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Abstract. Recently N. Kumano-go [15] succeeded in proving that piecewise
linear time slicing approximation to Feynman path integral

[ F@es@ op)

actually converges to the limit as the mesh of division of time goes to 0 if the functional
F(v) of paths « belongs to a certain class of functionals, which includes, as a typical
example, Stieltjes integral of the following form;

T
Hﬂ=A(WN@WW% (1)

where p(t) is a function of bounded variation and f(¢,z) is a sufficiently smooth
function with polynomial growth as |z| — oo. Moreover, he rigorously showed that
the limit, which we call the Feynman path integral, has rich properties (see also [10]).

The present paper has two aims. The first aim is to show that a large part of
discussion in [15] becomes much simpler and clearer if one uses piecewise classical
paths in place of piecewise linear paths.

The second aim is to explain that the use of piecewise classical paths naturally
leads us to an analytic formula for the second term of the semi-classical asymptotic
expansion of the Feynman path integrals under a little stronger assumptions than
that in [15]. If F(y) = 1, this second term coincides with the one given by G. D.
Birkhoff [1].

1. Introduction.

Let
. L. o
L(t,&,x) = §|x| -Vt z)

be the Lagrangian with a smooth time dependent potential V (¢, x) on the configuration
space RY. A path v is a continuous or sufficiently smooth map from the time interval
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[s,5'] to R%. The action S(7) of a path v is the functional

S(y) = / L(t, ;ltfy(t),'y(t)>dt. (1.1)

In [4] Feynman introduced the notion of an integral over the path space §2, which is
called Feynman path integral and is often denoted by

/Q ¢SO F(7) D], (1.2)

where v = 2rh~! with Planck’s constant h. It was expected that Feynman path integral
could have been defined as a measure theoretic integral if a suitable complex measure on
the path space had been defined. However, Cameron [2] proved that this is not the case.
(cf. also Johnson & Lapidus [13].)

Feynman himself gave the meaning to (1.2) as the limit of integrals over finite di-
mensional spaces. We call this method time slicing approximation method. In this paper
as well as in Kumano-go [15] we show that his discussion can be made mathematically
rigorous if V(¢,2) and F(v) satisfy suitable conditions. We assume that V (¢, x) is con-
tinuous in ¢ and smooth in x. Moreover, we assume that for any non-negative integer m
there exists a non-negative constant v,, such that

max sup [0SV (t,2)| < v (L + |af)mex (2mm 0, (1.3)
lel=m (¢ z)e[0,T]x R4

Our assumption is close to that of Pauli [3].
We recall time slicing approximation method. Let [s, s'] be an interval of time. A
path ~ is classical if it is a solution to the Euler equation

;?W(t) +(VV)(t,y(t) =0 fors<t<s'. (1.4)

Here and hereafter V stands for the nabla operator in the configuration space R%.
For arbitrary pair of points z,y € R? there exists one and only one classical path
which satisfies the boundary condition

Ws)=y, () == (1.5)
if |s" — s| < p with sufficiently small p, say for instance (see §3),

(2 dvg
8

< 1. (1.6)

In this case the action S(vy) of «y is a function of (s', s, z, y) and is denoted by S(s', s, z, y),
ie.,
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S(Sl787x,y) = / L(t, (i’y(t),’y(t)) dt. (17)
Let
A0=Ty<Ti <--<Ty<Ty=T (1.8)

be a division of the interval [0,T]. Then we set t; = T; — T;_1 and define the mesh |A]
of the division A by |A| = max;{t;}. We always assume that

|A| < p. (1.9)
Let
z; € R j=0,1,...,J,J+1, (1.10)

be arbitrary J 4 2 points of the configuration space R%. The piecewise classical path v

with vertices (z741,27,...,21,20) € R4J+2) ig the broken path that satisfies Euler’s
equation

d2

a0 + (YY)t 7a(0) =0, (111)

for Tj_1 <t<T; (j=1,2,...,J,J + 1) and boundary conditions
’YA(Tj):.’L‘j, 7=0,1,....J,J+1, (1.12)

where * = xj547 and y = zp. When we emphasize the fact that this path
va depends on (zjy1,%j,...,%1,%0), we denote it by ya(xji1,zs,...,21,20) Or
vya(t;xgi1,27,...,21,%0), where ¢ is the time variable.

Let F(v) be a functional defined for paths v. Its value F(ya) at ya can be written
as a function Fa(zji1,25,...,21,%0) of (xjy1,27,...,21,%0). For example the action
functional S(ya) of ya is given by

T
d
Salorssss,. o) =502) = [ L(t faalra) d
0

J+1
= Z Sj(zj,xj_l), (113)
j=1
where we used the abbreviation
T; d
Si(xj,xj1) =S}, Tj—1,xj,xj-1) = / L(t, dth(t),VA(t)> dt. (1.14)
T 1
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A piecewise classical time slicing approximation to Feynman path integral (1.2) with
the integrand F'(v) is an oscillatory integral

I[FAl(As2,y)
JHL N d/2 J
— wS(va) g dr.
jl;ll (27ritj> /Rd(, ¢ (“>j1;[1 K
JHL N d/2 J
= wSa(@r41,3081,80) fr drj, (1.15
31;[1 (2m‘tj> /RdJe AT gy, 27, 73617960)};[1 zj, (1.15)
where 2711 = x and 9 = y. See Feynman [4].
Feynman’s definition of path integral (1.2) is
[ e OPG)Z0) = i 11FAl(Aia), (1.16)

if the limit on the right hand side exists.
We remark that Feynman [4] used also piecewise linear paths in place of piecewise
classical paths. In that case we say piecewise linear time slicing approximation method.
Existence of the limit in (1.16) was proved in the case F' = 1 by [5], [6], [7], [12],
[17]. Recently N. Kumano-go [15] proved the limit in (1.16) exists in the case of more
general class of functional F' using piecewise linear paths in place of piecewise classical
paths.

2. Statement of results.

Although v is a constant in Physics, we treat it as a parameter satisfying v > 1 in
this paper, because our discussion is valid for any ¥ > 1. We assume that the potential
satisfies the assumption (1.3) and p satisfies (1.6). Let A be as (1.8) and (1.9). Then
the set I'(A) of all piecewise classical paths associated with the division A forms a
differentiable manifold of dimension d(J 4 2). The correspondence Yo — (2 j11,...,0)
is a global coordinate system. We will describe a basis of the tangent space T, ,I'(A) to
I'(A) at va. Let {ex}¢_, be an ortho-normal frame of the configuration space R, i.e.,
x; = ZZ=1 zj rex in our notation (1.10). Let n;,.(t) = Ox,,7a(t). Then the functions
{nj:xYo<j<s+1,1<k<q form a basis of the tangent space T.,,I'(A). If j = 1,...,J, then
for t S Tj_l or Tj+1 S t,

ik (t) = 0, (2.1)

and for Tj_1 <t <Tj or T; <t < Tj4; it satisfies Jacobi equation at ya

omi(t) + VIV (7)) (1) =0, (2.2

and at ¢t = T} it satisfies the boundary condition:
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ik (Tj) = ex. (2.3)

If j =0, nok(t) =0 for Th < ¢, (2.2) is satisfied for 0 < ¢t < Ty and (2.3) is satisfied at
t=Tp. I j=J+1, nsp1.(t) =0 for t <Ty, (2.2) is satisfied for Ty < t < Ty4q and
(2.3) is satisfied at t = Ty11.

For a pair of divisions A’ and A we use symbol A < A’ if A’ is a refinement of
A, If A < A/, then there is a natural inclusion I'(A) C I'(A"). This inclusion induces
inclusion relation of the tangent spaces at ya, i.e., T, I'(A) C T, ,I'(4"). The set I" of
all piecewise classical paths is the inductive limit of {I"(A), <}, i.e,, I' =lim_, I'(A). T’
is a dense subset of the Sobolev space H'([0,7]; R?) of order 1 with values in R? and
hence it is also dense in the space C([0,T]; R?) of all continuous paths. Let ya € I'(A).
Then the tangent space T,,1" to I" at ya is the inductive limit lim_, T, , I"(A’), which
is a dense linear subspace of the Sobolev space H'([0,T]; R?). (See Lemma 2 bellow).

Let F(7) be a functional defined on I". We denote its Fréchet differential at v € I" by
DF, if it exists. And DF,[(] stands for its value at the tangent vector ¢ € T, I". For any
integer n > 0 and for {; € T, I" (j = 1,2,...,n), we denote by D" F,[(1®(2®- - -®(,], the
symmetric n-linear form on the tangent space arising from the n-th jet modulo n — 1-th
jet of F' at ~.

We assume always in this paper that the functional F(y) satisfies both of the fol-
lowing conditions.

ASSUMPTION 1. Let m > 0. For any non-negative integer K there exist positive
constants Ax and Xg such that for any division A of the form (1.8) and any integer
n; (0<j<J+1) with0<n; <K

J+1 ny

THL n;
Dx=0 " E, [@f ®k:1<j»k]‘ < AR XU+ lyall + lval D™ T TT 1Gk0 (24)
j=0 k=1
as far as Cj € Ty, I satisfies
[0, T1] if 7=0
supp Gk C | [Lj—1, Tja] if 1<j<J (2.5)
(T5,Tra]  if j=J+1,
where ||¢|| = maxo<i<7 |((t)| and |||vall| = the total variation of ~ya.

ASSUMPTION 2 ([15] [10]).  There exists a positive bounded Borel measure p on
[0,T] such that with the same Ax, X as above

JH1 )
DHERINE, [y @ ef4 ol G|

j:
J+1 ny

< ARXEP (14 Ivall + [[vallh™ /[0 . n(le(at) TT TT il (2.6)

=0 k=1

s
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for any division A, integer n; < K and (1, which are the same as in Assumption 1.
And n is an arbitrary element of T, I".

We can prove the following

THEOREM 1. Assume that the integrand F(v) satisfies Assumption 1 and Assump-
tion 2 above and T is so small that |T| < p, Then the limit of the right hand side of
(1.16) converges compact-uniformly with respect to (z,y) € R*?.

We shall make more precise statement. In what follows we always assume that 0 <
T < p. For any fixed (z,y) € R?? the action S(7) has a unique critical point v*, which
is the unique classical path starting y at time 0 and reaching x at time 7. The critical
point is non-degenerate. Similarly, if 0 < T' < p, the function Sa(xj41,2,...,21,20)
of (zj,...,71) has only one critical point, which is non-degenerate. Regarding v as a
parameter satisfying v > 1, we can apply stationary phase method to (1.15). Stationary
phase method says that I[FA](A;z,y) is of the following form:

v d/2 ] X
NPl i) = (57 ) D) eSO (FO7) 407 RalFal(z.). (27)

Here we used the following symbol

d
tysity... 1t
D(A;z,y) = (JH%I) det HessS(yA), (2.8)
where HessS(y4) denotes the Hessian of S(yA) with respect to (zj,z5-1,...,21) eval-

uated at the critical point. It is shown in [8] and [15] that for any non-negative integer
K there exist a positive constant Cx and a positive integer M (K') independent of v and
of A such that

020) Ra[Fal(v.,9)| < CrcAnraoyT(T + p(0,TD) (L + [z + [y)™,  (2.9)

as far as |af,|8] < K. Here and hereafter Ay is the same constant as appeared in
(2.4) and (2.6) with subscript M (K). The function D(A;z,y) is of the form (cf. [7])

D(A;z,y) = 1+ T2d(A; 2, y). (2.10)
For any multi-indices «, 8 there exists a positive constant C, g such that
|0200d(A;2,y)| < Cap. (2.11)

We also know (cf. [7]) that D(T,x,y) = lim|a|—o D(4;2,y) exists. Moreover, for
any multi-indices o, 3 there exits a non-negative constant C, g such that

0202 (D(T, z,y) — D(A;s2,y))| < CaslAIT. (2.12)
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D(T,z,y) is of the form
D(T,z,y) =1+ T2%d(T, z,y), (2.13)

where d(T, x,y) satisfies the same estimate as (2.11).
The estimate (2.12) was proved earlier in [7]. So we do not discuss it here. The
function T=¢D(T, x,y) is the Morette-VanVleck determinant (cf. [7]).

THEOREM 2. Under the same assumption as in Theorem 1 we can write the limit
lim| aj—o I[Fa](4;2,y) in the following way:

/(26¢VS(7)F(7)@[7] - |£\IEOI[FA](A;x’y)

v d/2 A .
(2.14)

Moreover, for any non-negative integer K there exist positive constant Cx and a non-
negative integer M (K) independent of v and of A such that

’agag(R[F](V’xvy) - RA[FA](vavy)”

< CrAno) |Al(p([0,T) + T? + T° + T?p([0,T]) + Tv ") (1 + || + [y])™,  (2.15)

as far as || < K and |f] < K.

COROLLARY 1. For any non-negative integer K there exist a positive constant Ck
and a non-negative integer M(K) independent of v such that

|050) RIF)(v,2,y)| < Cc Ani(iy T(T + p([0, T]) (1 + [a] + [y[)™ (2.16)

It is expected that the following semi-classical asymptotic expansion holds;

) d/2 ‘ i
/ ¢S F(y) 2] = (2 - > D(T, z,y)" /2507 (4g + v Ay + O(v™2))
Q il

as v — 00. (2.17)

Theorem 2 implies Ag = F(v*). What is the next term Ay ?

In the case F(v) = 1 assuming the existence of expansion, Birkhoff gave the answer
[1]. In fact, he gave even higher order terms of asymptotic expansion. However, if
F(v) # constant, then his method does not apply.

We write down the second term A; of (2.17) for general F(vy) and prove that the
asymptotic expression (2.17) actually holds. For this purpose we introduce a new piece-
wise classical path. Let e be an arbitrary small positive number. And A(t, €) be the
division



844 D. FusiwarRA and N. KUMANO-GO
Alt,e):0=Tp <t<t+e<T. (2.18)
Let z be an arbitrary point in RY. We abbreviate the piecewise classical path

Ya(te) (852, 7 (t + €),2,y) associated with the division A(t,€) by 7. (s,2), ie.,
Yit,e} (8, 2) is the piecewise classical path which satisfies conditions:

V{t,e} (07 Z) =Y ’Y{t,e}(ta Z) =z, V{t,e}(t +¢ Z) = 'Y* (t + 6)7 V{t,e} (T7 Z) = . (219)

It is clear that (s (s, 2) coincides with v*(s) for t + ¢ < s < T independently of z.
Therefore, 0.7v(1,e}(s,2) =0for t +e < s <T.

LEMMA 1. Under Assumption 1 and Assumption 2 we have bounded convergence
of the limit

a(t) = lim [AL(D(t2,) 2P (a0 (6 2) || (2.20)

e——+0

where A, stands for the Laplacian with respect to z.

THEOREM 3.  In addition to Assumptions 1 and 2 we further assume that the
function q(t) of Lemma 1 is Riemannian integrable over [0,T]. Set

.
i
A= [ Dt 0.0 a0 (221)
0
Then, there holds the asymptotic formula, as v — oo,

[ e re)7p)
[0}

/2
- <2 V.T> D(T,z,y)~ 250 (Ag + v Ay + v 20 (v, 2,y)), (2.22)
T

where for any a, B the remainder term r(v, x,y) satisfies estimate
020, r(v, ,y)| < CagT?(1+ || +[y))™ (2.23)

We shall calculate ¢(t) in more detail for some simple functionals F(y) in §5.

Since our method is completely different from Birkhoff’s method, it may be inter-
esting to see that this formula coincides with Birkhoff’s result in the case of F(v) = 1.
This will be done in §6.

REMARK 1. In this note the Lagrangian has no vector potential. Kitada-Kumano-
go [14], Yajima [17] and Tshuchida-Fujiwara [12] discussed the case of Lagrangian with
non zero vector potential. They proved that the limit (1.16) exists and the limit is the
fundamental solution of Schrodinger equation if F(y) = 1. However we do not know
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whether the limit (1.16) exists or not if F(vy) # constant and Lagrangian has non-zero
vector potential.

3. Proof of Theorem 2.

3.1. Fitting assumptions to stationary phase method.

In order to apply the result of our paper [11] to prove theorems stated in the previous
section, we show in this subsection that Assumptions 1 and 2 of the present paper imply
the assumptions appeared in [11]. For that purpose we wish to estimate derivatives of
Fa(zyq1,2g,...,21,%0).

LEMMA 2. Assume that |s' —s| < p. Let y(t), s <t < 8, be the classical path with
end points:

v(s) =y, () == (3.1)

There exists a positive constant C' such that

s —s

t—s s —t
) - (522 52t < ol = s+ el + o,

S

Kiw)_ ,15@_@,))’ < Cls = s/|(1+ [z] + [y))

and for any multi-indices «, 3 with |a| + |B] > 0 there exists a positive constant Cy g
such that

o t—s s —t
amaﬁ(w)—( T y))‘é%ﬂ(#—sﬂ

S S S S

d 1
020) (570~ 5 e =) | < Cosls' .

S

PROOF. These are consequences of Euler’s equation (1.4) and boundary conditions
(3.1). See §2 of [11] for the details. O

PROPOSITION 1.  Let vy be the piecewise classical path which satisfies (1.11) and
(1.12). Then there exists a positive constant C' such that

[valll < C+ [wga] + |zg] + -+ |z1] + [20]).- (3.2)

For any multi-indices o and a;_1 with |o| + |aj—1] > 1 there exists a positive constant
Ca,,a,_, such that

|3§j8°‘j*1’m(t)| <Cuja;_, foranytel0,T]. (3.3)

Ij—l

We have supp0y,va C [To, T1], supp0s,,,va C [Ty, Tj41] and
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suppdz; ya C [Tj-1,Tja] if 0<j<J+1 (3.4)
If |7 — k| > 2, then
Oz;0z,7A(t) =0 for any t € [0,T]. (3.5)

PROOF. As a consequence of the above lemma 2 we have

/T7
Tj—l

Taking summation with respect to j, we have

d
dt’m(t)'dt <oy — zj1] + CH(L+ |z| + x;-1]).

valll < €A+ |zl + |zs[+ - + |22 ] + |20l)-

This proves (3.2). Other parts of Proposition are obvious. O
Now we can obtain bounds of derivatives of Fa(xjy1,2,...,T1,%0).

PROPOSITION 2.  Let F(v) be a functional defined on I satisfying Assumption 1
and 2. Then for any non-negative integer K there exist positive constants Ax and Xg
such that for any division A of (1.8) and for any multi-indices o, j = 0,1,...,J +1
satisfying |a;| < K there holds the inequality

J+1
‘( H 82‘;’)]% < AR XA+ || + Jxg] + -+ ||+ |zo])™ (3.6)

k=0

Moreover for any k=1,2...,J

J+1
({i)r

J=0

< A X2 p([Thooty Togr)) (L + [z gpa| + |2y + - + |21] + |zo])™ (3.7)

Proor. We begin with an obvious remark. By completing the tangent space T, , I
with respect to the maximum norm, we may assume that the inequalities (2.4) and (2.6)
hold for ¢;; € C([0,T], R?) with support conditions (2.5).

Leibnitz’ rule and (3.5) give that for any multi-indices ayy1, g, -, ap

lagyr|+-+|ao] 7

8;}];1161&}7 : aggF(’YA) = Z ZC({QJ};;F(}717{(5]',77,75;'71,71)’m(j?”)}jm)
=1

x D'F, , [@JH ®n(af;:mafﬁ:f’"m)@m“’"’]. (3.8)

Jj=1
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Here C({a; };”01, L, {(Bjns Bj—1.1),m(j,n)}jn) are non-negative constants. And the sum-

mation 3" ranges over all pairs of multi-indices {(BjnsBj_1 )} and natural numbers
{m(j,n)};n such that

Zm(j,n)ﬁj’n—&—Zm(j—i—l,n)ﬁ;-’n:aj, for 7=0,...,J+1,
n n

Zm(j,n) =1 (3.9)

Let K > 0. Then by virtue of relation (3.5) we can easily show by induction on J that
there exists a positive constant C'x independent of J such that
lagt1]4-+laol 7

Yo > CHat s LB By ) miGin)} ) < O (3.10)
=1

as far as |oj| < K for j =0,...,J+ 1.
Since (3.4) holds and >, m(j,n) < K for j =1,2,..., J+1, we can use the extended
form of (2.4) and obtain

‘DlFM[(@;IH (aB, na i L A)@m(j,n)]‘

< A X320+ [all + Hall)™ T T @202t aa) |9

i on
Using Proposition 1, we obtain with some positive constant Bx and C' independent of J
DE, L[ @] @l (08000 a) 20|
S AXPPP+CA + || + |os| + -+ |z1| + |zo])™ HHB;(NL)
i on
S ARXyPBr A+ 0)" (1 + |wypa| + |zg| 4+ -+ @] + |zo))™. (3.11)

Since we may assume By > 1, we combine estimate (3.11) with (3.10) and obtain that

J+1
({i)-
k=0

< CFPAR(Br ™ X )" (1+ O)™ (1 + |wyga| + |ws| + -+ + @] + |wo)™

J+2 m
<A XU+ g + Jzgl + - 2] + o))

with some constants A%, X} independent of J. Estimate (3.6) is proved.
Now we prove (3.7). If oy, # 0, then one of By, or B, in (3.8) is not 0. If
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Brno # 0 with some ng, then we can use (3.4) and obtain with some By > 0
n ﬂ/,fl n
/ |00 8er "0y a(8)|p(dt) < Brep([Timr, Trosn)-
[0,T]

Making use of (2.6), we obtain

DB, [ @74 @a(0m00 1y 4) "™

AR X PO [zl + leg] + - + e ] + [2o]) " Bl p([Th—1, Thoy1])-

Similar estimate holds if 3; ,, ., # 0. Combining this and (3.10), we obtain

J+1
Ony ( 11 6§jﬂ'>FA
k=0

< Ag(CxBr ™ X)) 2O+ |z | + 2s| + -+ |21] + [20) " p([Tr—1, Tis1])

J m
< A X5 (U eg ]+ leg| -+ o]+ lzo) ™ p([Thet, Thta)

with another constants A% > 0 and X} > 0 independent of J. This proves (3.7).
Proposition 2 has been proved. O

3.2. Proof of Theorem 2.
Consider an arbitrary division A of time interval [0, 7] as follows:

A0=Ty<Ty < - <Ty<Ty=T. (3.12)

First we shall discuss a special simple type of refinement of A. Let n be any one of
n=0,1,...,J. We divide the n + 1-th subinterval I,, = [T}, Ty+1] into smaller sub-
subintervals and denote the division of I,, by 4, i.e.,

0: T =Tho<Tphi < <Thp,+1="Tnt1. (3.13)

Adding these new division points of 6 to A and keeping other [T}, Tj;1] unchanged, we
get a refinement A’ of A. In other words, A’ is the same as A except for the division §
of [Ty, Tht1]. Weset o, =T 1 — Th p—1.

We claim that the following estimate holds: For any non-negative integer K there
exist a positive constant Cx and a non-negative integer M (K) such that if |af, || < K
we have

070} (Rar [Far)(v, 2, y) — Ra[Fal(v,2,y))]

< Cr An(ro)tat1 ([T, Tasa]) + tasr (T + T2+ Tp([0, T]) +v71)) (1 + || + [y])™
(3.14)



Feynman path integral 849
Assuming this claim for the moment, we shall prove Theorem 2. Let

A" 0=1p<m < <7141 =T (3.15)

be an arbitrary refinement of A. It is clear that A* is obtained from A by repeating

the above type of division J + 1 times. In fact, consider for any j =1,...,J + 1 a new

refinement A; of A whose dividing points consist of all of 73 of (3.15) satisfying 7, < T}

and all T,,, of (3.12) satisfying T}, > T,. We set Ag = A. Then we have a chain of
refinements of A:

A:A0-<A1-<A2-<“'-<AJ+1=A*.

A, 11 is obtained from A, in the same way as A’ is obtained from A. We apply the
claim to Ra, ., [Fa,,,|(v,2,y) — Ra, [Fa,](v,z,y) and obtain that

1020, (Rax[Fas)(v,2,y) — Ral[Fa(v,2,y))]

J
Z n+1[FAn+1](V’x7y) _RAn[FAn](V"T7y)))

J
Z CrAni(ytns1 (p([Tn, Trg1]) + tnr (T + T+ Tp([0,T]) + v 1))

x (L+ [a] + [y])™
< e Anigao) | Al ([0, T) + T + T + T2p([0, 7)) + Tv ") (L + [a] + [y))™.  (3.16)

This means that {9307 Ra[FA](v,2,y)}a forms a Cauchy net. Therefore,

hm RA[FA](V xay) R[F](I/,(Z?,y)

|A]—0

exists. Tending |A*| — 0 of (3.16), we have the estimate (2.15). Theorem 2 is proved up
to the proof of the claim.

Now we prove the claim and complete the proof of Theorem 2. We consider an
arbitrary piecewise classical path v associated with the division A’ and we write

yr =va (Thk), for 0 <k <p,+1,
xzj =~vya(T;), for 0<j<J+1,

where we assume that yo = =y, Yp,+1 = Tnt1. We abbreviate the block of variables
(Ypps -+ Y1) BY Y[p,.,1]- Similarly for any pair of integers k > j > 0 we denote (g, ..., ;)
by x ;. As a special case we set ;) = Tx. Let

Tn, Jk

Sk Yk, Y1) = /

Tn,kfl

L( jtml(t),mf(t))dt (k=1,...,pn+1). (3.17)
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Then the action S(ya/) becomes

S(var) = Sa (41,0410 Yipn,1]> T[n,0])

J+1 Pntl
= > Silapai)+ Y Sk yr-1)- (3.18)
j=1,j#n+1 k=1

We set the latter term of (3.18) as

Pn+1
S5(Tn+1,Ypp, 1), Tn) = Z Sne(Yk> Ye—1)- (3.19)

The value of the functional F'(y) restricted to I'(4’) is

Far(®1741,m41) Yipn 11 Zin0) = F (Y2 (B1541,041) Yipo 1] Tinio))) - (3.20)

We write I[Fa/](4;2,y) in two different ways and compare results to obtain an
expression of the difference Ra/[Fa/](v, z,y) — Ra[Fal](v,z,y).

First we integrate it with respect to all the variables (27,11, Y[p,.1]5 Z[n,1)) and
apply the stationary phase method. Then we have just as (2.7)

/2
v _ S . _
Pl snp) = (5op) D@0 2S00 (PG 407 R [Fal 2.,
(3.21)
Next we distinguish two groups of variables (x;,...,z1) and (yp,,...,y1). Inte-
grating with respect to (yp, , ..., y1) prior to integration with respect to (zs,...,z1), we
define Fa/a/(zy41,27,...,21,70) by the equality
, /2
W@ o) By S
(27Titn+1> € A/A (IJ-i-lvx.]a a‘rlvxo)
pn+l d/2
_ H / V95 (Tnt1:Ypy s sY1,8n)
217r0k Rdpn
Pn
X FA/ (x[J+17n+1],ypn, e Y1, x[nyo]) H dyk. (3.22)
k=1

Using (3.18) and (3.19), we have

J+1 da/2
HEa)sa) - T () [ esatesninms
T ot 2mit; R4

><FA/A/(QCJJrl,iEJ,...,.’El,iL'O)deﬂj. (323)
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In other words,
I[Fa)(A% 2,y) = I[Fajar)(4;2,y). (3.24)
Now we shall compare Fa(zjy41,...,%0) wWith Faja(2541,...,,20). Since Proposi-

tion 2 holds, we can apply the result of [11] to the integral (3.22) with respect to variables
{Yp,,»---,y1}. We obtain that

Fayn(Tg41,27,. ., 21,20) = D(6; Tns1, 20) "2 (Far(Tr51,041)s Yipn 1]> Tn.0])

+V_IR(S[FA/}(V,:EJJ’,I’:L‘J’...7x1’x0)). (325)

Here as in (2.8), we use the symbol

d
D(0;xpi1,Tn) = (W) det HessSs
n

at the critical point y[;n 1] of the phase function
Ypn,1] — S5(‘rn+17y[pn,l]7xn)~ (326)
Far(zp41,n41]5 y[“pn 1],50[”)0]) is the main term of (3.25) and the remainder term is
vIRs[Fal(v,x 41,2, ..., 21, T0).
The fact that 7, ) is the critical point of (3.26) means that it is the solution of the
system of equations

Ayso (St W1, Yk) + S Wk yk—1)) =0 for 1 <k < p,.

This implies that the path ya- (mwﬂ,n“byfpn 1],96[”’0]) is not broken at time 7, j for
k=1,...,pn, e, var (gc[JJanHbyE;n 1]71’[”70]) is smooth for T,, <t < T,,+1. Therefore,

YA (@ (741,041]5 Ylp, 1]5 T[n,0]) = YA(TI4+1, 2, -, T1, To).
And we have

Far(zr41,n41]5 yf;ml],x[n)o]) = Fa(xjy1,Tg,...,01,20).
Substituting this in (3.25), we obtain

Fajp(xggr,g,...,21,20) = D(6; L1, Tn) 2 (Fa(®ys1,27,...,21,20)

+lflR(s[FA/](z/,xJH,mJ,...,xl,xo)). (3.27)

It follows from this equality (3.27) and (3.24) that
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I[Fa)(A's2,y) = I[Fa/ar)(As 2, y)
= I[D(0; Tpy1, xn)il/zFAKAi z,y)

+ v [D(8; 21, ;z:n)fl/ZR(;[FA/]](A; z,9). (3.28)

Apply the stationary phase method to the first term of the right hand side and use (2.7).
Then we obtain the equality:

v
2w

/2
I[FM(A’;x,y)—( ) ¢7507) D( s, )2

X (D(é;xzﬂ,x*)_lﬂF(’y*)

n

+ v RA[D(8; 2y, 2n) "V PFA (v 2, y) + v a(As v, 2, y)).

(3.29)
Here z3, = v*(T), )41 = v*(Th41) and a(A;v,z,y) is defined by
I1D(8; 1, 20) 2 Rs[F]] (A; 2, y)
Lo\ 92
_ wS(y") . —-1/2 .
(5m) € D) 0l di0,,0) (3.30)
It is shown in (cf. [7]) that
D(4;2,y)D(03 27,44, 73,) = D(A'y 2, ). (3.31)
Taking this equality in mind, we compare (3.21) to (3.29) and obtain that
D(&s2,y) P Rar[Fal(v,2,y)
= D(&;2,y) V2 (Ra[D(§: wnrr,20) P EA (v 2 y) +a(dsv,2y)). (3.32)

Consequently, we obtain

RA/[FA/](V) xvy) - RA[FA](VJEQ)
= (D(8;5 1, 25) 2 = 1)Ra[Fa](v,2,y)
+ D((Sa I:L-‘rlv ‘T:L)l/z (RA [(D((S? Tn+1s xn)il/Z - I)FA} (Va Z, y) + CL(A, v,x, y))
(3.33)

The estimate of the claim (3.14) is a result of this formula. First we know as a consequence
of (2.9), (2.10) and (2.11) that for any non-negative integer K there exist a positive
constant C'x and a non-negative integer M (K) such that if |«|, |8] < K,
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1020, (D(6; 2} 41, 27)'? = 1) RalFa)(v,2.y))|

< CrAn(r) s T(T + p([0, T) (A + || + [y)™. (3.34)

Next we show that RA[(D(5; Zni1,2n) /% — 1)Fa](v, ,y) is small.

Let jo=0<71 <--- <j5 < js+1 = J +1 be any subsequence of {0,1,...,J, J+1}.
Then A : T =Ty < Tj, < --- < Ty, <Tj,,, = T is a division of the interval [0, T] coarser
than A. We use the symbol ¢4, (D ((5, Tot1,Tn) V2= 1)FA) ()1 Tjos - - -5 Tjy» T0) tO €X-
press the restriction to I'(A”) of (D(8;xpy1,2n) Y2 =1)Fa(zy41,24,...,21,T0), which
is a function defined on the path space I'(A). Since (2.11) and Proposition 2 hold, for
any non-negative integer K there exist a positive constant C'x and a non-negative integer
M (K) such that if |, | < K

s+1
‘ ( H a(szk>LAb (5§xn+1vxn)_1/2 - 1)FA)(mjs+1vxjsv s 7xj17x0)
< CKtn-HAM(K)XM(K)(l + ‘Ijs+1| + -+ ‘.CEQDm

The stationary phase method on the space of large dimension (cf. [8], [15]) yields the
following estimate: For any nonnegative integer K there exist a positive constant Ck
and a non-negative integer M (K) such that

0007 RA[(D(6; g1, 20) "2 = 1) Fal(v, 2,y)]
< O Apr) Tt (1 + || + [y])™, (3.35)
if o, B satisty || < K, |5] < K.
Finally we show a(A;v,z,y) on the right hand side of (3.30) is small. Regarding
the variables x[y 1 n42) and xp,_1 9 of Fa, as parameter A\, we know from Proposition
2 that we can apply theorem 1 of [11] to the integral (3.22).

In order to recall the result of [11], we make a notational convention. For any
k=1,2,...,p, we use the division §(k) of the interval [T},, T},+1] defined by

0k) : Th=Tho<Tnip < - <Thp, <Thnpot1 = Tnt1.

d(k) is coarser than §. We denote the division of the interval [T},, T}, x] by 6(k)¢ : T,, =
Tho <Tpi <---<T, Theorem 1 of [11] says that

FA/A’(‘TJ—Q—l,' . .,In+1,.’£n,. .. 71’0)
_ i
= D(8;pp1, )2 <FA($J+1a~'UJ7 c @ @0) + P (@1, ,xl,xo)>

+vlrs(v, g, 2, ., T, T0), (3.36)

where
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ps(Tys1,Tg,...,T1,20)

Th kOk+1 5k ¢
-3 T (D0 k)

X Ayk (D(é(k')c, yk7xn)il/Ql’g(k)FA/)(‘TJ-i-h sy 41y Ypys e s Yks Ty - -y IO))

Here Lg(k) means the restriction mapping of functions on path spaces I'(0) to I'(§(k)),
Ay, stands for the Laplace operator with respect to the variable yi and D(6(k)%; yx, <)
is given by (2.8) for the division d(k)°. For any non-negative integer K there exist a
positive constant C'x and a non-negative integer M (K) such that

J+1
‘( H 5§j>T6($J+1,$J, ., T1,T0)

j=0
< Ok (16th 11 + v (18]t +ti+1))AM(K)X1{4JE§()(1 +lzgpal + -+ |zo)™

< Crctig (b + 07 ) Anrao Xy (1 [m ]+ + [ (3.38)
Comparing equality (3.27) and (3.36), we have

D(é; xn+1,l‘n)il/QR(S[FAI](IJJ'_l,l'J, ceey 1, 20)

) _
= iD((S»x'rH»l,xn) 1/2p6(55J+1733J7 e ,1’17270) + T&(Va Tj41,T gy ,1’17{170). (339)

Since Proposition 2 and (2.10) hold, for any positive integer K there exist a positive
constant C'x and a non-negative integer M (K) such that we have

J+1
‘ ( H 8a]> ( [T?L)Tn+1]D(6(k)c; yk’x”)l/z

X Ay, ((D(k)% i, mn)_l/ng(k)FA’)(ﬂ?[.i+1,n+1], Ylpn k]» x[n,o]))) ’
< CKAM(K)X}\];E?() ((Tok = To)? + p([Trk—1, Tuk1])) (L4 |21 | + - =+ |zo )™

as far as \ozj| < K for 0 < j < J+4 1. This implies that

J+1
‘(Ha >p5 Tj41, 2 g, ..., 21, T0)

< CrAm) X g oy tnr1 (Gt + p([T T ])) (L4 |20 | + -+ + |zo] )™ (3.40)

As a consequence of (3.39), (3.40) and (3.38) we have
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J+1
‘ < H 8;7)1)(57 -Tn+1,$7L)71/2R6[FA/](V,$J+1,33J, e ,3717-’1;0)
7=0

< O Ani) X3 eyt (P T Tura]) + 64y + tarv ™)L+ @] + -+ + o)™
(3.41)

For any subsequence jo =0 < j; < -+ < js < jsy1 =J +1of {0,1,...,J,J + 1} let AP
be the division defined by the subsequence. Then the division A” is coarser than A and
we similarly have

s+1
' < H 8§’k)am D(6;xpt1,Tn)” 1/2R5[FA1])(V, Tjo s Ty Tjy,T0)

< Cr An() X310 tnt1 (P([Tns Tna]) + oy + v ™) (L4 |2, |+ - 4 |2o])™
(3.42)
Since (3.41) and(3.42) hold, we may apply the stationary phase method (cf. [15] and
appendix of [11]) to I[D(8; &py1,2n) Y2 Rs[Fas]](x,y) and obtain, with another Cg and
M(K), that

0500 a(As v, 3, y)|

< Cr An(iytnr (0T Tnga]) + to g + tgav ™) (L4 [ + [y)™ (3.43)

Estimates (3.43), (3.35) and (3.34) give that

030; (D(8; 2341, 27)"? = D)RA[Fa](v, 2, y)

Ty
+ D(8; 51, 25) 2 (RA[(D(6; g, 1) "2 = 1) FA)(v, 2, y) + a(A; v, y)))‘

< Ox Ani(yta1 (P([To Toa]) + tad (T + T2 + Tp([0, T]) + v ) (1 + |z] + [y])™
This together with (3.33) prove the claim. Proof of Theorem 2 is now complete.

4. Semi-classical asymptotic expansion.

4.1. Proof of Lemma 1.

Let v* denote the classical path starting y at time 0 and reaching x at time 7. We
recall the piecewise classical path 7y ¢} (s, 2) of §2 associated with the division of time
interval

Atye):0=Ty <t<t+e<T

and satisfying conditions:
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V{t,e} (07 Z) =Y, V{t,e}(ta Z) =z, V{t,e}(t +¢ Z) = ’Y* (t + 6)7 V{t,e} (T7 Z) =z

The path 7y ¢ (s, 2) always coincides with v*(s) in the interval [t 4+ €, T]. Moreover, if
z = ~*(t) it coincides with v*(s) in the whole interval [0, T7, i.e.,

W{t,e}(s,z){zzv*(t) =~"(s), for sel0,T]. (4.1)

The first part of v (s, 2), i.e., the part from s = 0 to s = t plays an important part
in the following. So we denote it by 7jo4 (s, 2). This is nothing but the classical path
starting y € R? at time 0 and reaching z € R? at time t.

Now we begin the proof of Lemma 1. Let z = 22:1 zrer be coordinate expression
of z with respect to the standard orthonormal basis {ex} of R?. Then clearly we have

A (D(t,2,9) 2 E vy (5, )] —o

= AZ<D(t7 2, y)_l/Q)F(’Y{t,e} (*7 Z)) ’z:'y* (t)

d

+23 0. (D(t2,9) )0 F (1 ()] oy
k=1

+D(t,z,y) " V2ALF (1.0 (%, )] .

It is clear from (4.1) that for any small € > 0
F(V{t,e}(*>z))|z:.y*(t) =F(v").

Therefore it suffices to prove that the following two limits exist:
Jim 05, F (vt (x, 2)) ety (4.3)
i 32, F ey (5,2))] (4.4)

We prove the limit (4.3) exists. Assumption 1 implies that for any n € C([0,T]; R?)

. < * * m .
|DFy-[n]] < C(A+ [l + [Ilv*[ID e, n(s)]

This means that there exists a bounded R%-valued Borel measure o+ such that
DEfil = [ als)- o (ds),
[0, 7]

where - means inner product in R?. We have
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asz(’y{t,e}(*a Z))’z:'y* (t) - /[O . azk’)/{t7€}(8, Z) ©Onyx (ds)

(e)

(4.5)

We abbreviate 0., v(+,} (5, 2) as 1, (s). This is the piecewise solution of Jacobi’s equation:

For s € (0,t) U (t,t+€)U(t+¢T)

*
0 () + VIV (5,71 (5, 2 (5) = 0
satisfying boundary conditions

20y =0, 790 =ex, 1t +e) =0, 7T)=0.

(0)

As e — +0, 77,(;) (s) converges boundedly to a discontinuous function 7, (s;

77(0)( f = Oz 0,4 (8,7 (1)) for s <t
kA 0 for t<s<T.

Therefore, Lebesgues’ bounded convergence theorem applied to (4.5) gives

ap(t) = el—ig-lo 8ZkF(7{taf}(*’ Z))L:’Y*(t)

= / n,(co)(s;t) 04+ (ds) = 0z.70,4(8,7" (1)) - 0= (ds).
[0, 7] [0,¢]

t), where

(4.6)

This is a function of ¢ continuous at the point where o.«(t) is continuous. Moreover we

obtain from (4.5) and (4.6) that

k(1) = 0 F 10y (5 )| | < OO+ I+ D™ (22 4 ).
Now we prove that the limit of (4.4) exists.

ang(’y{t»ﬁ}(*7 Z)) |z:’Y*(t) = DQF’Y* [nl(:) (6)} + DF [azk 771(:)]'

First we prove that D?*F,- [7],(;)(*) ® n,(;)] is a Cauchy sequence. Let €, ¢ — +0.

|D2Fw [ ()®n(6)] —DQFW [ (e)®n )]|
< |D?Fy- [0l @ (0 = i )| + | DBy [(nf = n7) @] .

Using Assumption 2 we know that

(4.7)

(4.8)
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{DQF,Y*[(G)@n |- D2F [(6)@”’(6)”
O+ I I I i+ 1) i) = 0ot

Since n,(f)(s) - 771(;,)(3) — 0 boundedly, we have

/[0 6 = @t — 0

as €,6 — +0. Thus we have proved that D?F, - [77,(:) ® 77,(:)] is a Cauchy sequence. We
know that

_ 2 (€) (€)
bi(t) = lim D*Fy- 1,7 @ n,”]

exists and
b (t) = D*Fye [0\ @ 97| < OO+ |7 [ + [V 1) ™ p((t, t + €). (4.9)
By Assumption 1 we see that
€ € * * m €)12
1D2F,- [0l @0l <+ |v* | + 111D ™ 10|

Therefore D?F,«[n, ©) 77(6)] converges boundedly.

Next we prove that DFW*[Ban,(;)] converges as € — +0. The function azkn](;)( )
satisfies equation

S0 () + TV (s, ()00 (5) + VITV (5,7” () (5) 0 (5) = 0

for s € (0,t) U (t,t +¢€) U (t +¢,T) and boundary conditions

0o (0) = 0, (8) = o (t + €) = 0o\ (T) = 0.

It is clear that 0, nk ( ) converges boundedly to 9, 7712 )( ) as € — 40, where 0, 77,(€ )( t)

is the function

92 o, (s,7*(t)) for 0<s<t,
0 for t<s<T.

Doy (s:1) = {

We have proved that

lim DF,-[9,,n,7] = / D (sit) - 0- (ds) = / 02 Y0.0(5,7" (1)) - 0= (ds).
e—~+ [0,7] [0,]
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We put
ex(t) = lim DF,. [0.,n\]. (4.10)
Then
|ex(t) = DF,- [0:07]] < CA+ |+ 117 p((E £+ €]). (4.11)

Consequently, we have obtained

d
q(t) = Aa(D(t, 2,9) )| L F () +2) 05 (Dt 2,9) ") gy an(®)
k=1
d
+ > D,y (1), y) 2 (e (8) + ek (8)).- (4.12)
k=1

Lemma has been proved.

4.2. Proof of Theorem 3.
Since ¢(t) is Riemannian integrable the right hand side of (2.21) is meaningful. Let

A:O:T0<T1<"'<TJ<T]+1:T

be an arbitrary division of the interval [0,7]. Then

T
* 1/2 _ 1/2
| P @ e = tim ZtmD T (D). (413)

Q(Tj) = AZ(D(TJ7 Z, y)_1/2)|z:7*(Tj)F(/y*)
d
+2<Zazk(D<Tj,z,y>1/2>|z=7*(tj)) - ax(Ty)
+ D(T;,7*( 1/22 (b (Ty) + e (T5))- (4.14)

For any j =1,2,...,J + 1 we set A(j) the following division of [0, 7] coarser than
A

A(J)OZTO<1} <1}+1 <"'<T,]+1=T
and we denote by A(j)¢ the following division of the interval [0, T}]

A 0=To<Tri <--- <Tj_1 <Tj.
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In particular A(1) = A and A(J + 1) = [0,T]. Set Fa(zj41,27,...,21,20) = F(y4).
And we shall apply Theorem 1 of [11] to the integral I(Fa)(A,z,y). Then

v \Y%
I[FAl(A;2,y) = <2m’T> oiS(T,zy)

_ X i _
[ D)2 (7Y 4 patea)) + v ratis)|,

where

J+1

pA(xvy) = Z

Jj=1

x {D(A(j)% z,20) 2 Ay, (D(A(j)c;Hfjaffo)_l/QLﬁ(j)FA)(xJH?~-~,33j79€o)}~

Titiy1 aQ)
LA(T+1)

Tt

and for any multi-indices «, 8

limsup |0500r A (v, 2, y)| < Caplimsup(|A(T + T?v) + T?)(1 + |2 + |y))™
|A]—0 |A]—0

= CagT* (1 + || + [y))™.

We claim that limja|—g %pA (z,y) exists and equals to A; of (2.21). This claim implies
(2.23) and Theorem 3.
Now we shall prove the claim. Calculation shows that

A e e _
A0 (DA 25, 20) 2 A, (D(AG) 25, 20) V2R ) Fa) (w741, 1. m0) }
A(j e ~Ne _
= 15301y (D(AG)% 5, 00) 2 Ay, D(AG) 25, 20) ™) (18 1) Fa) (@, 9)
+ 249, 1) (D(AG) 25, 20) >V o, D(AG) s 25, 20) 7 7?)

A(J+1)

A A(j
: LAE?])—&-l) (v:c] (Lﬁ(])FA)) (1’7 y) + LAE-?])+1) (ij (l’ﬁ(j)FA)('T’J-‘rla Tjy.--,Tj, y))7
(4.15)

where V, stands for nabla operator in x; space. It is clear that

(A Fa)(z,y) = F(Y9). (4.16)

Applying (2.12) to the division A(j)¢ of the interval [0,7}], we know for any o there
exists a constant C,, such that

|02(D(A(7)% 2, 20) = D(Tj, 2,20))| < Cal A(G)IT. (4.17)
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We have

A(g e e _
A1) (DIAG) 5, 0) 2 A, DIAG) 2550) ™) (141 Fa) (2,9)

- D(T]7’}/*(1}),y)l/2AzD(T], Za'xo)_l/ztzv*(Tj)F(’y*)

SCA+ I+ IID™A]- (4.18)

Let x5, denote the k-th component of ;. Then for [ = 1,2

Al
2 Ok, (R Fa) @i, w5,9) = 0 Fypmy gy (52| e -
Thus we know from (4.7) that
LA(J+1)( i, (LA(j) A) @41, »%79)) ax(Ty)

<O+ I+ D™ e((Ty, Ti4a])- (4.19)
From this we have
A ) . _ A(j
‘LAE?])-H) (D(A(J>C§ Zj, xo)l/zaa:jkD(A(J)c; Tj,20) 1/2) (LAEJJ)-H) (awjk(Lﬁ(j)FA)))(x, Y)

- (D(Tj 7*(Tj)7 y)1/2aZkD(Tj7 Zy xo)_l/Q) |z:7*(Tj)ak(Tj)

SCA+ I+ D™ AL+ p((T5; Tjal))- (4.20)

Similarly, it follows from (4.8), (4.9) and (4.11) that

Al
}LAE?]{H)(aijk([’ﬁ(j)FA)(xJJrlvaa oz, y) — (0k(T)) + ci(Ty))

< CA A I+ D™ p((T5, Ti4al)- (4.21)

Now combining (4.18), (4.20) and (4.21), we obtain

J
pa(z,y) = Yt D(T;, 7" (T3), )" *q(T})
=0

J+1
<Ot L+ I+ D™ (Al + p(T5, Tya)))

j=1

< CLAIL+ [+ D™ (T + p((0, T1))-

This together with (4.13) mean that
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T
lim pa(z,y) =/ D(t,v* (), y)" ?q(t)dt.
|A|—0 0

Theorem has been proved.

5. Simple examples.

If F(v) is simple we can calculate the second term A; of the semi-classical asymptotic
expansion more explicitly. We assume |s’ — s| < u. We treat the following examples,
which are treated in [15].

Let f(t,7) be a C* function of (¢,7) € [s,s’] x R? satisfying

|05 f(t,2)] < Ca(1+ |2)™. (5.1)

Then for any multi-indices a, 8 satisfying |a| + |5| > 0,
00 F(9(0) = 300 F(4.0)],_ s (020 (1)),

where pa,g;r ({0205 7(t)}) is a polynomial of degree || of {0205 y(t);a’ < a,8 <
B,a' + 3 # 0}. Therefore, for any multi-indices a, 8 there exists a positive constant
Ca,3 such that

000 f(£,7(1))] < Cap(1+ [y(E))™
This means that for fixed v € [0,T] the functional

v — Fu(v) = f(u,v(w))

satisfies our Assumption 1 and Assumption 2.
Now we denote by V the nabla-operator in the configuration space, i.e., (V f)(t,z) =
(On, f(t,2), ..., 00, f(t,7)) € R Calculation shows that
ag (t) = glj% azk Fu(’y{t,e}(*a Z)) ’Z:’Y* (t)
0 for 0<t<u<T,
L Her @) nPwit) for 0<u<t<T.

Here - stands for inner product in R%. Further we obtain

bi(t) = lim D2F,(v") [ @ "]

0 for 0<t<u<T
(V) (A ()t (ust) -V (ust) for 0<u<t<T.
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ex(t) = limy DF,(v7) 02,1

0 for 0<t<u<T
(V)(u, 7*(u))8zkn,io)(u; t) for 0<u<t<T.

Thus

: 2
};E}(l) aszu('Y{t)e}(*, Z))}u:fy*(t)
0 for 0<t<u<T

= (V) () (ust) -l (us t)

for 0<u<t<T.
+(V ) (7 (1)) 02, (us ) T

Therefore, in case 0 <t <u <T
q(t) = (AzD(t,27y)’l/z)|Z:W*(t)f(u,7*(U)) (5.2)
incase 0 <u<t<T

q(t) = (AD(t,2,y) )] F (7" (w))

d
+23° 0., Dt z) 2| ) (V) " () - (s )
k=1

d
+ Dty (0,9) 7Y (V) (w7 (W) (us ) - 0 (us 1)
k=1

+ (V) (w7 (@)D (s ). (53)
If 0 <wu < t, we may write
(0) 2

0
Mg (uv t) = 8zk Y10,t] (u7 Z) ’z:'y* ()’ 6zk n](q )(u7 t) = 8zk7[0,t] (U, Z) ’z:'y* )

Next we consider another example. Let p(t) be a function of bounded variation on
the interval [0,7] and consider the functional defined by Stieltjes integral

F(y) = / £t A(1))p(dt). (5.4)
That is

T
F(y) = / Fo(3)pldu).
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This also satisfies our Assumption 1 and Assumption 2. Using above calculation we know
that

T
0t) = (8Dl ) gy [ H o)

d
+2) 9., D(t,z,y)

k=1

" /0 (V) (7" (w)) - 0z, v10,01 (u; 7" (1)) p(du)

z=

t d
+D(t,7*(t),y)_1/2/o ( (V) (™ (1)) 0z, Yo, (ws Y (£) + Oz vj0,0 (w3 v (1))
k=1

(VA () Ay (wv*(ﬂ))p(dw-

6. Birkhoff’s formula revisited.

G. D. Birkhoff gave an semi-classical asymptotic expansion of solution to Schrédinger
equation in his famous paper [1]. In this section we show that the first and second term
of his expansion can be explained from our point of view which is completely different
from that of Birkhoff.

It is known that the Feynman path integral is the fundamental solution of
Schrodinger equation if F'(y) = 1. Let

ie.,

where H(t) is Heaviside’s function.
We apply our discussion of previous section to this case. Then for any t € [0, T
(5.2) and (5.3) yield that

_ —1/2
q(t,z,y) = (A.D(t, 2,y) Mzz’YﬁmT](t,x,y)' (6.1)
Therefore, we have
[ g
0
14 d/2 . 7
= (QMT) eV SITEND(T, 2, y)~H/? (1 t+ 5oL y) + v, ﬂx,y)),

where
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T
p(Tyx,y)=/ D(t, %o,y (t: %, 9),9) 2 (A.D(t, 2, ) /?) dt.
0

2=, (6%Y)

We set

v d/2
’UO(T7x7y) = <27T’LT> D(T,Qf,y)_l/2,

v
2miT

4 d/2
vi(T,2,y) = ( ) D(T,z,y) " *p(T, z,y).

2

Then in accordance with Birkhoff’s notation, we can write
/ SN g = ST (vg(T, 2, y) + ()" or(T,2,y) + O ™?)).
Q
We already knew in [9] that vo (T, x,y) satisfies the first transport equation:

é 1
ﬁUO(T,l‘yy) + iAwS(Tvxay)UO(Taxa y) = 07 (62)

where the linear differential operator

% =0r+ VST, z,y) -V, (6.3)
is the differentiation along the classical orbit v*(¢; z,y) = Vo, 1] (t;x,y) starting y at time
0 and passing through x at time T'. Note that this equation (6.2) is a consequence of the
fact that D(T, z,y) comes from the determinant of Hessian and we do not use Birkhoff’s
method to prove (6.2) (cf. [9]).

We shall prove that v1 (T, z,y) satisfies the second transport equation:

1) 1 1
ﬁvl(Ta $7y) + §AzS(T7m7y)Ul<T7x7y) + iAa:UO(Taw7 y) =0. (64>

Since we can write

-1
Ul(Ta'rvy) = ?’U()(T,l',y)p(T,‘T,y), (65)
we obtain
Sn(T) = o (oL (T2, )+ v0(T, 2,9) (T, 2, )
6TU1 y L, Y) = 2 5TU0 y L, Y)p\L, T, Y Vo4, T,y 5Tp y L, Y) |-

It is clear from definition of p(T),x,y) that
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5 d [ ) _
s7P(Twy) = %/O D(t, ¥io ry(t2,9),9) (A D(t, 2,y) 1/2)|z:7[*0’ﬂ(t;$,y) dt|

= D(T, 7y 11(T;2,9),9)/*(A.D(T, 2, 1/)71/2”2:7[*01] (Tiz.w)

= D(T,z,y)"/*A, D(T, 2, y)~ /2.

Thus we obtain

5 y d/2 -
UO(T7$7y)57p(T7xa y) = <2ﬂ_ﬂ-,) AID(T,.’E, y) 1/2 - sz()(Ta xvy)

Therefore, using the first transport equation (6.2), we obtain

1

) 1)
67TU1(T»$>?J) - _5 (M-,UO(Tvxvy)p(T7x7y) + AzUO(T,fE,y))

1 1
= _5 ( - §AzS(T7$7y)UO(T7xay)p(T7 may) + AI’UO(T7x7y)>

1
7§(AIS(T7x7y)’Ul(T7xay) + A:cUO(Ta 'Tvy))

We have proved that vy (T, z,y) satisfies the second transport equation (6.4). Therefore,
our vy coincides with that of Birkhoff.
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