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Abstract. We construct a certain class of Arakawa—Kaneko zeta-
functions associated with GL2(C), which includes the ordinary Arakawa-—
Kaneko zeta-function. We also define poly-Bernoulli polynomials associated
with GLo(C) which appear in their special values of these zeta-functions. We
prove some functional relations for these zeta-functions, which are regarded
as interpolation formulas of various relations among poly-Bernoulli numbers.
Considering their special values, we prove difference relations and duality re-
lations for poly-Bernoulli polynomials associated with GL2(C).

1. Introduction.

For k € Z, two types of poly-Bernoulli numbers {B,(lk)} and {C,(Lk)} are defined by
Kaneko as follows:

Lig(1—e™") "
—— ZB ok (1.1)
Lip(1 —e™") "
1’“( ¢ ZC’“) : (1.2)
n!

where Lig(z) is the polylogarithm defined by
: — 2"
L) = 3 20 (el <)
m=1

(see Kancko [7] and Arakawa-Kaneko [2], also Arakawa-Ibukiyama-Kaneko [1]). Since
Lij(z) = —log(1 — z), we see that BY coincides with the ordinary Bernoulli number.

In this decade, these numbers have been actively investigated (see, for example,
Kaneko [8]). The most remarkable formulas for them are the following ‘duality relations’:

BGM =B, (1.3)
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o0 = ofmY (1.4)

for k,m € Zso (see [7, Theorem 2| and [8, Section 2]|). Recently Kaneko and the
second-named author [10] showed (1.3), (1.4) and their generalization by investigating
the zeta-function of Arakawa—Kaneko type (defined below). Also it is known that

B® = ck) 4 oD (1.5)

for k € Z and m € Z>;1 (see [2, Equation (9)]).
Corresponding to these numbers, Arakawa and Kaneko defined the zeta-function

1 [, Lig(l—e7%
kys) = — 12— Jdt (R 0 1.6
£lhis) = 77 | it (Res>0) (16)
for k € Z>1, which can be continued to C as an entire function (see [2, Section 3]).
Further they considered multiple versions of (1.6). Note that £(k;s) can be regarded
as generalizations of the Riemann zeta-function because £(1;s) = s((s + 1). They also
showed that

E(k;—m) = (=1)™C®)  (m € Zso). (1.7)

m

From the observation of £(k;s) and its multiple versions, they gave several relation for-
mulas among the multiple zeta values defined by

1
(b)) = > ——

l<my<-<my, 0L M

for ly,...,l, € Z>q with [, > 2 (see [2, Corollary 11]).
As a generalization of £(k; s), Coppo and Candelpergher [5] defined

1 [ 1 o Lis(l—e)
ks — s 1 _—wt dt
for k € Z>1 and w > 0, and studied its property. Note that £(k;s;1) = &(k; s).
As a twin sibling of (1.6), Kaneko and the second-named author [10] recently defined

n(k; s) = ﬁ /Ooots—ll“i’“l(l__ete)dt (1.8)

for s € C and for ‘any’ k € Z, which interpolates the poly-Bernoulli numbers of B-type,
that is,

n(k;—m) =BW® (ke Z, me Zso). (1.9)

More generally, they defined the multi-variable version of (1.8) denoted by n((—Fk;); (s;))
for each k; € Z>¢, and showed certain duality relations for multi-indexed poly-Bernoulli
numbers (see [10, Theorems 5.7 and 5.10]).

More recently, Yamamoto [12] considered 7(u; s) (where u and s are variables) and
its multi-variable versions n((u;); (s;)) and proved functional duality relations for them.
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In particular, for the case of single zeta-function, he proved
n(uss) =n(s;u)  (u,s € C), (1.10)

which interpolates (1.3) at non-positive integer points by (1.9).

In this paper, we consider, as generalizations of £(k;s), n(k;s) and £(k; s;w), the
Arakawa-Kaneko zeta-functions associated with GLo(C) defined as follows. For g =
(2%) € GLy(C), we let

b
gz = Zjid, jD(g,Z):CZ+d, JN(gaZ):aZ+b

Note that jp(g, z) coincides with the factor of automorphy for g € SLy(Z) (see [6, Section
1.2]). Let

oo
Zm

D(z,u,y) = Z —
= (mty)
be the Lerch transcendent for z,u,y € C with |2| < 1 or (z = 1 and Rew > 1), and
Rey > 0 (see [3, Section 1.11]). For y,w € C, we define

(gel,u,y)

. dt, 1.11
Jp(g,et) (L11)

. . — 1 > s—1_ —wt
§D(u,s,y,w,g)r<s>/0 t° e
which is the main object in this paper. We construct interpolation formulas of the well-
known relations among poly-Bernoulli numbers by use of &p(u, s;y, w; g).

In Section 2, we define the Lerch transcendent and study its properties and related
results.

In Section 3, we define (1.11) (see Definition 3.1) and determine its domain (see
Theorem 3.6). We confirm that £(k; s), n(k;s) and &(k; s;w) can be regarded as special
cases of (1.11) (see Example 3.7).

In Section 4, we give two types of functional relations among (1.11) which include
(1.10) as a special case (see Theorems 4.1 and 4.3). Combining these formulas, we give
interpolation formulas of the well-known relations including (1.3)—(1.5) (see Example
45).

In Section 5, we consider the analytic continuation for (1.11) (see Theorems 5.3, 5.5
and 5.6), and introduce several examples of duality relations (see Examples 5.8 and 5.9).

In Section 6, we define the poly-Bernoulli polynomials associated with GLa(C) (see
Definition 6.1). From the results in Sections 4 and 5, we give general forms of difference
relations and duality relations for them (see Theorems 6.7 and 6.9). These include (1.3)—
(1.5) and also the duality relations for poly-Bernoulli polynomials (see Example 6.10)
given by Kaneko, Sakurai and the second-named author (see [9]). Furthermore, we give
new duality relations for certain sums of i (see (6.19),(6.20) and (6.21) in Example
6.11).



182 Y. KoMORI and H. TSUMURA

2. Preliminaries.

For z,u,y € C with |z < 1 or (z = 1 and Reu > 1), and Rey > 0, the Lerch
transcendent is defined by

oo
Zn

P Z,U, = YR
(z,u,y) ;::O PEEL
which is a generalization of the polylogarithm defined by
: o 2"
Li,(z) = Z:l o

and is related as
2®(z,u, 1) = Li,(2). (2.1)
For k € Z>, the Lerch transcendent satisfies the following.

k—1 n

O(z,u,y) = 2"®(z,u,y + k) + Z (yj—in)u (2.2)
n=0
=27 (2, u,y — k) — Z ﬁ (2.3)

=1
LEMMA 2.1.  For (Reu > 0 and |z| < 1) or (Reu > 1 and z = 1), and Rey > 0,

D(z,u,y) has the integral representation

1 > 1
P =— ulemVt — — (.
(z,u,9) () /0 gt e g d

This expression gives the analytic continuation of ®(z,u,y) for z € C\[1,4+00), Reu >0
and Rey > 0.

PROOF. First we assume |z| < 1 or z = 1. By an integral representation of the
gamma function I'(u) for Reu > 0, we have

1 1 o
— = —/ e~y
a*  I(u) Jo

for Rea > 0. For (Reu > 0 and |z| < 1) or (Reu > 1 and z = 1), by substituting this
into the series expression, we obtain

n

SN
2z 0) = Z/o gz g—yz gu-1 g,
=0
1 [ o e 1
= u T _da.
F(u)/o T T e ™
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By this integral representation, ®(z,u,y) is analytically continued for z € C \ [1,400),
Rewu > 0 and Rey > 0. O

For a variable u, we define a difference operator D,, by
Dy f(u) = f(u+1).

We also define the Euler operator

LEMMA 2.2.

(Dil - y)(I)(Z’ u)?/) = 192(1)(2:’ U, y)

u

PrROOF. By the series expression, we have

)
O(z,u—1,y) = (y + Z@)q)(z,u,yh

which is rewritten in terms of the difference operator D,,. O

LEMMA 2.3. Forn € Z>o,

n

(TL(v+ 39:)) s = = Zel_x)m,

k=1

n T

() === ()

k=1

PROOF. Since

9 1 B kze™®
(1 —zem®)k (1 — ze—w)ktl
k k

(1 —ze—®)k+1 (1 — ze— )k’
we have

1 1 1
1+ -0, _ 7
( + kﬂ ) (1 —ze=@)k (1 — ze—@)k+tl

which yields the first equation.

Similarly
ze™T Nk ze k41 ze~T Nk
192(172671) _k(lfzefz) +k(1fze*“7)

implies
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1 ze % k ze % k+1
S+ 0) (7o) < ()
( + kl9 1—ze ™ 1—ze®

and the second equation. O

LEMMA 2.4.  Forn € Zxy,

n

1 1 > 1

Bl Dl k )(1) - u=lo—yr__ = = 4

n (]]:[1( u y+ ) (Zau7y) F(U)A X e (1 —Ze_x>n+1 X,
1/ 1 > ze T \ntl
—(IIDt =y = k) @z, —*“:—/ e () e,
n!(kr_[l( S reR) @) sy = g [ ()
PROOF. The results follow from Lemmas 2.2 and 2.3. O

Let C = C U {oo} denote the Riemann sphere. For g = (25) € GLy(C), we define
the Mobius transformation

az+b
cz+d

gz =

for z € C. Note that it is well known that Mébius transformations are conformal and
map circular arcs to circular arcs, where circular arcs include line segments. Let

V(g) = {91,900} N {1, 00}

be the intersection of the extremal points of the two circular arcs g([1, +oc]) and [1, +00].
Let

jD(g7Z):CZ+d7 ]N(g,Z):aZ—f—b
for z € C. Then for g,h € GLy(C), we have

Jp(gh,T) = jp(g,hT)jp(h,T),
jN(gh7 T) = jN(97 hT).]D(hv T)

If two circular arcs intersect at their extremal points, we call such point a vertex.
Moreover if the vertex angle is zero, then we call the vertex a cusp.
For Z € {1,00}, we denote Z =1/Z € {0,1}. Let

Weern={2€C|0<|z—a|<e}U{zeR|a<z<R}

for a > 0, €, R > 0. We abbreviate W, ¢ = W ¢ 4 00-

The following lemmas give certain inequalities under the assumption that the two
circular arcs g([1, +o0]) and [1, +oo] intersect each other possibly only at their extremal
points. See Figure 1 for typical configurations. These estimations play important roles
when the domains of the main objects are determined. Their proofs will be given in
Section 7.
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gl
gl
vertex angle =0
[ 4 L ]
goo [ ° 1=g0c0 00 1= goo 00
1 o0 vertex cusp

Figure 1. typical configurations.

LEMMA 2.5. Let g= (%) € GLy(C) and Ty, Xo € {1,00}. Assume that gT = X
for only (T, X) = (T, Xo) in its neighborhood in [1,+00]?.

1. For 0 < q <1, there exists M > 0 such that

1 1 ‘
jo(g,T) (1 = (¢T)X~1)

M T 1—q X q . .
—’ = ‘ = if the vertex is not a cusp,

< TIT,T -1 XoX —1

— |\ M T 2(1-9q) X 2q . .
—’~7‘ ‘~7‘ if the vertex is a cusp
TITyT —1 XoX —1

in a sufficiently small neighborhood of (Ty, Xo) in (1,+00)2.

2. There exists € > 0 such that

XoX —1

- (2.4)

E‘XOX—I‘ - ‘TOT—l
X T

‘>e
€

for any pair (T, X) satisfying ¢T = X in a sufficiently small neighborhood of
(To,Xo) m (CQ.

LEMMA 2.6. Let g= (2Y) € GLy(C) be such that
g([1,400]) N [1,+00] C {gl,g900} N{1,00} =V (g).

Let N be a neighborhood of {(Ty, Xo) | Xo € V(9),To = g~*Xo} in C2. Then there exist
e >0 and M > 0 such that

1 1 M

o) (- @DX0| = 7]

for all (T, X) e WZ_\N.
3. Arakawa—Kaneko zeta-functions associated with GL5(C).
Here and hereafter we only consider g € G Ly(C) which satisfies that

9([1,+00]) N [1,+0c] C {g1,goo} N{1,00} = V(g). 3.1)
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In this section, we give the definition of generalizations of the Arakawa—Kaneko zeta-
function. The domains of the functions will be given later, which depend on the config-
uration of the three points {g0, g1, goo} on the Riemann sphere C.

DEFINITION 3.1.  For g € GL5(C) satisfying (3.1), we define the Arakawa-Kaneko

zeta-function associated with g by

1 /OO —-1_— tq)(get,u7y)
U, S Y, W; §) = —— T e W 20 (L. 3.2
ol = g ), (g, (32

We define an auxiliary function
En(u, 83y, wig) = Ep(u, sy + 1, w; g). (3.3)

We have the following integral representation of &y (u, s;y,w; g), which clarifies the
meaning of the subscripts “D” and “N”.

LEMMA 3.2.

oo e (@geh uy) —yTY)
gN('Uanva?g) - F(S) /O t 16 jN(g,et) dt. (34)

PROOF.  Since
Z(I)(Za U,y + 1) = (I)(Zvua y) - yiuv

we have

L% ey g€ ®(ge’ u,y +1)
En(u, sy, w; g) = 7/ e dt
I'(s) Jo

jN(gvet)
[e%e] t __ U
_ 1 / ts_le_wt(@(ge_7u,y)t ) -
I'(s) Jo in(g,€")

By the integral representation of the Lerch transcendent in Lemma 2.1, we have
double integral representations of the Arakawa—Kaneko zeta-functions.

LEMMA 3.3.
5~ 1 U 1 —wte—y 1
dtd 3.5
eotweneo) = rrer [ g ey g ©9
Oots 1 v 1 —wte yx (get)e—:c
dtdr. (3.6
evtwoinuio) = wores [ [ e T e @9

To determine the domain of &p(u,s;y,w;g), we need to study when the integral
(3.5) (hence (3.6)) is convergent. Here we give a sufficient condition below. It should be
noted that generally the domain is wider and is dependent on g. To describe the domain,
we define the following constants.

DEFINITION 3.4. Consider the two circular arcs g([1,+o0]) and [1,+oc] on the
Riemann sphere C. Then for Ty, Xy € {1,00}, we fix up,vx, > 0 as follows. For
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9To ¢ V(g) (resp. Xo ¢ V(g)), we set pug, = 0 (resp. vx, = 0). Further for a pair
(To, Xo) such that gTo = Xo € V(g), we set

1 if gTy = Xy is not a cusp,
HTy +VXo = . .
2 if gTy = Xp is a cusp.
LEMMA 3.5. 1. There exists M > 0 such that for all (t,x) € (0,+0)?,

1 1
jn(g,e) 1= (get)e™®

< Mt=Pgmreltee—Dtgroo® (p L 1) (3 4 1)1, (3.7)

2. Let Z be a neighborhood of {(log Ty, log Xo) | Xo € V(g),To = g~ ' Xo} in C2. Then
there exist M > 0 and € > 0 such that for all (t,x) € W3 \ Z,

‘ 1 1
ip(g,e') 1 — (get)e=*

< Me™ Ret, (3.8)

3. If g1 # 1, then for any sufficiently large R > 0, there exist M > 0 and € > 0 such
that for all (t,x) € W§ . g,

1 1

- < M. 3.9
BTG (39
4. If g1 = oo, then there exists € > 0 such that

[t] > ee™ (3.10)

for any pair (t,x) satisfying get = e in a sufficiently small neighborhood of (0, +00)
in C xR.

5. If goo = 1, then there exists € > 0 such that
x| > ee™ (3.11)

for any pair (t,x) satisfying get = e in a sufficiently small neighborhood of (+00,0)
in R x C.

PROOF. Let Z be a neighborhood of {(log Ty, log Xo) | Xo € V(g),To = g~ Xo}
in C2. If V(g) # 0, then for each Xy € V(g), consider a sufficiently small neighborhood
N'(Xo) of (Tp, Xo) in (1, +00)? such that J'(Xo) = {(log T, log X) | (T, X) € N'(Xo)} C
Z. By Lemma 2.5, there exists M > 0 such that

et

’fbet —1

x

1 1
jn(g,€') 1 — (get)e=®
for all (t,z) € J'(Xo).
Let N be a sufficiently small neighborhood of {(Tp, Xo) | Xo € V(9),To = g~ *Xo}
in C? such that N N (1,+00)? is contained in the union of the neighborhoods N'(Xj)

HTo e VXo

)27063'j —1

SMe_t‘
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taken in the previous paragraph for each Xy € V(g). By Lemma 2.6, there exist € > 0
and M > 0 such that

1 1

< Me~ Ret 3.12
i) 1 (gene=| = Me (3.12)

for all (t,z) € J, where I = W \ N and J = {(log T, log X) | (T, X) € I'}. Let ¢ > 0 be

sufficiently small such that e* € Wi , for all z € Wy . This implies (3.8). In particular,

if g1 # 1, then W§, » C J for any sufficiently large R > 0. Thus (3.12) implies (3.9).
Since for all z > 0,

. z4+1 7 1
| < ‘ e ‘ B s (Zo=1)
Zoe” — 1 e (Zo = 00),
we have
t
‘Nei Ho < tHghect( 4 1)
T()et -1
T v
17 _ € Xo Sxfyl VOQCE(I+1)
Xoer — 1

and hence for all (¢,7) € (0,+00)?,

1 1
jn(g,e') 1 = (get)e~

e(um—l)teumm(t+ )M (z + 1)

for some M’ > 0, which implies (3.7).
Inequalities (3.10) and (3.11) follow from (2.4). O

THEOREM 3.6. For Reu > v, Res > u1, Rey > vo, Rew > po — 1,
Ep(u, s;y,w; g) is defined and analytic in u, s,y, w

Proor. By Lemma 3.5,

/ / Jjp(g,e') 1— (get)e—=

S M/ / tResflf,u,lxReuflfme(#«ooflfRew)t

x eeeTReVT (4 1)1 (2 4 1) dida < oo,

$+5— 1 v 1 7wt671/ 1

dtdz

The analyticity in u, s, y, w follows from the Morera theorem and the Fubini theorem. O

EXAMPLE 3.7. Let g, := (_1 1) We can see that g77 = g, and det g, = —1 which
are important properties. For g = g,, we have ¢7' = 1 — T, namely, g1 = 0, goo = o0
and

9([1, +00]) N[1, +00] = {oc} = V(g).
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Hence, by Definition 3.4, we obtain g1 = 0 and v, = 0. Since oo is not a cusp, we
have fioo, Voo € [0, 1] satisfying fiec + Voo = 1. Therefore {p(u, s;y,w; g,) is defined for
Reu > 0,Res > 0,Rey > Voo, Rew > oo — 1, where pioo, Voo € [0,1] with pieo + oo = 1.
We see that

Llu(get) :Liu(l_et)v jD(gaet) =1, jN(g7et) = ]'_et‘
Hence, noting (2.1) and (3.3), we define
n(u; s) = En(u,5;0,0597) = En(u, 551, 0; 99),

which was already considered by Yamamoto [12].
Let g¢ := (% _01). Then det g¢ = 1. For g = g¢, we have g7 = 1 — T, namely,
gl =0, goo=1 and

9([1, +00]) N1, +o0] = {1} = V(g).

Hence we obtain p; = 0 and v, = 0. Since 1 is not a cusp, we have pi, ¥1 € [0,1]
satisfying poo + 11 = 1. Therefore {p(u, s;y,w; ge) is defined for Reu > vq,Res >
0,Rey > 0,Rew > oo — 1, where pioo, v1 € [0, 1] with piee + 11 = 1. We have

Liy(ge') = Li,(1 —e™"), jp(g,e") =€, jn(g,e')=e" —1.
Hence, noting (2.1) and (3.3), we define
E(uys;w) = En(u, 530,w — 15.9¢) = Ep(u, 831, w — 13 g¢)
and, in particular,

€(uvs) = §N(u7s;0,0;gg) = gD(uNS; 1,0;95),

which is a generalization of (1.6).

4. Relations among Arakawa—Kaneko zeta-functions.

In this section, we give two types of functional relation formulas for £p and &y (see
Theorems 4.1 and 4.3). We will see that these give functional relations which interpolate
the well-known relations among poly-Bernoulli numbers in Section 6.

For g = (¢%), we put jn(g, Dy) = aD, + b for the difference operator D, and so

on.

THEOREM 4.1 (Difference relations). For g = (2%), we have

u —S

]N(g,D;I)fN(u,S,y,w,g) :jD(g,D;I)ép(u,s;y,w;g)—y7 w -, (41)

namely,
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afn (u, 83y, w —1;9) + bEn (u, 839, w; 9)
(=a€p(u, s;y+ 1w — 1ig) + b&p(u, sy + 1, w3 g))
= c&p(u, 83y, w —1;9) + d€p(u, 57y, w;9) —y~"w™".
Proor. The assertion follows from the integral representations (3.2) and (3.4)
with
al +b cr'+d

- — = =1—-1=0
in(g:T)  Jjp(g,T)
and
1 /oo tsflefwtyfudt — yfuwfs' D
L'(s) Jo

For g € GLy(C) and indeterminates X, T, we define

1 1

Fo=1= (gT)X -1’ A (g X)T-1’

o WX o= WX
NI (D)X N1 (g x)T

From Lemma 3.3, we see that these come from the integrands of the double integral
representations. We have the key relations, which are the core of duality relations.

LEMMA 4.2.

T 1 X
7FD = _7.7GD7
Jp(g,T) detg jp(g~1,X)

1 1 1
———Fy=——""—"7"—"7"=Gq,
Jn(g,T) det g jn(g~1, X)

1 1 X

— F -
in(g,T) "~ detgjn(g", X)
PRrROOF. The first equation follows from

1
1—(¢gT)X1
_ Jp(g, T)X
(cX —a)T — (—dX +b)
jp(g, T)T! X
1—(g7'X)T-'—cX +a
1 jp(g, )T} X
Cdetgl— (¢ X)T- 1 jp(g—t, X)
1 jp(g,1)T'X
7detg jD(g_le)

Fp =

GDv

and the third, from
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1 jD(g7T)T71X jD(gil7X)
detg jp(g~'X) Jn(g~HX)T!
1 jD(gaT)

—_ e
detgjn(g~1,X)

Fp =— Gn

and finally the second, from

jN(g?T)X_l

- 1 ]N(gvT)X71 ]D(gvT)X
detg jp(g,T) jn(g~",X)
1 jN(97 )

detg jn(g 1X)GN

Fn = Fp

Gn

191

O

There are three types of duality relations, namely, ascending-ascending, descending-

descending, and ascending-descending types.

THEOREM 4.3 (Duality relations). For n € Z>,

]‘D(gil, nD n— 1(

u::]z

_y+k )f (uvsavavg)

= ( ! )n+1jD(gyD;1)nD;n71(H(D;l wark))fD(s,u;w,y;g*l),

n

jzv(g_l,Dy_l)"(l_[(D;1 —y— k))&v(u, S;Y, w; g)

k=1

- (d;tlg)nHjN 9.0 (

::]:

—w = k))&v(s, ww,y; g ")
k=1

and

it~ Dy (TLDF" =y + ) )ép(u. siy. wig)
k=1

= (d;tlg)n—HJ (9, D" D" 1<ﬁ(D31wk))fN(s,u;w,y;gl).

ProoF. From Lemmas 2.3, 2.4 and 3.2, we have

l(ﬁ(Dj —y+ k))fp(u,S;y,w;g)

n!
k=1

o0 85— 1 —1 7wt 1
dtd.
/ / g,et) (1—(get)e"ﬁ)”+1 -

(4.2)

(4.3)
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and
%(H(Dil -y k))fN(u,S;y,w;g)

k=1
00 45— 1 -1 —wt —yx t\,—x +1
// ¢ <(ge)e )" e,
in(g,€') 1—(ge)e®

Lemma 4.2 implies

T+l —1 \n+1 X+l
. -1 n n+1 . n n+1
X F =< ) TGt
inlg ) ip(g,T)" P det g in(g.T) ip(g~1, X) P
1 1 \ntl 1
. _17X n . Fn+1 — . ,T n . G«’I’L-‘,—l7
Inlg ) in(g, T)" N (detg) intg.T) in(g=t X) N
1 1 \ntl Xl
. -1 n n+1 : n n+1
X F =( ) T GntL
inlg ) ip(g,T)" P det g in(g.T) in(g=hX) N

By noting that
jD (g—l7 Dy—l)nD;n—l (ts—lmu—le—wte—ym) _ jD (g—l7 e:p)ne(n-l-l)t(ts—lxu—le—wte—gw)
and so on, we obtain the result. O

The n = 0 case reduces to the following.

COROLLARY 4.4.

1 _
Ep(u, s5y,w —159) = —Wﬁp(s ww,y—1;g7Y), (4.5)
1
En(u, 83y, w3 9) = _W&V(s ww,y 9", (4.6)
1 _
Ep(u, 85y, w;9) = _W&V(s ww,y—1ig7"h), (4.7)

which are essentially the same formulas.

EXAMPLE 4.5.  As for n(u;s) = &p(u,s;1,0;9,) defined in Example 3.7, noting
gy ' = gy, we see that (4.5) (resp. (4.6) and (4.7)) with (y,w) = (1,1) (resp. (0,0) and
(1,0)) implies Yamamoto’s result n(u; s) = n(s;u) in (1.10), which interpolates (1.3) (for
the values of n(u; s) at nonpositive integers, see (6.4)). We will further introduce several
duality relations for £p(u, s;y,w;g) in Section 5 (see Examples 5.8 and 5.9).

REMARK 4.6. &(u, s;y,w;g) can be slightly generalized with two elements g, h €
GL5(C) and two appropriate paths I, .J which start at 0 and go to oo as

" Iy J p t5— 1 U 1 —wte—y 1
E(uv s;Yy,w;h, g1, ) / / -z jD 97 et ]D(h ea:) he® — get
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Since variables are treated completely symmetrically, it is easy to see that the trivial
symmetry

E(u, sy, wih, g3 1, J) = —€(s, usw, y3 9, hs J, 1)
holds. Moreover we can show that

1
f(uv Sy — 1; w; ha g; (07 +OO)7 (07 +OO)) = ng(ua S1Y, W; h_lg)7
which implies (4.5).
From the above we see that the pair (g,h) does not give rise to a generalization,
while two paths I, J are essential because by this modification, it is possible to avoid
cusps and to define &p for any element g € GLy(C) without the restriction (3.1).

5. Analytic continuation.

We give integral representations with Hankel contours to enlarge the domain of
¢p(u, s;y,w;g). In the following, H. r denotes the Hankel contour, which consists of a
path from R to € on the real axis, around the origin counter clockwise with radius e,
and back to R, where R € (0,400] and € is an arbitrarily small positive number. We
abbreviate H = H ;.

In the following proofs, since the analyticities follow from the Morera theorem and
the Fubini theorem, we omit them.

LEMMA 5.1. Let k € Z>g. Then ®(z,u,y) has the integral representation

' zk L S
o - u—1 *(erk)Iid B ———
(Zv u, y) I‘(u) (eQTrzu _ 1) /H z ¢ 1—ze™® v 7;) (y + n)u

This expression gives the analytic continuation of ®(z,u,y) and is valid for z €
C\[l,4) orz=1,u € C and y € C\ (—00,0] with Rey > —k except for appropriate
branch cuts. Therefore ®(z,u,y) is analytically continued in z € C\ [1,+00) or z = 1,
u€C andy e C\ (—o0,0] except for appropriate branch cuts.

ProoOF. By (2.2) and Lemma 2.1, we have

1 e 2k z
o — u—1_—(y+k)z d
(z,u,y) 71“(u) /0 To e Fp— T + ; 7(11 Ty

which gives the integral representation with the Hankel contour. O

We study integral representations of £p(u, s;y, w; g) with Hankel contours by con-
sidering slightly general forms given in Lemma 3.3, namely, for k € Z>,
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1 00 ys—1u—1,—wt,— (y+k)z (get)k
; dtd
gD(U75;y, 7g F / / g,et) 1_ (g€t>€ = €T

1 1 /Oo 1 —wt (96 )"
+ t° T eVt ———dt
F(S);(wn)“ 0 jp(g,e’)

by (2.3) and (3.2). We denote the first term and the second term by & x(u, s;y, w; g)
and o 1, (u, s; ¥, w; g) respectively so that

Ep(u, sy, wsg) = &k (u, 85y, w; g) + 2,6 (u, 85y, w; g).

First we give the explicit form of & x(u, s;y, w; g), which gives its analytic continu-
ation.

LEMMA 5.2. Letk € Z>g.

k—1
u7 S; 7w 7D n
&o,n(u, 839, w3 9) nz:% y+n ——ain(9, Dy")
1 1 ( ~ %0)
dvlws o= s
0 =
X cn+1 (’LU +n+ l)s (g 00)7
Lol (T e . :
e aDerl (H(DS V_w+ j))@(—d/c, s, w) (otherwise),

Jj=1

which gives the analytic continuation to the whole space in u, s,y, w except for appropriate
branch cuts.

Proor. If goo = oo, then ¢ = 0 and

oo t\n 1 oo
ts—le—wt (g@ ) dt = . ,D_l n/ ts—le—wtdt
[ g e = aminto D |
T(s) . 1 1

:dn+1JN(g)Dw ) Ea

which implies (5.1) in this case. If g0 = oo, then d = 0 and

o0 t\n 1 o)
51wt '(ge ) dt — in(g, D! n/ 51— (wtnt)t gy
/0 jn(g;€') C"H]N(g ) 0
L'(s)

) “1n 1
= Cn+1]N(g?Dw1)

(w+mn+ 1)’

which implies (5.1) in this case. If g0, goo # oo, then ¢,d # 0 and
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e o] t\n 1 [ee) 1
tsfl —wt (ge) dt = D nDnJrl/ tsfl —wt dt
[t et = e DD [ e
L'(s) . —1\n yn+1 1/ -1 .
= —in(e. D) D — (T = w+j) ) @(=d/e,s,w),
j=1

by Lemma 2.4. If —d/c = T with 1 < T < oo, then ¢I' + d = 0, which implies
{00} € g((1, +00)) and contradicts to the assumption (3.1) and hence —d/c € C\ (1, +00).
Hence we obtain (5.1) in this case. O

THEOREM 5.3. Let k € Z>o. Assume gl # 1. Then we have

o (u, 53y, w; g)
1 ts—lpu—lo—wt —(y+k)z
_ — — / d:c/ di— ge')”
F(S)F(U)(B 7”5_1 ermu_l Hel He jD(g7e) 1_(96 )6 v

s—1,,u—1_,—wt, —(y+k)z t\k
n / dx/ t e (geh)
T oo ey 1-(ger

_ —lo—wt,—(y+k)z t\k
+ | / dt / A (g’)
L(s)I'(u)( 62’”“ -1) Hee ip(g.e") 1 —(get)e™=
s—1pu—1,—wt —(y+k)z t\k
+7/ dt/ da? < (g¢’)
I'(s)I' Jpl(g,€") 1—(get)e®

+ 52,1@(”’ S1Y, W, g)v
(5.2)

which, except for the branch cuts due to &2 1 (u, s;y,w; g), gives the analytic continuation
for u,s € C, Rey > voo — k, Rew > pioo — 1 + k(0goo,00 — Ig00,0), and the continuous
extension for Rey = voo —k when Reu < 0 and Rew = poo — 1+ k(0g00,00 — 0g00,0) When
Res < 0.

PROOF. There exists M > 0 such that for all sufficiently large ¢t > R’,

Me™* (goo = 0),
lge’| <  Me! (goo = 00),
M (otherwise)

— Me(égoc,oo_(sgoo,())t

and for all sufficiently small |¢| < ¢’

Mit] (91 =0),
lge'| < 4 Mt~ (91 = 00),
M (otherwise)

= M |t|(Psr.0091.00)

Assume g1 # 1. By Lemma 3.5,
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ps—lpu—1,—wt,—yx 1
Jp(g,et) 1 — (get)e~"
/ e(hoo—1—Rew)t(voo —Rey)z ((t,z) € (6'7+00)2)v
[t[Re =1 g Re w1 ((t,2) € Wio p)-

Thus for Reu > vi,Res > py + k(dg1,00 — 9g1,0), Rey > voo — k,Rew > i — 1 +
E(dgo0,00 — 0goo,0), We see that

s lpu—le—wt —(y+k)z t\k
/ / ° Ui
p(g,¢') 1—(get)e®
and

! tS 1pu—lo—wt —(y+k)z t\k
/ / o Ui u———
o Jo ip(g.e) 1—(get)e
1 ts—1pu—1o—wt,— (y+k)x (get)k
= 2mis _ 2miu / / 1— t\o—T dtdx
(6 (6 He¢ p'JHe g/ (ga ) (g@ )6

are integrable. Let

s—lpu—1lo—wt, —(y+k)z t\k
A= dx/ dt . ge)” |
R Jin(g;e€") 1—(get)e®

If g1 = oo, then by (3.10), the denominator does not vanish for ee=* > |¢|. Hence

ts—lpu—lo—wt —(y—i—k)m t\k
= / dm/ ¢ (962 . (53)
e’”s—l v JHee e o jn(g,€') 1—(ge)e®

If g1 # oo, then it is easier to see that the denominator does not vanish in the same
region as the above, and (5.3) holds.

In the region (0,€') x (R’,00), the same argument works well and we have the
assertion by rearranging the regions. O

REMARK 5.4. For k € Z.¢, we have similar results as in Lemma 5.2 and Theorem
5.3 by use of (2.3), though we omit the detail.

In the case k = 0, we obtain the following theorem.

THEOREM 5.5.  If g1 ¢ {1,00}, then we have

$+5— 1 v 1 —wte— 1
. Co) — dt d
gD(uv S3Y, w’g) F(S)F( 627719 _ 1 / / z .]D 97 ) 1-— (get)e_

which gives the analytic continuation for Reu > vy, s € C, Rey > v, Rew > o — 1,
and the continuous extension for Rew = oo — 1 when Res < 0.

PrOOF. If gl ¢ {1,00}, then in the proof of Theorem 5.3, the radius of the Hankel
contours can be taken uniformly in ¢ while € (0,+00). Thus patching contours, we
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have the assertion. O

When u, s or both are nonpositive integers, further analytic continuation is possible,
which leads us to generalizations of the poly-Bernoulli polynomials.

THEOREM 5.6.  Assume gl # 1. For s = —m € Z<o, {p(u, 85y, w; g) is analytically
continued to u,y,w € C except for appropriate branch cuts and we have the integral
representation

Ep(u, —m;y,w; g)

— 1) 1 t—m—1u—1—wt —(y+k)x t\k
:( )m L /daz/ it J;'ete (get)
2mi - T(w)(e™ = 1) Jug Jyjpjmee—ree jp(g.€') 1—(get)e~"
+ &,k (u, —miy, w; g).
(5.4)
For uw = —m € Z<o, &p(u, s;y,w; g) is analytically continued to s,y,w € C except

for appropriate branch cuts.

Proor. If s = —m € Z<q, then by Theorem 5.3, we see that the Hankel contour
in the first and the second terms of (5.2) with respect to ¢ reduces to a small circle around
the origin and that the third and the fourth terms vanish. Thus we obtain the integral
representation. The integral converges for any w € C. Since the analytic continuation is
valid for Rey > vo, — k with arbitrary k € Z>(, we have the first assertion.

The second assertion follows from Corollary 4.4. g

ExXAMPLE 5.7. For g = g,,g¢ in Example 3.7, we see that gl # 1. Hence, by
Theorem 5.3, we see that £p(u, s;y, w; gy,) is analytic for u,s € C, Rey > v and Rew >
Moo — 1 with pieo + Voo = 1. In the case when (y,w) = (1,0), n(u;s) = &p(u, s;1,0; gp) is
analytic for u, s € C. Furthermore, when (y,w) = (1,—1), we can define

f(u, 8) = gN(ua S5 Oa _1;977) = é-D(uv S5 ]-7 _]-;gn)

for u, s € C with Reu < 0 and Re s < 0. In particular when u = —k € Z<g, by Theorem
5.6, we see that g(—k;s) can be analytically continued to s € C, which was already
considered in [10, Section 4].

Also &p(u, s;y, w; ge) is analytic for u, s € C, Rey > 0 and Rew > —1. In particular,
&(u; 8) = €p(u, s;1,0; ge) is analytic for u,s € C.

EXAMPLE 5.8.  Consider &(u;s) = {p(u,s;1,—1;9,). By (4.2) with (n,y,w,g) =
(1,1,1, g,), we obtain

E(u—138) = &(s — Lu), (5:5)

which interpolates (1.4) (see Example 6.3). Note that from (4.7) with (y,w) = (0,0), we
have
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¢p(u,5;0,0;9,) = En(s,u;0,=1;9,) = Ep(s,u; 1, =15 gy).

Therefore it follows from (5.5) that

¢p(u,8;0,059y) =Ep(u—1,s + 151, —-1;9,) = &E(u— 155+ 1). (5.6)

Let g = g¢ and &(u;s) := &p(u, s;1,0; g¢) in Example 3.7. Since ggl = (_01 }) , we
have gng = 1/(1—T) which satisfies (3.1). Let h = ggl. Then hT = 1/(1—T), namely,
hl = o0, hoo = 0 and

h([1, +o00]) N [1, +00] = {oo} = V(h).

Hence we obtain po, = 0 and 14 = 0. Therefore, noting (4.5) with (y, w,g) = (0,0, g¢),
we can define

E(u;s) 1 = Ep(u, 50, =159 1) = =€p(s,u; 0, —1; g¢) (5.7)

for Reu < 0 and Res < 0. Setting (n,y,w,g) = (1,1,0, g¢) in (4.4) and noting (3.3), we
obtain

Therefore we see from (5.7) that

E(u—1;8) =E&(s — L), (5.8)

which also interpolates (1.4) (see Example 6.6). The symbol £ is derived from this fact.
From this relation, £(s; ) is analytic for u,s € C.

EXAMPLE 5.9. From (4.2) with n = 1, we obtain

jD(g_luDy_l)D;Q(Ditl —-Y + 1)§D(uas;va;g)

2
) ip(9, Dy YD A (DSt —w + 1)ép (s, u;w, 5597 1).

( 1

det g
Substituting (4.7) into the right-hand side and noting jp(g, Dy')w = wip(g, Dy,t) —
eD;t, we have

jD(g_lVDy_l)Dl;g(D;l _y+ 1)€D<uasvyaw7g)

2
- (—detg) (—det )jn(g, Dy ) Dy (D" — w+ 1)ép(u, 83y + 1,w — 15 9)
1 - N y - —
= e D (DT v in(0. DY) + DL ep(w sy + Lw —Lig) (5
1T _ )
:_dethyz(Dsl_“’+1)JD(97Dw1)§D(u,s;y+1,w—l;g)

1 —27n—1
detchy Dy, ép(u,s;y + 1w —1;9).
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Moreover, substituting (4.1) into the right-hand side of (5.9), we obtain

jD(g—l’Dy—l)D;2(D;1 -y + 1)5D(U»3,va’g)
1 —2

= _dethy (D;1_w+1)(jN(gvD;l)é-D(u751y+2aw_179)+(y+1)7u(w_1)78)

- detch;QDglsD(u,s;yH,w—l;g)-

In particular, setting (y,w, g,) = (1,1, g,), we obtain
Ep(u—1,81,-1;9y) = Ep(u, s — 151,05 9) — Ep(u, s — 151, —1; gy),

namely,

n(u;s—1) =E&(u;s — 1) + &(u — 15 8). (5.10)
This can be regarded as an interpolation formula of (1.5) (see Example 6.8).

REMARK 5.10. If g1 = 1, then the analytic properties of p(u,s;y,w;g) in u, s
drastically change because the two paths of the integral can not be replaced by the Hankel
contours due to the singularities of the integrand near the origin in ¢, z. In this case, by
use of the technique employed in the case of multiple zeta functions (see [11]), we see
that €p(u, s;y,w; g) has possible singularities on the hyperplanes s + u € Z.

6. Poly-Bernoulli polynomials associated with GL2(C).

In this section, let g € GLy(C) satisfying (3.1) and gl # 1. We generalize the
poly-Bernoulli polynomials from the result in Theorem 5.6.

DEFINITION 6.1.  For u,y,w € C except for appropriate branch cuts, we define the
poly-Bernoulli polynomials {IBES{) (y,w; g)} associated with g by

B (y, w; g) = Ep(u, —msy, wig)  (m € L) (6.1)
In particular when g1 # oo, it follows from Lemma 2.1 and Theorem 5.5 that

1 1wt P(ge",u,y)
gD u, S,y,w,g = —/ té 16 U)tidt
( ) = To@ =1 Ju i)

for Reu > 11, s € C, Rey > Voo and Rew > poo — 1. Let s =+ —m € Z<p. Then we
obtain the following result.

THEOREM 6.2. If g1 # oo, then

we P97t u, tm

Y N B (e
G mz::OBm (y, w5 9) — (6.2)

for u,y,w € C except for appropriate branch cuts. Bgﬁ)(y, w; g) is a polynomial in w.
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EXAMPLE 6.3. We consider the poly-Bernoulli polynomials defined by

willu(l =€) S~ iy,

= mZ::OB( >(w)H (u e Q) (6.3)
(see Coppo—Candelpergher [5] in the case u € Z). We define B = BE#)(O) and
o = Bﬁ#)(l) which are generalizations of (1.1) and (1.2). Furthermore, we have
Br(,%)(w) = Bp(l-w) = (=1)™Bp,(w ) where B,, (w) is the classical Bernoulli polynomial.
From Example 3.7, for g = g, = (' 1), we see that the left-hand side of (6.2) is equal
to that of (6.3) with replacing —w by w and y by 1. Hence we have Bgn)(l,w,gn) =
B#f)(—w). Note that IB%g,]f) (1,w; g,) (k € Z) coincides with the poly-Bernoulli polynomial
defined by Bayad and Hamahata in [4]. We emphasize that

n(u; —m) = £p(u, —m; 1,05 g,) = BW (1,05 g,) = B,

- (6.4)
&(u; —m) = Ep(u, —m; 1, —1;g,) = B (1, ~159,) = O3
for m € Z>¢. Hence, from (5.5), we obtain (1.4). Further, from (5.6), we obtain
B (0,0:9,) = B (1, —Ligy) = O (m € Z). (6.5)
Therefore it follows from (6.2) with (y,w,g) = (0,0, g,) that
(1 —e " u,0) =Li,(1—e* :ic}n )f:!. (6.6)

=1
Combining (5.4) with £ = 0 and (6.1), we obtain the following.

THEOREM 6.4. Fory,w € C,

tk !
k'l'

eWt oy 1 x© (- l)
= B,
in(g,e7*) 1 —(ge~")e” :0;

B](;l)(y,w;g) is a polynomial in y and w.

¢p(u, s;y,w;g) or IB%S#) (y,w; g) satisfies simple transformation formulas for g = hf

with a general h € GLy(C) and a special f € GL2(C).
THEOREM 6.5. Let h € GLy(C) and a € C\ {0}.
1. For f=1(80),

1
gD(ua S;Y, W, h’f) = EgD(ua S;Y, W, h’)

2. For f = (9}), which corresponds to the inversion T + 1/T,

B (y, w; hf) = (=1)"BW (y, —w — 15 h). (6.7)
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PrROOF. The first statement follows directly from the definition. We show the
second statement.

BG) (y, w; hf)
= €D (U, —miy,w; hf)

(71)mm[ /d / t m—1,u—1 7wt67y 1
= X
2mi T(u 627”“ - H It|= Ee—Rea: ip(hf,et) 1— (hfet)e~

(—=1)™m! / p / t‘m Lgu—le=wte— 1
= :I;
2mi F eQrmu - H |¢] —ee_RCT jD(h7 B_t)jD(f, et) 1- (he_t)e_

_(=1)™m! /dx L‘_m_1;13“_16_(“""1)te_yz 1

o 2m T(u 62’”“ - o m_eefaex jp(h,e~t) 1— (he~t)e==
(- 1) m!

:( 1)m+1 1

n>w%w—w

x .
|v|=ee—Re= ]D(h7 ev) 1-— (he”)e*

= (- 1)%@( —w — 1;h),

m

where we changed variables as v = —t. O

EXAMPLE 6.6. Consider g, and g¢ in Example 3.7. Since g¢ = g,,f for f = (9}),
we have from (6.7) that

BG (y, wi ge) = (1) B (y, —w — L5 gy).-
Therefore, from (6.4), we obtain
E(u;—m) = B (1,05 9¢) = (—1)"BG (1, ~1;g,) = (-1)"CF (6.8)
for m € Zx>g, which includes (1.7). Hence, by (5.8) and (1.4), we obtain
E(-l=m) =E(-m— Ll +1) = ()Y = (D)oL (6.9)

for | € Z>1 and m € Z>¢. It follows from (6.8) and (6.9) that (5.8) is an interpolation
formula of (1.4).

THEOREM 6.7 (Difference relations). For g = (2}%),
aBW (y + 1,w — 15 9) + bBG (y + 1,w; g)
= B (y,w — 159) + dBYY (y, wi 9) =y~ “w™  (6.10)
holds for u,y,w € C except for appropriate branch cuts.

PROOF. Letting s = —m € Z<( in Theorem 4.1 and using Theorem 6.2, we obtain
the assertion. O
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EXAMPLE 6.8. It follows from (6.4) and (6.5) that (6.10) with (y,w, g) = (0,0, g))
gives

BW — ) 4 o) (6.11)

(see [2, Section 3] with u € Z). Tt is to be noted that (5.10) with s = —m + 1 implies
(6.11).

Next we prove the duality relations for poly-Bernoulli polynomials associated with
g which include ordinary duality relations (1.3) and (1.4). Let ['] (n,m € Z>¢) be the
Stirling numbers of the first kind defined by

[8}—1, [Z]—O(m>1), ﬁX—i—J i[} X" (0> 1),

7=0 =0
Note that
n—1 n n
[Tex =)= S v |2 x ).
m
§=0 m=0

THEOREM 6.9 (Duality relations). Let g = (‘Cl Z). Fork,m,n € Z>¢ and y,w € C,

> () imera > ) > (2)r-ut B -rwn-tig) (012

J

=0 pr )
-G (e S L) (eenr s,

g(z>d7(b)mi B]§<> Ty B (Lo wig)  (6.13)
i (;161;2_; () aTbn_Tjio(_l)j ] io ()e-w-1

B (w17 ysg7Y),

3 (e[ % Qv omi - rwo o
-GS (e[ 3 (e 1w

X Béﬁm*o)(w +1—7my—n-— 1;g_1).

In particular when n =0,

By " (y,w - 1;9) = —— BN (w,y — 1597, (6.15)

detg ™
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Proor. First we assume that Rew and Rey are sufficiently large. By (4.2), we
obtain

S () $[3

()7 "ty
g
0

7=0 7=0 o=
-1 ntl & n T m—r . n ! .] j—o —
= (G i de?cg Z <T>c d Z [J Z (U) (1—w47) "7 ¢p(s—0, u;w—T,y—n—1;g7 ).
=0 §=0 =0

It is noted that, for example, Dy_1 and D! are commutative and D;T(Dijl —y+k)=
(D' =(y—7)+k)D, 7. Letting (u,s) = (—k, —m), we obtain from (6.1) that (6.12) holds
for y,w € C if Rey and Rew are sufficiently large. Since Bsyfk) (y,w;g) is a polynomial
in y,w, we see that (6.12) holds for all y,w € C. Similar argument works well for (6.13)
and (6.14) by considering (4.3) and (4.4), respectively. When n = 0, each equation gives

(6.15). This completes the proof. O

EXAMPLE 6.10. Let (y,w,g) = (1,1, gy,) in (6.12). Then, from Example 6.3, we
obtain

> [Mairw =3 [

j=0 —o L/

.

which was given by Kaneko, Sakurai and the second-named author (see [9]). In particular
when n = 0 and 1, we obtain (1.3) and (1.4). Hence we can regard (4.2)—(4.4) in
Theorem 4.3 as interpolation formulas of the duality relations (1.3) and (1.4) and their
generalizations. Therefore we can give more general examples. For a € C, let g = g, =
(o'¢). Suppose Rear < 2 and let (y,w) = (1,1) in (6.2). Then g1 = a—1 & {1,00}
and

o0

Li, (o — €?) tm
wt 2 — (u) . -
et — _mz::OIBam (1,w,ga)m!. (6.16)
We have det g, = —1 and g, ! = g,. By (6.12) with g,, we have
n n o n n o
> [t 0 man) = X (B 0. a0

Jj=0 Jj=0

Note that (6.17) holds for a € C\ {2}. In fact, IB%S,L_k)(l, —n;gq) is a rational function in
a and continuous for a € C\ {2}, because the left-hand side of (6.16) is analytic around
t =0 when o € C\ {2}. In particular,

Bsr:k)(lv 0; ga) = ]Bl(cim) (17 0; ga)‘
For example, when o = 3, —2 and /—1, then we can check that

By (1,0;93) = BY 7(1,0;g5) = 242,
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_ _ 1
B 100 = BED(10:0 0y = — L
2 ( ,ng 2) 3 ( ,0,g 2) 5123
-3 —2 4
BS % (1,059,~1) = BS Y (1,059,-) = {95 125\/
EXAMPLE 6.11. By (6.15) with (y,w, g) = (=, =, g,) for | € Z>(, we have
By ™ (<1, —1 = 159y) =BG P (<1, ~1 = 159,)  (k,m € Zs). (6.18)
Since
-1
(z,—k,—1) Zz (n—10)F= Zzz(i—l)k—&—zlLi,k(z),
=0

we obtain from (6.6) that

-1 % ,
e (L — et —k, =) =) (i —1F) <’) (—1)fe- T
j

i=0 =0
l %) ( . )tn
_ ] —(l-‘r'-‘rl)t —k—1 v
+ Z( I)Je J ZCn—l ’fL'
§=0 n—=1
Hence, by (6.2), we have
-1 3 ’L )
BG (—1,—1— 1igy) = ()" S - )Y () 1+t 1)"
i=0 =0 M
m m l
j . m—i —k—1
# Y (M) - g - e
i—1 =0

Zm: (m)(—l)m_i Y = Zk: (f) (-DFieiY, (6.19)

SILCEDY (m) {2 = (=3 oY (6.20)
k
= 1>’€+m2’“+2('§) {(-2* = ()oY

for k,m € Zzl‘

By (6.15) with (y,w,g) = (=l,l + 1, g,) for | € Z>(, we obtain

By ™ (<16 gy) =BG P (41,1 - 13g,).

Similar to the above consideration, this produces new duality relations among C’fn ®)
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different from the above formulas. For example, the case [ = 0 implies (1.4), and the
case [ = 1 gives a new formula

ki( )C(_m K Xm: (m>cjfi(+lf) (k,m € Zo). (6.21)

j=1 7=0 J
Finally, we give certain explicit expressions of poly-Bernoulli polynomials.

LEMMA 6.12.  Assume g1 = 0. Form € Z>g and u,y,w € C except for appropriate
branch cuts,

B (y, w; g) = Eamep1(u, —m; y, w3 g). (6.22)

PROOF. Since g1 = 0, we have O(ge’) = O(t) (t — 0). Substitute s = 1 — k
(k € Z>1) into (5.4). Then the first term on the right-hand side of (5.4) vanishes,
because its integrand is holomorphic in ¢ around the origin. Hence, from Theorem 6.2,
we see that (6.22) holds for u,y, w € C except for appropriate branch cuts. Replacing
m =k — 1, we have the assertion. O

Combining Lemmas 5.2 and 6.12, we have the following.

ExXaMPLE 6.13. Let g = (‘c‘ Z). First we assume g1 = 0 and goo = oo, namely,
a+b=0and ¢ = 0. By Theorem 6.5, we have only to consider g = hg := ( o d) for
d € C\{0}. Note that h; = g, (see Example 3.7). Combining Lemma 5.2 with k = m+1,
Theorem 6.2 and Lemma 6.12, we have

u . —1\n w™
Bgn)(yaw7 hd) = Z y ¥ n wl) dn+1
m n N m
_ Z S (" (—py e =a)"
oy y-I—’fL u J dnJrl

7=0

In particular when (d,y,w) = (1,1,0), from Example 6.3, we obtain the well-known

expression
m
Z .
= n+1 { }

(see [7, Theorem 1]), where {™} is the Stirling number of the second kind determined

by
(- S mees

J

Next we assume gl = 0 and g0 = oo, namely, a + b = 0 and d = 0. Hence we consider
g=hl:= (L7 for c € C\ {0}. Note that h] = g¢ (see Example 3.7). Combining
Lemma 5.2 with £k = m + 1, Theorem 6.2 and Lemma 6.12, we have



206 Y. KoMORI and H. TSUMURA

(’LU +n+ 1)7n
Cn+1

S

J=

B (y, w; hl) - D"

7. Proofs of Lemmas 2.5 and 2.6.

LEMMA 7.1.  Let N be a neighborhood of the origin in R>q. Let a(U), b(U) ( )
be real continuous functions in U € N such that a(U),c(U) > 0 and —y/a ) <
< /a(U)e(U) for allU € N. Let 0 < g < 1. Then there exists M > 0 such that

a(U)Y? = 20(U)UY + c(U)U?

F(UY) = e

>M

for all (U,Y) in a sufficiently small neighborhood of the origin in ]RQZO unless the denom-
inator vanishes.

PrOOF.  We denote a(Uy), b(Uy), c(Up) by a,b, ¢ respectively for short.
First assume 0 < ¢ < 1. Fix a sufficiently small Uy > 0. Then
OF (Uo,Y)  a(2—q)Y? —2b(1 — q)UsY — cqU§

oYy Ugququl

=0

implies the unique solution
=AUy >0 (7.1)

with

b(1—q) + /D2(1 — q)2 + ac(2 — q)q

A=
a(2—q)

> 0.

Thus we have

ac(2 —q) — b*(1 — q) — by/b2(1 — q)2 +ac(2—q)
a(2 —q)* A1

F(Uy,Y) > F(Uy, Yy) =2

Here
ac(2 —q) —b*(1 — q) = ac + (ac — b*)(1 — q) > ac > 0,
—by/B2(1 = q)% + ac(2 — q)g > —[b|\/ac(1 — 9)? + ac(2 - g)q > —|b|/ac.

If a(0)c(0) # b(0)?, then

ac(y/ac — |b

and there exists M > 0 such that
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FUY)>M

for all (U,Y) in a sufficiently small neighborhood of the origin in R% ;. If a(0)c(0) = b(0)?,
then by the assumption we have b(0) = —1/a(0)c(0) < 0 and b(U) < 0 for all sufficiently
small U > 0. Then

—by/2(1 - q)? +ac(2 — q)g > 0

and

2ac

> .
P T) = o= gpas

Hence we have the same conclusion.
Next assume ¢ = 0. Fix a sufficiently small Uy > 0. Then

aF(Uo, Y) o 2CLY - bUO

Y gz

implies the unique solution

If a(0)c(0) # b(0)?, then we have

ac —b?

F(Uy,Y) > F(Uy,Yy) =
and there exists M > 0 such that
FUY)>M

for all (U,Y) in a sufficiently small neighborhood of the origin in R xR>q. If a(0)c(0) =
b(0)2, then by the assumption we have b(0) = —+/a(0)c(0) < 0 and b(U) < 0 for all
sufficiently small U > 0. Then

F(Us,Y) > F(Up,0) = ¢

O

for Y > 0 and we have the same conclusion.

LEMMA 7.2. Let N be a neighborhood of the origin in R>o. Let a(U),b(U),c(U)
be real continuous functions in U € N such that a(U),c(U) >0, —+y/a(U)c(U) < b(U) <

Va(@)e(U) for allU € N\ {0}, b(0) = 1/a(0)c(0) and

. aU)e(U) —b(U)?
K= &1{)110 U?

> 0.

Let 0 < q < 2. Then there exists M > 0 such that
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_ a(U)Y? = 2b(U)UY + c(U)U?

G(U.Y) T

> M

for all (U,Y) in a sufficiently small neighborhood of the origin in IRQZO unless the denom-
inator vanishes.

ProOOF. We denote a(Uy),b(Up), c(Uy) by a,b, ¢ respectively for short. Note that
GU,Y)=U2F(U,Y), where F(U,Y) is given in Lemma 7.1.

First assume 0 < ¢ < 2. Fix a sufficiently small Uy > 0. Then G(Uy, Y) attains its
minimum at the same Yy as (7.1), which is also valid for 1 < ¢ < 2 and

ac(2 — q) = b*(1 — q) — by/b%(1 — ¢)> + ac(2 — q)q

> =
G(Uo,Y) > G(Uo,Yo) =2 a(2 — q)2A1U2

with
ac(2 —q) = b*(1 — q) = b* + (ac — b*)(2 — q) > 0,
(ac(2 = q) = 0°(1 = q))* = (0V/B2(1 — @) + ac(2 — q)g)* = ac(ac — b°)(2 - ¢)*.

Since

B =ac(2—q) — b*(1 —q) +b/b2(1 — q)2 + ac(2 — q)q — 2a(0)¢(0),
A — +/¢(0)/a(0)

as Uy — 0, we have

ac(2 —q)* ac—b? K

G(Uo,Y) > G(Up,Yy) = 2a(2 —gRAB U2 a(0)+/c(0)/a(0)"

as Uy — 0. Thus there exists M > 0 such that
GUY)>M

for all (U,Y) in a sufficiently small neighborhood of the origin in R .
Secondly assume ¢ = 0. Fix a sufficiently small Uy > 0. Then G(Up,Y) attains its
minimum at the same Yj as (7.2) and

ac — b? K
GUy,Y) > GUy YY) = —— — >0
( 05 )— ( 05 0) aUg — CL(O) >
as Uy — 0. Thus there exists M > 0 such that
GUY)>M

for all (U,Y) in a sufficiently small neighborhood of the origin in Rsg x R>g.
Thirdly we assume ¢ = 2. Fix a sufficiently small Uy > 0. Then
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0G(Uo,Y) _ ,bUsY — cUg 0
oy vgys

implies the unique solution

U
YOZCTO>O

because by the assumption, b(U) > 0 for all sufficiently small U > 0. Thus we have

ac—b? BN
cUg c(0)

G(Uo,Y) > G(Uo, Yo) =
as Uy — 0 and there exists M > 0 such that
GUY)>M
for all (U,Y) in a sufficiently small neighborhood of the origin in R . O

LEMMA 7.3.  Assume that h = (: ?) € GLy(C) satisfies hU =Y for only (U,Y) =

(0,0) in a neighborhood of the origin in Rzzo- Then for 0 < q < 1, there exists M > 0
such that

M ‘ o
1 Ul—ayd if the origin is not a cusp,
<
ol +5 =Y(3U +9) L if the origin is a cusp
U2(1-9)y2q

in a neighborhood of the origin in R2 .

PROOF. Assume that h = (f; g) € GLy(C) satisfies hU =Y for only (U,Y) =

(0,0) in the neighborhood of the origin in R220a Then h0 = 0 implies 8 = 0 and deth =
ad # 0. Hence hU =Y is rewritten as

aU (ayU + ad)U
Y = = ) 7.3
~U + 4§ VU + 6|2 (7:3)

Assume that ad € R.g and oy € R. Then in any neighborhood of the origin, a pair
(U,Y) with asmall U > 0 and Y given by (7.3) is a solution. Thus if the solution is only
(U,Y) = (0,0) in a neighborhood of the origin in R%, then ad ¢ R~ or oy ¢ R.

If the origin is a cusp, then (d/dU)hU|y=o = (deth)/6? = a§/|6)> > 0 and hence
ad € Rsg. The converse is also true.

Assume 0 < ¢ < 1/2. Consider

|aU —8Y —yUY > =6 + yU*’Y? — 2Re(ad + aFU)UY + |af*U?
and let

a(U) = |6 +7U|?, b(U) = Re(ad + ayU), c(U) = |af?.



210 Y. KoMORI and H. TSUMURA

We check the assumptions in Lemmas 7.1 and 7.2. Since a,d # 0, we see that
a(U),c(U) > 0 for all sufficiently small U > 0. Furthermore

a(U)e(U) = b(U)? = |ad + aqU|* — (Re(ad + aqU))? = (Im(ad + aFU))* > 0,
which implies —+/a(U)c(U) < b(U) < 1/a(U)c(U). Since ad ¢ Rsg or o7y ¢ R,
a(U)c(U) —b({U) = |ad + aFU| — Re(ad + aFU) # 0

holds for all sufficiently small U > 0 if ad ¢ Rsg, and for all sufficiently small U > 0 if
ad € Ryg. In the latter case,

b(0) = Read = |ad| = v/a(0)c(0)

and

a(U)c((é)Q— b(U) _ (Im(aél—]i—QOﬁU)) _ (Imng) — (Ima®)? > 0.

Thus we have checked the assumptions required and have the assertions in this case.
For 1/2 < q < 1, exchanging the roles of U and Y, and applying Lemmas 7.1 and
7.2 with

laU — §Y —yUY|*> = |a — yY|2U? — 2Re(6a — 67Y)YU + |6]°Y?
and
a(Y)=la=2Y,  b(Y)=Re(da—67Y),  cY)=15

we have the assertions in this case. Here we used the fact that ad € R implies oy ¢ R,
and hence da € Rs( and 67 ¢ R. O

LEMMA 7.4. Assume that h = (fy’ ?) € GLy(C) satisfies hU =Y for only (U,Y) =
(0,0) in a neighborhood of the origin in ]RQZO. Then there exists € > 0 such that
1
Y] > U] > ey

for any pair (U,Y) satisfying hU =Y in a sufficiently small neighborhood of the origin
in C2.

PrOOF. From the first paragraph of the proof of Lemma 7.3, we see that 5 = 0
and ad # 0. Since hU =Y is rewritten as Y = aU/(vU + 9), we have

(6% (6%
vz L jus Ao
|5|’1+5U‘ 9]

Similarly U = §Y /(7Y — «) implies



Arakawa—Kaneko zeta-functions associated with GL2(C) 211

d
2|a

PROOF OF LEMMA 2.5. For Z € {1,00}, let
1-1

Z=1),
(o) e
0 -1

Z = 00).
(°)) =

Note that kz maps a neighborhood of Z in [1,+00] to a neighborhood of the origin in
R>o.
By putting U = kg, T and Y = kx, X, we see that h = k:Xng;Ol = (a 5) satisfies

1ol
U= o= [Y. O

v o
the assumption in Lemma 7.3. Since

and
JD(kXéh U)
JD(kTolv U) ’

jp(kxihkn,, k' U) =

Y]

we have
ip(g: T)(1 = (¢T)X 1) = jp(kx, hkry, kg U)(1 = (kx, hU)(k X;Y) Y
_ jD(k;?ith)< in(kxoh, U) jp(kx,, Y )
jp(ky U) ip(kxih,U) jn(kx,Y
. jD(k)_(ith)jN(kXiv )*]N(kxih U)j (kx Y)
a dp(kz) U)jn(kxl,Y)
jp(kxs, hU) — jp(kxl,Y) (7.4)
R
in(h,U) = Yjp(h,U)
U+ (—1)TT,
_aU+pB =Y (U +6)
B U+ (-)DT,

Hence

jo(g,T) (1 = (¢T)X~1)
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1
—_— if the vertex is not a cusp
5o~ 1-qyq ’
<M+ (1P g U
] if the vertex is a cusp.
Since
ToT — 1
U=kpT=-""——,
e
XoX —1
Y =kx, X = 222
—(-1%ox
we obtain the first result.
The second statement follows from Lemma 7.4. O

PROOF OF LEMMA 2.6. We use the same notation as in Lemma 2.5. If V(g) # 0,
then we fix Xo € V(g) and Ty = g~ Xp, and otherwise put Xog = Ty = oo. Further put
U:k%TJ/:k%X}h:kxg@f:(zg)mﬂS@%:HMY)emJF|MJ:Y}
We see that

0 (tV(g) = 0),
S(g) = 4¢{(0,0)} (tV(g) = 1),
{(0,0), (1,1)} (tV(g) = 2),

and S(g) coincides with the set of all solutions of alU + 8 = Y (yU + 6) in [0,1]?. Let
N C (kg x kx,)(IN) be an open ¢-neighborhood of S(g) in C? and B be an €”-
neighborhood of [0, 1] in C. Since [0,1]?\ N is a compact set in C2, there exists M > 0
and €” > 0 such that

1
-Y —
laU + B WU+®t>M

for all (U,Y) € B2, \ No. By the same calculation as (7.4), we have

(o, 7)1~ ()X ) = ST,

Hence
1 1 < %
ip(g,T) (1 = (¢1)X-1H)1 = |T|

for all (T, X) € (kr, x kx,)~"(B2, \ No) N C2. Since k; ' (Be) = k' (Ber) D Wi for a
sufficiently small € > 0, we have

(kz, x kx) " (B2 \ Ne) N C? D ((kg, (Ber) x ki, (Ber)) \ N)NC? 5 Wi\ N,

and the assertion. O
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