
for any (z,n) e U (if U is small enough).

H(xz,n') is rewritten in the form H(z,n') = Z?Zl Ri(m,n')(0,~-~ ,e{,--~ ,efﬂ-,
0,---,0). Multiply this equality by H(x,n’)~! from right hand. And set G7(x,7’) =
0,--- ,e{,--- el 0, ,0)H(x,n')~1. Then we have

nJ’
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d . .
> R (2,0))G (@) = 1. (2.9)
j=1

This yields that 2?21 tGI(x, n’)Ri (x,n") = I since Ri (x,7) is symmetric. Thus Theo-
rem 2 is obtained. O

3. Basic examination for the construction of the solutions.

In this section we examine the forms of Op[fC+ e (z40) () (I — Lo(2)) "' hdz] for
differentiation in z;, where g(z) is analytic on [cy] (the area surrounded by c;). Let
(,n') move in an open set U = U{,, . X Jo,,.

For a while we restrict the path ¢y in Op[f, --- dz] to a small path ¢(z! ) surround-

+

ing only the root 2, (I=1,...,d).

THEOREM 3.1.  Let g(z,7,2) and h(z,n") be n x n matrices (€ B>(U)) and g be
analytic in z near z = 2. Let ¢(x,n') be a scalar-valued function (€ B>(U)). For
p=1,...,n we set

n

ap = Z(am + agp)(Ng + 104, (zﬂ_ +), = Zi_ + 1.
q=1

Let Bip and Bip be the operators in Corollary 2.3. Then we have

(D? - L(x, D)) Op [ / e T g 2) (I — Lo(w.,2) " iz, n’)dz] f

(z4)
=Op [/( l )ei”z"b(z+w){l — Lo(x,n + xnaz(zﬂ_ + ) }g(I — Lo(z, 7/, z))lhdZUQ] I
C Z+

- Op [/C(Zi) ioTn (241) Zap{g(l - Lo(z))—léi,ph + (Bipg)([ _ LO(Z))—lh}dZJ] f

p=1

—op [ [ eI - Lae) |1
c(zf‘_)

where L{g(I—Lo(2)) "' h) = 32 .y apg{(BL, By, 9)(I—Lo) " h+(BL g)(I—Lo) ™' B h+
(BL,o)(I = Lo) ™' Bl h+ g(I — Lo)™*B. Bl h} + 3,1 bp{(BL,)(I — Lo)*h + g(I —
Lo)™'BL h} +bog(I — Lo)~*h.

Proor. By Corollary 2.3 we have

D, D,, e oY) g () (I — Lo(2)) " *hdz

c(zz_)

_ / eiawn(z‘f‘w)az{axp (xnzﬂr + xn¢)azq (mnzi + xn'l/J)}g(Z)(I — Lo(Z))_lhdZ
c(zﬂr)
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n / oG G, (2n2h + 200)Ba,g + Oy, (¥ + 241) By g
e(2h)
+ (Dy, 0z, (w02 + n00)g}(I — Lo(2)) "' hdz

+ / eiazn(z-‘rw)o.g(l _ Lo(Z))_l{aip ($nZi_ + mn'(/))B;th
c(zh)

+

+ O, (:cnzf|r + xnw)szh}dz

+ / B BT = Lo(a)) ot (B, )1 = Lol2) B

L)

+ (By,9)(I — Lo(2)) ' By, h + g(I — Lo(2)) "' By, By h} dz.
(3.1)
(D? — L) Opl[[ e@n(zH¥) ... G2] is of the form Oplo? [eio@n(x+¥) ... Gz] — > pq=1 Tpg
Op[(7lp+Ds, ) (flg+Ds,) [ €77 EH) A2 =370 by, Op[(7lp+ Dy, ) [ o H) - ] —
bo Opl [ eto®n(=+¥) ... dz], where 7j; =n; for j =1,...,n — 1 and 7, = 0.
Combining this with (3.1) and Corollary 2.3, we see that when applying (D? — L) to
Op[fc(zﬂr) e (zH0) () (I — Lo(2))~*hdz]f, the terms with the order ¢ are of the form

Op[fc(zﬁr) e GV G2 T — Lo(x,n+ 200, (24 +1))}g(2)(I — Lo(z,7', 2)) "*hdz] f, where
n=(n, zﬂr + ). Furthermore, selecting the terms with the order o!, we can assemble
them into the form Op[}_,_, fc(zi) e ) (a0 + agp) (1 + Tn 0y, (24 +9)){Ba, g(I —
Lo(2)) " h + g(I — Lo(2)) "' By, h + (Dg,0n, (zn 2, + 201))g(I — Lo(2))"*h}dz]f. The
terms with the order ¢° can also be done similarly. Thus Theorem 3.1 is obtained. O

We employ the function p/(z,7', 2) = [, (2] — 24 )73(2 — 2L)3. pi(2) is analytic
on [cy] and satisfies

P, 2h) =1, 3&’Z)pj(m,n',zi) =0 for every [ # j and |a| < 2. (3.2)

Let us note that if g(z) is of the form p’(2)g(z) for an analytic function §(z) near
[c1], we have 0% fc+ e (GH0) g () (I — Lo(2))"'hdz = 92 fc(zi)ei‘”"(”w)g(z)(l -
Lo(2))7thdz (Ja| < 2). Furthermore, if g(z) = p?(2)g(z) and Im(zi +¢) >0 (>0),
Op[fc+ eloen(zH0) gm g(2) (I — Lo(2))~'hdz] is a bounded operator from H® to H5+™
(s=0,1,2,...) (cf. (iii) of Lemma 2.4).

For 5,1 =1,...,d we set

_

Wil z,n) = 2 (x,n) + ¢ (z,0)) — 2 (2, 7)) (3.3)

where 7 is a O™ function with /|, —o = 0 (determined later). Let us note that
(z+ 1/’jl)|z:zl+ is equal to 2%, + ¢/ and independent of I. Furthermore, a, in Theorem 3.1

also does not depend on [ if 1) = 97!, Let M! be the matrix in Theorem 2 and set

gl(a:'”]?,’z) :pl(x?n/’Z)Ml(x7n/)7 l: ]'?"'7d' (3'4)
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Applying Theorem 3.1 with ¢ = Y7 and g = ¢!, we obtain the following corollary
since (D} — L) Op[f,, ¢ CH¥")gl(I - Ly(2))""hdz] = (D} — L) Op[, ¢ , €7 =+
+
g'(I — Lo(2))"thdz].
COROLLARY 3.2. Let ¢ = 9" and g = g' be the functions in (3.3) and (3.4)

respectively. Then there exist a first-order operator 22:1 apD,, +b (b € B®) and a
second-order operator L(x, D) such that

(D? ~ ZOp [/ 7o G gl o 2)(I = Lo(a, ', 2) bl ') dz | £
- Op[e“””"(f#“‘" {I — Lo(z,7 + 2,0 (zi + ¢7), zi + ¢ 4 2,04, (zf|r + @) }Yho?] f

_op [ei”"(W) (Z apDa, + ”) ’“’] f = Opleian (L) o) . (3.5)
p=1
PRrROOF OF COROLLARY 3.2. Combining Theorem 3.1 and Lemma 2.1, we have
d :
D? — L(x,D, (0] e G oz ' 2)(I — Loz, ', 2)) " "hiz,n')dz| f
( t 9 p g an 9 777 9 77)
=1 C+

=Op [ewww”{f — Lo(@,1f + 200 (2 + ©7), 24 + & + 2000, (2 + 7))}
d
>oa Ry 0?1
=1
- Op [ iown (2 +¢7) Z ap Z{g L)RGBL h+ (B, g )Rf)h}o—] f

—Op[ iozn (2 +¢7) Z/ Y(I — Lo(z ))%)dz}f.

Therefore, we obtain Corollary 3.2 since sz=1 g'(zY )Rl =T (cf. (3.4) and Theorem 2)
and B, = D,, + (D.,Lo)R}. O

Let 77 (x,n') and éi(x,n’) be C*° functions satisfying
det[I — Lo(z, 7 (z,17'), 2, (z,7'))] = 56)
i (2',0,n') =0’ and #_(a',0,n') = (x 0,7). '

When‘zi is real (i.e., j=1,...,k), we take 7}’ z_md éi_ trivially so that 7/ (x,n’) = 7’
and Z (z,n') = 2 (z,7). The choice of 77 and Z/_ is meaningful only in the case of the
non-real 27, .

We decompose C™ orthogonally into Ker[I — Lo(x, 7 (z,7'), Zi(x,n’))] (= Kj) and
the orthogonal complement K f Let P (x,n) be the orthogonal projection to K;. Then
(I — P7) becomes the one to K JL For the construction of the asymptotic solution,
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we determine {h{n}mzoﬁlw by an inductive step for the parts (I — P/)h? (= 0), P7h?,
(I — P9)hi, Phi, ---. The following lemma plays a basic role in this step.

LEMMA 3.3.  Set Li(x,7) = Loz, 7 (x,7), 2. (x,7')) ((x,') € U). Then the
following linear operator is non-degenerate.

(I~ Pi(a, ) — L3 eI~ Pi(a,nf)) : K} — K-

PROOF. Let nt = dim K. Since 'Lg = Lo and (I—L7)P? =0, we have ' P/ = P/
and PI(I — L7) = *((I — L7)P7) = 0, which yields that rank[(I — P7)(I — L7)(I —
P7)] = rank[(I — L?)(I — P7)]. Hence, we have only to shows that dim[(] — L7)(I —
P7)C"] > nt. If not, there exist vectors ey, ...,e,. linearly independent in Kjl such
that (I — L7)ey,...,(I — L?)e,. are linearly dependent. From the linear dependence, it
holds that E?:l c(I — L7)e; = 0 for some numbers ¢; with a ¢; # 0. This means that
(I—fﬂ)(Z?:l cie;) = 0. Therefore, we have (Zl":l cer) € K, and namely, (Z?:l cer) €
K; ﬁKjL = {0}. This is not consistent with the linear independence of ey, ..., e,1. Thus
the lemma is proved. O

4. Construction of the surface waves.

In this section, following the examinations in the previous section, we construct
the asymptotic solutions corresponding to the surface wave, i.e., to the residues at the

non-real roots z} (j = k+1,...,d). The construction is performed by determining
the series hf,(z,7') (€ B®(R% x R"™1)) in the operator Op[fc+ eioen (T gl () (1 —
Lo(2))"'hi 0~™dz] inductively in m = 0,1,2,... for each j, where g’ is the function

defined in (3.4). The procedure is similar to the one for the Poisson operator, and is
the same essentially as in Section 4 in Chapter VIII of Taylor [7]. Let the assumptions

(A.1)-(A.3) in Introduction be satisfied and (A.4) and (A.5) be done in U = U(’x, ) Xz,
We choose ¢?(z,7') in (3.3) so that
{det[f = Lo,/ + @udor (&L 4,24+ @ oale, (4 + )] =067, ()
(Pj Tp=0 = 0 '

in U, where O(z2°) means that O(2) € B®(U x J) and |0(z5°)| < Cnal (z, € J) for
any positive integer V.
This choice is guaranteed by existence of a function ¢ satisfying

{6%@ — zi(mﬁmzcﬁ) = O(x°),

’ - (4.2)
@le,=0 = 2'n

in U. In fact, we can solve this equation (cf. Lemma 3.2 in Soga [6] or Section 4 in
Chapter VIII of Taylor [7]), and can get ¢’ by setting ¢’ = (¢ — a'n )zt — 2.

Let 2 (z,1) = 2} (z,1 + ,0p (2 (2, 1) + ¢ (2,7))) and set

L@, 1') = Lo(z,n' + 2200 (2, + ¢7), 2,). (4.3)
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Then, it follows obviously that det(I — L (z, 7)) = 0 for (z,7) € U.

LEMMA 4.1. Let f%(a:,n’) be the matriz defined by (4.3). Then we have for (z,n')
eU

E%(m, n') — Lo(z,n + acnam/(zi + @), zi + 7 + xnacn(zi +¢7)) =0 mod z5°.  (4.4)

Proor. We can write det[/ — Lo(z,n" + 2,0y (7 + ¢7),2)] = (2 — ,)° "5(2)
(o’ = mult[z]]) with v(2}) # 0. This yields that z—2+ = {det(I — Lo(z, 0 + 2,00 (2. +
<pj) 2))y(2)" 11/ near z = z+ Putting z = 2z} + ¢/ + zlcacn&wn(zJr + (pj), we have
(2 + ¢ +xn3wn(z+ +¢7)) — éi = O(a2°) since det[I — Lo(x,n’ + 2,04 (zJr +¢9), 25 +
O +0,, (z++<p3) 2)] = O(z2°) (cf. (4.1)). From the definition of LY (x,7’) it can be wrltten
that Lj (@, 1) = Lo(z, 1/ + 2000 (2, +¢7), 24 + 07 + 2005, (74 +¢7)) = Qa, 1) { (] +¢ +
Tp Oy, (z+ +¢7)) — #_} for some O function Q(z, 7). Hence, we obtain Lemma 4.1. [

The main result in this section is the following theorem.

THEOREM 4.2. Let (Z/,7) be non-glancing and take a sufficiently small neighbor-
hood U’ of (&',7'). Let J be small enough. We define 17! by (3.4) with ¢/ in (4.1) and
g (I=1,....d) by (3.4). Then, for each j = k+1,...,d there exist matrices hi,(x,n')
€ B¥(RE xR"™ 1) (m=0,1,...) and a neighborhood U (cU') of (&,7) such that the
operators

d N
Rg\[ _ Zop l:/ 1azn(z+¢ﬂ) l I LO -1 Z h O_md2:|
=1

ct =0
satisfy the following (i)—(iil) for any non-negative integer N.

(i) (D? — L(x, D.))Ry is a bounded operator from H® to H5~25TN=1 (s =23 . ).

(ii) Each column of hi,|s,=0 (m = 0,1,...) can be chosen arbitrarily in the space
K|z, =0 for (z',n') € U', where K; = Ker[I — L}(x,n')].

(iti) For any f € H® and N >0, (R f)(t,z) is C®-smooth if z,, > 0.
PROOF.  Setting hj_2 = hj_1 = 0, by Corollary 3.2 and Lemma 4.1 we can write

(D} — L(z, Da))RA f
. . N PR PR
= Op [eiwzﬁw{ D (P = Ly)(I = Py + (I = L) PP, + O(ay? )by )o ™+
m=0

+ Z <I P — L) (I — P)K .|

m=—1

— (I - P9 ( > apDy, + b> hi, — (I — Pj)Lth1>a_m+1

p=1
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N n
-y <Pj(ZaPD% +b) Pind,

m=0 p=1

o (Z et b) (= Pk + Pjﬂhz‘,H)a—mH

p=1

— ((1 — PY) ( zn: apDy, + b) Wy + (I — Pj)chg'Vl)aN“ - chg'VgNH f.
p=1

(4.5)

In view of the equality P7(I — L) = (I — L})P? = 0 and (ii) of Lemma 2.4, we have only
to choose {hJ,} so that the above summations of the orders —m and —m + 1 in o are
eliminated in the right hand of the equality (4.5). This is reduced to solving the linear
algebraic equation

(I = P/ (w0 )I = Ly, n"))(I = P/ (x,n"))h = (I = P (a,1)h (4.6)
for any given h € C" and the differential equation

Pi (Z apDy, + b> Pih = Pih,

p=1

Pih|y —o=Pif|, —o for (z/,n) €U’

(4.7)

for any given h € B and with any boundary value P? f 2, =0-

Lemma 3.3 guarantees the solvability of (4.6). Let us consider (4.7). We take
orthogonal bases {e;(z,1')};=1,... ns in K;. Here we can assume that e;(z,n’) € B> (R} x
R"1). Set e = (e1,...,e,s). Expressing vectors in K; by linear combination of the bases
{e1}i=1,... ni (i-e., using the local coordinates: CY > w="twy,...,wy) — ew (€ Kj)),
we transform the equation (4.7) into the equation

n
E téaperpw +b'w = 'eh,
p=1
_tsf
w z,=0 — efa

(4.8)

where bV = Zzzl te apD,, e +b. Since Im(anv,v)|s,—0 = 2(Im zi)(annv, 0)|x, =0 (cf. the
definition of a,, in Theorem 3.1) and inf ;s ;e Im zi\xnzo > 0, the coefficient ‘ea,e in
(4.8) is a non-degenerate matrix. Therefore, we can solve (4.8) modulo z2° in the same
way as Taylor [6] did (cf. Section 4 in Chapter VIIT). Thus we can determine (I — P7)h},
(=0), Pjhé7 - Pj)h{7 Pjh{, ... inductively. Hence, Theorem 4.2 is obtained. O

5. Construction of the body waves and proof of Theorem 1.

In this section we construct the asymptotic solutions 2?21 Op[fc+ ei‘”"(z"’wjl)gl(l—
Lo(2))~t >, hd,o~™dz] corresponding to the body waves, i.e., to the residues at
the real roots 2. (j = 1,...,k). Furthermore, we prove Theorem 1 in Introduction



1574 H. Soca

(Section 1). The procedure of the construction is similar to the case of the surface waves
(in Section 4). However, we need to solve the equations for hJ, exactly, not ‘modulo z2°’,
and also the equation for P7hJ is of the different type.

Fixj(=1,...,k),and for [ =1,...,d set

Wz, ) = 2 (2, 0) + ¢ (z,0)) — 2 (2, 7)),

Here, ¢/ is chosen so that it satisfies exactly the equations det{l — Lo(x,n’ + 2,0, (zi_ +
©1), 2 + @7 + 2,0, (24 + 7))} = 0 and |, —o = 0. Existence of this ¢’ is reduced to
solvability of the equation

{aggnw - zi(m,@w/z/}) =0, xz, €J, (5.1)

Ylz,=0 = 2'1".

Here, let us note that zi(m,r]’ ) can be assumed to be real-valued and to belong to
B>=(R% x R"~!) since mult[zi(m, n")] (= mult[A;(z, n’,zi(m,n’)]) is constant in a small
neighborhood U = U, (’x,’ "X Jz,,. By the Hamiton—Jacobi method we can solve the equa-
tion (5.1) exactly (not modulo z2°) (e.g., cf. Theorem 4.1 in Chapter 10 of Kumano-go
[3]) and get the required @7 by setting ¢/ = (¢ — a/n)a;, ' — 2.

Defining 7! and ¢’ in the way stated above and g' by (3.4), we obtain the following
theorem.

THEOREM 5.1.  Let (Z',7') be non-glancing and take a sufficiently small neighbor-
hood U" of (&',7'). Let J,, = [0,7] be small enough. Then, for each j = 1,...,k there
exist matrices hi, (z,n') € B*(RT x R"™') (m =0,1,...) and a neighborhood U (cU)
of (Z',7') such that the operator

d N
Riy =2 _Op {/ el GG (T~ Lo(z)) 7L S hfna_mdz}
=1 C+ m=0
satisfies the following (1) and (ii) for any non-negative integer N.
(i) (D? — L(x, D.))RY is a bounded operator from H® to H*~25tN=1 (5 =23 ).

(i) Each column of hi,|., =0 (m = 0,1,...) can be chosen arbitrarily in the space
Kj|z, =0 for (z/,n') € U', where K; = Ker[I — Lo(z,n + 2,0, (2. + ¢7), 2% + ¢/ +
0z, (Zi + ‘Pj))]'

PROOF. We reform (D? — L)RJ, f in the same way as (4.5) in Section 4. In the
case of Theorem 5.1, we define L7(z,7') in Lemma 3.3 so that L7(z,n') = Lo(z,7’ +
Jcn@x/(zi + @j),zi + ¢ + 2,04, (z]+ + ¢7)) (cf. (4.3)). This is because the equation
(5.1) is solved exactly (not ‘mod 2:>°") (cf. (4.2)). Therefore, the term O(z°) in (4.5) is
dropped in this case.

We determine (I — P7)h} (= 0), PR}, (I — PP)hl, PR}, ... inductively by solving
the equations corresponding to (4.6) and (4.7). The idea of this procedure is the same
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essentially as in Lax [4]. The treatment for (I — P7)h, is the same that for Theorem
4.1. However, P/hJ is determined differently.

Taking orthonormal bases e1,...,e,; in K; = Ker(] — f/j) in the same way as for
the equation (4.7), we transform the equations for P/hJ, into the following form.

Z eapeD, w + b'w = 'eh,

el (5.2)
Wig,=0 = téfa
where e = (eq,...,e,;). This equation is of the real symmetric type. If the coefficient

tea,e is non-degenerate, we get the solution of (5.2) for any f and h by the method in
Friedrichs [1]. This non-degeneracy is guaranteed by Lemma 5.2 below. Therefore, we
obtain Theorem 5.1 by the same procedure as for Theorem 4.1. O

The coefficient a,, in (5.2) is of the form Y77 | (apn + anp)iple,=0 at 2, = 0 (see
the definition of a,, in Theorem 3.1). The following lemma means that ‘e a,el,,—o is
non-degenerate.

LEMMA 5.2. Let (2',n') be in U'. Then, for j = 1,...,k the following linear
operator is non-degenerate.

n
Z (apn + anp)Mpla,=0 * Kjlo,=0 = Kjlo,—0 (10 = 24).
p=1

PrROOF. Let z (€ R) move near zi and let P(z) be the orthogonal projection to
the eigen-space of the eigen-value A;(z’,0, z). Then it follows that

P(2)(I = Lo(2))P(2) = (1 = A;(2)) P(2).
Differentiating this equality in z, we have
(0-P)(I = Lo)P + P> (apn + anp)npP + P(I — Lo)0: P = —(0.X;)P + (1 — A;)0.P,
p=1
where 7, = z. Noting that P(zi)([ - Lo(zi)) = (I - Lo(zi))P(zi) = (1-
A (21))P(2.) = 0, we obtain

)Y (apn + anp)mp P(2) = —(9:05) (1) P(£)).

Therefore, Lemma 5.2 is obtained since 5‘2)\]-(21_) # 0. O
Let us prove Theorem 1 in Introduction (Section 1) at the end of this section.

PROOF OF THEOREM 1. Let Rg\, be the operators Theorems 4.2 and 5.1. In these
theorems we have shown that (D7 —L)R’; is a bounded operator from H*® to H*~2s+N =1,
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and that each column of h |, —o in ’Rgv can be chosen arbitrarily in K|, —o. Let us
note that Z;lzl R f is of the form Z?Zl Z;izl Op[fC+ eiren (07 (@) gl (g oy 2)(1 —

Lo(2,',2)) ™! S M (@0 )0~ dz] | |
Let G7 be the matrix in (2.9) (note that *G7 is equal to M7 in Theorem 2).

Since R)C"|p,—0 = Kjlo,—0 (R} = Reszzzi (I — L(2))7'), each column of the ma-
trix RéGj|$n:0 belongs to Kj|,,—o. Noting this, we choose h)|,.—0 = RIGI|.. —o
and hl |, —o = 0 for m = 1,2,.... Then, if WF[f] is contained in {(t,2,0,&) |

x(x',0,0,¢ /o) = 1,0 > 0}, by (2.9) we have Z?Zl R f e, =0 = f mod C.

Theorem 4.2 shows that sing supp[Rg\,f] (j=k+1,...,d) is only in the boundary
R} xR”! and is contained in sing supp[f]. Furthermore, Theorem 6.2 in the next section
implies that if sing supp[f] € {(t, ') | t > to}, singsupp[R% f] (j = 1,..., k) is contained
in {(t,2',x,) | t > to + ex,} for some positive constant . Hence, Ry f (j = 1,...,k) is
outgoing.

Let us prove the last statement in Theorem 1; namely, we can reform the principal
part of Rfv in the way stated in this theorem. As is stated in the proofs of Theorems 4.2
and 5.1, the matrices h’, (m = 0,1,...) are determined through the inductive processes
for the terms (I — P9)hJ, and P7hi, (m = 0,1,...) with (I — P9)h} = 0, where P7 is the
orthogonal projection to K;. Hence, the principal part (= R{J) is of the form

R = Op [Z oo AV gl LY RE BT | = Oplei®n (#4147 pipd)
=1
(cf. the choices of wlj_and g'(z), i.e., (3.3) and (3.4)). Noting that K; = Rg_C", for the
orthonormal bases {e]};—1 . ,; in K; we have vectors &/ such that ] = R}é]. On the
other hand P7 is expressed of the form P/ = e/ tel = Rje’'el, where ¢/ = (e],...,¢€]))
and &/ = (&],...,é ;). Set

B 2) = (2 )1, hglan') =& (e,0') (e, ) h,
where p? is the function (3.2). Then we have

Op [/ e CHG ()T ~ Lo(=)) " hda

c+

= Ople’™*+=+¢) R hj| = Ople™™ =547 pipg],
which is equal to Ré. Thus the required form is obtained. O

6. Singularities of the solutions.

In this section we examine singularities of the outgoing solutions to the equa-
tion (1.1). Namely we estimate the wave front set (denoted by WF) of the solu-
tion w(z,t) by the wave front set of the (non-glancing) boundary value f(z’,t) (for
the definition of WF, see Section 3 in Chapter 10 of [3]). Let us note that, in gen-
eral, singsupp[f(X)] = {X | (X,2) € WF|f] for some Z}. A series of the forms
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{Z?Zl R?V f}n=0.1,... constructed in the previous sections yields the asymptotic expan-
sion of the outgoing (genuine) solution v with the boundary value f when z, € J.
Therefore, WF[u] in J is known by Uxn_, E;l:l WE[R% f]. As is described later, we can
construct operators RJ_ with the asymptotic expansion ququo RI (N =0,1,...) such
that E?Zl RI,f is equal to u modulo C* functions (cf. (6.3)). We note also that WF[u]
in {—oco <t <ty+d} xR, x{0< =z, < oo} (for some § > 0) is estimated by R,
(i.e., RY).

WF[Z?Zl Rgvf] is determined only by Rg\,f for j = 1,2,...,k since Rf\,f for j =
k+1,...,d are C* smooth when z, > 0 (cf. Theorem 4.1). Taking the residues of
the Cauchy integral, we can rewrite Rfvf for j = 1,...,k to the forms of the Fourier
integral operators obtained in Soga [6]. On the other hand, the wave front sets for the
Fourier integral operators have been examined as general theories, e.g., see Section 5
of Kumano-go [3]. Hence, combining these general theories and the expressions of the
solutions in Soga [6], we can obtain concrete estimation of the wave front sets of the
solutions like Theorem 6.2 and Corollary 6.3 stated below. However, we remark that our
asymptotic solutions give an integral form unifying all the modes (i.e. the body waves
and the surface waves) and have accuracy equivalent to the forms by Soga [6] and others.

At first we mention the general theory in the book of Kumano-go [3] concerning the
wave front set. Let ¢(X,Z) be a real-valued C* function on R% x RZ homogeneous of
order 1 in = (|Z] > 1) and satisfying

0205 (6(X,Z) — XE)| < 7(1 + [E])* 1 (6.1)

for any « and 8 with |a+ 3| < 2 and some constant 7 with 0 < 7 < 1. Then the mapping:
X +— 9=¢(X, =) is a diffeomorphism from R™ to R™. Therefore, for any X € R and
= € R™ there exists an X € R™ uniquely such that X = 0z0(X, Z). We employ the
mapping T : (X,Z) — (X, 0x¢(X, =2)).

We consider the Fourier integral operator Py

(1]

P f(X) = / ¢9X2)p(X, ) f(2) d.

Then we have a result concerning WF[Py f] described in Kumano-go [3] (cf. Theorem
3.14 in Chapter 10):

PROPOSITION 6.1.  For open sets V in R% x RZ we denote the smallest conic
neighborhoods of V' (in Z) by V™. Then we have

WF[P,f] € {(X,E) = T(X,5) | (X,5) € WEF[f]}*".

Furthermore, it is known also that when ¢ has a parameter, WF[P, f] consists of the
curves associated with that parameter (e.g., the bicharacteristic curves connected with
the initial values or boundary values, etc.).

Using Proposition 6.1, we can estimate the wave front set of R?V f defined in the
previous sections:
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THEOREM 6.2. Let ’Rgv (j = 1,...,d) be the operators constructed in Theorems
4.2 and 5.1, and let WE(f] (f € H?) be contained in {(t,2',0,&") | x(2',0,0,¢ /o) = 1}
(where x is the cutoff function in RY;). Then the wave front set of [R f(xn)|(t,2") is
estimated at each x, € J as follows:

(i) Forj=1,...,k, WF[R) f(x,)] is contained in
{(t,2",6,¢) |t—t—(35n ;(@,0,17, Z+))_ zp +O0(23), ‘
' =7+ (0,1 (@,0,7, z+)) Y2, 000 ;(3,0, n,zi) O(22),
§ = gl_g(aﬁn (:L‘ 0,7, Z+)) xnaﬂ:’)‘j(fvvaﬁ/v’%r) 70(z )
(t,#,5,8) € WF[f] (i =& /a)}em,

where zi_ = 2%(#,0,7') and O(z2) denotes some C* function with the C'-norms
< Ca? (v, € J).

(i) Forj=k+1,...,d, WF[RA f(x,)] is empty if z, > 0, and is equal to WE[f] if
z, = 0.

Let {hJ,}m—o01.... be the matrices in Rg\,, and consider the sum

> b (a0 xm (@) ™™, (6.2)
m=0

where . (0) = X(|lo|—0m), X(6) is a C*° function equal to 0 for & < 1/2 and to 1 for & >
1 and {0 }m=0.1,... is an appropriate sequence satisfying lim,, ,oc 0, = +00. Then the
sum (6.2) converges and belongs to the symbol class S0 o with 17 = &' /o if {0 }m—0,1
increases sufficiently. Furthermore, it has the asymptotic expansion Y~ ki (z,1')o~
ie., forany N =1,2,...

6aain>(2hznxm th - )\scamN (lo] > 1).
m=0

We define the operator RJ, by

d
=> Op [/ e ren (D g (T — Lo thxma ma ] (6.3)
=1

c+

yeen

Then WF[RY, f] coincides with |J%_, WF[R), f] for each z, € J, and RI_f satisfies
(D} = LYRLf € C°(Jy, s H™®(R, x R})). This means that (Df — L)RL,f € C>(J x
R, x R 1)) since the coefficient a,,, of D2 is non-degenerate. Furthermore, RI_ f|., —o
is equal to f mod C if WF[f] satisfies the condition stated in Theorem 6.2.

By Theorem 6.2 we obtain the following corollary.

COROLLARY 6.3.  Let f in (1.1) be non-glancing and be C* smooth ift < tg. Then,
there exists an outgoing solution u(t,x) (unique mod C*) of the equation (1.1) considered
in —o0o <t <tg+0 (and 0 < z, < 00) for some constant § > 0, and singsupplu] (in
—00 < t < to+0) is contained in {(t,x) | to <t < to+ 6,0 < x, < 0(t —to)} for a
constant 6 (> 0). Furthermore, information of WF[u] is obtained by RI_f (j =1,...,d).
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Theorem 6.2 implies that for j = 1,...,k, singsupp R’ Nfin0 <z, <r(r>0)
is contained in {(¢,2',x,) | t > tg — 2~ (6571 5(#,0,€')5, z+))’1:cn} if sing supp[f] is in
to <t < +oo and r (> 0) is small enough. Therefore, in —co < t < tg + §, we have
singsupp Ry f C {(t,2',2,) | 0 < @, < =20, \;0} C {(t, 2", xn) | 0<a, <r—e}for
an ¢ > 0 if 0 is small enough, and consequently we can extend R}, f C°°-smoothly for
T, > 17 —¢e. Thus we can see that Corollary 6.3 follows from Theorem 6.2.

PrROOF OF THEOREM 6.2. The term of the order c~™ in Rg\,f is of the form

d
>_Op U e GV G T Lo(2)) " k0 | f
=1 C+
:/ / eiltota' € tonn e g (1 ¢ Jo)o My (2, 0,€ J0) (0, €)dode!,  (6.4)

where 2/, = zi(x,f’/a) and @7 = I (z,&' /o). Let (t,2',€' /5, 2,) be in Rx U’ x.J = RxU
(where U’ and J are the neighborhood and the interval stated in Theorems 4.2 and 5.1),
and set

¢(t7 x/’ 5—7 é/’ ‘r’rb) = ta— + x/g/ + 6mnw](x/a g//a-) xn)’

where ¥7 (', 1, 2,,) = zi(x,n’) + @ (z,n) (z = (2, 2,),n = £ /5). Then we have

(D56, 050) = (t+ Tnt)? — 0yt - (£/5), o' + 20y ).

Put t = 93¢ and &’ = 8@(1). Then, if J is small enough, the mapping: (¢,2') — (t,%') is

invertible. Furthermore ¢(¢, 2,0, &', x,,) satisfies (6.1) for X = (¢,2') and E = (0, §).
Since the wave front set of the integral (6.4) (when x,, € J) has no point if (2, /0) ¢

U’, we have only to examine the case that (z,£'/o) € U. Noting this and setting

X = (t,a'), X = (1,) (= (05¢,0:0)), E = (0,€) (= (99, 0,09)) and E = (5,¢'), we
apply Proposition 6.1 to the integral (6.4). We see that

t:f—xn(il)j—an/'l/}j‘(él/&))’ o=0,
=3 — zn&,/z/}j, &= §~/ + G2 Ot

Therefore, since 97 = zi + 7 and ¢7|,, —o = 0, we have

(t,2",0, 5’)

= (1,8,5,8) — el — Byl - (€/5), 02,0, =500 2%) + (0(22),0(42),0,50(x2)).

Differentiating the equation \;(z,7’,2} (z,7)) = 1 in 2’ and 7/, we have 9,/ \; +
e, NjOr 2. = 0 and Oy Aj + O¢, A;Op 2. = 0. Since Aj(x, &) is homogeneous of order 2 in
€, it follows (from the Euler equality) that 0p/A; -0’ + (¢, A ;)2 = 2. Therefore we obtain

—(0¢, A\j)Op 2. - ' + (Oe, A )zJr = 2, which yields that z+ -0 /z+ (€/5) = 2(9e, A\j) !
Therefore, noting that 9,2 = — (8¢, A;) 10y A; and 9y 2%, = —(9e, Aj) 10w A;, we get
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(ta (L‘/, g, 6/)
= (t,7,6,8) — 2, (0, N) 71 (2, =0y X, 0,60,, M) + (O(22),0(22),0,50(z2)).

Hence we obtain (i) of Theorem 6.2.
(ii) of Theorem 6.2 follows from Theorem 4.2. Thus Theorem 6.2 is proved. g
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