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Abstract. We give another proof of (1,1)-periodicity of M. F. Atiyah’s KR-
theory and the characterization of the classifying space of K R-theory.

1. Introduction.

Recall that a real space is a space with an involution and that a real vector bundle F is
a complex vector bundle over a real space X equipped with an involutive conjugate linear
automorphism of F over the given involution of the base real space X ([2]). M. F. Atiyah
defined K R-theory as the Grothendieck group of the monoid of real vector bundles. By
its nature there are natural transformations from K R-theory to KU-theory and KO-
theory. K R-theory can be regarded as Zs-equivariant K-theory with action of Z5 given
by a conjugate linear automorphism. K R-theory is known to be representable as are
KU-theory and K O-theory. The classifying space, BR, of K R-theory is a real space BU
with involution the conjugation of BU. As BU and BO have the periodicity, so does
BR. The Zs-equivariant periodicity of BR,

Z x BR ~z, "' (Z x BR),

is called the (1, 1)-periodicity.

The purpose of this paper is to give another proof of the (1,1)-periodicity of BR
and to characterize BR by a topological way. This paper is also the generalization of [4]
to the Zs-equivariant case. We prove the (1, 1)-periodicity of certain spaces in Theorem
1 and of BR in Theorem 2, and characterize BR in Theorem 3.

2. T-space.

According to [1] we call a space with an involution by a 7-space, which is a Zs-
equivariant space and also a real space in [2]. The involution of a 7-space is denoted by
7. A pointed T-space is a 7-space with a base point which is a fixed point of 7. A Zs-
equivariant map between 7-spaces is called a -map. Let Top, be the category of pointed
spaces and base point preserving maps, and Top( be the category of pointed T-spaces
and base point preserving 7-maps. A homotopy and a Hopf space in Top( are called a
7-homotopy and a Hopf 7-space. A 7-homotopy and the set of 7-homotopy classes are
denoted by ~, and [, ]7.
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We consider two functors from Topj to Top, called the forgetful functor and the
fixed point functor. The forgetful functor

¢ Topy — Top,
is to forget involutions and the fixed point functor
¢ : Topy — Top,

is to restrict to fixed point sets of 7. We denote the natural inclusion ¢(X) — ¢ (X) by
ix. A 7-complex X is a CW-complex in Topg such that ¢(X) is a subcomplex of 1(X).
Let RP? be the T-space of RPT4 with the involution

T(XT1,y oy Ty Tt 1y e - -  Tptg) = (—T1, oy —Tpy Tpt1, - - s Tptgq)s

and XP-? be the pointed 7-space of the one point compactification of RP¢ with the base
point co. Let £277X be Hom,,, ((X7%, 00), (X, x¢)) for a pointed 7-space X with a base
point xg, then 279X comes to be a pointed 7T-space with the constant map as a base
point and

as an involution for f € 24X x € X. Let X,Y be pointed 7-spaces, then we have the
canonical isomorphism as follows.

[(ZP9A X, Y] 2 [X, 2707

By the isomorphism above we have the adjoint map of a base point preserving 7-map
f:XP9AX — Y denoted by AdP9f : X — P9Y, which is a base point preserving
T-map.

LEMMA 2.1. Let X,Y be pointed T-spaces and f : Z'OAN X — Y be a base point
preserving T-map, then we have the following.

1. ¢(i) : ¢(X) — ¢(X10 A X) is a homeomorphism, where i : X — X9 A X is the
natural inclusion.

2. We have the following commutative diagram, where evq : $(2°X) — ¢(X) is the
evaluation at 0.

p(x) 2L, G(x10 A X)
¢(Ad1'°f)l lw)
BUY) ——  B(Y)

evo

3. Y(2VOX) = p(2V0X) &% (X)) is the fibration which is the pullback of the path
fibration over (X)) by ix.
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PRrROOF. 1, 2 is trivial and the following commutative diagram shows 3, where * is
the base point of X.

P(RHX) —— P(2H0X) — $(X)

| | H

02X —— Map(([O, 1]7071)v(¢(X)v¢(X)a*)) . ¢(X)

H ! =

X E— Map(([O, 1],0,1),(¢(X),¢(X),*)) — ¢(X) O

3. (1,1)-periodic T-space.

In this section we prove the (1, 1)-periodicity of the special kind of T-spaces satisfy-
ing some common topological properties with BR.

Let C P! be the m-space of CP™ with the conjugation as the involution and Z be
the pointed 7-space with 0 as the base point and the trivial involution. It is obvious that
#(CP") = RP™ and CP! = Y11, The pointed 7-space of CP" with a disjoint point as
the base point is denoted by C P .

THEOREM 1. Let X be a Hopf T-space which is a T-complex of finite type and let
N SPIA(Z x X) — Z x X, J+:CP*, — Z x X and a:(X) — ¢(X)

be base point preserving T-maps such that j(CP>®) C 1 x X and a continuous map
respectively. Suppose X, A, j4,« satisfy the following.

1. H*(W(X); Z) = Z[r1,29,23,...] and H*(H(X); Z2) = Zaly1,y2,Y3,-.-], where
lzi| = 24, |ys| =i and i% (x;) = y2.

2. GOLA L))" H (U(Z x X); Z) — H* (SN ACPE,); Z) and o1 A j1))"
H*(§(Z x X); Zy) — H*(¢(XV' NCP); Zs) are epic.

3. aix ~ d(p)A and ixa ~ P(p)(1 x 7)A, where u is the multiplication of X and
A is the diagonal map.

4. AdY X is a Hopf T-map.

Then we have:
AN Z x X~ 0YY(Z x X).

For the rest of this paper the notations X, A, j1, a are fixed to those in Theorem 1.
In order to show the periodicity of ¥/(Z x X), we need the following proposition [4,
Theorem 2.1].

ProprosITION 3.1.  Let Y be a Hopf space which is a CW-complex of finite type
such that

H*(Y;Z) = Z[cy,ca,c3,...], |ci| = 2i.
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Suppose that we have maps
j:CP® Y and k: X°Y - Y

which satisfy the following.

L (k(ALA))*: H*(Y; Z) — H*(X?CP>; Z) is epic.
2. Ad*k : Y — 0%(Y(2)) is a Hopf map, where Y (2) is the 2-connected fibre space of
Y and K is the lift of k.

Then we have
Ad%R: Y S Q2(Y(2).
LEMMA 3.1.
Y(AAYN) 1 (Z x X) S (29N Z x X))

PrOOF. Since ¢(X), ¥(As114x) and ¥ (j1|cps) satisfy the conditions in Propo-
sition 3.1, we have:

Y(AAMIA) (X)) S p(211(X))o,

where 1(211(X))o is the path component of the constant maps. By computing the
Leray-Serre spectral sequence of the path fibration over ¢/(Z x X) and by Theorem 1.2,
we have:

~

DAL A G4)" s HY (2912 x X)); Z) = H (S NCP ) Z).
Since ¢ (Ad"'\) is a Hopf map and j.(CP>) C 1 x X, we have:
GAdY N mo(U(Z % X)) = mo((211(Z x X)), O
Let A, : ZUIAL L AXLL = X" 5 X be the following base point preserving 7-map.
ALAN) - (LA ANAA . Adrlor)

COROLLARY 3.1.  mo,—1(¥(X)) = 0 and ma,(Y(X)) = Z which is generated by
Y(An) (n>0).
Next we show the periodicity of ¢(X). Recall the class € theory of abelian groups

([7]). We first show the periodicity of ¢(X) modulo 5, where ¢, is the class of odd
order finite abelian groups.

PROPOSITION 3.2.

~

H(AAIN) : p(X) 5 p(251(X))y mod %.
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PrROOF. We compute the Leray-Serre spectral sequence of the fibration
(VX)) — ¢(2V0X) B ¢(X)
by making use of 3 in Lemma 2.1 and i% (z;) = yZ, where p : ¢(2'°X) — ¢(X) is the
evaluation at 0. By applying 2, 3 in Lemma 2.1 to A(1 Ajy) : YHICP>®, — Z x X and
by that ¢(Ad"PAN(1Aj4))* is epic, we see that {¢(Ad""N(1Aj4))*p* (y;)} form a basis of

generators of H*(¢(2%°X); Zy). Then, by the same way of computation of H*(U/O; Z3)
from the fibration U — U/O — BO, we have:

H*(¢(27°X); Z5) = \(p* (11), " (42), " (y3), - - )-

Then we see that ¢(Ad"°A(1 A j4))*p*(y;) are the basis of the Zy-module H*(¢(X%! A
CPr°); Z3), by 1, 2 in Lemma 2.1 and we have

H.($(Q(Z x X)); Z2) = A(lm $(Ad"°A(L A j4)).),

where A(z1,%2,...) is the Zs-algebra whose Zj-module basis are z;, ---z;, (i1 <
... < z;,). By computing the Leray-Serre spectral sequence of the path fibration over
&(21°(X))(1), we obtain

H (¢(21X)0; Zs) = Zo[lm p(Ad" N [ope).].

Since Z,[Im ¢(Ad™'Aj |c pe)«| has algebra generators in each positive dimension and
#(Ad™')\) is a Hopf map, we have

G(AAVIN), 2 Ho(§(X); Z2) = Ho($(2V X)o; Zo).
Therefore the proof is completed by the mod %, J.H.C. Whitehead theorem. O
ProposiTION 3.3.

Z|1/2 n =4k (k 0
7rn(qﬁ(X))®Z[1/2]u{ [1/2] (k> 0)

0 otherwise,

ixy : Tap(P(X)) @ Z[1/2] — ma(¥(X)) ® Z[1/2] is an isomorphism and

Z[1/2] n=0,4k(k>0
7rn(<b(91’1X))®Z[1/2]g{ [1/2] (k=0)

otherwise,

iotixy  Tap(@(2V1X)) ® Z[1/2] — ma(Y(0281 X)) @ Z[1/2] is an isomorphism.
Especially we have:
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(igrax)s s mo(P(2V1X) 5 mo(p(2V1X)) = Z.
Proor. By 3 in Theorem 1 we see that

(@ix)e = 2: 7 (X)) = me(D(X))
and
(ixa)e = 147 m(P(X)) = m(P(X).
Then ix, : m.(¢(X)) ® Z[1/2] — 7. (¢¥(X)) ® Z[1/2] is split monic. By Corollary 3.1
generators of mor(1¥(X)) = Z are represented by the 7-map Ag. Then 7. : mor (¢(X)) —
mor(¥(X)) = Z is the mapping degree of 7 : 1(X%*) — ¢(X**). Hence we have

(ixa)e =14 (1) : mop((X)) — mar(¥(X))

and complete the proof of the first part.
Consider the fibration

B X) L G2 X) — G271 X)

as the one of 3 in Lemma 2.1, then we have the following exact sequence:

’

s = T (VX)) 5w (B(RVX) = Tga (B(X)) = T (B(2VX)) = -
It is easily seen by 3 in Lemma 2.1 that:
(igrixad)e =1 =1 (P(R2P X)) — 7 (Y(2V1X)).

Since 7. @ Mopr2(V(2V1X)) — mopia(W(211X)) = mopia((X)) = Z is the mapping
degree of 7 : XktLE+L . Sh+LE+L e have:

(igrixa)e = 1= (=" moppa(9(211 X)) — moppa(P(2V1X)).

Then we complete the proof of the second part.
Since H(¢(X); Z3) # 0, we have 71 (¢(X)) # 0. By the above we have:

(igraxa), =2 Wo(w(ﬂlle)) _ Wo(w(ﬁl’lX))
Thus we obtain that:

iguix. : mo(p(21 X)) S mo(Y(2MX)) = Z.

This completes the proof of the last part. O
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LEMMA 3.2.
BAMLN) : 6(X) = $(211(X))
PrROOF.  Consider the following commutative diagram, where (ix )., ({g11x)«,
z/)(Adl’l)\)* are isomorphisms for n > 0 by Lemma 3.1 and Proposition 3.3.

ran(6(X)) @ 2Z[1/2) LAV L (6(2V1X) © Z(1/2)

(z‘xxl l(im,lxx

mn(6(X)) @ Z[1/2) LT (9(211X) @ (12
Then we see that:
S(AA"IN) 1 14 (9(X)) ® Z[1/2] 5 man(9(2M1 X)) @ Z[1/2).
By Proposition 3.2, the class ¢ theory and J.H.C. Whitehead theorem, we obtain
H(AdMIN) - 6(X) = o(2"1 X)o.

We have the following commutative diagram, where (izxx)«, (ig11(zxx))« P(AdMN),
are isomorphisms by Proposition 3.3. We complete the proof by J.H.C.Whitehead theo-
rem.

B(AdDIN).
_—

mo($(Z x X)) mo(¢(£211(Z x X))

(izxx)*l l(inlwl(zxx))*

mo((Z x X)) LAV (211(Z x X)) 0

PROOF OF THEOREM 1. Let Y, Z be 7-spaces and f : Y — Z be a 7-map. We
see that f is a 7-homotopy equivalence if and only if ¢(f) and ¢(f) are homotopy
equivalences by [1]. By Lemmas 3.1 and 3.2 we have

Y(AAYN) 1 (2 x X) S (28N Z x X))
and

H(AAVIN) : 6(Z x X) S (VY Z x X)). 0

4. (1,1)-periodicity of BR.

We prove the (1, 1)-periodicity of K R-theory.
Let BR be the 7-space of BU with the conjugation as the involution. As in section
1, Z x BR is the classifying space of K R-theory. It is obvious that
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¢(BR) = BU and QS(BR) = BO.

Let &,,n, and n be the universal bundle of BU(n), CP™ and the trivial complex bundle
of rank n respectively, then &,,7,,n are the real vector bundle. We denote the virtual
real vector bundle lim_, (£, — n) on BR by . We regard £, n,, as the virtual real vector
bundles on Z x BR and CP}" . The Bott map 3 : ¥*'(Z x BR) — Z x BR is defined as
the classifying map of the virtual real vector bundle (7, — 1)®cé on CP! A (Z x BR) =
YLYZ x BR).

LEMMA 4.1. Let

B:X"(Z x BR) —» Z x BR, iy : CP°, — Z x BR and v : (BR) — ¢(BR)

be the Bott map, the natural inclusion such that iy (CP) C 1 x BR and the realization
map respectively. Then we have the following.

1. H*(W(BR); Z) = Z|c1,co,¢3,...] and H*(¢(BR);Zy) = ZsJwy,ws,ws,...],
where |¢;| = 2i,|w;| =i and i p(c;) = w?.

2. Y(B(LAIL))* : H*($(Z x BR): Z) — H*(W(SW ACP,); Z) and $(B(1Ai4))"
H*(¢(Z x BR); Z3) — H*(¢(X2V' NCP® | ); Zy) are epic.

3. ripr = ¢(i)A\, igrr ~ () (1 x T)A, where p' is the natural multiplication of
BR and A s the diagonal map.

4. Ad“' 3 is a Hopf T-map.

PROOF.

1. Well-known.

2. By computing the Chern classes of ¥((n, — 1)®c€), [4, Proposition 3.1] shows
that

V(BANiL))" : H(Y(Z x BR); Z) — H*(p(XZV ANCPE®,); Z) is epic.

Let w(¢(&)) = 1+ w1 (p(&)) + wa(p(€)) + .... Then we have the following.

= w((m — 1)OrO(N — 1))
= w(p(m)ORO(1e0) — d(M)ORG(1) — H(1)ORA(Nse) + ¢(1)ORP(1))
= w((m)@RrG(s0) ) w(d(m)@RA(1)) " w(d(1)@RO(1)) "

(
= (1+ wi(¢(m)) +wi(9(1:0))) (1 + wi(d(m)) ™ (1 + wi((nec)))

Since w1 (¢(m1))w1(d(No))" is the basis of H*(¢(XZ1! A CPe); Z3), we have
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(B Nig))" : H*(¢(Z x BR); Zo) — H*(¢(X"" ANCP); Zy)is epic.

3. Well-known.
4. We show the following diagram is homotopy commutative.

1Ap

SU1A(BR x BR) —2 $11ABR

BXﬂl lﬁ

BR x BR LN BR

Since both (1A /)5 and (8 x B)u’ are the classifying map of the same virtual real vector
bundle (71 — 1)®c (€ x €), then we have (1 A p/)3 ~ (8 x B)u'. O

By Lemma 4.1 we apply Theorem 1 to BR and obtain the (1, 1)-periodicity of BR.

THEOREM 2.

Ad“'B: Z x BR ~, 2“Y(Z x BR)

5. Characterization of BR.

We prove that X ~. BR, which is the characterization of BR by X.

Let Y be a pointed 7-space and Q(Y) be lim_, 2" X™"Y. We call a 7-space Y an
infinite loop T-space if there is a pointed T-space Z,, for any n such that Y ~, Q2™"Z,.
Note that BR and X are the infinite loop 7-spaces by Theorems 1 and 2. For the infinite
loop 7-space Y we define the infinite loop 7-map &y : Q(Y) — Y as follows.

& = lim vy @ (A v, s Q(Y) — .

where v, : Y ~, 2™"Z, for a pointed 7-space Z. According to [3] and [5] we have the
Segal-Becker T-splitting

€:ZxBR— Q(CP,)
such that € is a pointed 7-map and
§zxBRrQ(i+)e ~; idzxBR,
where i, is as in Lemma 4.1. It is shown in [6] that
V(€zxBrQ(i4)) : Y(Q(CP”,)) — ¢¥(Z x BR)
splits by € such that

B(Q(CP,)) = ¥(Z x BR) x F,
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where 7, (F) is finite for any n.

THEOREM 3.

€zxxQ(jy)e: Zx BR~, Zx X

PrROOF. We denote £z« xQ(j+)e by f. As in the proof of Theorem 2, we show
that ¢(f) and ¢(f) are homotopy equivalences.

As in the proof of [4, Theorem 4.1] we consider the following commutative diagram,
where i : CP° | — Q(CP?*,) is the natural inclusion.

wePe,) ML gz xx)
v | |
W(Z x BR) —— $(€2xxQCP,)) 200 (2 x X)
Then we have the following commutative diagram.
P4«

H.((CPZ.); Z)

v | H

H.($(Z x BR); Z) —— H.($(Q(CP}*,)); Z)

s P
H projectionl H
[}

H.($(Z x BR); Z) ——— H.(¢(Q(CP°,)); Z)/torsion H.(Y(Z x X);Z)

We see that Im¢(j1 ). C Im . It is shown in the proof of [4, Theorem 2.1] that Im ¢ (5 )
generates the algebra H,(¢(Z x X); Z). Since ¥(€zxx) and ¥(Q(j+)) are loop maps,
Y(€zxxQ(j+))« is an algebra map. Hence we obtain that ¢ is an isomorphism. Therefore
we obtain ¥ (f) : ¥(Z x BR) ~ ¢¥(Z x X).

For any © € H*(¥(Z x BR); Z;) there exists a unique y € H*(¢(Z x BR); Zs)
such that izxpr*(z) = y*. Since (izxx)*(z;) = y? for x; € H*(¢Y(Z x X); Z3) and
yi € H*(¢(Z x X); Z3), we obtain that ¢(f) is a homotopy equivalence mod %% by the
following commutative diagram.

H*((Z x X): Zo) Y H*(4(Z x BR); Z»)

(iZXX)*J/ l(iszR)*

) 2D 5 (@(Z x BR); Z)

Consider the following commutative diagram, where (izxpr)«, (izxx )« ¥(f)« are split
monic by the above and Proposition 3.3.
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()«
—_—

m(¢(Z x BR)) ® Z[1/2] T (p(Z x X)) @ Z[1/2]

(inBR)*l l(inX)*

Y(f)»
-

r.(6(Z x BR))® Z[1/2] . ($(Z x X)) ® Z[1/2]

Then we see that ¢(f). : m(d(Z x BR)) x Z[1/2] — m(¢(Z x X)) x Z[1/2] is an
isomorphism. Hence the proof is completed. O
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