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Abstract. We introduce a new class of perturbations of the Seiberg—
Witten equations. Our perturbations offer flexibility in the way the Seiberg—
Witten invariants are constructed and also shed a new light to LeBrun’s cur-
vature inequalities.

1. Introduction.

The Seiberg-—Witten invariants, or the monopole invariants, are invariants of a
smooth, closed, oriented 4-manifold X. When b"(X) is greater than 1 and a homol-
ogy orientation for X is fixed, they can be regarded as a map

SW: Spin“(X) — Z,

where Spin“(X) denotes the set of isomorphism classes of spin®-structures on X. They
are defined, roughly speaking, by counting solutions to the Seiberg—Witten equations on
X. In this paper we will introduce a new class of perturbations of the Seiberg—Witten
equations.

Perturbations of these equations have played a prominent role in the interplay be-
tween the invariant and the equations. A standard approach of defining the invariant
employs a generic self-dual 2-form to achieve transversality of the equations. Witten
[19] deformed the equations by holomorphic 2-forms to show that the invariants of a
Kahler surface are completely described in terms of the complex geometry of the surface.
Taubes [17], [18] introduced two classes of perturbations to prove spectacular results
on symplectic 4-manifolds. Ozsvéth and Szabé [14] and Mrowka, Ozsvéth, and Yu [13]
used connections on the spinor bundle that do not necessarily induce the Levi-Civita
connection on the tangent bundle. Kronheimer and Mrowka [5] introduced the blown-
up Seiberg-Witten equations. Bauer [2] proposed a “regularised monopole map”. For
the other direction, LeBrun [8] considered conformal transformations of the equations to
obtain a simple proof of his celebrated curvature inequalities. The purpose of this paper
is to add a new class to the list.

The new perturbations, introduced in Section 2.2, are a natural consequence of the
Weitzenbock formulae for self-dual 2-forms and the Dirac operator; the key estimate of
the article is the inequality (7). This key inequality also leads us to define an invariant
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Mg, which characterise the class of almost-Ké&hler metrics (Proposition 1). The pertur-
bations involve the scalar curvature, the self-dual Weyl curvature, and the invariant Ag.
Our original motivation for modifying the Seiberg—Witten equations in the light of new
perturbations comes from LeBrun’s curvature inequalities [10], [11], and we slightly im-
prove them (Theorem 9) along with a new proof of his original inequalities, which will
be explained in Section 3.

Before describing our perturbations in detail, we illustrate them by a simple one.
We first set our conventions for it. Our notation basically follows that of [5]. Let
(X, g) be a smooth, closed, oriented, Riemannian 4-manifold, and s a spin®-structure on
X. For simplicity, we assume that b*(X) > 1 in Introduction. We denote the bundle
of self-dual 2-forms by AT, the scalar curvature of g by R,, and the self-dual Weyl
curvature of g by WiF. We recall that W at a point # € X may be viewed as a trace-
free endomorphism W, (x): A — Al of the self-dual 2-forms at x, and a Lipschitz
continuous function wy: X — (—o0,0] is defined by its lowest eigenvalue. The spin®-
structure s determines a triple (S*, S, p), where S * are Hermitian 2-plane bundles and
p: T*X — Hom(S™,S7) is the Clifford multiplication. The determinant line bundle of s
is denoted by det(s). The canonical real-quadratic map is denoted by ¢ : ST — AT, and
satisfies the pointwise equality |o(®)|> = |®|*/8. The self-dual part of the first Chern
class ¢ (s) of the determinant line bundle is denoted by ¢ (s). We adhere to the notational
convention that, for any real-valued function f: X — R, we define f1: X — [0,00) and
fo: X — [0,00) by fy(x) := max(f(z),0) and f_(x) := max(—f(z),0) respectively.
Our convention differs from that of [11, p.287]. For example, Ry, = (Ry)+ — (Ry)— and
|R4| = (Rg)+ + (Ry)—. Note that fi might be only Lipschitz continuous even if f is
smooth. Let us also fix a continuous cut-off function 3: [0,00) — [0, 1] with 3(t) =1 for
t<1land §(t) =1/t fort > 1. Let ¢ > 0. Now we can write down a simple version of
our perturbed Seiberg—Witten equations for a connection A on det(s) and a section ® of
St

Dad =0
1 9

\/§B(U<¢))>K3Rg+2wg> +€]0(¢). (1)

R
Py =

This perturbation can be obtained from (10) in Section 2.2 by setting sinf = 1 and
w = 0 and using Ag > 0. We will show in Sections 2.3 and 2.4 that the moduli spaces of
solutions to these equations are always compact, and that the invariants defined by them
coincide with the Seiberg—Witten invariants. We thus deduce that, if a spin®-structure
s satisfies SW(s) # 0, then we have a solution to these perturbed equations for every
Riemannian metric g and any € > 0. We now emphasise that this fact yields a quick proof
of one of LeBrun’s curvature inequalities [11, Theorem 2.4]: For any spin®-structure s
with SW(s) # 0, we have a solution (A, ®) to (1) for any € > 0. Then, the second
equation implies that

2

2
z dpig

JiEitan, = [ |- Sesto@n| (G, +2m,) +do@
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1 2 2
gg ; §R9+2w9 +e| dug,

where we have used 3(|o(®)])|o(®)| < 1. The last inequality gives
1 2 ?
st @2 < [ irt Py < g [ [(GRr20,) ] an,
X 8 Jx [\3 _
for any € > 0, and hence we conclude that

H8)? < — 2R22d<1 2R22d
(o) < g [ gl 2w ) i < g [ (3Ho 20 ) ity

for any spin®structure s with SW(s) # 0. We will also reprove in Section 3 that g is
almost Kihler if ¢f (s) # 0 and equality holds.

2. The perturbed Seiberg—Witten equations.

In this section we introduce our perturbations of the Seiberg—Witten equations in
full generality. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold, and s a
spin“-structure on X. We denote the scalar curvature and the self-dual Weyl curvature
of g by Ry and W;’ respectively. We define a Lipschitz continuous function wg: X —
(=00,0] to be the lowest eigenvalue of the trace-free endomorphism W, (z): Al — A
of the self-dual 2-forms at z. The spin®-structure s determines a triple (S*,S7,p),
where S* are Hermitian 2-plane bundles and p: T*X — Hom(S*,S™) is the Clifford
multiplication. The determinant line bundle of s is denoted by det(s). The canonical
real-quadratic map is denoted by o : ST — AT, and satisfies the pointwise equality
lo(®)|? = |®|*/8. Fix a reference smooth connection Ag on det(s).

2.1. 'Weitzenbock formulae.

We begin by proving some inequalities through Weitzenbock formulae, which will
be the key to everything that follows. Let 0: X — (R/27Z) be a smooth function. For
brevity, we abbreviate sinf and cosf as s and c respectively.

The Weitzenbock formula for self-dual 2-forms reads

1
(d+d*)*c = V*Vo + gRga —2W (o, "),

and it implies that
[ N+ @) (so) dy
X
1
= /x |:V(SO')|2 + gRg|sa|2 —2W (s, 50) | dpg

= /X [02|d9 ® o|? + s?|Vo|? + 2cs(df @ 0, Vo) + %S2Rg|0|2 - 232Wg+(0, o)|dug (2)
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for any smooth self-dual 2-form o. We have
/X IV (co)|? dpg = /X [s2|d0 ® o> + | Vo|* — 2cs(df @ o, VO')] dpg (3)
for any smooth self-dual 2-form o. These two equalities (2) and (3) combine to give
[ N ayson g + [ V()P du,
X X
1
= /X [|d920|2 + §82R9|U\2 - 232W;'(0, 0‘):| dpg + /X Vo |? du,

1
</ [|d920|2—|—332Rg|02—232wg|0|2}dug+/x|VU|2dug (1)

for any smooth self-dual 2-form o.
On the other hand, the Weitzenbock formula for the Dirac operator reads

1 1 .
(DADA®,®) = L A0 + [VA®] 1 { R[] +2(~iF}.o(2),
and it implies
| (Da®,Da(BP D) dy
X
1 1 .
= [ ||oPIaRE + 3IVIOPE 4 {R 0l — 2L oPo @) duy  (6)

for any smooth connection A on det(s) and any smooth section ® of ST. Note that the
particular self-dual 2-form o = o(®) for a section ® of ST satisfies the pointwise “log
Kato inequality”

Vo(@)| _, Va9
o@) =7 T

and our convention is |o(®)|? = |®|*/8; hence (5) can be rewritten in the form
[ 1wl dn,
b's
1
< [ |- 2¥10lP - Rilol? + (VEiFL. lolo) + 5(Da®. Da(0P0) sy (0
X

for any smooth connection A on det(s), any smooth section ® of ST, and o := o(P).
Now we piece (4) and (6) together to obtain
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J N @y so) g + [ V()P g 2 [ 1900l du
X X X
< / —[(1 = s*/3)Ry + 25°wy — |dO]?]|o|* dpug
X

+ [ (VBiFLlolo)duy + 5 [ (Da® Da(P®) duy )

for any smooth connection A of S*, any smooth section ® of S*, and o := o(®). This
inequality will play a pivotal role in the sequel. The inequality (7) leads us to define a
non-negative constant Ay by

* 2 2 2
M:m%mmwxwmﬁmﬁwm+MVdm
a3

0£oeunf ®
and a Lipschitz function Ky or K on X by
Ky := <1 — %sin2 9) R, + 2(sin” 0)w, — [df]* + Xg.
The inequality (7) can be reformulated in terms of Ky as
/X Kylo|? du, < /X (V8iF],|o|o) dug + % /X(DAq>, DA(|®*®)) du, (9)

for any smooth connection A on det(s), any smooth section ® of ST, and o := o(®). We

observe that o = o(®) is in L? for any L} 4, -section ® of ST with p > 4; therefore, the

inequality (9) holds for any L} , -connection on det(s) and any L} , -section of S*.
The invariant \g characterises the class of almost-Kéahler metrics.

PROPOSITION 1. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold,
and §: X — (R/277Z) a smooth function. Then, \g =0 if and only if g is almost Kdhler
and 6 is a constant function. Moreover, if cosf > 0, then g is Kdahler.

PROOF. Assume A\g = 0. Then, there exists a sequence {0, } of g-self-dual 2-forms
such that o; € L?, |loj]|2 = 1, and

| —

I1(d + d*)(so)lI3 + IV (cop)l3 + 21 VIosll13 < = (505113 + llea;3),

<

where s = sinf and ¢ = cosf. In particular, o; are uniformly L3-bounded by (2)
and (3). Thus, there exists a 2-form o such that o; strongly L?-converges to 0, and
(d+d*)(so;) and V(co;) strongly L?-converge to (d+d*)(s0s) and V(co) respectively.
It follows, therefore, that ||(d + d*)(s050)[|5 + [V (coao)|3 + 2||V]oso |3 = 0, and elliptic
estimates show that 0., is a non-trivial smooth g-self-dual 2-form. Consequently, 6 is a
constant function and o, is a symplectic form compatible with g. Moreover, if cos8 > 0,
then o, is g-parallel and g is Kéhler. The converse is clear. O
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2.2. Perturbations.

We next explain in full generality our perturbations of the Seiberg—Witten equations.
Let 0: X — (R/27Z) be a smooth function, and we abbreviate sin 6 and cosf as s and ¢
respectively. The non-negative constant Ag is defined by (8). Recall that Ky or K stands
for (1—s2/3)Ry+2s%w, —|df|?+ g, and that K denotes max(+K,0). Fix a continuous
cut-off function 3: [0, 00) — [0,1] with 5(¢t) =1 for t <1 and G(t) =1/t for t > 1. Let &
be a (not necessarily continuous) g-self-dual 2-form with ||&]/c < 1, and € > 0. We now
consider the following perturbed Seiberg-Witten equations for a connection A on det(s)
and a section ® of S

Da® =0 "
{ V8IFT = —B(|o(®))(K_ + €)o (D) + K . (10)

A solution (A, ®) of (10) is called reducible if & = 0. The gauge group Map(X, U(1))
acts on the set of solutions. We remark that, by the choice of 3,

Blo(@)]) - lo(@)] <1

at each point.

We then set up suitable function spaces to define moduli spaces of solutions to (10).
Since we have allowed @ to be of just L, it is not expected that solutions are smooth.
We pick a p > 4 and a smooth connection Ay on det(s), and define

C:={(A4,®)|A-Agcfand ®c L] , }

and
G:={u: X - C|ue Ll and |ul =1}

The gauge group G is a Banach Lie group acting smoothly on the configuration space
C. Let B :=C/G, and write [A, ®] for the orbit of (A, ®) under G. We then define the
moduli space M(6,&, €) to be

M(0,0,€) = {[A, @] € B (10) holds.}.

Our moduli spaces are always compact, which will be proved in the next section.

2.3. Compactness.

In this section we prove that moduli spaces for the perturbed Seiberg-Witten equa-
tions (10) are compact. The main idea that underlies our proof is to convert quantitative
estimates in LeBrun [11] to a qualitative property of compactness of moduli spaces. Fix
a smooth function 6: X — (R/27Z), a g-self-dual 2-form & with ||&]e < 1, and a con-
stant € > 0, and we consider the perturbed Seiberg-Witten equations (10) for these 6,
w, and € throughout this section.

We first observe that the L*°-bound on Fj is immediate.
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PROPOSITION 2. Any L¥-solution (A, ®) of (10) satisfies the L -bound
1

1

1F4 oo < —=

VB

PROOF. The second equation of (10) implies the following pointwise inequalities

(1K o +€)-

[VBIEL| = | = B(lo(®)) (K- + €)o(®) + K0
S (K- +6)-[8(lo(®))o(P)] + Ky - @]
<K_+4+e+Ky=|K|+e,

where we have used G(|o(®)])|o(®)] < 1, [|@||co <1, and |K| =K + K_. O
We next derive the L*-bound on ® via the inequality (9).

PROPOSITION 3.  Any LY-solution (A, ®) of (10) satisfies the L*-bound
1

K.
/ B[4 dp, < 8(1 + mxﬁ) Vol(X, g).
X

PROOF. We abbreviate o(®) as 0. The equations (10) and the inequality (9)
combine to yield

[ s =K oPduy < [ (= BlloN (- + o+ Kednlolo) du
X X
< | =Blablol- (- + oy + [ KiloPduy, (11

where we have used ||@|lcc < 1 and K = Ky — K_. Rearranging these inequalities, we
have

[ Btioblol - (- + ol duy < [ Kol duy.
b'e b'e
Since B(|o|)|o] = 1 at every point where |o| > 1, we have
| loPdu< [ Kol
lo|>1 lo|<1
Consequently, we obtain

[ ol = [ foPduy+ [ o an,
x o<1 jo|>1

1
<[ doPduytt [ KoloPduy.
lo|<1 € Jio|<1
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The desired estimate follows. O
It is now straightforward to show that our moduli spaces are compact.

THEOREM 4. Let (X,g) be a smooth, closed, oriented, Riemannian 4-manifold,
and s a spin®-structure on X. Fix a p > 4. For any smooth function §: X — (R/27Z),
any g-self-dual 2-form & with ||0||e < 1, and any € > 0, the moduli space M(0,w,¢€) for
the perturbed Seiberg—Witten equations (10) is compact.

PROOF. Proposition 2 gives the L{-bound on A in an appropriate gauge for any
p. Then, Proposition 3 and the first equation gives the L‘f’ 4,-bound on @, and it again
gives L%’Ao—bound on ®. In particular, we obtain the L?-bound on ® for any ¢. The first
equation finally provides the in 4,~bound on ®. Compactness of M(0,0,¢€) follows. O

Actually, we have proved more.

THEOREM 5. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold,
and s a spin°-structure on X. Fiz a p > 4 and a smooth function 6: X — (R/2nZ). Let
F: X x[0,00) = R be a L>®-function, and n a (not necessarily continuous) g-self-dual
2-form. Assume that |n(z)| < (Kg)4(x) for any x € X, and that there exist a constant
T>0,k>0, and § > 0 such that

0 if (x,t) € X x [0, 7]

f<;>tF(gc,t)>{ _
(Ko)—(z)+¢6 if (x,t) € X x [T, 00).

Consider the following perturbed Seiberg—Witten equations

Dpa® =0
{ VBIF} = —F(x,|o(®))o(®) + . (12)

Then, the moduli spaces of LY -solutions to (12) are compact. Every LY-solution to (12)

is smooth if both F' and n are smooth.

The equations (10) can be recovered from (12) by setting F'(z,t) := B(¢)(K_(z) +¢€)
and n := K4o.

REMARK 6. Sung [16, Theorem 3.4] has discovered that there exist an almost-
Kihler metric g, on T? x X, where T? is a torus and ¥ is a closed Riemannian surface
of genus greater than 1, and a constant ¢’ > 1 such that

/ (1 — &' /3) Ry, + 20'wy, ) dug, < 3212 (cf (T? x X))
X

This example illustrates that, for any € > 0, there exists an ¢ € (0,¢] such that the
moduli space of solutions to the following equations on (T2 x X, gp,)
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Da® =0
{ VBIF) = —B(1o(®))[(1 — 8'/3)Ry, + 28"wg, ) + €| o(2)

is not compact. See also [6, Theorem 4.3] and [7].

2.4. Invariants.

In this section we show that the invariant defined by the perturbed Seiberg—Witten
equations (10) coincides with the Seiberg-Witten invariant.

Ruan’s virtual neighbourhood technique [15] (cf. [3, Proposition 3.3]) works for
the perturbed Seiberg—Witten equations (10) because we have shown in Theorem 4 that
their moduli spaces M(0,w,¢) are always compact, and we can thus extract integer-
valued invariants from M(6,,€). We remark that, if b1 (X) > 0, we consider a Banach
bundle over the Picard torus and need a C!-partition of unity in L}, which always exists
(see [4], for example).

We next show that the invariant defined by the perturbed Seiberg—Witten equa-
tions (10) coincides with the Seiberg-Witten invariant. If b*(X) = 1, then the Seiberg—
Witten invariant depends on a chamber structure in the space of g-self-dual 2-forms
Qf (X); in this case, we assume that the perturbed Seiberg-Witten equations (10) does
not admit any reducible solutions and we only consider Seiberg—Witten invariants for a
chamber that contains K .

THEOREM 7. Let (X,g) be a smooth, closed, oriented, Riemannian 4-manifold,
and s a spin®-structure on X. Fixz a p > 4, a smooth function 6: X — (R/27Z), a
g-self-dual 2-form & with |®]| < 1, and an € > 0. If bT(X) = 1, we assume that the
perturbed Seiberg—Witten equations (10) does not admit any reducible solutions. Then,
the Seiberg—Witten invariant coincides with the invariant defined by (10).

PROOF. Let C be a positive constant larger than 100(||n|e + [|Ryll) and
(IK-]|ss + 1/100), and 1 a smooth 2-form that satisfies |n(z)| < Ky(x) for any x € X
and belongs to the same chamber as K, o.

We first note that, via rescaling § = (C/v/8)~2g, an L!-solution to the Seiberg—
Witten equations

Ds®=0

1 (13)
iFf=—0(®) +—
with respect to g and s is put into one-to-one correspondence with an L¥-solution to the
perturbed Seiberg—Witten equations

Dp®=0 A
{ VBIFT = —Co(®) +1 1)

with respect to g and s. If (10) does not admit any reducible solutions, then neither (13)
nor (14) admits any reducible ones. In particular, the Seiberg—Witten invariant, which



1664 M. FuruTA and S. MATSUO

is defined by (13), coincides with the invariant defined by (14).
Since 7 is smooth, any Li-solution (A, ®) to (14) is smooth; hence, the maximum
principle yields ||o(®)||s < 1. Consequently, each Li-solution (A4, ®) to (14) satisfies the

following perturbed Seiberg—Witten equations

DA =0 ,
{ VEIF] = —Cy(lo(®))o (@) + 1, (19)

where v: [0,00) — [0,1] is a smooth cut-off function with «(¢f) = 1 for ¢ < 1 and
1/2t < ~v(t) <2/t for 1 < t. Any LY-solution (A, ®) to (15) is also smooth; hence, the
maximum principle again ||o(®)||oc < 1. Consequently, each L{-solution to (15) satisfies
(14). In particular, the invariant defined by (14) coincides with the one defined by (15).

A pair (F,n) with F(z,t) := C~(t) satisfies the assumption of Theorem 5. Take
a path of pairs (F},n;) from (10) to (15), each of which satisfies the assumptions of
Theorem 5. Ruan’s virtual neighbourhood technique again works for (12) with (Fi,n;),
and the invariant defined by (10) coincides with the one defined by (15). The theorem
follows. O

3. LeBrun’s curvature inequalities.

In this section we give yet another proof of LeBrun’s curvature inequalities [6], [9]—
[12]. The non-negative constant Ay is defined by (8). Recall that Ky or K stand for
(1—5?/3)Ry + 2s*w, — |dA|* + \g and that K denotes max(+K,0).

THEOREM 8. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold with
bt (X) > 0 and s a spin‘-structure on X ; in case b*(X) = 1, we assume that ¢ (s) # 0.
If SW(s) # 0, then we have

327r2(01"(5))2 < /X [((1 — sin? 0/3)Ry + 2(sin? 0wy — |d)? + )\9)_]2 dpg

for any smooth function 0: X — (R/27Z).

PrROOF. By assumption, we have a solution (A, ®) to the perturbed Seiberg—
Witten equations

Da® =0
{ VBIF] = —A(lo(®)))(K- + e)o(®)

for any € > 0. The second equation implies that
. 2
J VB duy = [ 1= o@D (- + o (@) duy

< / (K_ +€)*dp,.
X
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We have, thus,

3212 ( / VEiF |’ dug_/X(K_Jre)Qdug

for any € > 0. The desired inequality follows. O

THEOREM 9. Let (X,g) be a smooth, closed, oriented, 4-manifold, and w a g-
self-dual harmonic 2-form. Let s be a spin®-structure on X with SW(s) # 0; in case
bT(X) =1, we consider a chamber that contains K w/|w|. Then, we have

/X ((1 —sin®6/3) Ry + 2(sin” 0)w, — |d6|* + )\a)bgg dpg < 4meq(s) - (W]

for any smooth function §: X — (R/2x7Z).

PrROOF. We define w(x) := w(z)/|w(x)| for + € X and adopt the convention that
@ =0 at a point where w = 0. Then, @ is a g-self-dual 2-form with [|®|. < 1.
By assumption, we have a solution (4, ®) to the perturbed Seiberg-Witten equations

(16)

DA® =0
{ V8iFT = —B(|lo(®))(K_ + ) (D) + K&

for any € > 0. The second equation implies that
/ VEIFt Aw _/ 8o (B))(K_ + )o(®) + K.+0] Aw
/ﬁ|o— K_—|—6)0(<I>)/\w+/XK+cD/\w.
Since (K_ +¢) > 0 and §(|o(®)|) > 0, the Cauchy-Schwartz inequality yields that
—/Xﬁ(la@)l)(K— +e)o(®) Aw = —/Xﬁ(lo(@)l)(K— +6)|o(P)] - [w|dpg
>~ [ (ol dny.
X

Since w is g-self-dual harmonic, we have

/K+w/\w—/K+

dug—/ Ky|wldug
and

/\/giFX/\w:/ V8iFs Aw = 4V2mci(s) - [w].
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Consequently, we have

Vorar (o) ol =~ [ (K-t ollduy + [ Kilolduy = [ Kloldiy— [ Jold,
X X X X

for any € > 0. The desired inequality follows. O

Since we always have Ay > 0, we can recover the following curvature inequality of
LeBrun by taking 6 as a constant function with sin? 6 = §.

COROLLARY 10 (LeBrun). Let (X, g) be a smooth, closed, oriented, 4-manifold,
and w a non-trivial g-self-dual harmonic 2-form. Let s be a spin®-structure on X with
SW(s) # 0; in case b™(X) = 1, we consider a chamber that contains K w/|w|. Then,
we have

|w]

[ (= 5/3)R, + 250 dyy < dmes6) -]

for any § € [0,1].

We now proceed to examine when equality holds in Corollary 10. We first give a
quick proof that g is almost Kéahler if equality holds in Corollary 10 and [w] # 0. If
equality holds in Corollary 10, then Theorem 9 implies that

|wlg _ w %
[ (= 61R, 2500, +3) S g < [ (=873 R, + 2600 2

where we have used dff = 0. Since \y > 0, we have

)\9/ lw|dpg = 0.
X

If [w] # 0, we obtain Ay = 0. Consequently, by Proposition 1, it follows that g is almost
Kihler and that g is Kihler if cos?6 =1 — 6§ > 0.

THEOREM 11 (LeBrun). Let (X,g) be a smooth, closed, oriented, 4-manifold,
and w a non-trivial g-self-dual harmonic 2-form. Let s be a spin®-structure on X with
SW(s) # 0; in case bT(X) = 1, we consider a chamber that contains K w/|w|. Equal-
ity holds in Corollary 10 if and only if g is almost Kdihler and w is a positive constant
multiple of the compatible symplectic form of g. Moreover, if § < 1, then g is Kdhler.

PrOOF. Assume that equality holds in Corollary 10. Let 6 be a constant function
on X with sin?# = §. As shown above, \g = 0, and K = (1 — §/3)R, + 26w,. Let
€; = 1/j. By assumption, for each j, we have a solution (A;, ®;) to (16) with e = ¢;. We
abbreviate o(®;) as o; and B(|o(®,)|) as §;.

We first show that ®; does not strongly LP-converge to 0 as j — oo. If it does,
then, after passing to a subsequence (still denoted by j) if necessary, (4;, ®;) converges
weakly to a reducible solution to (16) with e = 0, which contradicts our assumption.
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Consequently, |lo;||2 is uniformly bounded from below.
We next show that (1—0;|0;])K_|o;| strongly L!'-converges to 0 as j — oo. Equality
in Corollary 10 implies, as in the proof of Theorem 9, that

[ Koleldny < [ 8-+ )y A
X X
< /X B, (K- + )]0 lw] dg < /X (K_+e)llduy. (A7)

Rearranging these inequalities, we obtain
0< [ (1= Blos)K-lwlduy <5 [ ol duy
X X

Therefore, (1 — §;|o;]) K |w| strongly L'-converges to 0; after passing to a subsequence
(still denoted by j) if necessary, (1—03;|0;|) K _|w| converges to 0 almost everywhere. Since
the nodal set of the non-trivial harmonic form w is of Lebesgue measure zero [1, Corollary
1], it follows that (1 — 3;]o;|)K_ converges to 0 almost everywhere. Although |o;| might
be unbounded as j — oo, we have (1 — 3;]0;|)|o;| = 0 at each point where |o;| > 1 by
our choice of §; hence, 0 < (1 — Gjlo;|)|o;| K- < K_. In summary, (1 — 5;|o;|)K_|o,]|
is uniformly bounded and converges to 0 almost everywhere; consequently, it strongly
L'-converges to 0 by the Lebesgue dominated convergence theorem.
The inequality (7) implies that

2 [ VoI g < [ (1= 53103 DKo dy
X X

Thus, V|o;| strongly L2-converges to 0. Now the inequality (7) again implies, after
passing to a subsequence (still denoted by j) if necessary, 6; := o;/|o;| strongly L3-
converges to a non-trivial smooth g-self-dual harmonic 2-form 6., with pointwise unit
length; it is g-parallel if 6 < 1. The inequality (17) shows that (e, w) = |Foo||w| at any
point in X ;therefore, 6, is a positive constant multiple of w. The theorem follows. [

REMARK 12. Let us mention how various curvature inequalities are derived from
Corollary 10. Setting § = 0 yields [12, Theorem 3], and setting § = 1 does [9, Theorem

3.3]. Considering [w] = —c] (s) and using the Cauchy-Schwartz inequality, we obtain

3272 (cf (5))? < / (1= 3/3)Ry + 20w,)? dug,
X

which is equivalent to [6, Theorem 4]. Then, setting § = 0 gives [10, Theorem 2], and
setting 0 = 1 does [11, Theorem 2.4].
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