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Abstract. Inthis paper the authors give the weak type (1,1) boundedness ahbi bloeind-
edness of a class of the parametrized Littlewood-Paley operators. These conclusions improve and
complete some known results.

1. Introduction.

It is well known that the Littlewood-Paley operators, such as the Littlewood-Rgley
function, the area integraj; function and the Marcinkiewicz integral, play very important roles
in harmonic analysis and PDE. Historically, the Littlewood-Paley operators of higher dimension
were first introduced by Stein in 19585]]). In the same paper, Stein gave the weak type (1,1)
boundedness of the Marcinkiewicz integral and area integral. In 1970, Feffefrapprpved
that the Littlewood-Paley; function is weak typef, p) if 1 < p<2andA = 2/p. Recently,

Fan and SatoHS] obtained the weak type (1,1) boundedness of the Marcinkiewicz integral with
rough kernel.

The aim of this paper is to discuss the weak type (1,1) boundedness for the parametrized
Littlewood-Paleyg; function and the area integral under a weaker condition assumed on the
kernel. As a corollary of the above conclusions, we will also give the fppp) boundedness of
the parametrized; function and the area integral far< p < 2 under a weaker condition. Let
us first give some definitions and known results on the parametrized Littlewood-Paley operators.
Suppose tha®@ € L(S'~1) is homogeneous of degree zeroRhand satisfies

SHQ(x’)da(x’) =0, (1.1)

whereS~! denotes the unit sphere B (n > 2) equipped with the area measute = do(x).
Let ¢P(x) = Q(X)|x|"""P xg(X), wherep > 0 and B denotes the unit ball iR". Then the
parametrized Littlewood-Paley operamfrp is defined by

“;Ap(f)(x) = (//R”jl <H_|)t(_y|)/\n|¢tp* f(y)|2(tjr¥it)l/27

whereA > 1 and¢f (x) = (1/t")¢P(x/t). Clearly, if takep = 1 andQ € €*(S"1), then the
operatoru;’p is the classical Littlewood-Paley; function. In 1999, Sakamoto and Yabu&M]
studied theLP(R") boundedness qi;’p. Their results may be summarized as follows.
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THEOREMA ([SY]). If Q satisfies1.1) and theLip,(S1) (0 < a < 1) condition, then
(i) forp>0and2 < p<eo, [ty ()l|p < Cappal flpi
(i) for0<p<n/2,2n/(n+2p) <p<2andA >2/p, [, ()llp < Coppallflp:
(i) forp>n/2,1<p<2andA >2/p, ||/J;"p(f)Hp <Chppallflp
(iv) for0< p <n/2andl< p<2n/(n+2p), there exists a functio® €Lipq(S™1)
satisfieq1.1), such thatu;"p is not bounded ohP(R").

In 2002, Ding, Lu and YabutedJLY ] improved the conclusion (i) in Theorem A.

THEOREMB (|DLY]). Suppose tha@ € Llog"L(S""?1) satisfies(1.1). Then forp >0
and2 < p <o, [P (F)]p < Coppll flp-

Now we give the definition of the integral modulus of continuity.

DEFINITION 1. Let Q(X) € L9(S"1), g > 1. Then the integral modulusy(J) of conti-
nuity of orderq of Q is defined by

. 1/q
(@)= sup ([ lo)-a)o))
Iyil<s \/$"
wherey denotes a rotation o8 and||y|| = supcg-1 |yX — X/
The main result in this paper is the following theorem.

THEOREM1. LetQ € L?(S1) satisfieg1.1) and

1
/ wze(;é) (1+1logd])?dd < oo, o>1 (1.2)
0

Then forp > n/2andA > 2p/n+1/n+ 1, there exists a constaf= Cp p ¢ such that for all
B >0andf cLYR"),

(xR u}”’(f)(X)>B}|§%HfII1-

REMARK 1. Notice that for any0 < a < 1andl1 < g < , the following including rela-
tionship

Lipy (S ¢ LYS™Y) ¢ Llog L (S ¢ LY(S™ ) (1.3)

holds. Hence, applying the Marcinkiewicz interpolation theorem (S€p petween Theorem 1
and Theorem B, we may obtain immediately tH%R") boundedness of the operam)*rp for
l<p<2

COROLLARY 1. LetQ € L2(S1) satisfies(1.1) and (1.2). Then forp >n/2 andA >
2p/n+1/n+1, uy* is of type(p, p) for L < p< 2.

REMARK 2. The conclusion of Theorem 1 does not hold if relaxing the restrigiom,/2
to0 < p < n/2for n> 2. Otherwise, whem satisfies (1.1) and (1.2);") is of weak type (1,1)
for 0 < p < n/2andn > 2, then by the Marcinkiewicz interpolation theormjﬁ"" is also of type
(p,p) for0< p <n/2,n>2andl < p < 2. However, this contradicts with the conclusions (iv)
in Theorem A.
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Another parametrized Littlewood-Paley operaﬁér, which is related to the area integral, is
defined by

= ([ loeroPes)”

wherel (x) = {(y,t) € Rt : [x—y| < t}. The following conclusions are about thé&(p > 1)
boundedness of the operajaf.

THEOREMC ([SY]). If Q satisfieg1.1) and theLip4(S™ 1) (0 < a < 1) condition. Then

(i) forp>0and2<p<co, |[ug(f)]p<Cnppallfllp:
(i) for0<p<n/2and2n/(n+2p) < p<2 |[[LE(F)|lp <Crpp.allfllp;
(ii)) for p>n/2and1 < p<2, |H(f)llp < Cnpp.allfllp:
(iv) for0< p<n/2andl< p<2n/(n+2p), there exists a functio® €Lipq(S*1)
satisfieg1.1), such tha€ is not bounded okP(R").

Since for anyx € R", uS(f)(x) < 2\"uy*(f)(x) (see BY]), hence the following theorem
is the direct result of Theorem 1 and Corollary 1.

THEOREM2. LetQ € L?(S'?) satisfieg(1.1) and (1.2). Then forp > n/2 the operator
ug is both of weak typél, 1) and of typg(p, p) for 1 < p< 2.

REMARK 3. Notice that ifQ € Lip,(S'?) for 0 < a < 1, thenQ satisfies also the con-
dition (1.2) (seeDLX, Remark 2]). Therefore, Theorem 2 is improvement and extension of the
conclusion (i) in Theorem C.

REMARK 4. With the same reason shown in Remark 2, the openafois not of weak
type(1,1) if Q € L?(S"?) satisfief1.1) and(1.2) and0 < p < n/2for n> 2.

2. Proof of Theorem 1.
We begin with recalling the following lemma.

LEMMA 2.1. Suppose thap > 0, Q is homogeneous of degree zero and satisfies the
L2-Dini condition. If there exists a constafit< 8 < 1/2 such thaix| < R, then we have

( ./R<\y|<2R

where the constar > 0 is independent dR andx.

Qy—-x)  Q(y)
ly—x"F |y|n-P

2\ 1/2
dY) gcR‘/2<"P>{M+/ wZ(‘S)da},
R ' Jix/2r<é<|x/R O

See PL] for the casé) < p < nand the proof is trivial for the cage> n.
Now let us turn to the proof of Theorem 1. Fbe L1(R") and anyB > 0, by the Caldebn-
Zygmund decomposition (se82%]) we have the following conclusions:

() R"=FUEwithFNE=g;
(i) E =uUkQk, where{Q} is a sequence of the cubes, whose interiors are disjoint;
(i) |[f|]<pB ae. xeF;
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(iv) B <(1/|Qkl) Jo, Ifldx<2"B for everyk;
(v) [E[<(C/B) Jp[fldx

Denote
f(x), for xeF
u(x) =

1
— f(y)dy, for xe Q,
|Qk| Qx

and seb = f —u, thenb(x) = 0for x € F and [, b(x)dx= 0 for eachk. Thus we have
[ P ()(%) > BY < [{x: iy (w)(x) > B/2} + [{x: P (b)(x) > B/2}].  (2.1)
By theL? boundedness qi;’p(Theorem B) and (iii)—(v), it is easy to see that

0 P09 > B/2)] < 5 [ Iy () Pbe< 5 i

Sl [ip 1 } c
SBZ{/FfI dxq/@(mk Qkf(y)dy) axh < St

(2.2)
On the other hand, we denote kyanday the center and side length @ respectively, and let
Bk be a ball with center at and radiusy = (1/n/2)a, for eachk. Then

X 1P (0)(0) > B/2}] < [{x: 1P (B)(0) > B/2} NE”| +]{x: 1P (B)(x) > B/2} N (E"),
whereE* = Uy(16By). By (ii) and (v), we have

010100 > B/2) NE| < E°] CF B < CafE| < Tl @3

Note that

%, . C %,
[{x: iy P (B)(x) > B/2} N (EY)°| < B (E*)Cuxp(b)(X)dX
and [gn [b(x)|dx < CJ| f||1. Hence by (2.1)—(2.3), to complete the proof of Theorem 1, it remains
to verify that

. 3P B (< Clol 24
Denote

be(x) — b(x), for xeQ
K 0, for x¢ Q,

then by the Minkowski inequality
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uA ? (b)dx

~ e V/R”Jl <t+>t<—yl)An
An

< JerZ e (553)

2) b(2)d2

ly—z<t [y—2"P

Q(y—2
22T (2)dz
/\y72\<t ly—zn-p (2

tn+2p+1

2 dydt 1/2d
tn+2p+1

Let

= ./(E*)CZ [-Mth (M)An '
k= 9 [//yyeisi‘ <”;_y')

/ Mb (2)dz
y

2 1/2
dydt } dx.

/' =2\ 742
y-z<t |

2 1/2
dydt } q

ly—z|<t |y_z|n p K tn+2p+1
and
An 2 1/2
_ Q(y-12) dydt
b= e, ZU/V 0zt <t+x y|) Jy ey a2 g O
Then

/“ K P (0) (X< Jy+ o+ Ja. (2.5)

Below we will respectively give the estimatesXfJ, andJs. First we have

Jlg/( *)CZ(//_X<t /y_mmbk(z)dzzﬂitl)l/zd
/E* Z[(//Y x|<t /y x<t)‘/y d<t |y z|” pbk(z)dz

y € (4By)°

2 1/2
dydt
tn+2p+1:| dx

< Ji1+Ji2.

By x € (E*)¢, y € 4By andz € Qy, we have|x — x| —4r < [x— x| — |y — x| < |[x—y| <t and
ly — 2z < 8ri. Applying Minkowski’s inequality again, we get

~2)2 dydt \*?
Jllg/(E*)CZ/QJb (//y X <t |y Z|2” 2p n2p+1 dzdx

ly—z <t
y € 4By

|.Q(y—z)2< @ dt > T/Z
< Z b(z / Rkt AN / —— _\)dy| dzdx
B /(E*)C Qk| ( )|{ ly—z|<8n [y — 22"\ Jixx —ar, tTH2PH Y

<c |b(z)|(/ 10(-2P, )l/zdz/ ! dx
B Z Qk ly—zi<8r, |y —2Z/21=2° Y ¢ (X —Xg| — 4ry)(n+20)/2

< Cllbl}z. (2.6)
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As for Ji5, we have

VA0 PP S

t<\y xk\+2r t>|y— xk|+2r
y € (4Bx)° y € (4B)

2 1/2
dydt
tn+2p+1} dx

< I+,
By ze Qk, x € (E*)® andy € (4B)C it is easy to see thay — z| ~ |y — x| and

IX—=X| < [X=Y[ |y —=Xc| <ty —x| < 2ly— x| +2r < 3]y — Xy

Thus
Q(y—2)2 dydt \¥2
Ji g/ / <// | dzdx
2 (E*)CZ Qk| 2 ty< \)3(/‘ <xtk|+2rk |y —zJ2n=2p tn+2p+1
ly-2 <t
Yy € (4B)°

Q(y—Z)IZ( y=xd+2ne - dit ) T/Z
< b(z / Y- I0 / —— _)dy| dzdx
_/<E*)°Z Qk| (M yegye ly =220 \ Jiy—z 2o+t )

Qy-2)7  Cr 1/2 _
§ /(‘E*)CZ/QK |b(z)| </)/E(4Bk)c ‘y_Z‘anzp |y_Z|n+2p+1dy dZdX(SII"ICdyfz| ~ |yixk‘)
Qy-2)? Ik 12
<C b( / | q dzd
/E* Z/QJ 2 ( ye(aB)C |y — Z|"1/2 |y — x |2n+1/2 y Zax

1/4

fo) 2r1/2 1/2 r
<cC /|bz|</ Q=2 dy> dz/ gy
ye(@Be |y— Z|”+l/2 (E9)e [x— X [L/4
<CJlbl|x. (2.7)

Now we give the estimate af?,. Note thatQx C By C {z: |y —z| <t} sincey € (4By)¢ and
t > |y— x|+ 2r. In addition, |x—X| < [X—y|+ |y — x| < 3t. Hence by the cancellation

property ofb on By, we have
Q(y-2 Q(y—xk))
- by(z)dZ
L (5 s o

le—/* Z[/y X <t
Qy-2  Qy-xJ |

t>ly— xk\+2r
y=ZTP "y X" P

th+2p+1

ye 4Bk

/* %ka l:/ye‘lBk)

dt 1/2
><</y—x<t , W>dy] dzdx
k

t>y—xq+2r
ly—7 <t

ANy

(Iog(t/rk))2+2£dt ) } 1/2

X d dzdx

(/ty>§<;+2rk 2o 120 (log(t/r))2 2 ) <Y
yfz <t

Qly-2  Qy-x)

27y X
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Q-2 Q(y—x)
y—2"P  Jy—xnP

= /( *)CZ Q« b(2)] [/YG (4By)©
(log(t/r))2* 2l

. 1/2
. (/t>y-xk|+zrk tZP—n+1<|x—xk/3>2n<log<|x—xk|/<3rk>>>2+2€M dadx (28)

where0 < € < min{1/2,p —n/2,0 — 1}. (We always take to satisfy this restriction in the
whole paper). To complete the estimate]f_)j, we need the following inequality.

LEMMA 2.2. For|y— x| > 4r,

© (Iog(t/rk))2+2£ log((|ly — X«|/rk) + 2)]2+25
/Iy wltzn,  t2enil de=c (ly— x| +2r)2e—n (2.9)

The proof of (2.9) is simple, we omit the details here.
Let us continue to estimat¥,. By (2.8), (2.9) and Lemma 2.1, we get

2 1
£ SCF [ R Toat ) o PP
( L Q-2 Qy-x) [*llog((ly—xd/rd +2)|*%
ye (4By)©

=2y =" (Iy—xd +2r )20
<C /
Z- & (Ix—xk|/3)"(log(|x — x| /(3rk))) 1€ Jo

1
Ib(z)|

- (/ Qy-2 Qy-xJ|°
JZQ 2ine<ly—xd<2i+in [[y =2y —x["P

[log((21 1y /ry) + 2)]+2¢
(Zj Ik + 2I’k)297n
1

SCU e (X— % /3)(log([X— x| /3n)) l+s/ b(2)

o iq)lte _ 2% /(2Iri)
x 3 U i {'Z My [ W2(5)d5}dzdx

1/2
dy) dzdx

1/2
dy) dzdx

JZZ (2 + 2rk)p—n/2 2iry z-x¢|/(21+1ry) o
(2.10)
Note that
/z—xk/(zirw W2(5)d5— /z—xm/(zirk) w2(8)(1+|logd|)® 45
exd/@* g O Jxd/@tiny  O6(1+[logd|)e
|z—x|/(21ry) o
< C [N ()14 [l0go)” 45 547

=19 Jizxd /@ity o

By (2.10), (2.11) and the condition (1.2), sif¢e: € < 0 — 1, we get

2 1
B ZCY [ e Tl AT Ioa AT Joy P2

& 1 C [lzx%/@1 wy(5)(1+]logd|)°
1L = / dé}dzdx
gz(H ) {2’+J" 2% /(21 1ny) o
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1
<CY e T wd AT Toa R/ TI Jo P2

@ rlewd/@2n) o
><<1+ / ‘ _ ¥ ©(0)(1+logd]) d5>dzdx
2%/ (21+1r) o

1
: Cg/w T e G Jo P
><<1+/1 “’2(5)(1+|'°g‘5|)0d5)dzdx
0

o)
<Cy [ 1@z [ o e
<cC Z./ék 1b(2)[dz< Cb]s. (2.12)
Thus, by (2.6), (2.7) and (2.12) we obtain
3 <C|b|s. (2.13)

As for J, fromy € 4By, x € (E*)¢ andz € Qy, we see thay — x| > |X— x| — [y — Xk| > |X—X«|/2,
ly—2| < 32r and|x—y| ~ |[x—X¢|. By the Minkowski inequality we have

An 2 1/2
[Q(y—2)|” dydt
JZS/(E*)CZ/le [//y b <t+x yl) T

ly—12 < 32r¢
y € 4By

Q(y—2)?
<[o.3 /il f |
0 2 Jo POy 4cam, Tx /2y — 2272
y-x| An 12
><</0 thrszdt)dy] dzdx
. _ y|An—n—2p 1/2
</ Z/ |b(z)|</ 2(y=2)y X" dy) dzdx
(E*)e 4/ ly—z<32r (|X—Xk|/2)ANy —2zJ2"—2P
g Qy-2) v
gc/ b(z (/ | dy)  dzdx
'(E*)CZ'QJ @| ly—z<32r (|X—Xg|)"+2Ply —z/2n—2p Y

1Q(y-2) )1/2 1
<C / b(z / Rk S A N dz/ = dx
B Z Qk| ()< -2 <32, |y —2/212° Y (E*)e (|x— x| )V2+P
< Cllbllz- (2.14)

Now let us estimatds. Denote

331—/ Z[//t (a0, <t+>t<—yl>An

<|y Xk|+893/2p "
ly—x >t

2 1/2
dydt
tn+20+1:| dx

/ Mbk(z)dz
y

y—z<t [y—2"P

and

332—/ Z{//YE ) (H:(—)/I)An

ly xk\+893/ 2-Mp <t
ly—x >t

2 dydt 1Y? g
th+2p+1

[ 2V naz
Y

y—z<t [y—2"P
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thenJs; < Jz31 + J3o. Notice that whery € (4By)¢ andz € Qy, then|y — 2z ~
Iy — 2|+ |z— x| <t+ 2rx. Moreover, fora > 0 we have

/ e dt Cr (2.15)
[y—Xk|—2r 1o+l = |y —x o+l .
Since
J31</ Z Q |b |:<//;/E 4Bk + /;16(4Bk >
K ly—x >t —x| >t
< |y— x| +8¥/ @y t<|y xk\+883/<2” "y
ly—z <t ly—2 <t
x| < 2ly—xd X=X > 2ly — x|
t \"ey-2P dudy 172
t+ \x—y| |y_ Z|2n—2p th+2p+1
S ‘]%l+‘]?2117
by (2.15) we get
% / / Ib( )|[ e
Jerthoolfosr, U )
31 ( *)CZ Q ‘);(i(fk‘Bg oy Iy | —2ri tn+2p+1
Q-2 1Y
xmdy dzdx
Q-2 rk 12
<c/ Z/ b(2) (/ 3l —dy) dzdx
R b 2y YA Iy =
Using the same method of estimatLﬂﬂg in (2.7), we may get
351 <Clb]1. (2.16)

Now we consided?;. Note thatd < € < min{1/2,p —n/2,0 -1}, |y —X| > [x— x| — |y — x| >
X—X¢|/2 and|y— 2z ~ |y — x|, by (2.16) we have

2 </ bl /., t \"Fley-2gP
25 e o P e, - ) oz

Ix— Xk|>2|y X

ly—x|+86%/ @M, Gyt 12
o1 )9 dzd
) </ka2r tn+2p+1) Y} zdx

ly—x¢|-+86¥ 2P~y y2n+2e—n—2p—1
<l 200 Lo (/ )
Z Q« y € (4By)° ly—X|—2ri (Jx—y|)2+2e

[} =Xc| > 2]y — x|

Ley—2)
g7

Q(y—2)? rk 12
= C/ . Z/Qk </ye (4By)° ly—Z2-2 ‘X_Xk|2n+2£‘y_Xk|2pfn72£+ldy dzdx

[X—Xi| > 2y —x

1/2
dy] dzdx
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2y-2)? rk 12
< C/ * Z‘/Qk (AE 4Bk)c |y_z|n72$+l |X_Xk|2n+28 dy dZdX

[x=%c| = 2]y — x|

[y —2)Pri* )1/2 i
ccs [ b [, BY 2 ) e e
2 Jo PO Juge Ty—zmzmt W) 92 ke
<C|bls. (2.17)

Finally, let us estimatds,. By y € (4By)¢ andt > |y — x| +8¢e¥ 2>~y we haveQy C By C {z:
ly—2z] < t}. On the other hand, it is easy to see that

t4 X =Y >t [X = Xe| — [y — %]
> |y — x| +86¥ PPy + [x — x| — |y — x|
> [x— x| +8e¥ (P~

Thus

t An
S Ay N P =)
(E*)CZ Q« ly— )(ngeS/ 20y, <t t+|x—y|

ly—Z <t<ly-Xx

Qy-2 Qy—x)
ly—2"P |y—x"P

An
:/(E*>°Z/Qk‘ (// /(M,M<t+|x—y|>2“uog<t<t+|x—y|>/rk>12+28

ly— Xk\+863
ly—7 <t<l|y—x|
2 dtdy 1/2d .
tn+2p+1 Z0X

2 1/2
dtdy
tn+2p+1 ] dzdx

[log ((t+[x—yI)/ri)]***
(4 [x—y]rn-=n

Qy-2 Qy—x)
ly—2"P  |y—x"P

b(@)|
SC/< *)CZ/Qk (Ix— x| + 863122~ Mry)[log((|x — x| +86%/(2P=ry ) /ri) |1+

( // A [log((t + [x— y) /ri)]> >
v G+ Ry
[y — X| 1863/ <t
ly—2 <t

Q-2 Qy—x)
y—2"P |y—x"P

2 1/2
dtdy
tn+2p+1 ) dzdx

Ib(z)|
<C/E* Z/Qk (]X — x| + 863/ @P=r )N[log((|X — Xk| + 83/ (20=Mry) /r )| 1+e
(y 2 Qy-x)[°
x (Ae(mk)c

— n—
ly—x| >y — x| +8e¥(P~ry Py

[ ly— xA-20-og (= [x—y])/r 2+
|

1/2
yxl 862010, (t+ [x—y|)n-2n dtdy) dzdx

Notice that
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/ b flog((t + [x—y1) /nol**
ly—xi|+8e3/ (2p—"ry (t+|x—y|)An-2n
_ o float/10* %

[y-X-+y-x +86Y/20- - tAN—2N

) 2+4-2¢
< fog 1/
[y—X|+ly—x|+86¥/ @y, tAN=2n
[log ((ly —X| + |y — x| +8e¥2P~Vry) /ry)]2+2

(2.18)

Applying the idea of proving (2.9), we may obtain the last inequality in (2.18). Here we omit
the detail. Since the functiag(s) = (logs)?t% /s is decreasing fos > €¥/(%°~" andAn >
2p+n+1land

ly—X| + |y — x| + 8e¥ (20—, S 2y — x| + 8%, S &¥/(@0-n),
Ik Mk

therefore

ly = XA "2~ Ylog ((ly — X| + |y — x| + 863/ 2P ~ry)) /r )] 2
(Iy —X| + |y — x| +8€3/(2p-1p )An-2n-1

ly = x|+ [y — % +86¥ 2P~y /ry )2 72

|y =X+ |y — x| +8e¥/(2P =Ny )2—n

2y — x| +8e¥20 ) /ry)|2+%

2|y — x| +8e3/(2p—1)y )2p-n

By (2.18) and (2.19), we have

 llog(

=

< [log ( (2.19)

—~

Ib(2)|
Jp2<C
2= /(E*>"Z/Qk(|x—xk|+8e3/(2f’”>r)"[|og((|x—xk|+8e3/(29“)rk)/rk)]l+£

x(/ " Qy-2 Qx|
y € (4By)°

ly—x > ly— x| +8e¥@-r [y =P
[log (2]y — x| +8e3/ 2p*”)rk)/rk)]ﬂzg
(2]y — x| 4 8€3/(2P=Nry ) 200

b(2) (
<cf .31 /,
e 2 Jo X=X Iog<|x RTTOTE \ 2 fonclyn<aivin,

2[log ((2ly — x| +86¥ @~ Vry) /)] >
2ly—x )2

Applying the same method of estimatidgy (see (2.10)—(2.12)), we may g&p < C||b||1. From
this and (2.16), (2.17), we see that

1/2
dy) dzdx

-2 Qy—%)
ly—2"F  |y—x"P

1/2
dy) dzdx

J3 <Cf[b][1. (2.20)

Thus, (2.4) follows from (2.5), (2.13), (2.14) and (2.20) and we finish the proof of Theorem 1.
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