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Hadamard variational formula for the Green function
of the Stokes equations

under the general second order perturbation
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Abstract. We consider the Hadamard variational formula for the Green
function of the Stokes equations with the Dirichlet boundary condition under
the smooth perturbation without assuming the volume preserving property.
‘We establish the formula for the first and the second variation for the second
order perturbation.

Introduction.

Let Q C R3 be a bounded domain with the smooth boundary 9Q. We consider the
stationary Stokes equations on 2 with the Dirichlet boundary condition;

—Av+Vp=f inQ,
diveo =0 in §, (0.1)

v=10 on 01},
where v = (v!,v2%,v3) and p are unknown functions for the velocity and for the pressure
respecitvely, while f = (f!, f2, f3) is the given external force. Our aim of the present
paper is to establish the Hadamard variational formula for the Green function of the
Stokes equations with the Dirichlet boundary condition under the smooth perturbation.
For any real parameter € and for any function p1, p2 € C*(9€2), we denote the perturbed
domain by (). whose boundary is expressed as

1
00, = {m + p1(x)vze + §p2(x)1/m52 i x € OQ}, (0.2)

where v, = (v1,12,13) is the unit outer normal to 9Q at = € 9. The Green function
{G: m, P m}m=123 of the Stokes equations on (2. is subject to

—AG. 1 (x,2) + VP, p(2,2) = 0(x — 2)em, (x,2) € Qe x Q,
div G. pm(x, 2) =0, (z,2) € Qe x Qe (0.3)
Gem(z,2) =0, x €08,z €,
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for m = 1,2, 3, where {e;, }m=1,23 denotes the canonical basis in R3. For simplicity, we
abbreviate the Green function {Go,m, Po.m}m=1,2,3 8 {Gm, Pm}m=123-

The purpose of this paper is to establish the representation formula for the first and
the second order terms of the expansion for the parameter ¢ as

1
Gem(7,2) = G (2, 2) + G (, 2)e + 762Gm(o:, 2)e? 4 -
P. o (x,2) = Py(x,2) + 6Py (2, 2)e + 262 (2, 2)e + - - -

for m = 1,2,3. More precisely, we construct the Hadamard variational formula for both
of {6Gn, 6Py =123 and {62°G, 62 Py }in=1,2,3 under the general smooth second order
perturbation as (0.2) with respect to ¢.

The Hadamard variational formula has been studied under the first order perturba-
tion . of Q with the boundary 0€2. defined by

00 = {z + ep(x)vy; x € 0N}, (0.4)

where p € C°(99Q). Under such a perturbation, Hadamard [7] first introduced the
representation formula for the Green function of the usual Laplace equation, and later
on Garabedian—Schiffer [4] and Garabedian [3] gave a rigorous proof of that formula not
only for the first variation 6G but also for the second variation §2G as

oG oG

§G(y7z) = 00 87(x7y)87(

x, z)p(x) dog, (0.5)
PGy, 2) = Q/QVQJG(Ly) - V.0G(x, ) dx

+ /aﬂ %Z(I’ y)%i(x, z)H (x)p(z) do, (0.6)

where H is the mean curvature at x € 9€2. The Hadamard variational formula is indis-
pensable for the perturbation problems. Indeed, the formula for the Laplace equation
has been applied to various problems as Aomoto [1], Grinfeld [5], [6], Ozawa [15] and
[16], for instance. Furthermore, Fujiwara—-Ozawa [2] and Peetre [17] generalized (0.5)
for some normal elliptic boundary problem with the higher order differentiation. Re-
cently, the author and Kozono [10] treated the Stokes equations (0.1), and established
the representation formula for the Green function of that as

3G2 oG?,
G (y,z / z,y)p(x)doy, m,n=1,....d, 0.7
BQZ S (2,2) 5 @ ) (0.7)

where d is the dimension of the original domain 2. Furthermore, the author herself [20]
succeed to construct its formula for the second order variation {§°G,,, 52Pm}m:1,.“,d- In
[10], [19] and [20], there is a restriction on the domain perturbation of Q. Namely, in or-
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der to preserve the divergence free property when the domain has been changed, we need
to handle the volume preserving diffeomorphism ®. : Q@ — Q. satisfying det J.(z) = 1 for
all z € Q and all € > 0, where det J. is the Jacobian of ®.. Such a method was first
introduced by Inoue-Wakimoto [8]. Jimbo-Ushikoshi [9] succeeded to remove such a
restriction as volume preserving property, and derived the variational formula for the
eigenvalues even with the multiplicity of the Stokes equations under the Dirichlet bound-
ary condition. They made use of the piola transform which enables us to make a diver-
gence free property invariant under the domain perturbation (see, e.g., Marsden—Hughes
[12]). In the present paper, by means of the piola transform, we may consider the general
smooth perturbation without assuming the volume preserving property. Furthermore, we
discuss the second order perturbations, which may be regarded as a certain generalization
of (0.4).

For the proof of the variational formula, the author [20] clarified that there are
two essential procedures; the first one is to show the existence of {0G,,, 0P, tm=123
and {0°G,, 0% Py =123 by investigating an e-dependence of {Gc m, Pem}m=123 as
¢ — 0. To this end, the Schauder estimate of solutions to (0.1) due to Solonnikov [18]
plays an important role. The second one is the heart matter to prove that the variation
{6*G,, 68 Py} =123 (k = 1,2) satisfies, in fact, the Stokes equations

—A 0 G (2, 2) + V08 Py (2,2) =0, divy 6°Go(z,2) =0, z € Qwithz# 2z (0.8)

for m = 1, 2,3, with an inhomogeneous boundary condition on 992. Then by the standard
method of integral representation formula to solution (0.1), we may derive the explicit in-
tegral representation to {6ka7 6’“Pm}m:1’2,3 by means of the boundary integral on 0f2.
For the second procedure, we need to deal with §G, (, z) := (d/de)(®1).Ge (2, 2)|c=0
and 6P (x,2) = (d/de)(®;1)sPz (2, 2)|c=0, and then obtain the error estimate for
G, — 0G,, and 0P, — dP),. It should be noted that the derivation of such an error
estimate requires a complicated calculation which seems to be difficult to handle the
variation {5ka,6kPm}m:17273 for higher order £ > 2. In the present paper, we shall
establish a simple argument to derive (0.8). Indeed, if we assume formally commutatively
of differentiation between spacial variables and the parameter e for (0.2) with respect
to the family Q. of domains, it is easy to verify (0.8). However, to make such a formal
argument rigorous, we need to show a uniform bound {(d/de)G. n, (d/de)P: »} with
respect to € in some neighborhood of € = 0. Indeed, we shall establish a certain uniform
bound for ¢ in function spaces with Holder continuity, which ensures validity of (0.8).

The paper is organized as follows. In Section 1, we introduce the assumption for
the domain 2 and state our main results. Section 2 introduces the Green function of the
Stokes equations and some useful identities related to the Stokes equations. By means
of a diffeomorphism constructed in Section 1, the Stokes equations is reduced to the
problem on € in Section 3. The analysis of the e-dependence is an essential part of this
paper. By the Schauder estimate for the Stokes operator, we discuss the differentiability
of the Green function {G« mn, Pe.m}m=1,2,3 for the parameter ¢ in Section 4. Finally, we
construct the representation formula for the first and the second variation in Section 5.
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1. Results.

We first introduce the assumption for the perturbation {Q.}.>0 of domains. Let £
be a bounded domain in R? with the smooth boundary 99 of class C°°, and let p1, po be
smooth functions on 9. For any € > 0, we define {2, whose boundary 0f2. is defined by

1
00N, = {x + p1(x)vze + §p2(x)um52 i x € 69},

where v, is the unit outer normal to 9Q at z € 0€2. Then, we may construct some
diffeomorphism from € — €. as follows.

LEMMA 1.1.  Let Q C R? be a bounded domain with a smooth boundary 0. For
any z € Q) there exists 6 = 6(Q, p1, p2,2) > 0 such that for any € € [0,6), there exsits a
diffeomorphism ®_(-; z) : Q — Q. satisfying in the following properties

Oo(z;2) =2, x€ (1.1)
kd .
%(kx’z) =pp(2)vy, 2€9Q, (k=1,2) (1.2)
e=0

1 _
O (z;2) =+ Si(x,2)e + 55’2(1‘, 2)e? for all x € Q, with some functions

S1(-,2), Sa(+,2) € C(Q) satisfying S1(x,z) = S2(x,2) =0 for all x € By_3(2),
where d, := dist(z, 00). (1.3)

For the proof, see Appendix.

For the diffeomorphism ®.(+;2) = & = (2!, 32,7%) € Q. for z = (2!, 2%, 23) € Q, we
denote the Jacobian matrix of ®. by J, i.e.,

oz
Je(x, 2) := (&rj ) . (1.4)

Then, the inverse J-! of J. may be written as

ozt
J Nz, 2) = ( ~,> . (1.5)
0% )1 <; j<s

Hence, it holds that
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0% 9zt
Oxt Ok

=0k k=123

=1

Furthermore, we introduce the fundamental solution {p.,}m=123 for the pressure
by

1 (™ —2zm)

EW’ m:1,273. (16)

rm(2,2) ==

Now, we state our results.

THEOREM 1.1. Let {Gem, Pem}tm=1,23 be the Green function of the Dirichlet
boundary value problem for (0.3) satisfying

/Q(P&m(x,z)—r( ) det(J. Mz, 2)) dz =0, m=1,23 (1.7)

for all z € Q. and for all € > 0, where J=! is defined by (1.5). Then there exist

G, (y,2) — Gn(y,
5G™ (3,2 = lim Cem¥2?) w:2) (1.8)

e—0 3

. P ,2) — Py, 2
0P (y, 2) :Zgli% em (Y )5 n(y,2)

for all y, z € Q with y # z, with an explicit representation as

8G1 ng v s :
/QQZ 8% ( )p1(x) do, (1.10)

OP;(y, x) 0G:,
/mz o o (@, 2)pi (@) do (1.11)

for m,n =1,2,3, where o, denotes the surface element of OS.
Concerning the representation formula for the second variation, we have

THEOREM 1.2.  Let {Gem, Pem}tm=1,23 be the Green function of the Dirichlet
boundary value problem for (0.3) satisfying (1.7) for all z € Q. and for all e > 0. Then
there exist

G?,m(y7 Z) - G:Ln(yv Z) - E(SG:Ln(yv Z)

2 R 3
0°Gh (y, 2) == 2;5% =2 , (1.12)
52Pm(y7 Z) .—9 111% Ps,m(ya Z) - Pm(y27 Z) - €§Pm(y7 Z) (113)
£— &g
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for all y, z € Q with y # z, with an explicit representation as

oG, 826'] 0GI
2 _ m
Fenwa =2 [ [ 5 208 1) G, )95 1, 25 o,

3 .
G PG
+/BQZ S ) G o) o

aG!, aG!,
+/ v, (. y) 0. (x, 2)p2(x) dog, (1.14)

3 ; .
OP;(y,x) 0°GY dGI,
0*Puly,2) =2 /d /8 s hlr) O (w,2) 57 (w0, 2)p1 (@)1 (w) doadory

) v, Ovg,0vy,
=

IP,(y, ) G, 2
+/BQZ-Z_; v, a2 (z,2)pi(x) doy

OP;(y, r) OG!
+/ QZ L) (1, 2) (o) o (1.15)

Zl)

form,n=1,23.

REMARK 1.1. (i) It is well known that for each z € Q, the Green function P ,,(z, z)
of the pressure for (0.3) is uniquely determined as the functions of z up to an additive
constant Cy, (z) depending on z € Q. Since we may have some freedom to choose C,(z),
by the assumption (1.7) we see that the compensation term ¢. ., (Z, z) = P: (T, 2) —
rm(Z, ) satisfies

/ (PLge.m)(x,2)dx =0,
Q
which yields
”(I)sqs m( ) )||L2(Q) < C“V@:qe,m('az)||L2(Q)

with the constant C' independent of € and z € (), where ®. is a diffeomorphism con-
structed in Lemma 1.1. Such an estimate as the Poincaré’s inequality enables us to
obtain the unique existence of 6P/, (z, z) := (d/de)(P71)s Pr (2, 2)|c=0-

(ii) Our theorem states that for each z € Q, if we take a suitable diffeomorphism
®.(-,2) ; @ — Q. and a canonical pressure P- ,,(z,2), with the condition (1.7), both
the first variation {§G,,,dP,,} and the second one {6°G,,,5?P,,} can be represented
like (1.10), (1.11), (1.14) and (1.15) in terms of the boundary integral on 9. It should
be noted that the expression §G,,(,z) and §°G,,(z,z) are independent of choice of
®.(-;2) and P.(z,z). However, the suitable choice of P. ,,(x,z) as in (1.7) makes it
sure that the pair {6*G,,, " Py, }m=123 fulfills the homogeneous Stokes equations in
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Q with a certain inhomogeneous condition on 0f2. Hence, because of the assumption
(1.7), the proof of the unique existence of the first and second variation becomes more
refined and we may establish a systematic treatment to handle higher variation with
an explicit representation in terms of the boundary integral on 9). Another approach
without assuming such an condition as (1.7) was employed by Kozono—Ushikoshi [10],
which requires more complicated technique in comparison with our method.

(iii) We consider the second order perturbation with respect to e. If pa(z) = 0 for
all z € 99, the representation formula for {62G,, 0% Py, bm=1,23 agrees to that of [20].
Our method is also applicable for the higher order perturbation.

2. Green function for the Stokes equations.

In this section, we introduce the Green function of the Stokes equations derived by
Odgvist [13]. The Green function {G,, Py }m=1,2,3 for the velocity and pressure are
composed by the fundamental tensor {wm,, 7m tm=1,23 of the Stokes equations (0.3) with
the compensation term {gm,, Gm }m=1,2.3;

Gm m,z):um T,Z) —Qqm J,‘,Z),
( (x,2) ( @.1)
Pm(m,z) :Tm(xvz)_q”l(xaz)v m=1,2,3.
Here, the fundamental tensor {w,, }m=1,2.3 for the velocity is represented by
. 1 §im (2t — 2V (a™ — 2™) )
! = — =1,2.3 2.2
Um(l',Z) 87T(|.I'—Z| |.T—Z|3 ) ,m kg ( )

and the pressure {ry,(z, 2)}m=1,23 is as in (1.6). For any fixed z € , the compensation
term {@m, ¢m }m=1,2,3 is analytic function in ) and continuous in Q, which is chosen so
that (0.3) is satisfied, i.e.,

—Apqm(x,2) + Vegqm(z,2) =0, x€Q,
div g (z, 2) =0, x € Q, (2.3)
gm (2, 2) = up(z, 2), €0, m=1,2,3.

We next introduce the Green integral formula for the Stokes operator £ as follows
(see [13] and [11]),

3
/QZ {Ei(v,ﬂ')(x)wi(x) — Li(w, —ﬁ)(w)vz(x)} di
3
= /39 Z {Tij(v,ﬂ)(a?)wi(x) - Tij(,w’ —ﬁ')(x)vi(x)}yi do, (2.4)

where {T%}; ;_1 23 is the stress tensor defined by
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TY (v, 7)(z) :=

8'Ui 31)] ij .o
(Fu@+ Ga@) +n, ig=123 @)
for the vector functions v, w € C?(Q)3 with divv = divw = 0 in  and scalar functions
7,7 € CHQ), v, = (vl,v2,12) is the unit outer normal to O at = € 9 and o, denotes

the surface element of 9f).

LEMMA 2.1.  Let {Gy, P }m=1,2,3 be the Green function for the Stokes equations
as in (2.1). Then it holds that

3
lir%/ > T (G, Pon) (@, 20 ()1 dog = —v™(2), m=1,2,3 (2.6)
r—=YJoB,(2) ij=1

for all z € Q and all smooth vector functions v = (v',v? v3) near z, where {TV}; ;j—1 23
is the stress tensor defined by (2.5), 0B,(z) denotes the surface centered at z with the
radius T, vy s the unit inner normal vector to OB, (z) at © and o, denotes the surface
element of OB (z).

For the proof, see Ushikoshi [19, Lemma 2.1].

3. Reduction of the problem by the piola transform.

In this section, we reduce the problem (0.3) in . to the fixed domain Q by piola
transform. For that purpose, we prepare the several symbols and useful identities for the
diffeomorphism ®.;Q — Q. which is constructed in Lemma 1.1;

PRrROPOSITION 3.1.  Let ®. be the diffeomorphism as in Lemma 1.1. Suppose that
{ac,ijtij=123 and {a¥}; j—1 23 are respectively defined by

3 S 3

- ox' 0x? oxt 9zt

v = _— Ei‘:: N~ A< ., ’:1,273. 31
e ZZZI ozl oz’ et — ox® 0TI “J (3:1)

Then it holds that
ozt 08t 195
= §% Lo 22222

oxJ + 8x35+ 2029

. 1
Qe ij = 0" + dazje + 562a”—€2,

ot .. 8ST  1[/<~9SLasi  as:
— S _ e - e 1 Y¥2 2 3
o5 = T awc T ( 2 9 0! a;ﬂ)s +0(),

a¥ =6 +da"e + 5(5261”62 +0(¥), ase—0

fori,j = 1,2,3, where & = ®.(x;2) for x € Q, {0a;j}ij=1,23 and {5aij}i,j:1)2,3 are
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represented by
0Si oS} 0st oSt (9Sy  0S)
da;; = L L =2 s § 2 2 3.2
a] (5303 + Ox! >’ Z Ozt 5‘xJ O + ozt )’ (32)

y 98t 98! , a8 98I asl 9si 98t 9sd
o _ 1 et § 2 ij . -9 e 1 1%-1
ba”: <8xj * 8:&)’ o’ Z <8xl 2 0w ot T o 8x1>

. 652 . 05}
Oxi ~ Oxt )’

1,7 = 1,2,3. Here, the vector function S1 and Sa are defined by (A.2). Furthermore, the
Jacobian of J. and J=1 as in (1.4) and (1.5) is ezpanded with respect to € as

1
det Jo(x,2) =1+ Ji(z,2)e + §J2(CU,Z)52 + 0(e?), (3.3)
1
det(J Y (x,2)) = 14 Ky (z, 2)e + §K2(x, 2)e? +0(%), as £ —0

for x € Q, where J; for each i = 1,2 are respectively expressed by

Jl S lea: Sl, (34)
o L[,f0s1053 astosi  ostost
2 ozt 0z2  Ox2 0x3  Ox3 Ox!

_(9S19SY  9SLasE | 9SROSIN\Y, i g
023 0z | 0x2 0xl | 0xd 012 Va2

and K; for eachi=1,2 are as

K1 = —diVx Sl, (35)

o LDl _ (051051 ostosy _osios)
279 Oxt 0z2  0x2 9x3 O3 Ox!
0S1 953 981 0S:  0S?0S?

G Gt Gt Gt g g+ (S0} v 5.

The proof is an immediate consequence of (1.3). So, we may omit it.
We next introduce the piola transform, which makes a divergence free condition
invariant under the perturbation of a domain. Indeed, it holds that;

LEMMA 3.1.  For a parameter € > 0 and any vector function W, € C*°(Q.) satis-
fying div, W(Z) = 0 for & € ., we define the vector function w. € C>®() by

3
we(x) := det(J.(x, 2)) Z aai (%) for 7€ Q.
j=1
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where & = ®(x,¢e) and J. is as in (1.4). Then, it holds that
div, we(z) =0 for all x € Q.

For the proof, see [9] and [12], for instance.
By Lemma 3.1, we see that the transformed Green function {ge m }m=12,3 defined by

3
Gean(t,2) = det(Jo(x,2)) Y ggj GI,.(%,7), m=1,23 (3.6)
j=1

satisfies the divergence free condition in 2. Hence, we have by a standard procedure the
transformed Stokes equations on 2 as

Es(gs,mvps,m)(xv Z) =0, z€Q \ {Z}’
divg ge.m(z,2) =0, z e Q\{z}, (3.7)
gem(z,2) =0, e, m=1,2,3,

where L. (v,7) = (LL(v,7), L2(v, ), L2(v, 7)) has an expression as

3 — —
0 s 0 _1, 0% N
LIA(v,7)(z) = — E am‘k{(det J.)ak W((det JZ 1)6xlvl(x)>}(det J: 1)@“?‘1
i,k,l,p,5=1
> or
qt
+ ;:1 a5 (x) (3.8)

for ¢ = 1,2, 3 with a variable coefficient J., J=! and {a**} s—12.3 as in (1.4), (1.5) and
(3.1). Furthermore, the function {p. ,, }m=1,2,3 is defined by

ps,m(m7 Z) = Pe,m(-%v 2), m=1,2,3, (39)

which is the transformed Green function for the pressure on €. Here, it should be noted
that L. is the Stokes operator on the Riemannian manifold (£2, a.), and L is the operator
on the (Q,6), where a. = {ac,i;}i j=123 is a metric defined by (3.1).

4. Analysis for the e-dependence of the Green function.

In this section, we consider the e-dependence of the Green function {Ge .,
P. 1, }m=1,2,3 under the domain perturbation.

4.1. The n-th order expansion of the transformed Green function.

We first study the e-dependence of the transformed Green function {gem,
Dem fm=1.2,3 as in (3.6) and (3.9). By means of a priori estimate, Ushikoshi [20] has
analyzed the e-dependence of the transformed Green function {G. , }m=12,3 defined by
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3
Gl (x,2): Z i,2), i=1,2,3, (4.1)

whose method was first introduced by Fujiwara-Ozawa [2] and Ozawa [14] for the case
of the Laplace equation. Similarly to [19] and [20], we shall discuss the differentiability
of the Green function by the piola transform for the parameter ¢ so that we introduce
some notations.

For k € N, the k-th order term of the expanded Green function {ge m,Pem fm=1.23
around € = ¢’, is defined by {0*G,,05 P! },—123 as

-1y
85 G,(,2) = k! lim (e — )~ (gem x,z) Z l|5 G (z,2)(e — € )l> (4.2)

e—e’
=

._.

k—
1
ok P! (z,2) :== k! lim (¢ — &)~ (ps m (T, 2) T

e—e’
=

oL P! (x,2)(e — 5)’) (4.3)

fOI‘ m = 1,2,3. Here, {52/ m?ég/PnL}m:LQ,lS = {Ge’,mvps/,m}m:1,2,3a and {5]06G/m
SE P! Ym=1,23 is abbreviated as {*GY,,6* P } =123
The purpose of this subsection is to prove the following theorem according to the

method of Fujiwara—Ozawa [2], Ozawa [14] and Ushikoshi [20].

THEOREM 4.1. For any z € €, there exists e1 = &1(2,8) such that for
any € € [0,e1) and for each k = 1,2, {6XGL,(-,2)}m=123 € C*T(Q\ {2}) and
{65 Pl (-, 2) m=1,23 € CTTO(Q1\ {z}) with 0 < 6 < 1, which is defined by (4.2) and
(4.3).

For the proof of Theorem 4.1, it is important to study the e-dependence of the
compensation term {q_ (-, 2), 4. (-, 2) }m=1,2,3, which is defined by

q;,m(xvz) = u&m(m,z) —g&m(m,z), (44)

qé’m(x,z) = rf,m(xaz) _pE,m(‘rv'Z)a m = 172737

where {Ue (-, 2), Tem (-, 2) bm=1,2,3 is as in

3
uiym(x,z) = det(J, Z (4.5)
Tem (T, 2) ' =1rm(Z,2), 4,m=1,2,3 (4.6)

with the fundamental solution of the Stokes equations {w,, " }m=1,23 as in (1.6)
and (2.2), respectively and & = ®.(z;2), 2 = P.(z;2) for z,z € Q. For simplic-
ity, the compensation term {qp ,,,, 0., }m=123 is abbreviated as {gm,¢m }m=123, and
{wO,m7rO,m}m:1,2,3 = {umarm}m:1,2,3-

The following lemma analyzes the differentiability of the compensation term (4.4)
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with respect to ¢;

LEMMA 4.1. For any z € , take e1 = €1(2,Q) in Theorem 4.1, then for any
e’ €10,e1) and for each k € N, {6%q), (-, 2) bm=123 € C*(Q) and {6%,¢,,, (-, 2) }m=1.23 €
CH9(Q) with 0 < 0 < 1, where

k

|
—
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form =1,2,3. Here, {q. ,,,, 4. ;m}m=1,23 is as in (4.4) respectively.

REMARK 4.1. Similarly to (4.2) and (4.3), {6%4q},,0%d\}m=123 = {qc'm,
Qe’ m ym=123, and {0§q.,,06q, }m=123 is abbreviated as {6%¢q/,,5%q,, }m=123 in (4.7)
and (4.8).

PrOOF OF THEOREM 4.1. Since by Proposition 3.1, the transformed fundamental
solution {e m, 7 m tm=1,23 is differentiable at e = ¢’ for z € Q with x # z, it is easy to
see that Lemma 4.1 yields Theorem 4.1. O

For the proof of Lemma 4.1, we need to establish the uniform estimate for the
parameter € according to [2], [14] and [20].

PROPOSITION 4.2.  Let Q C R? be a bounded domain with the C*T%-boundary 09,
0 <6 < 1. There exist e1 = €1(Q) > 0 and C = C() > 0 such that if ¢ < &1, then it
holds that

[Vl cave @ + ITllcrse @ < CUI1Le(0, )l oo @) + [0llcz+oan)) (4.9)

for allv € C*T9(Q) and m € C*(Q) satisfying [, m(x) dz = 0, where L. is defined by
(3.8).

PROOF. We give a proof by a contradiction argument. Suppose that (4.9) is not
true. Then for any m = 1,2,..., there exist v,, € C**%(Q) and 7, € C'*?(Q) with
[vmlc2+o@) + 1Tmll ooy = 1 such that

1
—> (L1 /m(Vms )o@y + lomllczroa)), m=1,2,..., (4.10)

while by (1.3), (4.10) and an a priori estimate for the Stokes equations (see e.g., (Solon-
nikov [18, Theorem 3.1]), it holds that

[omllceve@) + 1Tmllco @)

< M(Hﬁ(vmﬂfm)\\ce(ﬁ) + va||c2+9(ag))
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< M (Lo = L1/m) (W Tl co @y + 1£1/m (Vm, Tm)ll oo @) + [0mllc2+000))
1
< M{m(vm||c2+9(g) + ||7Tm‘|cl+9(§)) + (||£1/m(vmv7rm)”09(ﬁ) + |vm|02+9(89))}
1
<2M— — 0, as m — oo, (4.11)
m

where M is a constant independent of m. In the above calculation, we have used the fact
that [|(Lo—Le)(v, 7)|[co(q) = O(e), ase — Oforallv € C?9(Q) and 7 € C**+9(Q), which
is derived by (1.3). Therefore, since [[vm|lc2+o@) + [[Tmllcrio@) = 1 form =1,2,...,
this causes a contradiction. O

We have the boundedness and continuity of the compensation term
{qéym, q;m}mzl?gﬂg for the parameter ¢ by Proposition 4.2. Indeed, it holds;

COROLLARY 4.1. Let Q C R? be a bounded domain with the C**%-boundary 09,
0 <60 < 1. For any fized z € §, there exist eo = €2(z) > 0 and C' = C(z) > 0 such that
if € < eq, then it holds that

||qé,m("z)||c2+9(ﬁ) + ||q;7m(';z)||cl+6(ﬁ) <C, m=123, (412)

where {qL ., 4% }m=1,2,3 is the compensation term defined by (4.4).
PROOF.  Since {q. ,,}m=1,2,3 satisfies [, ¢ ,,(z,2)dr = 0 for all z € Q, applying
{@.1ms 4L 1 ym=1,2,3 to Proposition 4.2, we have that
12, (> 2l 2o @y + 192 m (5 2l crvo @)

< M(1£(GL s @) (- 2llco@) + 1 m (- 2)|| ez 00)) (4.13)

for all € < 1, where 1 = £1(2) as in Proposition 4.2 and M = M () > 0 are constants
independent of . On the other hand, for each fixed z € €, there exists an £((z) > 0 such
that

1605 2) |20 00y = [te.m (-5 2)llc2+0(00) < 2l[wm(:, 2)llc240 00 (4.14)

for all 0 < & < ej(2). Since L.(qL ,,, 4L ,,) (-, 2) = 0, implied by (3.7) and (4.4), it follows
from (4.13) and (4.14) that

/

Hq;m(nZ)Ilcm@ + ||q;,m('7z)|‘01+9(ﬁ) < 2M||um(‘az)||cz+9(aﬂ) =M

for all 0 < e < eq, where g5 := min{ey, e((2)}, and M’ is a constant depending only on
z € Q. This proves Corollary 4.1. (|

By Proposition 4.2 and Corollary 4.1, we obtain the continuity with respect to ¢ for
{Gzm> @e,m pm=1,2,3- Indeed, it holds;
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PROPOSITION 4.3.  For every z € Q, take 1 as in Proposition 4.2, then for any
¢’ €10,e1), we have that
||q2,m(" Z) - qg’,m(" Z)H02+9(§) — 0, (4'15)

||qg,m(7 Z) - q‘;’,m('v Z)HCH—H(ﬁ) - O, m = ]-7 23 37 as € — 8/3 (416)

where {q.. ,,,, 42 m }m=1,2,3 is the compensation term defined by (4.4).

PROOF. By a direct calculation, we see that the pair {q.,, — @, ¢ on — @orm}
satisfies the following equations.

‘CE/ (qé‘,m - q‘/s’,m7q<,e,m - q;’,m)(zv Z) = (‘CE' - LE)(Qé,ma q;,m)(‘ra Z)v T e Q:
divg (qé,m - q;/,m)(xv Z) = 07 T e Q7
(qé,m - ql{:/,m)(% 2) = (—Ue,m + Uer ) (7, 2), z € 09

for m = 1,2,3. Hence by (1.3), (4.12) and Proposition 4.2, we have that for any ¢’ < 1,

e — @) 2l sogpy 10 — @) (22 oy
< M(I(Ler = LGy 4em) G 2oy + (= teim + e ) (- 2) 0240 00))
< M{(e' = €)(llazm (> 2l covo @y + 116 m (5 2l orvo )
+ (= e, + e m) (- 2) [ o240 (00 }

< M((e" = €)C. + [[(=te,m + ver ) (-, Z)”C“"(@Q))v m=1,2,3

for all € < e9, where €5 is as in Corollary 4.1. Since M is the constant dependent only
on z, we thus have by (1.3) and this estimate, the desired result (4.15) and (4.16). O

Now, we are in position to prove Lemma 4.1.
Proor oF LEMMA 4.1. Concerning the case for k = 1, for any fixed € > 0 with
e # ¢, we see that the pair {V. o/, ILc ¢/ m =123 defined by
VE,E’ym(x» Z) = (6 - 6/)71(qé7m($, Z) - q./s’,m(xv Z))’

H€>€’7m(x’ Z) = (6 - 6/)71(qé,m(x’ Z) - qé’,m(mv Z))’ m = ]-a 2; 3,
is subject to the following identities.

LE/ (‘/;,5’,m7 Ha,s’,m)(xv Z)
= (Lo —L)((e =) s (e =&)L ) (@,2), T EQ,
divy Ve erm(z, 2) =0, T €,

Veerm(w,2) = (6 — &) e m + Uer ) (, 2), x € 0N.

(4.17)
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On the other hand, there exist {he (-, 2) =123 € C**(Q) and {her 1n(-,2) }m=1.23 €
e (Q) satisfying fQ her m(z, 2) dz = 0 such that

La/(ha/,rm he’,m)(za Z) = 56’£(q;/7m7QQ'7m)(xv Z), z €,

divg herm(z,2) =0, x € Q, (4.18)
he (2, 2) = dcrum (2, 2), x € 09,
where
, d . ,
0 L (v, ) = — L (v, T) , 1=1,2,3, (4.19)
de e=¢’

(55/’U,m(£[], Z) = EILH;/ uE’m(IA? Zg : Zﬁl’m(m7 Z)

., m=1,23 (4.20)

with {te m}m=123 in (4.5) (see e.g., Ladyzhenskaya [11]). By (4.17), (4.18) and Propo-
sition 4.2, there exists C'(£2) > 0 such that for any &’ < eq,
”(‘/E,s’,m - he’,m)('; Z)||02+9(§) + H(Hs,e’,m - hs’,m)('y z)||cl+9(§)
< C(HC (V. eetim — Per iy e er g — hs/,m)('v Z)Hcf’ﬁ)
+[(V e’ m — hs’,m)('az)”()“f’(aﬂ))
= C(H(‘C€' - [’E)((E - 5/)_1q;,m7 (E - 5/)_1qg,m)('7 Z) - 55’£(q;/,m7 q::’,m)(" Z)Hce(ﬁ)
+ (e =) T teym + e ) (4, 2) = her (- 2) o240 00 )
—0, as € —¢, m=1,2,3, (4.21)
which implies Lemma 4.1 for the case k = 1.

In the same manner as the case for k = 1, we may handle the case for k > 2. Taking
{Vs,s/,mvns,s’,m}msz,g defined by

k—1

Veem(z,2) = (e =)™k (qé,m(x, z) — %5}2/(1;”(13, 2)(e — s’)l), (4.22)

=0
HE,EUW(:’C»Z) = (5 - gl)_k (q;,m Z il Elqm Z, Z E - E/)l)

for m = 1,2,3, we iterate the inequality (4.21) for (4.22), which complete Lemma 4.1. O

Theorem 4.1 enables us to expand the transformed Green function {g.m,
Tem fm=1,2,3 Up to the k-th order with respect to e. We next discuss the criterion of
their differentiability for the variable x and parameter €.

THEOREM 4.4.  Let {ge m;De,m tm=1,2,3 be the transformed Green function defined
by (3.6) and (3.9). For any z € Q, it holds that



1540 E. USHIKOSHI

A ¥ g
V:ri dekz ga,m(x’ Z) = dekz ( zi9e,m (l‘, Z)) > (423)
e=0 e=0
dr> d* ,
Vi (dskz pa,m(l‘; Z) €_O> = dek= (Vmip&m(xa Z)) g:(), i,0=1,2,3 (424)

for all x € Q with x # z and for every ky, ke = 1,2. Here, V,: := 0/0x%,i =1,2,3.

In order to prove Theorem 4.4, we need to investigate the e-dependence of the
compensation term for {q. (", 2), 4. ,,,(*, 2) }m=1,2,3 in more detail. For that purpose, we
shall introduce some functions for the velocity and pressure as follows.

Let z € Q and m = 1,2,3 be fixed. Then, the transformed compensation term
{6, (- 2), ¢ (- 2) }m=1,2,3 as in (4.4) is considered as the function on Q x [0,&1).
Here, €1 is as in Theorem 4.1. Therefore, we define the function {q,q} respectively
by q, ., (7,€) == q.,,(z,2) and q. m(z,€) = ¢, ,,(2,2) for z € Q and € € [0,¢1). For
simplicity, we shall abbreviate q, ,,(z,¢) and 4., (z,€) as

q(I,E) = qz,m(z7€)7 q(Ji,E) = qz,m(:c,a). (425)

For these functions q and ¢, we have the following lemma, which plays an important role
to prove Theorem 4.4.

LEMMA 4.2. Vfcﬁ (dq'/de) and V ,i(dq/de) is continuous at any (z',€') € A x[0,e3)

for i,l = 1,2,3 and k; = 1,2 with some positive constant e3, where Vi = 0/0x".
Namely, it holds that
lim vk iql (' +h,e +k)) =V iql («',€"), (4.26)
(hk)—(0,0) \  *" \de 2\ de
lim Vi iq (@' +h,e" +k)) =V iq («',€e") (4.27)
(h,k)—(0,0) \ " \ de ’ "\ de ’

fori,1=1,2,3 and for ky = 1,2.

For the proof of Lemma 4.2, we need to obtain the uniform estimate of the first and
the second variation with respect to € in the following proposition.

PROPOSITION 4.5.  For any z € Q, there exist e3 = e3(z) and a constant C =
C(z,9Q) > 0 such that if ' < e3, it holds that

1080 (-, )| oo @y + 108 @m (2| crvoy < G m=1,2,3, k=1,2,3,  (4.28)

where {%.q.,(-,2),05¢,, (-, 2) }m=1.23 is defined by (4.7) and (4.8), respectively.

PrOOF. We first prove the case for k = 1. Taking ¢; as in Proposition 4.2, it holds
that for any ¢’ < e,
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||(5€/q;n(~7 Z)H02+9(5) + ||§5/q;n(7 Z)HCI‘F@(Q)

< Cr(I1£er (8 @, 0er @1 ) (-, 2) | o @y + 1020 @0 (- 2) 20 00 ) (4.29)
where a constant C is independent of ¢’. Furthermore, it follows from (4.18) that
Lo (64, 0-0,,)(x,2) = Js/ﬁ(q;,’m, qélvm)(x,z), m=1,2,3 (4.30)

for all z € Q, where 0./ L is defined by (4.19). Moreover, there exists g, = €((z) > 0 such
that if ¢’ < &f), then it holds that

10y, (-, 2) | c2+6 (00) = 10 tm (-, 2) | c2vo (o) < C2(2) =: Ca, m=1,2,3,  (4.31)

where a constant Cy is independent of ¢’. Substituting (4.30) and (4.31) to the right
hand side of (4.29), we obtain from Proposition 3.1 and Corollary 4.1 that

162/ (s 2o @) + 100 (- 2)llcrvo
< Cr([10e LGl s Ger,m) (5 2) | 2o @) + C2)
<G ((1 +ées+ 035:%))(”(1;',771('7 z)”cuG(ﬁ) + ||qg’,m('7 Z)”CH@(Q)) + 02)

<C (4.32)

for m =1,2,3 and for all &’ < g5 := min{ey, e9,(}, where ¢5 is as in Corollary 4.1 and
a constant C is independent of ¢’. This completes (4.28) for k = 1. We can prove the
case for k > 2 in the same manner as (4.32). O

By means of Proposition 4.5, we shall prove Lemma 4.2.

PROOF OF LEMMA 4.2.  We first consider (4.26) for k; = 1. For any (2/,¢) €
Q x [0,e3) and for any sufficiently small |h|, k& > 0, it holds that

8?& (‘fg) (@' + h,e" +k) - 8axi (ig) (',€)
= ‘6?& (if;) (' +h, e’ +k)— 8?5" (fg) (a',e" + k)
< ‘ /O1 d‘;ﬁ{a‘; (‘g) (1= 61)a" + e’ + k)} d&‘

il

2+ (Q)
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o T 1%

for some 0 < 6; < 1. In the above arguments, we have used the fact that by Lemma 4.1,

it holds that
d2 l
<] () )

‘(ﬁ)(:ﬂ,s’+k) - (‘g)(x ¢')

for all 2 € Q, where a constant C' is independent of k. Then, it follows from Lemma 4.1

and Proposition 4.5 that
d2 l
o (&)
co@ de?

(&)

for some constants Cy = C1(€2, z) > 0 which is independent of k, and Cy = C5(2,2) > 0.
Hence, applying (4.34) to the right hand side of (4.33), we have that

aiz(dq >(x +he +k)— ai(‘iq)( &

as (h, k) — (0,0), where C' := max (C1, Cz). This implies (4.26) for k; = 1. Furthermore,
the identity (4.26) for k; = 2 and (4.27) may be handled in the same way as (4.26) for
k1 = 1. We thus have Lemma 4.2. O

. il=1,2,3  (4.33)
C1+0(%)

. 1=1,2,3
C2+0(Q)

<Oy (4.34)
C1+6(Q)

< C(h+k)—0,

Analogously with Lemma 4.2, we can discuss the continuity for the second variation with
respect to €.

COROLLARY 4.2. V’;i (d%q'/de?) and Vi (d%q/de?) is continuous at any (z',€') €
Q x [0,e3) fori,l = 1,2,3 and k; = 1,2 with some positive constant e3, where Vi =
d/0zt. Namely, it holds that

> d?
" kl)iLn(O ) (v’; <d ~q )(x’Jrh,s’Jrk)) v’“(d 5q >( e'), (4.35)

) d? d?
(h,k%lin((),()) (VI <d€2q> (@' + h, e + k)) = Vi (d 5 q)( e') (4.36)

fori,1=1,2,3 and for ky =1,2.

PROOF. Since for any ¢’ € [0,e3) and for sufficiently k& > 0, it follows from Lemma

4.1 and Proposition 4.5 that
d3ql
<o |(%)es
co @) de?

(220

< Gy, (4.37)
C1+6(Q)
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for some constants C; = C1(z,9),C2 = C2(z,9Q) > 0 independent of k, we can handle
(4.35) and (4.36) in the same manner respectively as (4.26) and (4.27). O

Now, we are in position to prove Theorem 4.4.

PROOF OF THEOREM 4.4. For any k; = 1,2, and ko = 1,2, it follows from (4.4)

that
8k1 de
YT (dgzezgf»m(””) 6_())
ak‘l dk‘2 ,
- e -daea)| |

b dk
= oaih (dgkz“evm(%@

o (dk2 )
- ~q(z,e 4.38
6_0> it \ dekz (z,¢) . (4.38)

for ¢,I,m = 1,2,3. For the fundamental solution {w. ,,}m=1,23 as in (4.5) and q is
defined by (4.25), we immediately have by a direct calculation and (1.3) that

akl dk2 dF2 akl

dxi*
for z € Q and for k; = 1,2 and ky = 1,2. Therefore, it suffices to prove the following

dF> ([ oF
= — | ——q(z,¢
a—0> dekz <8xik1 al )>

for x € Q with = # z and for k; = 1,2 and ko = 1,2. Concerning the identity of (4.40),
we first consider ko = 1.

(i) (k1,ke) = (1,1).
For every ¢’ € (0,e3) and for sufficiently small k, we define the function D by

. ilm=1,23 (4.39)
e=0

identity as

akl dF2
( q(z,¢)

e=0

D= +k)— (), (4.41)
where €3 is a constant of Lemma 4.2. Here, for sufficiently small h, 1) is denoted by
1/}(6,) = q(ﬂ? + hez-’{—;/) - q(xv6/)7

where {e;};—1 23 is a canonical basis of R®. By means of Lemma 4.1, we apply the mean
value theorem to the function . Then, it holds that

Lt YA YA LW ! _
e + k) -yl = = (e +01k)k, 1=1,2,3 (4.42)
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for some 0 < A1 < 1. Here, it should be noted that

'ty _ (dd’ , dg’ ;
<d€)(e +(91k)_<dE (x + he;, e’ + 61k) — = (& + 61k).

Furthermore, applying the mean value theorem to the right hand side of the above
argument, we have also by Lemma 4.1 that

dyty _ (dd / dg’ /
(d{:‘>(€ +01k') = (d{f ( +h€“€ +01k’)— dig (Z‘,& +01]€)

o (dg , .
:8$i dié‘ ( + Oshe;, € —|—91k‘)h, ,1=1,2,3 (443)

for some 0 < 03 < 1. Substituting (4.43) to (4.42), it holds that

d l
wl(s'—kk)—wl(s'):aii (qu)( + Oshe;, ' + 01k)hk, i,1=1,2,3.

Therefore, we have by (4.26) that

P +k) —9iE) 0 (dql

li = - ! i, 0=1,2,3. 4.44
(h,k)lin(o,o) hk oz’ ds)(x’g)’ v B ( )

Furthermore, since the vector function q(-,¢) is smooth in 2, we see that

D 1{ql(m+hei,5’ + k) — g (z + hey, ') — gz, e’ + k) +ql(:c,5’)}

hk k h
1 ql(gj + hei,gl + k) - ql(x’&_/ + k) — (ql(x + hei7gl) — ql(x,&_/))
Tk h
1 l l
-z (gzl (v, +k)— g;ll (ams’)), i,0=1,2,3, as h—0. (4.45)

Taking a limit of (4.45) as k — 0, we have by (4.44) that

0 (da'\ _ , _d(od N
8xi<(k)(x’€)_d£(8mi (x,e"), i,1=1,2,3. (4.46)

Taking &’ = 0, we thus have (4.40) for (ki, k2) = (1,1). Then, it is easy to see that (4.39)
for (k1,k2) = (1,1) and (4.40) yield the desired identity (4.23) for (k1,k2) = (1,1). In
the same manner as (4.46), we may prove (4.24) for ko = 1.

(ii) (k1,k2) = (2,1).
By (4.46), we see that there exists
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l
d% (gg) (z,€), i,01=1,23 (4.47)

for all (z,e) € Q x (0,e3), where €3 is a constant as in Lemma 4.2. Furthermore taking
¢’ =0 in (4.46), we have by Lemma 4.2 and (4.46) that the function

0 (d [od _—
6xi{(is(8xi>}’ 1=1,23

is continuous at (z’,0). Therefore, similarly to the case for (i), it holds that

o (d (04 d [ 0? )
Ozt {d8 <821> }(xIVO) = % (aszql> (1'/,0), Zvl = 172733

which implies (4.40). We thus have by (4.39), the desired identity (4.23) for (k1,ks) =
(2,1).
In the next step, we consider the case for ko = 2.

(iil) (k1,k2) = (1,2).
By Lemma 4.1, we see that for any € € (0,e3), there exists a function

l
aiz‘{i(fzi)}(”’g)’ i,1=1,2,3 (4.48)

for all x € €, where €3 is a constant as in Lemma 4.2. Furthermore, it follows from
Corollary 4.2 that a function (4.48) is continuous at any point (2/,¢’) € Q x (0,e3).
Hence, we have by (4.46) that

8 (d%q d(d (d
o (d) (&) = d{a (dq) }“’"’8')

d2 9 l o .
_Ck2<8l‘iq>(x,5)’ l,l—1’2’3, (449)

Taking ¢’ = 0 in the above argument and by (4.39) for (kq,ke) = (1,2), this implies
(4.23) for (k1,ke) = (1,2). Similarly to (4.49), we also have (4.24) for ko = 2.

(iv) (k1,k2) = (2,2).
By Lemma 4.1 and (4.49), we may assure the existence of

0 (d*> [ 0o )
(’M{dgz (axZ ql) }(Z‘,c?l) Z,l = 1,2,3 (450)

for all = € Q. Moreover, it follows from Corollary 4.2 and (4.49) that a function (4.50) is
continuous at (z’,0). Therefore, by (4.49), it holds, similarly to the case for (iii), that
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9% [ d® )\, , o (o (d ,
() - () eo
o (d®> [0
- 5‘xi{¢152(8x"q )}(x’,())

82
- (a qu)(z/,O), i,1=1,2,3,

which yields (4.40). Hence, by (4.39), we thus have (4.23) for (k1,k2) = (2,2).

According to from (i) to (iv), we complete (4.23) for ki, ks = 1,2, and (4.24) for
ko = 1,2. We thus prove Theorem 4.4. O

4.2. The first order term of the expansion with respect to ¢.

In this subsection, we discuss the e-dependence of the Green function
{Ge.m, Peymtm=123. We first investigate the existence of the first order term of their
expansion with respect to €.

LEMMA 4.3.  For any z € Q, there exist {0G (-, 2)}m=123 € C*T0(Q\ {2}) and
(6P (-, 2) =123 € C*9(Q\ {2}) with 0 < 0 < 1. Moreover, we have the explicit
eTpressions as

5G7n(x Z) = 5G;§Ln(l‘ Z) (dlvﬂ? Sl(x7z))G'm(x Z)

+Z a )Gin(@,2) = VoG (2, 2) - S1(x, 2), (4.51)
0P (w,2) = 0P, (2, 2) = Vo Pro(@, 2) - S1(2, 2) (4.52)

for m,n =1,2,3 and for all x € Q\ {2}, where {0G,, 0P}, }m=1,23 are as in (4.2) and
(4.3) taking €’ =0 and k = 1, and Sy is the vector function introduced by (1.3).

Proor. By (3.6), Proposition 3.1 and the Taylor expansion of
{92 (2, 2) nm=1,....a around (z,2) € Q x Q, we have that

9e (T, 2)

3 n
(det J.) ngl{ (z,2) + VaGl (2, 2) - (& — x) + V:GL (2, 2) - (— 2)
=1

+ VngG;m(m, 24+ 01(Z2—2))(@—2x) (2—2)
+ %V%G;m(x +02(% — 2),2)(& —2) - (& —2)

1 i _ _ 5
+ 5V s+ (= D) 2) ()}



Hadamard variational formula for the Stokes equations 1547

= (det J. )Z giz {Gl m(@,2) + VGl (2,2) - (& — )

+ %V%G;m(aﬁ +602(2—x),2)(T—2x) (& — w)} (4.53)

for m,n = 1,2,3 and some 0 < 01,6,,035 < 1. Here, by (1.3) it should be noted that
S1(z,2) = Sa(z,2) = 0.
It follows from Corollary 4.1 that

sup ‘Vk (x,z)| <C (4.54)
0<e<d

for k = 1,2 with some constant C' which may depend on z, z € ().
We substitute (4.53) to the right hand side of (4.2) taking ¢’ = 0 and k =1, and it
follows from Proposition 3.1 and Proposition 4.3 and (4.54) that

8G! M (z, 2)

d n
= ;i_I)I(l)gl{det<J5(l’, z)) 2 (?3;1 (x) (G;m(x, 2)+ VGl (2,2) - (& — ) — Gﬁl(x,z)}
STL

8:1:1 (x,2)e+ O(e ))

= lim e~ {(1 + (divy Si(z,2))e + O(e?)) (51'" -

e—0

X (G;m(x, z) + eijém(x, z) - Si(x, z)) -Gy (z, z)}

n
1

= lim 61{G?,m(x, z) + es((divg,C Si(z,2))GE (2, 2) — %il (z, )G2 m (T, 2)

e—0

+ ViGe (7, 2) - Si(z, z)> -Gy (z, z)}

. G?m(xvz)_G?n(va)
= lim —

e—0 3

+ lirno ((div_qc Si(z,2))GE (2, 2)

- z?’: oSy
=0
=0G), (z, z) + (div, Si(x, 2))Go, (2, 2)

2 asn
Z (z,2)GE (x,2) + Vo.G" (x, 2) - Sy (, 2) (4.55)

GEZ-: m(l‘7z) + viG?m(‘rWz) . Sl(l',Z))

for m,n =1,2,3 and for all z, z € Q with x # 2, where & = ®.(x;2), Z = ®.(z,¢). Here,
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we have used the fact that Si(z,2) = 0, and it should be noted that G, = GZ,,(Z, 2)
is regarded as a function on . x Q. with variables (Z, ). Then we have that

OG! (x,2) = 060G, (z, 2) — (divy S1(z, 2))Gr (x, 2)
3
STL
+y =
i=1

%xi (z,2)GL (7, 2) — VoG (2, 2) - Sy (x, 2) (4.56)

for m,n = 1,2,3, which implies (4.51) for the velocity.
Similarly, by Taylor expansion of {P: (%, Z) }m=1,2,3, (4.54), Proposition 3.1 and
Proposition 4.3, we have that

Pe m ~7 zZ) — Pm )
SP! (z,2) = lim — () (z,2)
e—0 £

= lim e " (P (2, 2) + Vi Pen(2,2) - (F — )

e—0
+ ViP. o (z,2) - (Z2—2) — Pm(x,z))
= lir% e ! (Pa,m(x, 2) + eV P (z,2) - S1(x, 2) — Po(z, z))

P. o (z,2) — Pp(z, 2)

= C}l_I)I(l) 6 + ;Er(l) VP m(z,2) - Si(x, 2)
= 0Py (x,2) + Vi Pp(z,2) - S1(z,2), m=1,2,3 (4.57)

for all z,z € Q with « # z, where Z = ®_(z,2). Here, we have also used the fact that
S1(z,z) = 0. Then it holds that

Pm(x,2) = 6P, (,2) — Vi Pp(x,2) - S1(x,2), m=1,2,3, (4.58)

which implies Lemma 4.3 for the pressure. 0

Similarly to Theorem 4.4, we shall discuss the criterion of the differentiability of the
Green function {Ge m, Pem fm=12,3 for the variable z and the parameter .

THEOREM 4.6. Let {G< p, Pem}tm=1,23 be the Green function of the Stokes equa-
tions (0.3). For any z € Q, it holds that

; (4.59)

d
T \de © o

— i 13Wall
5—0) - dE (vllGe,m(Ivz))

. dilm=1,23 (4.60)
e=0

Vi <;€P€7m(x, 2)

d
5:0) = £(VI1 P, (x,2))

for all x € Q with x # z and for ky = 1,2. Here, Vi := 0/0x%,i =1,2,3.

PROOF. We first prove (4.59) for k = 1. It follows form (4.55) that
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Vi {5_1(gé,m(.%’, Z) - Gin(xv Z))}
3 ozt . ;
= in{ (det(J (z,2)) ErS (x) (G’E’m(a:, z) + ViGe (T, z2)- (2 —xz)+ 0(52))

i=1

~Clea)) |

:vri[ {(1+(d1v581(xz ))e + O(e 2(5” wz)s+0( ))

X (G;m(x, 2) + 5V53G;m(x, 2) - S1(x,2) + 0(52)) -G (x, z)}]

= Voi{e H(GLm(x,2) = G (2,2))}

3 l
(v, Su( DG 02) = 3 GG 0:2)
=1

+ ViGé,m(x, z) - S1(x, z)) +0(e), i,l,m=1,2,3, ase — 0. (4.61)

Letting ¢ — 0 in (4.61), we have by Proposition 4.3 that

lim V(e (G (1, 2) — Gl (a,2)))

= lim Vo {e ™ (gL (2, 2) — G (2, 2))}

3

— Vi ((divz Sy (x,2) Z

=1

(z,2) + V.G (z,2)- S (, z))
(4.62)

for i,l,m =1,2,3 and for z € Q with x # z. On the other hand, in the same manner as
(4.62), we have that

e M Vi (gl (7, 2) = Gy (2, 2))}
= gfl{vwi(Gls’m(l', Z) - Gin(.’ﬂ, Z))}

3 I
(v, S1(0 DG (02) = 3 GG (0:2)
=1

+ V@Gla,m(x, z) - Si(x, z)) +0(e)

for i,l,m =1,2,3, as € — 0. Letting ¢ — 0, we also have by Proposition 4.3 that
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lim e {V,.i(GL (2, 2) — Gl (2,2))}
E—

= hH(l) 571{vm’7 (gi,m(xa Z) - Gin(xv Z))}

3

— Vi ((divx Sy (x, 2) Z

(z,2) + VoG (z,2) - Sl(%z))

(4.63)

for i,1,m = 1,2,3 and for z €  with z # z. Here, it follows from (4.62) and (4.63) that

i V(e (G (2, 2) = Gl (2, 2))} = lim eV s (G (2, 2) — Gl ()}
= lim Ve {e ol (2, 2) — Gl 2))} — i e Vs gL (3, 2) — Gl (,2))}

fori,l,m = 1,2,3 and for z € Q with 2 # z. Hence, we have by (4.23) for (k1,k2) = (1,1)
that

lim Vi {e (G (2,2) = Gho(2,2))} = lim e Ve (G (2,2) = GLo(,2))), - (464)

which yields (4.59) for k; = 1. Similarly to (4.64), we may prove (4.59) for k = 2 and
(4.60) for k = 1. This completes the proof of Theorem 4.6. O

4.3. The second order term of the expansion with respect to e.

In the previous subsection, we assure the existence of the first order term of the
Green function {0G,, Py, }m=1,2,3. In this subsection, we discuss the existence of the
second order term, and analyze the regularity theory for the variable z € ) and parameter
€ up to the second order term with analogue to Theorem 4.6.

We first investigate the existence of {62G, 62 Py, fm=1.23 as in (1.12) and (1.13) in
the following lemma.

LEMMA 4.4.  For any fized z in Q, there exist {0°G (-, 2) tm=123 € C*T0(Q\ {2})
and {0%P (-, 2) bm=123 € C*(Q\ {2}) with 0 < 6§ < 1. Moreover, we have the explicit
eTpressions as

’I’L

3
82GM (z,2) = 0°G! " (x, 2) +2{ (divg Si(z, 2))0G, (x, 2) Z 2)6GE (, 2)

— V.G (x,2) - Si(x, 2 }

3
— Jao(z, 2)Gr (z, 2) + 2(divy Sp(z, 2) Z J (x,2)

—22851 V2@, ) Si(a )
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+ 2(div, S1(x, 2)) (V.G (x, 2) - S1(x, 2)

—(V2G™ ) (x, 2) - S%(x, 2) Z D n (2,2)VS? (2, 2) - G () 2)

— V.G (x,2) - Sa(z,2) + V55 (x, 2) - G (z, 2), (4.65)
82Py(x,2) = 2Pl (x,2) — 2V 10 P (2, 2) — V2P, (2, 2) - 8%(x, 2)
— ViPp(z,2) - Ss(x, 2) (4.66)

for myn = 1,2,3 and for all x € Q with x # z, where {6°G",,0°P} } =123 are as in
(4.2) and (4.3) taking e’ =0 and k = 2, S1 and Sy are the vector function introduced by
(1.3). Here, Jy is defined by (3.4).

PrROOF. Similarly to (4.55), we have by Proposition 3.1, Proposition 4.3, (4.51)
and (4.54) that

682G " (x, 2)
3

=2 lir% 52{ det(J:(z, 2)) Z a:fn (x) (G;m(z, 2)+ VGl (2,2) - (& — x)

e— L QFt
=1

1 .
+ §V§Gz,m(ﬂc, 2)(Z —x) > — &G M (x, z)}

n

3
= 52G" (x, 2) JrQ{(divac S1(x, 2))0G (x, 2) Z G (x,2)

+ V430G (x,2) - S1(z, 2)

3
+ o, 2) G (1, 2) — 2(div 81 (1, 2) Z (z,2)Gru (. 2)

3
+2(div, S1(z, 2)) (VLG (2, 2) - Sy (, 2) Z

TL

)(VoGI N (z,2) - Si(z, 2)

’ﬂ

3
+(V2G™) (2, 2) - Si(z, 2) Z 289 (x,2) - G, 2)

+ V.Gl (2, 2) - So(x,2) — VS (2, 2) - G (x,2), m,n=1,2,3

for € Q with x # z, where J; is defined by (3.4). In the above calculation, it should
be noted that S1(z,z) = Sa(z,2) =0, and we have used the fact that

o ViGE, (x,2) = VG0 (x, 2)
hr% : 5

= V.0Gy (¢,2), mn=1,23
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for z € Q with & # z, which is derived by (4.59). Furthermore by (4.60), the identity
(4.66) may be handled in the same manner as (4.65). We thus have Lemma 4.4. O

By Lemma 4.4, we can assure the existence of the second variation {02G,,
82Pp}m=123. Finally, we investigate their regularity criterion for a variable z € Q
with analogue to Theorem 4.6.

THEOREM 4.7.  Let {G: p, P: m}m=1,23 be the Green function of the Stokes equa-
tions (0.3). For any z € Q, it holds that

vh (dZGZ (2, 2) ) _E whal (@) (4.67)
wi\ gez "em\h o ge2 \Vai Tem\h 5:07
d? d?
Vi <P m(z, 2) ) = — (V4 Peom(z, 2)) , ,lm=1,2,3 (4.68)
dEQ g,m o d52 eg,m o

for all x € Q with x # z and k; = 1,2. Here, Vi := 9/0z',i =1,2,3.

PROOF. It is easy to see that Theorem 4.4 for k1 = 1,2 and ko = 2 yields Theorem
4.7 in the same manner as Theorem 4.6. (]

5. Construction of the representation formula.

In this section, we shall establish the represent formula for the first and the second
variation {§Gm, 6Py, tm=123 and {0°G,,8?Pn}m=123 as in (1.8), (1.9), (1.12) and
(1.13), respectively.

5.1. Properties of the first and the second variation.

We first prepare the key lemma for constructing the representation formula for
{5ka, 6’“Pm}m:1’2,3 for k = 1,2. For that purpose, we introduce some functions.

Since by Theorem 4.1, we see that {0G), }m=123 as in (4.2) is a smooth function in
Q\ {2}, it follows from the definition of {0G, }m=123 as in (1.8) and (1.9), and Lemma
4.3 that there exists H,, (-, z) € C*t?(Q) such that

8GL (x, 2), x € Q\{z},
8G! Nz, 2) — (divy Si(z,2))GL, (z, 2
I Lo 12 2)) (5,2

for I,m = 1,2,3, where S; is defined by (A.2). If we define an extension {6C~¥m}m:17273
of {0G 1, }m=1,2,3 to the singularity z € Q and to the boundary = € 9Q by

0Gm(z,2) == Hy(x,2), =z, (5.1)

we may regard 6G,,(-,z) € C?**?(Q) with 0 < # < 1. In the same manner as (5.1),
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we define the extensions of {6P,(+,2)}m=123 and {°Gu(+,2),0%Pn(-,2)}m=123 by
{6P(, 2) =123 and {62G (-, 2), 0% P (+, 2) 1,23, Tespectively. For that extensions,
we have the following theorem.

THEOREM 5.1.  Let {5kém,6kpm}m:1,2’3 be the extensions of {6FG,,,
88 P Ym=1.23 for k = 1,2, respectively. For any z € €0, it holds that

—Ay 65 G (2, 2) + V0 Py (z,2) =0, z€Q,
divy 5kém(x, z) =0, x €9,
F G (2, 2) = Bi(, 2), x € 0N

for k =1,2, where the boundary data By, j is defined by

~V.G (z,2) - Si(x, 2), k=1,
fn’k(m, 2) = —2V,.6GL (2,2) - Si(x,2) — V3G (v, 2) - S1(w,2)
—V.G (2, 2) - So(x, 2), k=2,

and the vector functions Sy, Ss are defined by (A.2).

— ALOG (2, 2) + Vi 0Py (z, 2)

d
=-A - Gem\ L,
JC(dEG, (z,2)

d
*Pe m 9
50) " Vm(ds m(®:2)

ProOOF. Concerning the case for k = 1, it follows from Theorem 4.6 that
d
= —— (A,;Ggym(x, z2) + Vi Pz, z))

5_0)
de =0

=0, m=1,2,3 (5.2)

for all x € Q with x # z. Similarly to (5.2), we have by Theorem 4.6 that
div, G, (2,2) =0, m=1,2,3 (5.3)

for all z € Q with z # z. Furthermore, since 6G/,(z, 2) = G (x,z) = 0 for z € 09, it
follows from Lemma 4.3 that

6GL (2,2) = =V,G! (x,2)- Si(x,2), 1,m=1,2,3 (5.4)

for z € 012, which implies Theorem 5.1 for £k = 1. We may handle the case for k = 2 in
the same way as (5.2) and (5.3). Indeed, it holds by Theorem 4.6 and 4.7 that

—Ap62G o (2,2) + Vi0?Po(2,2) =0,  div, 6°Gp(x,2) =0 (5.5)
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for m = 1,2,3 and for all z € Q. Furthermore, substituting (4.51) to the right had side
of (4.65), we similarly to (5.4) have that

(Sé,lm(it, z) = —2Vw6G£n(x, z) - Si(z,z) — ViGin(x, z) - Si(z, z)
- Vchin(x, z) - So(x, z)

for ,m = 1,2,3 and for * € 9Q. Here, we have used the fact that 62°G’ (r,z) =

m

0G,, (x,2) = Gp(z,2) =0 for x € O0. O

5.2. Proof of Theorem 1.1.

In this subsection, we shall prove Theorem 1.1 by means of Theorem 5.1. Applying
the Green integral formula for the Stokes operator £ as in (2.4) on Q\ B,(y) to the
functions

v =0G,(x,2), m™=0Py(x,z),
w:Gn(xay)v 7‘:‘-:_Pn(xvy)

for m,n = 1,2, 3, we have by Theorem 5.1

3

/ S AT (3G, 68) (3, 2)G (,y) — T (G, Po) (1, 9)3CE (3, 2) Yo = 0
HNB,(Y)} =1

(5.6)

for m,n =1,2,3. Here, we have used the fact that L(G,,, P,)(z,y) =0in Q\ B,(y) for
n =1,2,3. Concerning the limit p — 0 at the point of y, it follows from Lemma 2.1 and
(5.1) that

3
fim, S (T(0Gn, 8P) (@, )G (2, ) = T (G, Po) (1, 9)0G (2, ) dor,
= BB/J(Z/) i,j=1

=0Gr (y,2), m,n=1,23. (5.7)

Therefore, it follows from Theorem 5.1, (5.6) and (5.7) that

3 i
G = [ 3 TG P G St e, (58)

,,k=1

for m,n =1,2,3 and for y, z € Q. Furthermore, since G,,(z, z) = 0 for x € 09, it holds
that

e e .
ok (J},Z) - Tym(xvz)ym

ik,m=1,2,3 (5.9)
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for x € 9Q. Applying (5.9) to the right hand side of (5.8), we have by (A.2) that

6G, (Y, 2)
acl 8G§n
-/ 5 1S (v, 2)
o ; Q=1 Vg
Fdivy G y)divy G2, 2) — ol y)divs G, z)) o1(2) do,
3 G’ aGi
:/ Z (x,y) (x z2)p1(z)doy, m,n=1,23 (5.10)

for y,z € Q. Furthermore, it follows from Theorem 5.1 at the point x = y and (5.10)
that

8G1 8G2
Vyn0Pu(y,2) = A /BQZ 8% (x 2)p1(z) doy (5.11)

for m,n =1,2,3. Since 02 is sufficiently smooth, we have that for each x € 99,

AGY (y,x) = Vyn P (y.x), m,n=1,2,3 (5.12)
for y € Q. Since G¢ (z,y) = G*(y,x),i,n =1,2,3 for (z,y) € Q x Q, we apply (5.12) to
the right hand side of (5.11), which completes Theorem 1.1.

5.3. Proof of Theorem 1.2.
Similarly to Theorem 1.1, we have by Theorem 5.1 that

3
52G (y,2) = / S T (G, Ry, )0 Gl (2, 2)v) oy, myn=1,2,3.  (5.13)
o0

1,j=1

Applying (A.2) and (5.9) to (5.13), it holds that

oG, G oGy,
2 _ m
0°Gh (Y, ) = 2/89 E v, (x )aylayw (w,x) 0. (w, 2)p1(z)p1(w) dopdoy,

=

oG 9°Gi ,
+ g S w9) T 2 . 2ok ) do,

x

oG oGt
- /mZaux @) G @ pa(a) o, mn =123 (514)

for y, z € Q. Here, we have used the fact that the representation formula for §G,, as
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; oG, 0G5
J = m 7J ] =
G (x, 2) /89 ;:1 o (w,z)ay (w,x)p1(w)doy, j,m=1,2,3 (5.15)

w

holds for all z € €. Furthermore, similarly to the proof of Theorem 1.1, by Theorem 5.1,
(5.12) and (5.14), we thus complete Theorem 1.2. O

A. Proof of Lemma 1.1.

We first define the bounded domains €2 and 5 by

d
Q= {x—!—sux;xG@Q,—; <8<0},

d,
Qg = {x €O d, > 3},

where d, = dist(x,09), so that Q = Q; U Qy. For any x(-) € C°([—d./3,0]) with
0 < x(s) <1 for s e [—d,/3,0] satisfying

<s<—%
— — 97

we may construct a mapping from Q to . in such a way that

x, x € Qo,

boos) e 47 (55 (@2 5m@E (o) o "

d,
T+sv, €0, 1€EIN, s€ <—3,0).

Taking the vector functions Si (-, z) and Sa(-, z) as

0, x € (o,
Si(x,z) = A2
1(@:2) m(@)x(8)Ve, T4+ sv, €Q, 2 €N, s€E <—C§;,O>, (4.2)
0, r € o,
So(z, z) :=

d
p2(x)x(8)vy, x+sv, €Qy, x €0, s€ (— ;,O),

we immediately know that ®.(-; z) € C°°(Q) satisfies the conditions from (1.1) to (1.3).
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