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A generalization of Andreev’s Theorem
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Abstract. Andreev’s Theorem studies the existence of compact hyperbolic
polyhedra of a given combinatorial type and given dihedral angles, all of them acute.
In this paper we consider the same problem but without any restriction on the dihe-
dral angles. We solve it for the descendants of the tetrahedron, i.e. those polyhedra
that can be obtained from the tetrahedron by successively truncating vertices; for
instance, the first of them is the triangular prism.

1. Introduction.

Andreev’s Theorem arises in the context of hyperbolic reflection groups. For these
groups, a fundamental domain is given by a hyperbolic polyhedron with dihedral angles
of the form 7/n with n an integer greater than 1. Then, a classification of these groups
may be given by determining all these polyhedra. Andreev’s theorem solves this problem
(see [1], [2]): it determines the space of dihedral angles of (compact or finite volume)
hyperbolic polyhedra with the restriction that all the dihedral angles are not greater
than /2. Another reason to describe polyhedra from their dihedral angles is that, for
hyperbolic trivalent polyhedra (those with exactly three faces incident to each vertex),
dihedral angles uniquely determine the polyhedra. This is mainly deduced from Cauchy’s
lemmas ([4], see also [10]).

We are interested on the generalization of Andreev’s theorem: given the combinato-
rial type of a polyhedron and some real numbers «;; € (0,7) assigned to its edges, find
necessary and sufficient conditions on the a;; so that there exists a geometric (spherical
or hyperbolic) polyhedron of the given combinatorial type and with dihedral angles the
given ;.

Such a generalization is easily established for the tetrahedron (see [11] or [9], or also
[6]). In this paper we generalize Andreev’s Theorem for some kind of polyhedra, the
so called tetrahedron’s descendants. These are the polyhedra obtained from the tetrahe-
dron by successively truncating vertices. For example the triangular prism is the first
tetrahedron’s descendant. We give the explicit description of the space of dihedral angles
of the triangular prism (Theorems 3.1, 3.5), that appears quite complicated. For the
remaining tetrahedron’s descendants we explain an algorithm that provides the desired
generalization of Andreev’s Theorem (Theorem 4.3).

Our approach consists in using the Gram matrices of the polyhedra. The Gram ma-
trix of a geometric polyhedron is a symmetric matrix whose entries are in correspondence
with pairs of faces of the polyhedron. If two faces are adjacent, then the corresponding
entry is equal to minus the cosine of the dihedral angle at the common edge. Thus, the
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Gram matrix contains all the information about the dihedral angles, and some extra in-
formation. In [6] we characterized the space of Gram matrices of hyperbolic polyhedra of
a given combinatorial type (actually the result there was more general: for d-polytopes
in any geometric space), as a subset of certain R™. To obtain the space of dihedral
angles we must eliminate the entries of the Gram matrix not corresponding to dihedral
angles. This corresponds to doing a certain projection from the space of Gram matrices.
The conditions obtained in [6] describing the space of Gram matrices are polynomial
equalities or inequalities in the entries of the Gram matrix, and therefore this space is
a real semialgebraic set. By the Tarski-Seidenberg theorem (see for instance [3]), the
projection of a real semialgebraic set is again real semialgebraic, although, in general, it
is difficult to find its explicit description. In this paper we explicitly perform this pro-
jection for the triangular prism, so we obtain the space of (cosines of) dihedral angles,
described by polynomial equalities and inequalities.

As a corollary of the proofs of our results we obtain an alternative proof of the fact
that a tetrahedron’s descendant is uniquely determined by its dihedral angles (which we
knew a priori since tetrahedron’s descendants are trivalent).

We remark that the method used here to describe the space of dihedral angles gets
considerably more complicated for other simple examples of polyhedra, like the cube.
We refer to [6] for a partial solution for the cube.

The paper is organized as follows: in Section 2 we review some basic definitions and
state the characterization of the Gram matrices of polyhedra; we also give some geometric
interpretations. Sections 3 and 4 contain the generalization of Andreev theorem for the
triangular prism, and for the remaining tetrahedron’s descendants, respectively.

The content of this paper forms part of the author’s doctoral dissertation. I would
like to thank J. M. Montesinos for proposing this problem to me and E. Arrondo for
many helpful discussions and comments.

2. Polyhedra and Gram matrices.

An affine polyhedron is a bounded subset P C R? defined as the intersection of
finitely many closed halfspaces. The combinatorial type &2 of the polyhedron P is the
lattice consisting of the set of vertices, edges and faces of P. We use roman capital letters
P, F,C,V,... for affine polyhedra and their faces and calligraphic letters &, .%,%, 7, ...
for the corresponding elements of the combinatorial type of the polyhedron. An oriented
cycle of & is an ordered family 7, 6>, €3 of three faces of &2 so that 67, %> are adjacent
(meeting along an edge of &) and the three of them are incident to a vertex ¥. A
mazximal oriented cycle is a family 61, %>, 63, %4 so that 61, %>, €3 is an oriented cycle
incident to a vertex ¥ and %, does not contain #". An oriented cycle or maximal oriented
cycle induces an orientation on the boundary of P, which is a topological 2-sphere. We
say that two oriented cycles (or maximal oriented cycles) have the same orientation if
they induce the same orientation on this 2-sphere (see [6] for more details).

Let f be any non-degenerate quadratic form in the vector space R*. We call the
pair (R, f) a geometric space. This includes two particular cases defining spherical and
hyperbolic spaces. If f is the usual euclidean inner product, then f=%(1) is S3. To
obtain a model of hyperbolic space, we take f of signature (3,1). More precisely, let
(21,2, 29,24) be the coordinates of the vector x with respect to the canonical basis of
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R* and let f be the quadratic form defined by f(x) = z? + 22 + 23 — 22. Then, the
hyperbolic space is the upper sheet of the hyperboloid f~!(—1):

H3={zcR"| f(z) = —1, x4 > 0}.

A polyhedral cone in the vector space R?* is a subset of the form

where H’[ is a closed halfspace bounded by the linear hyperplane HZ-, and such that the
intersection of the hyperplanes H; is the origin of R*. There exists an affine hyperplane
A such that PN A is bounded, and therefore a polyhedron. The vertices, edges and faces
of a polyhedral cone P are defined to be the cone over the vertices, edges and faces of
the polyhedron PN A, and the combinatorial type of P is defined to be that of PN A.

We denote by H; the intersection of H; with either §3 or H?®. Then, the inter-
section of the polyhedral cone P = ﬂ[ili_ with either 8% or H? will be, respectively, a
spherical or hyperbolic polyhedron P = NH, . When P is hyperbolic, a vertex is called
finite if the correspondlng vectorial ray in P intersects H?3.

Let P = 1H be a polyhedral cone such that no H; is lightlike (that is, f
restricted to HZ is non-degenerate). The outward normal vector to the halfspace Hi (or
to H; ) is the unique vector e; with f(e;) = £1 and satisfying

H ={zec R*| f(x,e;) <0}

(we are using the notation f for both the quadratic form and its associated bilinear
form). The Gram matriz of P (or of P) is defined to be the matrix of inner products of
the outward normal vectors to the halfspaces H; , that is

G(P) = G(P) = (f(ei ej))ij=1...n

In [6], we characterized the Gram matrices of polyhedral cones in (R*, f) of a given
combinatorial type. We state here the results.

NOTATION. Given a matrix G, we will denote by G[;lmz’f] the submatrix of G
obtained by taking the TOWS @1 ... 1y and the columns j; ... js; for square submatrices
we will denote by G(li ) the determlnant of that submatrlx For short, we will write

Gliy... i) = G[Zil] and Giy.i, = G(ziz)

THEOREM 2.1 (Theorem 4.1 in [6], for d = 3). Let & be the combinatorial type of
a polyhedron with n ordered faces €1, ..., %n; let (R, f) be a geometric space and let G
be a real symmetric matriz of order n and rank 4. Suppose that the signature of G equals
the signature of f and that g; = +1 for alli =1,...,n. Then there ezists a polyhedral
cone P C (R*, f) with the combinatorial type of & and with Gram matriz G(P) equal
to G if and only if the following conditions hold:
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(R) (Rank) Given any verter of & and all the faces €,,...,%;,,
submatriz Gliy .. .im] has rank less than or equal to 3.
(Py) (Principal minors of order 4) If €;,,...,%;, is a maximal oriented cycle of 2,
then G, .., det f > 0.
(My) (Mized minors of order4) If6;,, ..., 6, and €j,,...,€;, are two mazimal oriented
cycles with the same orientation, then G( ) det f > 0.

incident to it, the

i
J1---J4
Moreover, if these conditions hold, the polyhedral cone P s unique up to an orthogonal
transformation of (R*, f).

Furthermore, in the hyperbolic case, the polyhedron P = PN H3 is compact if and
only if the following conditions hold:

(P3) (Principal minors of order 3) If €;,€;, €x are faces of & incident to a vertex, then
Gijk > 0.
(M3) (Mized minors of order 3) If 6,,,6,, 6, and 6;,,%€,,€;, are oriented cycles of
P with the same orientation, then G(;igzz) > 0.
(Here, if the signature of f is (s4,s_), then detf = (—1)°-.)
We remark that conditions (My) and (Mj3) contain, respectively, conditions (Py)
and (P3). We state them separately because they have different geometric meaning (see
below).

2.1. Geometric interpretation of the minors of the Gram matrix.
The quadratic form f in R* determines a non degenerate quadratic form A™ f in
A" R* defined by

(/\f) (u1 AN N Uy, V1 AU A ’Um) = det(f(ui,vj))i,j:L,,,,m.

We can obtain some geometric interpretation of the conditions in Theorem 2.1 by
studying the geometric spaces (A* R, A* f) and (A® R*, A f).

(a) Since A* R* has dimension one and A* f is not degenerate, the inner product
of two vectors is zero if and only if one of the vectors is zero. Expressed in terms of
determinants of submatrices of the Gram matrix, we have that

G(il“‘“) =0 ifandonlyif Gy 4, =0 or Gy, 5 =0.

J1---Ja

In the spherical case /\4 f is positive definite, while in the hyperbolic case /\4 fis
negative definite. In both cases, the condition G(;i;i ) det f > 0 means that the vectors

ei, N+ -Ae;, and €5, A- - -Aej, are in the same vectorial ray of /\4 R*. Therefore, condition
(My) of Theorem 2.1 means that the vectors in /\4 R* corresponding to maximal oriented
cycles of & with the same orientation are all in the same vectorial ray. As an immediate
consequence, this condition can be reduced: if there are N maximal oriented cycles in
&, it is enough to consider N — 1 convenient maximal cycles.

(b) If f has signature (3,1), A\®> R* has signature (1,3). Then, now (A® f)~'(1) is
a hyperboloid of two sheets. Condition (Ps3) in Theorem 2.1 imposes the condition that
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some vectors of A® R* (those corresponding to vertices of the polyhedron) be in this
hyperboloid. And condition (M3) imposes the condition that all these vectors be in the
same sheet of the hyperboloid. As a consequence, condition (M3) can also be reduced.
By the same argument, we can prove: if two minors Gj,;,i, and Gj, j,;, of G are positive
and there exists another non negative minor Gy, k,k,, then G (ﬁz?z ) > 0 if and only if
G )G () > 0.

Finally, we remark that, given an orientation of R*, the Hodge star operators are
isomorphisms * between A™ R* and A*™" R*. For m = 4, #(uj A --- A uyg) is equal to
the determinant of the matrix of coordinates of the vectors uy,...,us with respect to
any orthonormal and positively oriented basis. For m = 3, the * operator is a direct
generalization of the vector product in R?, and we recall here some properties (see [8] or

[6]).
LEMMA 2.2. Let u,uq, us,us, v,v1, 02,03 € RY; then:

(a) f(x(ur Aug Aus), v) = *(ur Aug Aug Av)
(b) (A’ )(ur Aug Aug, vr Avy Avg) = (det f) * (ug Az Aug As(vy A vy Avs))
(c) (/\‘3 F)(ur Aug Aus, v1 Ave Avs) = (det f) f(x(ur Aug Aus), x(v1 Ave Avs)).

If C;,C;,Cy is an oriented cycle of P, we define v, = *(e; Aej Aeg). In [6] we
proved that: if we consider an oriented cycle incident to each vertex of & so that all
these cycles have the same orientation, then either the set of vectors v;;; or the set of
their opposite vectors determine the vertices of P.

Using this fact and Lemma 2.2, we can directly obtain some geometric relations for
polyhedra from minors of their Gram matrices:

LEMMA 2.3. Let P € H? be a polyhedron and let G be its Gram matriz.

(a) Let C;,,C,,,Ciy and Cy,,Cj,,Cj, be oriented cycles with the same orientation
incident to finite vertices Vi iyig, Viijajs- Then the distance between these vertices
is given by

_G(i1i2i3)
J1j2Js
V Gi1i2i3 V Gj1j2j3

(b) Let Viji be a finite vertex of P and let C; be a face not containing this vertex.
Then the distance between them is given by

— cosh (d(wligiga lejzjs)) =

—Giinl
sinh?(d(Viix, C))) = —2=.
(@0, ) = 5
Sylvester identities.
In the proofs in this paper we will use some matrix relations obtained from the so
called Sylvester identity (see [7]). We state here this identity.
Let G be a square matrix of order n. Let us fix an order p submatrix of G, for

example the square submatrix G[1 2...p]. We construct the matrix B = G|H 3:::2” by
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bordering the submatrix G[1 2...p| with one row and one column among the remaining
rows and columns of G and collecting their determinants; that is, B is a square matrix
of order n — p whose entries are of the form
12.pi
bij = G(l 2..;: ;)7
where p+1<i<nandp+1<j<n.
With the above notation, the Sylvester identity for B states that

det G} 27| = G(1 270)" " det G.

3. The triangular prism.

Let &2 be the combinatorial type of a triangular prism, with the faces labeled as
in Figure 1. If the faces %;, %) are adjacent, we denote by &j; the common edge. Let
a;j € (0,7) be arbitrary numbers associated to the edges &;;. In this section we answer
the following question: is there a compact hyperbolic (resp. spherical) triangular prism
with dihedral angles the given numbers?

®

\
i

A 2

NV

Figure 1. Triangular prism.

The method we will use to work out this problem is simple: we collect the given
numbers to construct the matrix

1 a2 a13 ais ass
aiz2 1 a3 asy ass
G=|a3 a3 1 ass ass |, (1)
aig a4 aza 1w
ais ass azs u 1

with a;; = — cos o5, and u an unknown. By imposing the condition that the rank of G
be equal to 4, we obtain at most two solutions for u. For each of these solutions we check
whether the resulting matrix satisfies the conditions in Theorem 2.1 for the triangular
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prism. In practice, nevertheless, this process is long and quite technical.

We order the numbers a;; according to a fixed ordering of the edges of &?. Then
we regard (a;;) as a point in R?, and we denote by &/“H the subset of those points
(ai;) corresponding to dihedral angles of compact hyperbolic triangular prisms; we refer
to it as the space of dihedral angles of compact hyperbolic triangular prisms (regardless
that, actually, the numbers a;; are minus the cosines of the dihedral angles, rather than
the dihedral angles themselves). Answering the question above is, then, describing the
subset .&7“H. We do that in the Theorem 3.1.

Similarly, we denote by «7° the space of dihedral angles of spherical triangular
prisms, and we describe this subset in Theorem 3.5

THEOREM 3.1. Let & be a triangular prism with labeled faces. Let aqa, ..., ass €
(0,7) and a;; = —coscayj. Then, there exists a compact hyperbolic triangular prism
P C H? with dihedral angles a;; at the edges &;; if and only if (a2, ...,ass) is in the
subset ZH = SH N SEN (B UR_), where

—1<a; <1
yOH: ! B
Gi234 <0, G235 <0
c {C;124>O G134 >0, Gazg >0, Gias >0, Gags >0, G135>0}

D LleEh >0 63 > 0. 6(R) > 0. 66 >0

Ry = {G123 > 0} N F12 N F13 N Sz,
H_ = {Glgg <O}ﬂ(ylgUy1/2)ﬂ(ylguyll?))m(ygguyé:;);

the subsets S1a, Sy, ... are

= { OG> |
G( g ) G124G1235 - G125G1234) <0
=[Sl clE 20
12 — )
GED +a() >0

and the remaining subsets are similar: first, we rewrite the expression G124G1235 —
G125G1234 m ylg as G124G1523 — G152G1243; then 5”13 is obtained fmm 5”12 by changing
the indices 124 to 143 and 152 to 135; and Y3, -#45, etc. are obtained in an analogous
way.

It is clear that the subset .7f consists just of the obvious restrictions on the a;;
and the restrictions coming from condition (P;) of Theorem 2.1. Also, the subset ./
corresponds to the conditions (Ps) and (Ms) of that theorem. Then, what is left is to
analyse how the conditions (R) and (M,) are translated into some subset of R?. This is
the main part of the proof.
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3.1. Proof of the necessary conditions.

Suppose that P C H? is a compact hyperbolic triangular prism, let G = G(P) be
its Gram matrix, and let A = (a;;) € R°, with a;; equal to minus the cosines of the
dihedral angles of P. Then, G satisfies the conclusions of Theorem 2.1. From conditions
(Py), (P3) and (Ms) of that theorem, we immediately see that the point (a;;) belongs to
S and to S (we just need to check the orientation of the cycles in Figure 1).

Next, we study the consequences obtained from condition (My) in Theorem 2.1, that
is, the signs of some particular mixed minors of G of order 4. In the remaining of the
proof we will show that the condition G(gjg) < 0 implies that A belongs to the subset
{G123 > 0} N 15 or to the subset {G123 < 0} N (F12 U.H5). Studying in an analogous
way the implications of the conditions G (ﬁgé) < 0and G (ggié) < 0 we complete the
proof.

Since the minor G(gig) contains the entry u = G(4,5), we first determine the value

of u. By (R), we have det G = 0, and therefore, u is a root of the polynomial

det G = —Grazu® = 2G(1335), _ u+detG _,.

We split the analysis in two subcases.

CASE A: Gia3 # 0; then we have

G(198),,_, * VGi23aGrass
—G123

(the factorization of the discriminant comes from the Sylvester identity G123G12345 =

G(}gggf — G1234G1235). Notice that, by condition (Py) of Theorem 2.1, G1234G1235 >

0, and therefore u is a well defined real number. Moreover, we can also determine
the sign without ambiguity: since the cycles 61, %%, %, and 61, %5, 6> of & have the

same orientation, condition (M) in Theorem 2.1 implies that G (j2as) > 0. From this

1235
1234 1234

inequality we obtain that —G1a3u < G(1235)‘ . (expanding G(1235) as a polynomial in
u), and this finally implies that

1234 o \/7
G(1235)‘u:0 G1234G1235
—G123

Expanding G G;ig) as a polynomial in v and substituting u by the value obtained

above (and using a suitable Sylvester identity), we get that

o) _ GG+ G2) Vi

1245) — “Glas (2)

We still consider two subcases, according to (G123 being negative or positive. Then,
Lemma 3.2 below shows that, in the first case, A € %12 U .75, and in the second case,
A € A5 (for the second part, notice that the conditions G(ﬁ;g) < 0 and G(};;) > 0 are
included in conditions (My) and (M3), respectively).
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CaAse B: Gia3 = 0. We first notice that, in this case, the value of u is equal to

det G|, _, . o . 1234 _ (1234
726;(323’)*‘ , where the denominator is different from zero: indeed, G(1235) o = G(1235),
°/lu=0

and G(ggg) # 0 because G1234, G1235 are both different from zero (see Section 2.1(a)).

Then, Lemma 3.3 below shows that A € .¥5.

LEMMA 3.2.  Let G be a matriz as in (1). Suppose that Gi2s # 0 and that

: G(133), _ —VCizaiCizss
G234, G235 are negative, and let u = u:—OGlzg .

(a) Suppose that G123 < 0; then G(}gjg) <0 if and only if A € S13U.H,.

(b) Suppose that G123 > 0; then G(}gig) < 0 if and only if A € S12U A}, where

o {G(iéi) >0, G(1%) < o}
P le®) o) >0

Furthermore, if G153 > 0, G(}ggg) < 0 and G(}gg) > 0, then G(};ig) < 0 implies
that A € So.

1243

PROOF.  (a) From the expression (2) for G(i7,:

that G(}532) < 0 is equivalent to

), in the case G123 < 0 we have

G(13)VGr234Gr2ss < —G(125) G234, (3)

so we will prove that (3) is equivalent to A € .15 U.#,. If A € ./, then (3) is readily
satisfied. If A € .5, then we still have to consider the cases where G (gi) and G Ggg) are
both positive or both negative. Taking into account that G234 and (G123 are negative,
and using some Sylvester inequalities, we easily obtain the result.

The proof of the converse is also straightforward by studying the different possibili-

ties of signs for G(gi) and G(igg)

(b) The first part is proved in a completely analogous way as part (a). Then, it

is enough to prove that, with the conditions we have added, G(j5;;) < 0 implies that

G’(gi)G (}gg) > 0. This is clearly obtained from the equality

G(152) G (123) = ~Gr2G(1535) + Gr23G 135)

which is a modification (by changing files and columns) of a Sylvester identity. O

LEMMA 3.3. Suppose that G192 > 0, Gio3 = 0, Gra34 < 0,Gra35 < 0 and G(}ggg) >

0 and let u = %- Then G(gig’) is negative if and only if A € S,.
1235 ‘U,:O

PrOOF. From a Sylvester identity and from G123 = 0, we get that GlgG(}ggg) =

G(gi)G(}gg) By the hypothesis on the signs, we have that G’(gi)G(}gg) > 0. To finish,

we will prove that G(}gjg) < 0 is equivalent to G(EZ) (G124G1235 — G125G1234) < 0. Let

us denote F1 = G124G1235 — G125G1234-

Substituting u by its value in G(gjg) and using that G(ggg) o > 0, we have that
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G(1233) < 0 is equivalent to

123 1234 1243
_G(124) det GIu:O + 2G(1235)|u:0G(1245)|u:0 < 0. (4)
Let us call r to the last expression, which is the resultant, when Gis3 = 0, of the

gig) with respect to w. Calling R; to the resultant of det G

and G(};ig) with respect to u, we have that (see Lemma 3.4 below)

polynomials det G and G(
1243\ 2 123
Ry = _G123G(1245)\u:0 - G(124)r.

On the other hand, we show in Lemma 3.4 below that R; factorizes as Ry = G1234F7.
Then, under our hypothesis G123 = 0 and G234 < 0, we have that r < 0 is equivalent to

G(123)Fy < 0. Therefore we have proved the desired result. O
LEMMA 3.4.

(a) Let F1 = G124G1235 — G125G1234. Then the following identity holds:

Fi = G(13) G (i315) + G(151) G 1315) -

(In particular, the right-hand expression does not depend on w.)
(b) Let Ry be the resultant of det G and G(gjg) with respect tou. Then R1 = G1a34F1.

PrOOF. (a) To prove the first identity we use some standard Sylvester identities:

G(lQB) G(1234) + G(lQB) G(1235)

125 1245 124 1245

G 123 G 124\ G 123 G124 G 123 G]_25 e 122 G 125
— G(}gg) (124) (1252:12 (125) 4 G(}gi) (124) G12 (12 ) (124)
G Cra + G(3) Crn

e = G124G1235 — G125G1234 = F1.
12

(b) We compute the resultant R; as the determinant of the Sylvester matrix

1234
_Glgg —2G(1235)|u20 det G\u:O

~G(51) G5, 0
0 ~G(5) Gz,
Then
Ri=  —GuG(2H), | + GG (-26(%), 603, +G(3) detGy,, )

=0 —Gia3 (G1234G1245‘u:0 — G4 det G\H:O)

+G(3) (200G (58),_, - C(3) det €y, )

u=0
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= G1234( — G123Gi2a5,_ + 2G(}§Z)G(Ei§)|u=o)

+det G|, _, <G123G124 - GG%Z)Q)

(1) Gz (GG;?)G(EEQMZO +G(13)G(55)),._, — Cradet GI“:°>

+det G),_,G12G1234

= Guu(G(RGE,, +CEC0ED),. )

=0) G934 Y,

where we have used several Sylvester identities, some of them easily recognizable; the
others are: for (i) we have used the identity

—G(151) Grasss = —Gr234G (1353) + G (1345) G (1333)

123

12 4] of the matrix

which is obtained by applying the Sylvester identity to the submatrix G [
G[12345]; for (4i) we have used the identity

GraGhagas = GrasGhass — G12) G (1333) + G (122) G (1233)
which is obtained by applying the Sylvester identity to G[12] as a submatrix of G. Finally,
(ii1) is obtained from (a). O

3.2. Proof of the sufficient conditions.

Let now A = (a12,...,as5) be a point in &“H. We begin by constructing a matrix
G as (1), where u has either the value given in Lemma 3.2 or in Lemma 3.3, depending
on G1a3 being different from or equal to zero. In both cases the hypothesis A € .#f!
implies that the value given to u is a well defined real number.

Next, we will check that the matrix G satisfies all the conditions in Theorem 2.1;
this will guarantee the existence of the desired prism.

(I) First, by the choice of u, we have that det G = 0. Since A € .7}, we have the
signs of minors G2 > 0 and G234 < 0, which imply that the signature of G is (3,1).

(I1) Conditions (Py) and (M,) are equivalent to the matrix A* G of minors of order
4 of G having the following signs (see Figure 1 to check the orientations of the maximal
cycles).

1234 | 1235 | 1245 | 1345 | 2345
1234 - [ + | + [ = ] +
125 | + | - | - [ + | -
1245 | + | - | - | + | -
1345 | - [ + | + | - | +
245 | + | - | - | + | -

By the hypothesis A € 7!, we have G234 < 0 and G235 < 0; on the other hand,
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since det G = 0, the matrix /\4 G has rank 1, and therefore we can find out the signs of
all its entries from the signs of some of them. For instance, it is enough to prove that

1243 1234

G(1o5) <0 (equivalent to G(j555) > 0)
G(331) <0 (equivalent to G(3231) > 0)
G(113) <0 (equivalent to G(ja37) < 0)
G(122%) <0 (equivalent to G(j207) < 0).

By the symmetries of the prism, it is enough to show one of the above inequalities.
We will prove that G(gig) < 0. If G123 # 0, then this is obtained from Lemma 3.2.

If G123 = 0, to apply Lemma 3.3, we first need to have G(ggg) > 0. But this holds
123 124

because, since G123 = 0, then G(123g) = G(l%i(m) and A € SAs.

(IIT) Since A € .7, all principal minors corresponding to vertices of P are positive.
This implies condition (Ps).

(IV) To prove (Ms), by the geometric interpretation of Section 2.1(b), it is enough
to show that the mixed minors G(égi) , G(}ig) , G(%g?), G(;gg) and G(}?;) are all positive.
This is true for the first four minors since A € .. We study the sign of the remaining

minor G(l 52) We distinguish two cases, depending whether A is in #Z, or in Z_.
Case A: A e Z%,. We use the identity

26(3) G130 C(15) = ~CraC12Cras + C1sCG(13) + GG (3).

which is obtained applying the Sylvester identity to the submatrix G[12] of G and using
that det G = 0. We already know that G152, G125, G124 are positive, G245 < 0, and
G123 > 0; since A € %2, we have that G(gi) nd G(}gg) are not zero. Therefore, the
right-hand side of the previous expression is strictly positive. On the other hand, also

since A € 2, we have G(123)G(123) > 0, and therefore G( must be positive.

124 152 152)

CASE B: A e Z_. We expand G(}gg) = —G(}gé) as a polynomial in u and substitute
u by its value:

G2 - G12G (1335),_, — G12/G1234C235 — G123G (135) |
125 —G1as3

Since —G123 > 0, we must show that the numerator in the previous expression is negative.
Using a Sylvester identity, this is equivalent to

~G(E)G(2) < G CraiCi. o

The right-hand side of the last expression is positive. We study the sign of the left-hand
side in the cases A € %2 and A € .A,.

B(i) If A € .¥,, then G(};;) < 0 and G(};g) > 0, so that (5) is automatically
satisfied.
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B(ii) If A € 2, then —G(}§§)G(}§§) > 0, so that (5) is equivalent to
2 2
G(135) G(133) < G1Gi234Ghass.

2 2
So we must prove that the expression Fy = G%QG1234G1235 — G(gg) G(gg) is positive.

First, we use Sylvester identities to change mixed minors into principal minors, and we
get

F2 = G123(7G123G124G125 + G12G124G1235 + G12G125G1234) = G123R27

where we have denoted by Rs the expression into brackets.
On the other hand, under the hypothesis that G123 < 0 and G124, G125 > 0, we have
that

Ry < Ry — G123G124G125 = —G124G(125) G125G(124) ;

where again we have used Sylvester identities. Then, we obtain that R, < 0, and
therefore, Fy > 0.
This completes the proof of the sufficient conditions and hence of Theorem 3.1.

3.3. Spherical triangular prisms.
In the spherical case the result is as follows.

THEOREM 3.4.  The space of (cosines) of dihedral angles of spherical triangular
prisms is the subset &/ = 3 N (F{LULINN (UL U(Fab UL where we have
denoted by S5, Sy, etc., the following sets:

g {aij S (—1, 1) }
yo == 3
G124 > 0,G1234 > 0,G1235 > 0
G(i31) 20, G(133) <0
(123)2 (123) =0 ’
(120G (13) > }
G(151)(

(G124G1235 — G125G1234) > 0

/1
le

z’g{

and the other sets in an analogous way.

124

ProOOF. The proof is similar to the one of the Theorem 3.1. The entry u of

. G(Egg)‘ +VG1234G123s
the Gram matrix has now the value u = Eprer , and we must use an

appropriate modification of Lemma 3.2. (|

3.4. Geometric comments.
In the previous theorems the necessary condition can also be proved by geometric
means: suppose, for instance, that P is a compact hyperbolic triangular prism; we will
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prove that the point A corresponding to its dihedral angles is in «/“. Conditions in
SH N are clear from Theorem 2.1.

Suppose that G123 > 0. This means that the planes containing the faces C1,Cs, Cs
intersect in a finite or infinite point O of H3. There are two possibilities: either the
point O is “closer” to the face C4 than to the face C5 or it is “farther”.

Suppose we are in the first case. By looking at Figure 1, we can check that the cycles
€1, 62, €3 and €1, 6o, €4 (and €, 65, 62) have the same orientation, and then G(gi) and
G(};g) are positive, by Theorem 2.1 applied to the tetrahedra of faces 61, 6>, 63, €4 and
61,62, 63, %65. Also, it is geometrically clear that the distance from the vertex Visy to
the face C3 is smaller than the distance from Vise to the same face. By Lemma 2.3(b),
we have that _gf;;“ < _51155223, and this is equivalent to G124G1523 — G152G1243 < O.
Therefore, A € .%5.

In the second case, %1,%2, %3 has different orientation than %3,%2,%, (and
©1,%5,%62). Then, now G(gi) and G(ﬁg) are negative; on the other hand, now we
have G124G1523 — G152G1243 > 0, so again A€ Y.

If G125 < 0, now the three planes above have a common orthogonal plane II. If
this plane intersects the closed segment VigsVisg then A € #,; otherwise we still have
Ae Ao,

We can do the same study for the other edges &3 and &3, to get the complete

result.

3.5. Example.

We show a three dimensional slice of the space of dihedral angles (not the cosines)
of compact hyperbolic triangular prisms: we consider a2 = o3 = @31 = @, Qg1 = Qs =
ay3 = B, and a1 = ase = as3 = 7, and we analyze the conditions in Theorem 3.1. The
inequalities G234 < 0 and G235 < 0 are equivalent to

1 — 3cos? 1 — 3cos?
cos v > %ﬂ and cosa > %,

respectively. By the symmetry of this example of triangular prism, the subsets
A2, 13, Fa3 are equal, and so are .Sy, S5, Sas.
We can easily check that

«5”12={ﬁ>72r,7<g7ﬂ+7<ﬂ}u{ﬁ<g,7>;6+7<ﬂ}

Ay = {osa 1< 5 (B # (’2”;)}

The condition that G123 be negative, zero or positive is equivalent to 3a being respectively
less than, equal to or greater than 7. Similarly, G124 > 0 and G125 > 0 (the remaining
minors in 5”00 are equal to these two) are equivalent to o + 23 > 7 and a + 2y > 7.
Finally, in the particular case we are studying, the conditions about the mixed minors in
S are automatically implied by G234 < 0 and G235 < 0.

In Figure 2 we show the subset of R? obtained. It is apparent in this figure that the
space of dihedral angles is not convex. This illustrates the general result proved in [5]
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a+2y=m

B /2

Figure 2. Three dimensional slice of the space of dihedral angles of compact
hyperbolic triangular prisms; the Andreev region is the inverted pyramid marked
in boldface.

that the space of dihedral angles of hyperbolic polyhedra of any fixed combinatorial type
is not convex. We can also see in Figure 2 that the region corresponding to «, 3,y < 7/2
is convex, as proved in Andreev’s Theorem.

4. Descendants of the tetrahedron.

Let P be an affine polyhedron and let V be a vertex of P. Consider a plane H
that intersects each edge incident to V' in an interior point, and let H~ be the closed
halfspace determined by H not containing V. Then we say that the polyhedron PN H~
is obtained from P by truncating V.

A tetrahedron’s descendant is a polyhedron P that can be obtained from a tetra-
hedron by successively truncating vertices. That is, there exists a chain of polyhedra
Py, Ps,..., P, = P where Py is a tetrahedron and so that Py is obtained from Py_; by
truncating a vertex. We call Py, Ps, ..., P, a generating path for P. We label the faces of
P as Cy,...,Cy, so that Cy,...,Cy are the faces of Py (labeled in some arbitrary way),
C5 is the new face appearing in Ps in the truncating process, etc.

We remark that a tetrahedron’s descendant is trivalent and that adjacent faces in
P, are still adjacent in P.,;. We will use the following lemma.

LEMMA 4.1.  Let P be a tetrahedron’s descendant, and Pi,..., P, a generating
path. Then, each v = 5,...,n determines uniquely four indices i, j., k., S, smaller
than r so that the faces C;_,Cj ,C,,Cy are pairwise adjacent, and so are the faces

Cira erv Ckrv Csr .

Proor. Clearly, C;, ,C;,, Cy, are the three faces incident to the vertex V of P._;
that is truncated to obtain P,.. If V was a vertex of the original tetrahedron, then C;,_ is
the fourth face of that tetrahedron. Otherwise, V' has appeared in the trucation process:
one of the faces incident to V, say Cy,., is the truncating face, and the other two were
incident to the vertex that is truncated. In this case, Cs, is the third face incident to
this vertex. O

If & is the combinatorial type of a tetrahedron’s descendant with n faces and oy; €
(0, ) are numbers assigned to its edges, we construct the n X n symmetric matrix G =
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G(o, T) whose entry (4, j) is equal to: — cosay; if the faces 6;,6; of & are adjacent; an
unknown z;;, otherwise.

PROPOSITION 4.2.  Let & be the combinatorial type of a tetrahedron’s descendant
and let o;; € (0,7) be numbers assigned to its edges. With the notation of Lemma 4.1,
suppose that for each r > 4, it holds Gy, j.k.» < 0 (where for r =4 we set iy = 1,j4 =
2,ks = 3). Then there exists at most one value Ty for the vector of unknowns such that

(i) the matriz G(«, o) has rank 4 and signature (3,1);
(i) for each r > 4 then G (") > 0.

irJrkesy

ProorF. (i) Consider r = 5,...,n. By Lemma 4.1, the submatrix G[i,j,k,s,r] has
exactly one unknown, namely x, ,. In the same way as we did for the triangular prism
(see Section 3.2), we assign a value to xz,,, with the condition that the determinant of
Glirjrkrs,r] be equal to zero. Explicitly:

o if Gy, j k. = 0, the unique possible value is:

Girjkorlrse,

r= QG(iTkaTT) )

irjrkrse/ |, o
"

T,

o if G; j &, # 0, there are two possible values for x;, ., but only one of them satisfies
the further condition G/( “Jrk”) > 0, given in (ii). This value is

irjrkrsy

irjrkrs o -
G(irjrkrr)‘ws =0 Gi gk sGijiok,r
r

Ts,.r =
—Gijkr

(In both cases the value assigned is a well defined real number because G;, j, k.5, and
Gi, j.k.r are strictly negative.)

There are still some unknowns in G. Assuming we have assigned a value to all the
unknowns of the submatrix G[1...r — 1], then for each t < r, ¢ # iy, jr, kr, S, We assign
to the unknown z;, the unique value so that G(“MTST T) =0, that is

irJrkeset

_ (i'r‘jrkrsr T)
G Jrke Syt

=0
Tty = St [l

Giyjrkrse

Once we have the matrix G(«, Zp) constructed above, to decide the existence of a
hyperbolic polyhedron with the combinatorial type of & and with dihedral angles «;;, we
just need to check whether this matrix satisfies or not all the conditions in Theorem 2.1.
Thus, we have

THEOREM 4.3. Let & be the combinatorial type of a tetrahedron’s descendant and
let a; € (0,7) be numbers assigned to its edges. Then there exists P C H?® with the same
combinatorial type as & and with dihedral angles cuj if and only if

(i) for each v >4, G j.k.r <O0;
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(ii) the matriz G constructed in Proposition 4.2 satisfies the conditions in Theorem
2.1 referred to 2.

Moreover, the polyhedron P is unique up to hyperbolic isometry.

PrOOF. We only need to prove that if P is a hyperbolic polyhedron realizing
& and with dihedral angles «;;, then its Gram matrix G(P) coincides with the matrix
G(a, Tp) constructed in Proposition 4.2, and this will follow if G(P) satisfies conditions
(i) and (ii) of that proposition.

Clearly, G(P) satisfies (i), but we remark that (ii) is not automatically deduced from
condition (M) of Theorem 2.1 because, in general, neither the faces 6;,, 6, , 6., 6, nor
€., 6., 6x,, €5, are maximal oriented cycles. Therefore, we need the following extra
argument.

For the given polyhedron P = H; N---N H_ , we consider the auxiliary polyhedron
P =H, N H;, NH, NH; NH._; then, P’ is a (not necessarily compact) triangular
prism, w1th Sry r the indices of the non-adjacent faces. Therefore, by Theorem 2.1 applied

to P’, it holds G (’Z”;";Tkr) < 0; hence, changing rows and columns we have the result. O
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