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Abstract. This paper studies the stability of isoperimetric inequalities
under quasi-isometries between non-exceptional Riemann surfaces endowed
with their Poincaré metrics. This stability was proved by Kanai in the more
general setting of Riemannian manifolds under the condition of positive injec-
tivity radius. The present work proves the stability of the linear isoperimetric
inequality for planar surfaces (genus zero surfaces) without any condition on
their injectivity radii. It is also shown the stability of any non-linear isoperi-
metric inequality.

1. Introduction.

An interesting problem in the study of geometric properties of surfaces is to consider
their stability under appropriate deformations. In the 1985, in [20] M. Kanai proved the
quasi-isometric stability (see the definition of quasi-isometry in Section 2) of several
geometric properties for a large class of Riemannian manifolds.

We shall be interested not only in his results but in the ideas behind the proofs.
Concretely, those relating the manifold with a particular graph (an e-net of the manifold)
in order to study the stability of the quasi-isometry. Several authors have followed Kanai
in studying the stability of some other property, or in proving the equivalence of a
manifold with a different associated graph (see, e.g., [1], [7], [16], [19], [21], [22], [28],
29], [32], [33], [35], [37], [39]).

Quasi-isometries play a central role in the theory of Gromov hyperbolic spaces for
they preserve hyperbolicity of geodesic metric spaces (see, e.g., [17], [18]).

A non-exceptional Riemann surface .S will mean a two-dimensional manifold with a
complete conformal metric of constant negative curvature —1. In this case, the universal
covering space of S is the unit disk D endowed with its Poincaré metric. The only
exceptional Riemann surfaces are the sphere, the plane, the punctured plane and the
tori.
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A Riemann surface S satisfies the a-isoperimetric inequality (1/2 < a < 1) if there
exists a constant ¢, (S) such that

As(Q)® < ca(S)Ls(09) (1.1)

for every relatively compact domain 2 C S. Throughout, Ag, Ls and dg refer to Poincaré
area, length and distance of S and LII refers to the 1-isoperimetric inequality also known
as the linear isoperimetric inequality.

There are close connections between LI and some conformal invariants of Riemann
surfaces, namely the bottom of the spectrum of the Laplace-Beltrami operator, the expo-
nent of convergence, and the Hausdorff dimensions of the sets of both bounded geodesics
and escaping geodesics in the surface (see [5], [6, p. 228], [10], [11], [12], [13], [14], [15],
[24], [25], [38, p.333]). Isoperimetric inequalities are of interest in pure and applied
mathematics (see, e.g., [9], [27]).

The injectivity radius 1(p) of p € S is defined as the supremum of those r > 0 such
that Bg(p,r) is simply connected or, equivalently, as half the infimum of the lengths of
the (homotopically non-trivial) loops based at p. The injectivity radius ¢(S) of S is the
infimum over p € S of «(p).

This paper considers the stability of isoperimetric inequalities under quasi-isometries
between non-exceptional Riemann surfaces. This stability was proved by Kanai in [20]
under the hypothesis +(S) > 0 in the very general setting of Riemannian manifolds.
Example 2.3 in the next section shows that the stability fails without the hypothesis
t(S) > 0. Since this example involves non-zero genus surfaces, it is natural to wonder if
the stability holds for planar surfaces.

The main result in this paper is the following.

THEOREM 1.1. Let S and S’ be quasi-isometric non-exceptional genus zero Rie-
mann surfaces. Then S’ satisfies the linear isoperimetric inequality if and only if S
satisfies the linear isoperimetric inequality. Furthermore, if f : S — S’ is a c-full (a,b)-
quasi-isometry, and c1(S") < oo then ¢1(S) < C, where C is a universal constant which
just depends on a,b,c and c1(S").

For surfaces of positive finite genus, the following result shows that the first conclu-
sion of Theorem 1.1 holds:

THEOREM 1.2. Let S and S’ be quasi-isometric non-exceptional Riemann surfaces
with finite genus. Then S’ satisfies the LII if and only if S satisfies the LII.

However Example 7.2 shows that the second conclusion of Theorem 1.1 fails in this
case of positive finite genus.

The idea behind the proof of Theorem 1.1 is simple: each surface is split into a thin
part (with small injectivity radius) and a thick part; a slight modification of the proof of
Kanai’s theorem applied to the thick part, together with some new arguments to show
that the thin part is “essentially” preserved under the quasi-isometry give the theorem.
The difficulty is the following: two quasi-isometric surfaces have a similar shape at a
large scale (if viewed from sufficiently far), but they can look very different at a small
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scale (by definition a quasi-isometry may not be continuous). In particular, the image
of a continuous loop by a quasi-isometry need not be a continuous curve, and thus the
injectivity radii can be very different in two quasi-isometric surfaces (see, e.g., Examples
2.4 and 2.5). Theorem 1.3 deals with this situation and states that a quasi-isometry
between planar surfaces maps points with small injectivity radius to points with small
injectivity radius (in a precise quantitative way).

THEOREM 1.3. Let S and S’ be non-exceptional genus zero Riemann surfaces and
let f: S — S be a c-full (a,b)-quasi-isometry. For each &' > 0 there exists € > 0 which
Just depends on €', a,b, ¢, such that if 1(z) < e then o(f(2)) < &’. Moreover, given €1 > 0,
€ can be taken so that € < e1.

In fact, the core of this work is devoted to proving Theorem 1.3.
We show that a very different situation appears when dealing with the a-
isoperimetric inequality, 1/2 < a < 1.

THEOREM 1.4. Let S and S’ be quasi-isometric non-exceptional Riemann surfaces
with «(S) >0, and 1/2 <« < 1. Then S’ satisfies the a-isoperimetric inequality if and
only if S satisfies the a-isoperimetric inequality and 1(S") > 0.

Note that here we have no hypothesis on genus.

Hence, the behavior of the a-isoperimetric inequality in Riemann surfaces under
quasi-isometries is very different in the cases « =1 and a < 1.

The outline of this paper is as follows. Section 2 contains some background and
examples. In Section 3 the continuity of the injectivity radius in a Riemann surface is
studied. Section 4 contains some technical lemmas on quasi-isometries which will be
needed in Section 5 in order to control the distortion of the injectivity radius under
quasi-isometries. In Section 6 the proof of Theorem 1.1 is given, and finally, Sections 7
and 8 are devoted to generalize this theorem to finite genus surfaces and to non-linear
isoperimetric inequalities, respectively.

2. Background and examples.

A function between two metric spaces f : X — Y is said to be an (a,b)-quasi-
isometric embedding with constants a > 1, b > 0, if

1
o dx(z1,22) — b < dy(f(x1), f(x2)) < adx(x1,2z2)+ D, for every 1,72 € X.

Such a quasi-isometric embedding f is a quasi-isometry if, furthermore, there exists a
constant ¢ > 0 such that f is c-full, i.e., if for every y € Y there exists x € X with
dy (y, f(x)) < c.

Two metric spaces X and Y are quasi-isometric if there exists a quasi-isometry
between them.

An (a,b)-quasigeodesic in X is an (a, b)-quasi-isometric embedding between an in-
terval of R and X. A geodesic in X is a (1,0)-quasigeodesic.

It is easy to check that to be quasi-isometric is an equivalence relation on the set of
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metric spaces.

The word geodesic will always be used with this meaning except for the case of either
simple closed geodesics (which are just local geodesics) or geodesic loops (which are just
local geodesics except in their basepoints).

The surface S will be split into thin and thick parts, and some standard tools for
constructing Riemann surfaces will be needed. Doubly connected domains will be crucial.

A collar in a non-exceptional Riemann surface S about a simple closed geodesic o is
a doubly connected domain in S “bounded” by two Jordan curves (called the boundary
curves of the collar) orthogonal to the pencil of geodesics emanating from o; such collar
is equal to {p € S : ds(p,0) < d}, for some positive constant d. The constant d is called
the width of the collar.

Let S be a non-exceptional Riemann surface with a cusp ¢ (if S C C, every isolated
point in 95 is a cusp). A collarin S about ¢ is a doubly connected domain in S “bounded”
both by ¢ and a Jordan curve (called the boundary curve of the collar) orthogonal to the
pencil of geodesics emanating from ¢. It is well known that the length of the boundary
curve is equal to the area of the collar (see, e.g., [4]). A collar of area [ is called a
(B-collar.

A Y -piece is a compact bordered Riemann surface which is topologically a sphere
without three disks and whose border is the union of three simple closed geodesics. Given
three positive numbers a, b, ¢, there is a unique (up to conformal mapping) Y-piece such
that their boundary curves have lengths a, b, ¢ (see, e.g., [31, p.410]). They are a
standard tool for constructing Riemann surfaces ([8, Chapter X.3] and [6, Chapter 1]).

A generalized or degenerated Y -piece is a bordered or non-bordered Riemann surface
which is topologically a sphere without n open disks and m points, with integers n,m > 0
and n + m = 3, so that the n boundary curves are simple closed geodesics and the m
deleted points are cusps. Observe that a generalized Y-piece is topologically the union
of a Y-piece and m cylinders, with 0 < m < 3.

A funnel is a bordered Riemann surface which is topologically a cylinder and whose
border is a simple closed geodesic. Given any positive number a, there is a unique (up
to conformal mapping) funnel such that its boundary curve has length a.

We collect below two well known hyperbolic trigonometric formulae (see, e.g., [6,
p.454]) which will be useful.

PROPOSITION 2.1.  The following formulae hold for polygons on the unit disk (and
then for simply connected polygons on any non-exceptional Riemann surface).

(1) If a,b,c are the lengths of the sides of a right-angled geodesic triangle and c is the
length of the hypotenuse, then cosh ¢ = cosh a cosh b.

(2) Let us consider a geodesic quadrilateral with three right angles and let ¢ the other
angle. If o, B are the lengths of the sides which meet with angle ¢ and a is the length
of the opposite side to the side with length o, then sinh o = sinh a cosh (3.

Example 2.3 shows that the stability of LII fails for surfaces with zero injectivity
radius. We need a previous result.

LEMMA 2.2. A non-exceptional Riemann surface of finite type satisfies the LIT if
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and only if it has at least a funnel.

PrROOF. Let S be a non-exceptional Riemann surface of finite type.
If S has not funnels, then it has finite area and consequently it has not LII.
Assume now that S has at least a funnel. A domain £ C S is said to be a geodesic
domain if 99 is a finite number of simple closed geodesics, and Ag(?) is finite. By
Lemma 6.5 with e = 0, S has LII if and only if it has LII for geodesic domains. Note
that there are just a finite number of geodesic domains 2 in S; since S has at least a
funnel, every geodesic domain €2 in S verifies Lg(99Q) > 0; therefore, S satisfies the LII.
O

EXAMPLE 2.3. There exist two non-exceptional Riemann surfaces S, .S’ and a quasi-
isometry f : S — 5, such that «(S) = +(S") = 0, S does not satisfy the LIT and S’
satisfies the LI1.

Let us consider two isometric Y-pieces Y7,Y5 such that 0Y; is the union of three
simple closed geodesics with length 1 for j = 1,2. Denote by X the bordered surface
obtained by pasting two boundary curves of Y; with two boundary curves of Y (X
is a torus with two holes). Let us consider a sequence {X,,},,>1 of bordered surfaces
isometric to X; denote by Sy the bordered surface obtained by pasting a boundary curve
of X,, with a boundary curve of X,, 1 for every m > 1. Consider now a generalized
Y-piece Yy with a cusp and such that 0Yj is the union of two simple closed geodesics
with length 1.

S is the (non bordered) surface obtained by pasting a funnel (with boundary of
length 1) to one boundary curve of Y and Sy to the other boundary curve of Yy. S does
not satisfy the LI since |J!" _; X,,, has area 47n and its boundary has length 2 for every
n > 1.

The surface S’ is obtained by pasting a funnel (with boundary of length 1) to a
generalized Y-piece Y* with two cusps and such that 0Y™ is a simple closed geodesics
with length 1. Lemma 2.2 gives that S’ satisfies the LII.

Finally, let us prove the existence of a quasi-isometry f: S — S’. Fix geodesic rays
7,7 (geodesics whose domain is the interval [0, 00)) in Sy and in the 2-collar C of a fixed
cusp of §’, starting in 9Sy and 9C, respectively. Let us consider the bijective isometry
g:v — 7. We can easily check that the map fy : Sg — C defined in the following way
is a quasi-isometry: if p(z) is the nearest point in v from z € Sp, then fo(z) = g(p(2)).
Define f : S — S’ as follows: f = fo on Sy, f is any isometry between the funnels of S
and S’ f is any isometry between the 2-collar of the cusp of S and the 2-collar of the
cusp of S’ which does not intersect f(Sy), and f = ug otherwise, where wg is any fixed
point in S’. Now, we can easily check that f is a quasi-isometry.

The following examples show that the conclusion of Theorem 1.3 does not hold if S
or S’ are surfaces of positive genus. In particular, Example 2.5 shows that thin parts are
not in correspondence.

ExaMPLE 2.4. There exist constants a, b, ¢, I, I with the following property: for
each n there exist non-exceptional Riemann surfaces S,,S! and a c-full (a,b)-quasi-
isometry f, : S, — S/, such that ¢(z) > n for every z € S,, and I; < 1(z) < I for every
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z€S).

Let S, be the annulus with the simple closed geodesic with length 2n. Consider
an l-net N, of S,; by [20] there exists a quasi-isometry g, : S, — N, with universal
constants. By [26, Theorem 3.4] (see also [3, Theorem 23]), there exist a cubic graph C),
and a quasi-isometry h,, : IV,, — C,, with universal constants. Let us consider a sequence
{Y,.} of Y-pieces such that Y, is the union of three simple closed geodesics with length
1 for every m (therefore, they are isometric). It suffices to consider as S/, the surface
obtained by pasting the Y-pieces {Y;,} following the combinatorial design of C,,. Since
[35, Theorem 3.8] or [39, Theorem 4.17] provide a quasi-isometry u, : C,, — S), with
universal constants, there exists a quasi-isometry f, : S,, — S/, with universal constants.

ExaMpPLE 2.5. There exist constants I, Is with the following property: there
exist non-exceptional Riemann surfaces S, S’ and a quasi-isometry f : S — S, such that
I < u(z) < I for every z € S and «(S") = 0.

Let us consider a sequence {X,,}mez of bordered surfaces isometric to the torus
with two holes X in Example 2.3; then S is obtained by pasting a boundary curve of X,
with a boundary curve of X, for every m € Z.

Consider now two isometric generalized Y-pieces Y3,Y,; with a cusp and such that
0Y; is the union of two simple closed geodesics with length 1 for j = 3,4. It suffices to
consider S’ as the (non bordered) surface obtained by pasting the two boundary curves
of Y3 with the two boundary curves of Y; (S’ is a torus with two cusps).

The existence of a quasi-isometry f : S — S’ can be shown with a similar argument
to the one used in Example 2.3.

3. Continuity of the injectivity radius.

The following result is well-known and easy to check.

LEMMA 3.1.  Let M be a Riemannian manifold and x,y € M. Then |u(x) — 1(y)| <

This last result can be improved for small values of the injectivity radius.

LEMMA 3.2.  Let S be a non-exceptional Riemann surface and z,w € S. Then
t(w) > arcsinh (e‘dS(Z’w) min{1,sinh¢(2)}).

In particular, if sinh ¢(2), sinh (w) < 1, then |logsinh ((w) — logsinh ¢(2)] < dg(z,w).

ProoOF. Let us choose geodesic loops v, and +,, with respective base points z and
w such that ¢(z) = Lg(7,) and ¢(w) = Lg(Yw)-

Assume first that v, and 7, are freely homotopic. It is clear that the minimum
value of +(w) is attained if v, and 7, bordered a cusp and z and w belong to the same
geodesic escaping to the cusp.

As usual, consider a fundamental domain for .S in the upper halfplane H contained
in {zeMH: 0< Rz <1} and such that {z e H: 0 < Rz < 1, Iz > 1/2} corresponds
to the 2-collar of this cusp in S. Let us represent ~, (respectively, 7,,) in the upper
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half-plane by means of a geodesic with endpoints i« and ic + 1 (respectively, i3 and
16+ 1, with 8 > «). Note that

. . dg(iayia+ 1) 1
h = h _— = —
sinh ¢(z) = sin 5 5

sinh ¢(w) = %, ds(z,w) = dy (i, i8) = logg = log m
Hence, the minimum value of ¢(w) is attained with +(w) = arcsinh (e~4s(*%) sinh(z)).
Assume now that v, and ~,, are not freely homotopic. Let us consider a geodesic
[z, w] in S and the nearest point zg to z in [z, w] with a geodesic loop 7., freely homotopic
to v such that ¢(z0) = Lg(gs,). It is not difficult to see that ¢(z9) > arcsinh1 (the
injectivity radius of any point in the boundary of the 2-collar of a cusp). The previous
argument gives t(w) > arcsinh(e=%s(30%) sinh 1(2y)) > arcsinhe~%s(*®) This finishes
the proof of the first statement. The second statement is a direct consequence of the first
one. O

4. Technical lemmas on quasi-isometries.

A key step in the proof of our main result in this paper (Theorem 1.1) is to control the
distortion of the injectivity radius under quasi-isometric transformations (see Theorems
1.3 and 5.1). Due to the complexity of the proofs of these theorems, this section is
devoted to present some technical lemmas used in their proofs.

Let us consider H > 0, a metric space X, and a subset Y C X. The set Vi (V) :=
{r e X :d(z,Y) < H} is called the H-neighborhood of Y in X.

A control on how collars behave under quasi-isometries will be needed, and thus a
more general definition is required:

Let us consider a quasi-isometry f : S — S’, a finite or infinite geodesic v C S and
a connected subset v of that geodesic. Given two positive constants h and r, then the
h-neighborhood of f(v) in S’ is an (f,v,70, h,r)-tube T if for every point p € ~p, the
closed ball Bg/(f(p),r) is contained in T.

In principle, although a tube does not need to be doubly connected, Theorems 4.5
and 4.6 will show that they are “essentially” doubly connected, and that explain the
name.

We will use several times the following result known as Collar Lemma (see [30]).

LEMMA 4.1.  If o is a simple closed geodesic in a non-exceptional Riemann surface
S, then there exists a collar about o of width d, for every 0 < d < w, where coshw =
coth(Lg(c)/2). Hence, if Lg(o) < 2arccoth(cosht), then w > t.

REMARK 4.2. Along this chapter, o will denote a simple closed geodesic in S and
w the width of the collar of o, where coshw = coth(Lg(0)/2).

Denote by Cy 4 the collar of o of width d and by C, the collar of o of width w. It
is well known that if o1 and o5 are disjoint simple closed geodesics, then Cy, N Cy, = 0.

For each cusp there exists a 2-collar and 2-collars of different cusps are disjoint.



134 A. CANTON, A. GRANADOS, A. PORTILLA and J. M. RODRIGUEZ

Besides, the collar C, of the simple closed geodesic o does not intersect the 2-collar of
a cusp (see [30], [36] and [6, Chapter 4]). If a A-collar of a cusp (with 0 < A < 2) in
a Riemann surface has boundary curve «, denote this collar by %,. Denote also by %,
the H-neighborhood of the 2-collar of a cusp with boundary « (now « can be a union of
closed curves).

The next result deals with collars of geodesics and cusps separately:

LEMMA 4.3. Assume that S is a genus zero Riemann surface. Let f be a c-full
(a,b)-quasi-isometry from S to S, and t > 0 a constant. Then, there exist positive
constants ki, ks and k depending only on a,b, c,t that satisfy the following:

1. Let o be a simple closed geodesic on S with Ls(o) < ko, v a geodesic perpendicular
to o contained in C, with Ls(y) = 2w and vy := {p € v : ds(p,0) < w —k1}. Then
there exists an (f,7,v0,h, h +t)-tube T C S" with h :== 3a + b+ c.

2. Let € be the 2-collar of a cusp in S with boundary curve o, v an infinite geodesic
contained in € perpendicular to o and vy := {p € v : ds(p,0) > k}. Then there exists
an (f,v,v0, h, h +t)-tube T C S’ with h :=2a+ b+ c.

PrROOF. 1. Set k1 :=2a(3a+2b+2c+t) and kg := 2arccoth(cosh k1 ). Notice that
k1 > 6, since a > 1. Since S is a zero genus surface, v is a geodesic (not just a local
geodesic); therefore, f(v) is an (a, b)-quasigeodesic.

Seeking for a contradiction, let us assume that there exists a point p € -y such that
the ball B := Bg/(f(p),h +t) is not contained in 7. That is, there exists a point
q € B\ T for which

ds(a, 1)) > h. (12)
Since f is c-full, there must exist p; € S\ v such that dg/(f(p1),q) < ¢. Let us

assume that dg(p1,0) > w—k1/2. Since p € 7o, it means that dg(p, p1) > k1/2. Using
the fact that f is an (a,b)-quasi-isometry,

ds (F(p), f(p1)) > = ds(p,pr) —b> 5= —b. (43)

f()
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By the triangle inequality, and using that ¢ € B,

ds/(f(p1), f(p)) < ds/(f(p1),q) +ds(q, f(p)) < 3a+b+2c+t. (4.4)

Combining now (4.3) and (4.4), one deduces k1 < 2a(3a + 2b + 2¢ + t), which
contradicts the definition of k;. Therefore, p1 € Cy g, /2. Then, there exists a
point ps € ~ close enough to pi, verifying that dg(p1,p2) is upper bounded by the
length of one of the boundary curves of Cy ,_j, /2. Using Fermi coordinates based on
o, we can easily check that Ls(0C, y—r,/2)/2 < Ls(0C5)/2 = Ls(o)coshw. Collar
Lemma gives dg(p1,p2) < Ls(0C,)/2 = Lg(o)coshw = Lg(o)coth(Lg(c)/2) < 3
since k; > 6 and Lg(o) < 2arccoth(cosh ky).

On one hand, since f is an (a, b)-quasi-isometry (recall that py € 7),

ds (f(p1), f(7)) < ds (f(p1), f(p2)) < ads(p1,p2) +b < 3a+b. (4.5)

On the other hand, taking into account (4.2),

ds (f(p1), f(7)) Z ds (f(7),q) —ds/(q, f(p1)) 2 3a+b+c—c=3a+b.  (46)

Obviously (4.6) contradicts (4.5), so such a point ¢ € B\ T cannot exist and the
tube T mentioned in the statement of the theorem does exist.
2. The same arguments work for this situation, defining k := a(2a + 2b + 2¢ + t). O

LEMMA 4.4. Let n be an (a,b)-quasi-geodesic in S and h > 0. Then there exists
a positive constant ro, which just depends on a,b, h, with the following property: if for
some zg € n the ball B := Bg(zg,7) is simply connected and it is contained in the
h-neighborhood of n, then r < ry.

PrROOF. Let us define 7o := 2h(J + 1), where J is the least integer satisfying

1 2
J > h<a2<(12(3h+b)+2b+5h) +b+h>.

Note that, since B is simply connected, the ball By := Bg(z,7/2) is simply connected
and, besides, geodesically convex. Let I be a closed interval on the real line and 7 :
I — S a parametrization of the (a, b)-quasigeodesic. Seeking for a contradiction, let us

assume that r > 2h(J + 1).
Define j; as the least integer satisfying

. 1
J1> T

0,2
- 2h ).
h<2(3h+b)+b+ h)

There exists § > 0 such that

r>2(h+06)(J +1),
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a2
1< ——(—=Bh+35+b)+b+2h+20)+2
Jl<h+5(2(3+3+)++ +>+,
a

1
] —_— 2 2 4.
]1>h+6(2(3h+36+b)+b+ h+ 6) (4.7)
and

1 2
J>—(a?( S (3h+36+b)+2b+5h+55 ) +b+h+0).
h+46 2

Let us consider any geodesic v; C Bj extended in both directions from the point
zp and a second geodesic 79, perpendicular to v; and extended just in one direction
from zg. Let us fix points 21, 22, 23,... € 71 in one of the directions starting at zy and
Z_1,%-9,%_3,... € 71 in the opposite direction from zy, such that dg(zo,z;) = |j|(h + 9)
for every j with |j|(h + ¢) < r/2. Analogously, choose points w; € v, with dg(zo, w;) =
Jj(h+9) for every j > 0 with j(h+ ) < r/2.

Since B; is contained in the h-neighborhood of 7, for each of these points z;, w; € By
there exist points 2}, w} € n verifying ds(z;,2) < h + 4 and ds(w;, w}) < h+ 6.

Let t;,s; € I be the real values such that 7(t;) = z; and n(s;) = w} (according to
this notation, n(to) = 20 = zg). Then [t; —tx| < a(ds (2], 2;;) +b) < a(lj — k[(h +0) +
2h 4 26 + b) and, in particular,

[t; —tjy1| < a(3h+30+0). (4.8)
Note that 2% and z* ; are both in the ball By:
ds(235,20) <ds(z%;,247) +ds(z45,20) <h+d+ J(h+06)=(h+0)(J+1) <r/2.
For the defined value j;

lsj, — to] < a(dg(w;,zo) + b) < a(dg(wf;l,wjl) +ds(wj,, 20) + b)
< a(h+ 6+ ji(h+6) +b). (4.9)

A similar argument gives

1
lt; —to| > —(ds(z0,27) —b) >

- (J(h+8)—h—38—b). (4.10)

ISH R

Using the third inequality in (4.7) and ji(h + ) < a?/2(3h + 35 + b) + b + 4h + 46, we
can easily check that

é(J(lH—é)—h—&—b) > alh+ 8 +b+ ji(h+5)).

Therefore, comparing (4.9) and (4.10), one obtains |t; — to| > |s;, — to]. Analogously,
[t_s —to] > |sj, — to|. Hence, by (4.8), there exists some js € Z such that
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570 — ta] < 5(3h+30 +b).

Taking into account the above inequality,

IN

ds(wj,, 2j,) ds(w;‘ﬁz}:) +2h+25 <als;, —tj,| +b+2h+26

[ V)

@
2
dS(ijZjQ) > ds(wjmzo) :Jl(h+6)

< —(Bh+30+b)+b+2h+25 and

Thus,

2
Ji(h+0) < T (3h 436+ b) + b+ 2h + 26,

which contradicts the second inequality in (4.7). Therefore, r < 2h(J 4+ 1) as claimed. O

THEOREM 4.5.  Assume that S and S’ are genus zero surfaces. Lety be any geodesic
perpendicular to o contained in C, with Lg(vy) = 2w. There exist positive constants
0, ko, k1, k2, which just depend on a, b, c, so that if o :={p € v: ds(p,0) < w—k1} and
Ls(o) < ko, then there exists an (f,~, %0, h, h + ko)-tube T C S’ with h :=3a+b+ c.

Furthermore, if ui,us are the endpoints of Yo, and g* is any simple geodesic loop
with base point f(u;) and Lg(g") = 2u(f(u;)) (i = 1,2), then g' and g bound a doubly
connected set in S', and for every z € vy, 1(f(2)) < 1o and the injectivity radius in f(z)
is attained in the geodesic loop with base point f(z) freely homotopic to a simple closed
geodesic o’ in S’, where o’ only depends on o and f. Besides, f(Cy) is contained in the
Hy-neighborhood of the collar C,: of o', where Hy := rog + aky + .

Note that ¢’ does not depend neither on ~y or 7.
PRrROOF. Let us define J as the least integer satisfying

1 2
J > h<a2<a2(3h+b)+2b+5h) +b+h),
ro = 2h(J + 1), ko := a®>(12h(J + 1) + 1/2 +3b) + 12h(J + 1) + b+ h + 3, k1 =
2a(3a + 2b + 2¢ + ko) and kg := 2arccoth(cosh(k1 + a(4h(J + 1) + b)/2)).
Since Lg(o) < ko, the width w of the collar C,, verifies the inequality w > ki +
a(2rg +b)/2 (see Collar Lemma), and consequently,

sy (), ) > 7~ ds(uz,un) b= 2272 o an(r 1) = ame

Therefore, it is possible to choose points xg, z1,...,ZTm € Yo, Where xg = Uy, Ty = Us
and

2rg < ds/(f(x;), f(xj-1)) < 4ro (4.11)
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forj=1,...,m.

Note that h+ kg > rg. Let us consider any r; with h+ kg > r1 > rg. By Lemma 4.3
(1), taking t = ko, Vhti, (f(70)) C Va(f(y)), and thus Lemma 4.4 gives that the balls
Bg/(f(xj),m1) are not simply connected for j = 0,1,...,m. Therefore, the injectivity
radius ¢(f(z;)) at the point f(z;) is less than r for every r1 > 7o, and then ¢(f(z;)) < 7o.
In particular, ¢(f(u1)), t(f(u2)) < ro. Consequently, there exists a simple geodesic loop
gj with base point f(x;) and Lg/(g;) = 2u(f(z;)) < 2r¢. In light of (4.11), g; Ng;41 = 0.
Since S’ is a genus zero surface, g; and g;41 disconnect S’, and then S"\ (g; U gj4+1)
has three connected components. Consider the geodesics 7} := [f(z;), f(z;41)] C S for
j=0,...,m—1.

CramM.  v;Ngj = {f(z;)} and v; Ngj11 = {f(2j41)} for j=0,....m—1.

Assume the claim holds. Assume that g; is not freely homotopic to g;41 for some
j. It will be shown that, in that case, Bg/ (f(x;),ko) € Va(f(7)), contradicting Lemma
4.3 (1). Set n; := g; Uv; Ugj+1 U (—7;). Note that Lg(n;) < 12rg. By means of a slight
modification of 7;, one can construct a simple closed curve 17;- freely homotopic to n;,
with 77 N {g; Ugjt1} = 0, Ls(n;) < 12r¢ + 1 and Hs(n;,7;) < 1 (where Hs: denotes
Hausdorff distance) as follows. Without loss of generality, S’ is a domain contained in C,
so take opposite orientation for g; and gj41 and let 77; be an oriented curve. If either g;
surrounds g;4+1 or g;4+1 surrounds g;, choose n§ contained in the annulus in C bounded
by g; and gj41. Otherwise, choose 175 contained in the “exterior” connected component
of S\ n;.

Since the curves g;, gj+1 and n; are not trivial, g;, gj4+1 and n; disconnect S” and
S\ (g9 U gj+1 Un;) has four connected components, one of them bounded (with finite
diameter) denoted by V; and other three unbounded (with infinite diameter). Note
that OV = g; U gj11 U 77;-. Since there are three unbounded connected components
of S"\ (g; U gj+1 Unj), there must exist an unbounded connected component U with
f(u), f(v) ¢ U. Note that

. 1 1
dlamS/ oUu < 5 max {LS/ (gj), LS/ (gj+1), LS/ (17;)} < 67’0 + 5
Since V is contained in the 1-neighborhood of 7; and Lg/(n;) < 12rg, then

diamg: % <1+ diamg- n; + 1 <679 + 2.

Assume first that f(v) intersects U. In this case, diamg/(f(y) N U) is bounded
above. Indeed, consider 7 to be oriented from wu; to us and consider points p’ := inf{r €
[ur,us] : f(7) € U} and ¢’ := sup{7 € [u1,us] : f(7) € U}.

Given p,q € yN f~1(U), since Lg:(n}) < 12ro+1, f(7) is a (possibly) discontinuous
curve with gaps of amplitude at most b, one deduces

ds/(f(p), f(q)) < ads(p,q) +b < ads(p',q') + b < a*ds/ (f(p'), f(d)) + a®b+ b
< a*(diamg: OU + 2b) + a®b + b
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< a®(6rg+1/2+43b) +b= ko — 6rg —h — 3. (4.12)

Thus diamg: (f(7) NU) < kg — 6rg — 2 — h — 1. Consequently, if z € f(y) N U, then
ds/(f(x;),z) < diamg/ V + diamg/ (f(y) NU) < kg — h — 1.

If f(v) does not intersect U and z € U, then dg/ (f(z;),z) < diamg' V < kg —h — 1.

Therefore, in both cases, since the region U is unbounded, the ball Bg/(f(z;), ko)
cannot be contained in T' = V,,(f(7)), which contradicts Lemma 4.3 (1).

Since it was shown that the closed ball Bg/(f(z;), h + ko) must be contained in T,
then Bg/(f(z;), ko) must also be contained in 7.

Therefore, g; is freely homotopic to g;j41 for every j. Consequently, the simple
geodesic loops go = ¢! and g,, = g* with base points f(u1) and f(us), respectively, are
freely homotopic and bound a doubly connected set in S’ as claimed.

By taking different sequences of points {x;} one can check that if z € g, and g, is
any simple geodesic loop with base point f(z) and Lg/(g.) = 2c(f(2)), then g, is freely
homotopic to g! and ¢(f(z)) < 7.

By Theorem 4.6 below, the map f provides a bijective correspondence from the cusps
of S to the cusps of S’; hence, there exists a simple closed curve ¢’ freely homotopic to
g' of length I. By Collar Lemma and Proposition 2.1, the injectivity radius ¢ at the
points in JC, satisfies sinh ¢y = sinh(l/2) coshw = cosh(l/2) > 1.

For z € 79, f(z) either belongs to the collar Cy/, and thus to V,. (C?), or, otherwise,
let us define ¢ := dg/(f(2),0") —w > 0. Then, sinhry > sinh¢(z) = sinh(1/2) cosh(w + t)
and

1 1 1
3 el < 3 e’ sinh(l/2) coshw < 3 e“*'sinh(l/2) < cosh(w + t) sinh(l/2)

. 1
<sinhrg < = e'.

Hence, t < rg and f(y9) C V;,,(Cyr). Given another geodesic 4y perpendicular to o, it
has been proved that f(59) is contained in the ro-neighborhood of Cj. for some simple
closed curve &' in S’; in order to check that &' = ¢’ it suffices to repeat the previous
argument replacing 7o by any geodesic 7; meeting o with an angle 7/2 — ¢ for small
e > 0. Therefore, f({p € S :ds(p,0) < w — k1}) is contained in the ro-neighborhood of
Cyr, and f(C,) is contained in the (aky + b+ rg)-neighborhood of C,.

In order to prove the first part of the claim, assume that there exists a point ¢ in
v; N g; \ {f(z;)} and argue by contradiction.

Denote by g; a subcurve of g; joining f (xj) and ¢ and denote by 7; the subcurve
of 7} joining f(z;) and (. Since v} is a geodesic, Ls/(7;) < Ls/(gj). Choose g so
that the loop I'g := g7 U~; with base point f(z;) is non trivial; since 'y has a corner
in ¢, there exists a curve I' freely homotopic to I'g (thus non trivial) with Lg/(I") <
Ls/(g7) + Ls/(v]) < Ls(g;). This inequality contradicts

Ls/(gj) = 2u(f(z;)) = inf{Lg/(c) : cis aloop with base point f(x;)}.

The proof of the second part of the claim is similar.



140 A. CANTON, A. GRANADOS, A. PORTILLA and J. M. RODRIGUEZ

The claim, and hence the Theorem, hold. O

THEOREM 4.6.  Assume that S’ is a genus zero surface and f : S — S a c-full
(a,b)-quasi-isometry. Let € be the 2-collar of a cusp in S with boundary curve o and
v an infinite geodesic contained in € perpendicular to o. There exist positive constants
H, k,t, which just depends on a,b,c, so that if vo := {p € v : ds(p,0) > k}, then there
exists an (f,v,v0,h,h + t)-tube T C S" with h := 2a + b+ ¢. Furthermore, f(€) is
contained in the H-neighborhood of the 2-collar of a cusp in S’.

PrOOF. Define J as the least integer satisfying

1 2
J > h<a2(2(3h+b)+2b+5h> +b+h).

Let us consider positive constants t := a?(12h(J +1)+1/2+3b) +12h(J + 1) +b+h+ 3,
k:=a(2a+2b+2c+1t) and H := ak + b+ logsinh(2h(J + 1)).
The statement about the existence of the tube is given by Lemma 4.3 (2), since this
lemma holds for any positive value of ¢, and k is defined as in the proof of Lemma 4.3.
Let us choose now two points w1, us € 7y such that dg(u1,u2) > a(4h(J + 1) +b),
which is always possible since 7 is infinite. Notice that

ds/(f(uz), f(u1)) > %ds(u%m) —b>4h(J +1).

Let us define the constant C := a?(12h(J + 1) +1/2 4 2b) + 12h(J + 1) +ab+ b+
h + 3. From this point on, the conclusion of this theorem can be obtained repeating the
reasoning offered in the proof of Theorem 4.5 with C playing the role of ky. However,
since now the geodesic v is infinite, the distance between w; and us can be arbitrarily
large. Then, all the geodesic loops {g,;} with base point f(z;), for any x; located on
~o are homotopic and, besides, Lg/(g;) < 4h(J + 1). It means that f(%) is actually
contained in a neighborhood of a cusp in S’, since f(%) is not a bounded set.

Next, it will be shown that f(%) is inside the H-neighborhood of the 2-collar of
a cusp in S’. Let us choose any of the geodesic loops g; mentioned above, and let us
assume that it lies out of the 2-collar of the corresponding cusp in S’. As usual, consider
a fundamental domain for S’ in the upper halfplane H contained in {z ¢ H: 0 < Rz < 1}
and such that {z € H: 0 < Rz < 1, 3z > 1/2} corresponds to the 2-collar of this cusp in
S’. Let us represent g; in the upper half-plane by means of a geodesic with endpoints i
and o+ 1. If &« > 1/2, then g; is in the 2-collar in S’. Hence, o < 1/2. If d is the actual
length of g;, then sinh(d/2) = 1/(2«a). Taking into account that d = Lg/(g;) < 4h(J+1),
then 1/(2c) = sinh(d/2) < sinh(2h(J 4 1)), and

1
dy (i, i/2) = log % <logsinh(2h(J + 1)) =: Hy,
!

which means that z; is in the H;-neighborhood of the boundary curve of the 2-collar in
S’. Hence, in any case, z; is in the Hy-neighborhood of the 2-collar in S’. Therefore,
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f{peb: ds(p,o) > k}) is contained in the Hy-neighborhood of the 2-collar in S’, and
f(%) is contained in the (H; + ak + b)-neighborhood of the 2-collar of a cusp in S’. O

LEMMA 4.7. Fiz two positive constants di and tg. Let S be a non-exceptional
Riemann surface, o be a simple closed geodesic with S\o non-connected, and x,y points in
S such that ds(z,y) > di and the geodesic loops g, g, with base points x,y, respectively,
freely homotopic to o, verify Ls(g9z),Ls(gy) < 2to. Let o, (respectively, o,) be the set
of points in the connected component of S\ o containing x (respectively, y) which are at
distance dg(x,0) (respectively, ds(y, o)) from o; denote by C' the domain in S bounded
by o, and oy, and by Cy the set of points in C at distance greater or equal than da from
0C = o, U gy, with

2 cosh?(dy /2)

0 < dy < arccosh > —.
V4 cosh?(dy /2) + sinh? 1o

(4.13)

Then Cy is non empty and sinh 1(z) < 2e~% sinh 1y for every z € Cy.

REMARK 4.8.  An elementary computation gives that if d; > max{2¢¢, 2d2+log 20},
then (4.13) holds.

PROOF. Define !l := Lg(o) and xq (respectively, yo) the point in o with dg(x,0) =
ds(x,xg) (respectively, ds(y,0) = ds(y,y0)). It is clear that the maximum of the
injectivity radius is attained when S is an annulus with simple closed geodesic o,
ds(z,y) = d1, Ls(9z), Ls(gy) = 20, and x, y are antipodal points with respect to o, i.e.,
ds(x,0) = dgs(y,o) and dg(zo,y0) = /2. In this case, defining u := dg(x,0) = ds(y, o),
Proposition 2.1 gives cosh(d; /2) = coshu cosh(l/4) and sinh ¢y = sinh(l/2) cosh u. Hence,

i sinh(l/2) sinh ¢
sinh(l/4) 2cosh(l/4) — 2cosh(d;/2)’
S 12
coshu = cosh(d1/2) _ 2 cosh®(dy/2)

cosh(l/4) — /4 cosh?(dy /2) + sinh® 4 -

Therefore, take 0 < dy < dg(x,0) = dg(y,0) and Cy is not the empty set. If u € C,,
denote by 1, the geodesic loop with base point u freely homotopic to o. For any z € 0Cy,
Proposition 2.1 gives

sinh(Lg(v.)/2) = sinh(1/2) cosh(u — dg) < e“~%2 sinh(1/2)

< 2e % sinh(1/2) cosh u = 2 e~ sinh 4.

Hence, for any z € Cy, sinh(Lg(1.)/2) < 2e~ 9 sinh¢y and, consequently, sinhu(z) <
2 e~ % ginh 1. [l

LEMMA 4.9. Let S be a non-exceptional Riemann surface and z € S. If 1(z) <
arcsinh 1, then the shortest geodesic loop n with base point z is contained either in the
2-collar of a cusp or in the collar C, of a simple closed geodesic o.
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PROOF. Given any point p on the boundary of the 2-collar of a cusp, or on the
boundary of the collar of a simple closed geodesic then ¢(p) > arcsinh 1 by Collar Lemma.
Therefore z must lie inside the cusp or collar. Lifting its shortest geodesic loop to
the universal covering shows this will also be the case for its geodesic loop. O

LEMMA 4.10. Let S be a non-exceptional Riemann surface, o be a simple closed
geodesic in S and z a point in the collar C,. Then dg(z,0C,) > log(1/sinh(2)).

ProoF. If ¢(z) > arcsinh 1, then dg(z,0C,) > 0 > log(1/sinh¢(z)). Assume now
that ¢(z) < arcsinh 1. By Lemma 4.9 the shortest geodesic loop n with base point z is
contained in C,. Note that if d := dg(z,0), then dg(z,0C,) = w —d. Let | := Lg(o);
by Collar Lemma and Proposition 2.1:

cosh d
sinh w

sinh ¢(z) = sinh(1/2) coshd = > ed-w

)

which implies the result. O

LEMMA 4.11. Let S be a non-exceptional genus zero Riemann surface, I and h
two positive constants, o a simple closed geodesic with Lg(c) < 21, and C" the h-
neighborhood of C,. Denote by S1 a connected component of S\ o, and by oy the set of
closed curves in OC" N Sy. If p,q € a1, then ds(p,q) < eI cothl.

ProoOF. Without loss of generality, assume that S is an annulus and o is the
simple closed geodesic in S. Define | := Lg(o) and L := Lg(aq). Since [/2 < I and
g(x) = z cothz is an increasing function for z > 0,

cosh(w + h)
cosh w

cosh(w + h)

< =
ds(p,q) < L/2=(l/2) coshw cosh w

< (1/2) coth(l/2)

< e TcothT. O

Finally, the following two lemmas are easy to check.

LEMMA 4.12.  Let g : [o, 8] — R be an (a,b)-quasi-isometric embedding with g(3) >
g(a). If z,y € [a, 8] and y > x + (a + 1)b, then g(y) > g().

LEMMA 4.13.  Let g : [0,00) — [0,00) be an (a,b)-quasi-isometric embedding. If
z,y >0 andy >z + (a+1)b, then g(y) > g(x).

5. Stability of the injectivity radius under quasi-isometries.

Recall the notation C, and %, for collars of simple closed geodesic and cusps respec-
tively. Also denote by %, the H-neighborhood of the 2-collar of a cusp with boundary
a (now «a can be a union of closed curves).

5.1. Proof of Theorem 1.3.
Without loss of generality assume that 0 < &', e < arcsinhl. Fix z € S with
t(z) < arcsinh 1.
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The proof takes advantage of the relation between ¢(z) and the distance from z to
the boundary of the collar of a cusp when z is in the interior of the collar of a cusp, or
the distance from z to the boundary of the collar of a simple closed geodesic when z is
in the collar.

Assume first that the shortest geodesic loop based on z is freely homotopic to a cusp
in S. Let z belong to the interior of the 2-collar of this cusp, %, where « is its boundary
curve. In this setting sinh¢(z) = e~ %= < 1.

For every u € 6, define W, (u) := dg(u, ). Then for any two points u,v € G,,

[Wa(v) — We(u)| < ds(v,u) < |Wy(v) — Wy (u)| + 1, (5.14)

By Theorem 4.6, f(%,) is contained in %,/, the H-neighborhood of the 2-collar of
a cusp in S’ (now o := 9%, can be a union of closed curves). Let us define W, (p) :=
dg/(p, ') for every p € €,+. Then,

(War (f(v)) = War (f(u))| < dsr (f (), f(u))
< [War (f (0)) = War (f (u))| + 1+ 2H, (5.15)

for any two points u,v € 6,.
By (5.14) and (5.15),

(War (f(v)) = War (f(u))] < ds(f(v), f(u)) < ads(v,u) +b
< a(|Wa(v) = Wa(u)|+1) +b
= a|Wy(v) — Wa(u)| + a+ b,
(War (f(v)) = War (f(w)] = ds (f(v), f(u)) —1—2H
> éds(v,u)—b—l—QH

£|Wa(v) — Wa(w)|—1—b—2H, (5.16)

v

for any two points u,v € €,. Therefore, (5.16) shows that there is an (a, a+b+2H) quasi-
isometric embedding defined from [0, 00) to [0,00) that relates W, (u) with W (f(u)),
for every u € €,.

Let zp be the point in « so that ds(z,a) = ds(z, 20). Then

Wao(z) = Wa(zo) = Wa(z) =lo

log (5.17)

1
> .
& sinh 1(2) sinhe
Choosing ¢ so that sinhe < e~ (at+1)(a+b+2H)

Wo(2) = Wa(20) > (a+1)(a + b+ 2H).
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By Lemma 4.13, W,/ (f(2)) > Wy (f(20)), and thus (5.16) and (5.17) give

War (f(2) 2 War (f(2)) = War f((20)) = [War (f(2)) = War f((20))]

—-1-b—-2H

1 1
> — W, — W, —1-b—2H > -1 -
- a| (2) (ZO)| a 8 sinh e

> log +H>H,

sinh ¢’
since 0 < ¢/ < arcsinh 1, and if € is taken to be

sinhe < min {(sinhe')“e_a(3H+1+b), e_(“+1)(“+b+2H)}.
Since Wo/(f(2)) > H, f(z) is in the 2-collar of the cusp, and thus W,/ (f(z)) =
—logsinh¢(f(z)) + H. Hence ¢(f(z)) <€’

Assume now that the shortest loop based on z is freely homotopic to a simple closed
geodesic o; then z belongs to the interior of the collar C, of width w. Let us consider
the geodesics v, 79 and the constants rg, ko, k1, k2, Hy as in Theorem 4.5. If we require
€ < ko/2, then | := Lg(0) < 2u(z) < kg. By Collar Lemma and Proposition 2.1 we
have that the length 2.y of the geodesic loop freely homotopic to ¢ and based in any
point in 9C, satisfies sinh g = sinh(l/2) coshw = cosh(l/2) < cosh(ks/2) =: ks; thus
t(u) < arcsinh k3 for every u € C,.

Denote by ai,as the simple closed curves in 0C,; then Lg(aj;) = lcoshw <
2sinh(l/2) coshw = 2cosh(l/2) < 2cosh(ks/2) = 2k3 for j = 1,2. Define Wy, (u) :=
ds(u, o ) for every u € C, and j =1,2. Since S is a genus zero surface,

|WO¢_7' (’U) - WOLJ‘ (u)| < dS('Uau) < |WOL_7‘ (’U) - WOéj (u)| + k3a (518)

for any two points u,v € C,.

By Theorem 4.5, f(C,) is contained in the Hyp-neighborhood of the collar C, of a
simple closed geodesic ¢’ in S’.

Denote by ¥, the geodesic loop with base point f(u) freely homotopic to o’. Let
u € Cy, then

Ls/(9,) <2(rg + aky +b) := 21

since if dg(u, 9Cy) > k1, Theorem 4.5 gives Lg/ (V,,) = 2u(f(u)) < 2r9.

S’ is also a genus zero surface, therefore S”\ ¢’ has two connected components S, S5.
Then, f(C,) intersects either both of them or only one of them. In the former case, define
rj = sup{ds/(f(u),0') | u € Cy, f(u) € S%} and o) := {v € 5} | ds/(v,0") = r;} for
j=1,2.

In the latter case, define 1 := inf{dgs (f(u),0’) | u € Cy}, ro := sup{ds (f(u),o’)
u € Gy}, and o := {v € S | ds/(v,0") = r;} for j = 1,2 where i so that S; N f(Cy) # 0.

Let C?, the domain in S’ bounded by o and . For any p € C?,, define War (p) :=
ds'(p,}), j = 1,2. By Lemma 4.11, for any u,v € C,
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[Way (f(v)) = Was (f(w)] < dsi (f(v), f(w))
< [Wa (F(0) = Wo (F()] + e rycothr, (5.19)
By virtue of (5.18) and (5.19), for any u,v € Cy,
[War (£(0) = War (f(w)] < ds(f(v), f(u)) < ads(v,u) +b
< a(|Wa, (v) = Wa, (u)| + k) + b
= a|lWy, (v) — W, (u)| + aks + b,

[War (£(0) = War (£ ()| > ds:((v), f(u)) = e"or{ cothr

1
> - dg(v,u) — b — eforf cothr),
1
> p W, (v) = W, (u)| — eforf cothrly — b. (5.20)

If 7 is a geodesic orthogonal to o, and setting k4 := €07/, cothr)), then (5.20) shows
that there are two (a, aks + b+ k4)-quasi-isometric embeddings defined from [0, 2w] to R
that relate W, (u) with Wy, (f(u)), for every u € y and j = 1,2.

Let z € v and let z; the point z; := v N a; for j = 1,2. By Lemma 4.10,

1
Wa, (2) = Wa, (25) = Wa,(2) > ds(z,0C,) > log b lo

h(z) ® sinhe
> (a+ 1)(aks + b+ k),

J

if ¢ is taken to be ¢ < arcsinh e~ (at+1)(aks+b+ka)
Without loss of generality, label o and o4 so that f(z;) is closest to o} for i = 1, 2.
Therefore, by Lemma 4.12 together with (5.20),

W (F(2)) > [Wa (F(2)) = W F((23)] 2 [ W, (2) = Wey (25)] — s — b

1

By Lemma 4.10

ds(z,0C,) > log . log

1
inh ¢(z) 8 inhe

If € is taken to be so that

2sinh 7/,
za(1+b+k4+1ogm) =k,

1 1
%8 3 h sinh &’

smhe

Lemma 4.10 gives, together with the quasi-isometric embedding,
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1 1 2 sinh 7
, > CWa(2) —ky—b> — ks —b > log 2200
Wy (F(2)) = W (2) =i b2 —ds(2,0C5) — by —b>log
Set dg := 1+log(2sinhr(/sinhe’) and d; := dg/(f(21), f(22)). In order to apply Remark
4.8, dy should satisfy di > max{2r(, 2ds + log 20}, since ¢(f(z;)) < r(. Using f is an
(a,b)-quasi-isometry,
1 2
dy > = dg(z1,20) — b= -2 — b,
a a
By Collar Lemma together with ¢(z) < e, the width w satisfies coshw > cothe. There-
fore, it suffices to choose € to be so that cothe > cosh((a/2)(b+max{2r{, 2ds+1og20})).
Hence, by Lemma 4.7, sinh 1(f(2)) < 2e~% sinhr{ < sinh¢’ if 1(2) < & where € must
satisfy all the above restrictions, namely:

*

0 < & < min {22, arcsinh e~ (¢ D(@ks+04ka) areginh e k1,

arccoth cosh

a(b + max{2r{, 2ds + log20}) }
5 :

Note that the constant ¢ in Theorem 1.3 does not depend on z, f, S, S".

THEOREM 5.1.  Let S and S’ be non-exceptional genus zero Riemann surfaces and
f:8— 5 ac-full (a,b)-quasi-isometry. For each € > 0 there exists ¢’ > 0 which just
depends on €,a,b,c, such that if 1(z) > € then (f(2)) > &’

PROOF. For each fixed z € S let us define a function F, : S — S as follows:
F.(f(2)) := z; foreach y € f(S)\{f(2)} fixany x € f~1(y) and define F,(y) := z; finally,
for each y € S”\ f(S) choose any = € S with dg/(f(x),y) < ¢ and define F,(y) := x. It
is easy to check that F, is an ab-full (a, a(b + 2¢))-quasi-isometry.

Consequently, by Theorem 1.3, for each € > 0 there exists ¢’ > 0, which just depends
on ¢,a,b,c, such that if ¢(p) < &’ then «(F,(p)) < e. In particular, if ¢(f(z)) < €’ then
1(z) = «(F.(f(2))) < e. Since &’ does not depend on z, f or F,, then ¢(z) < ¢ for every
z € S with «(f(2)) < €. O

6. Proof of Theorem 1.1.

This section is devoted to the proof of Theorem 1.1, which follows Kanai’s approach.
In Kanai’s results it is essential that both ¢(S) and ¢(S”) are positive; these conditions will
be avoided due to Theorems 1.3 and 5.1 and the thick-thin decomposition of Riemann
surfaces given by Margulis Lemma (see, e.g., [2, p. 107]). Concretely, for any € < arcsinh 1
any Riemann surface, S, can be partitioned into a thick part, S. := {z € S : 1(z) > €},
and a thin part, S\ S., whose components are either collars of cusps or collars of closed
geodesics of length less than or equal to 2¢ (see Lemma 4.9).

In order to prove Theorem 1.1, it will be shown that it suffices to consider the thick
parts of S and S’ for some particular choices of ¢ and ¢’, so that Kanai’s insight can be
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brought to S. and S., if we avoid the (possible) contribution to the LII given by 0S.
and 0S57,.
We will need the following improvement of Theorems 1.3 and 5.1.

LEMMA 6.1. Let S and S’ be non-exceptional genus zero Riemann surfaces, and
f: 8 — 8 be ac-full (a,b)-quasi-isometry. Then, given 0 < €, €1 < arcsinh 1, there
exist 0 < €', € < &1, which just depend on €,21,a,b,c, so that

f(Se) € S5 C Ve(f(Se))-

PROOF. Theorem 5.1 asserts that given ¢ there exists €’ so that the first inclusion
holds. For the second one, given &’ there exists & such that S\ S., D V.(S"\ S%) by
Lemma 3.2. Let 2’ € S.,; then V,(2') C SL and since f is c-full, there exists 2’ € V(%)
so that ' = f(x) for some x € Sg where ¢ is given by & in Theorem 1.3. Therefore
z' € Vo(f(Sg)). Since S; becomes larger as t > 0 decreases, one can obtain 0 < &/, £ < ¢;.

O

As a first goal it is going to be proved the LI intrinsic to a bordered surface, S.
contained in S; note that S is not necessarily connected. To this end, we define below
the “thick” boundary of a subset of S as its intrinsic boundary in S., and the “intrinsic”
LII that will refered to as LII..

DEFINITION 6.2. Given a non-exceptional Riemann surface S, € > 0 and a domain
Q in S,, define

0.0 := 90N S. = 09\ 9S..

REMARK 6.3. If v is a non-trivial simple closed curve, v C 9.9, then Lg(y) > 2e.

DEFINITION 6.4. S. is said to satisfy the e-linear isoperimetric inequality, LII.,
if there exists a positive constant ¢, such that if  is a relatively compact domain in S,
with smooth boundary, then

As(Q) < ¢ Lg(8:9). (6.21)

A reduction is that it suffices to prove LII. for intrinsic geodesic domains in S.. A
domain Q C S is said to be a geodesic domain if OS2 is a finite number of simple closed
geodesics, and Ag(?) is finite. Note that Q does not need to be relatively compact for it
could contain a finite number of cusps. From this point of view, the boundary of a cusp
will be considered as an improper geodesic of zero length. An intrinsic geodesic domain
is a geodesic domain intrinsic to S, i.e., the intersection of a geodesic domain in S with
Se.

Let us denote by ¢;(Se) the sharp e-linear isoperimetric constant of S. and by
¢1,4(S:) the sharp e-linear isoperimetric constant of S. for intrinsic geodesic domains.

LEMMA 6.5. Let S be a non-exceptional Riemann surface and € > 0 so that ¢ <
arcsinh 1. Then,
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S: has LII. < S, has LII, for intrinsic geodesic domains in S..

In fact, c1,4(S:) < c1(Se) < €1,4(S:) + 2.

Note that this lemma also holds for S, corresponding to the case € = 0; Lemma 6.5
with € = 0 was proved in [15, Lemma 1.2] and improved in [23, Theorem 7].

ProOOF. The first inequality is direct. For the second one, Collar Lemma and Bers’
theorem (see [4]) give LII. with constant 2 for simply connected and doubly connected
domains. It is well known that these domains satisfy LT with constant 1 (see [15, Lemma
1.2] and [23, Theorem 7]). For other domains, Q C S, write 0Q = U?zl gj, where each

g; can be assumed to be a non-trivial simple closed curve and n > 3. Consider Q, the
intrinsic geodesic domain in S, bounded by U;L:1 B; where §; is the intrinsic geodesic in
S. U dS. homotopic to gj. Then Lg(9.Q) < Lg(9-Q) and Ag(Q) < Ag(Q) + A5(Q\ Q)
where Q\ Qisa disjoint union of doubly connected domains, each component bounded
by a pair 3; and g;, or simply connected domains bounded by subsets of 3; and g; with
the same endpoints. Since Lgs(8;) < Ls(g;), applying the LII for simply and doubly
connected domains to each component of 2\ € one gets Ag(Q\ Q) < 2Lg(d.Q) and thus

As(Q) < As(Q) +2L5(0-Q) < ¢1,4(S:)Ls(0-Q) + 2L5(0-0),
and then ¢ (S;) < ¢1,4(S:) + 2. This inequality and the first one prove the lemma. [

Finally the LII in S can be deduced from the LII. in S,

PROPOSITION 6.6. Let S be a non-exceptional Riemann surface. Then there exists
a uniwersal positive constant €9 < arcsinh 1 verifying the following properties:

1. If S. has LII, for some 0 < ¢ < gg, then S has LII. Moreover, c1(S) < 2¢1,4(S:) + 2.
2. If S has LII, then S. has LII. for every 0 < ¢ < min{eg, (12¢1,4(S))~'}. Moreover,
c1(S:) < (2me1 4(9))/(2m — 1) + 2.

Proor. By Collar Lemma, there exists a positive constant g < arcsinh 1 so that
if 0 < e < eg, then Ag(C'\ S¢) < Ag(C N Se) for all C collars in S, and Lg(n) < 3¢ for
every closed curve nn C 9S..

In order to prove the first item, consider any fixed geodesic domain 2 C S. Then

QNS.=QU---UQy,
with {Q} disjoint intrinsic geodesic domains in S.. Since 0 < € < g,
AS(Q) = As(Q N SE) + As(Q \ SE) < 2A5(Q n Sg)

=23 Ag() < 201,4(52) Y Ls(0:Q) = 2c1,4(S:) Ls (09).
k k

Then ¢; 4(5) < 2¢1,4(S:) and Lemma 6.5 gives the first item.
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By Lemma 6.5, the proof of the second item will follow if it is shown that when S
satisfies the LIl then S, satisfies the LII. for intrinsic geodesic domains. It will first
be shown that, as a consequence of the LIT in S, for any geodesic domain € in S, the
length of the short curves of its boundary is controlled by the length of the long curves;
concretely, Lg(9.Q) > (2 — 1)Ls(0Q\ 9.Q).

To this end, consider 2 a geodesic domain in S with 9Q = U;Lzl B; (each B is either
a simple closed geodesic or a cusp and n > 3) and define J := {j : Ls(83;) < (2c1,4(S))"'}
where ¢ 4(S5) is the LII constant in S for geodesic domains. Then, if g denotes the genus
of Q, by Gauss-Bonnet Theorem, the LLI can be written as

Cl,g(S)<ZLS(ﬂj) + ZLs(ﬂj)> > 2m(n — 2+ 2g),

jeJ gt

and using that (c1,4(S))~" > 2(8J) 7" 30, Ls(6;) one gets

> Ls(By) > (W - 1) Y Ls(By) > (2n—1) > Ls(B)).

Jj¢J jeJ jeJ

If £ > 0 is chosen so that € < g9 and 3¢ < (4c;1,4(5)) 7, then for any j ¢ J, B; is in
9.9, and the above inequality implies Lg(9.Q) > (2r — 1)Lg(0Q\ 8:Q) for any geodesic
domain in S.

Let us show now that S. (with ¢ < min{eo, (12¢1 4(S))~*} chosen as above) satisfies
the LII. for intrinsic geodesic domains. If Q is an intrinsic geodesic domain in S then
it can be written as Q = QN S., where Qisa geodesic domain in S such that 9.Q = XY
and since ) satisfies the LIT in S,

2mer 4(S)

As(Q) < As(Q) < €1,4(9)(Ls(0:2) + Ls (00 0:Q)) < =5

Ls(8.9).

Then Lemma 6.5 gives the second item. O

Following Kanai’s procedure, the LII will be transferred from bordered surfaces to
nets and viceversa. To this end, a subset G of S is said to be §-separated for § > 0,
if ds(p,q) > 6 whenever p and ¢ are distinct points of G. It is called mazimal if it is
maximal with respect to the order relation of inclusion.

Consider the distance dg in G induced by the distance dg of S. Concretely, given
p1,p2 € G, dg(p1,p2) = M if and only if M > 0 is the only natural number such that

SM < ds(py,p2) < 6(M +1). (6.22)

The set of neighbors of G is defined as N(p) = {q € G : dg(p,q) = 1} and gives a net
structure to the set G. Such net will be referred to as §-net.
The linear isoperimetric inequality on nets is therefore defined as follows.

DEFINITION 6.7. Let G be a net. For a subset T of G, define its boundary as
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OT :={q € G\T :dg(q,T) = 1}. Tt is said that G satisfies the LII if there exists a
finite constant ¢;(G) > 0 so that for any non-empty finite subset T of G,

#T < c1(G)#0T.

Let S be a Riemann surface and 0 < € < arcsinh 1. Note that Lemma 3.2 gives that
t(Vz(S:)) > c(e), where c(e) := arcsinh(e ¢ sinhe). The pair (G, ) will denote a d-net
associated to the pair (S, ¢) as follows: Set & < ¢(V-(S:))/2, and choose a maximal §-net
G on S: so that

As(S: 0 Bs(p,9)) > 5 As(Bs(p.6)), (6.2

for all p € G; such choice of G is possible due to Collar Lemma. Note also that G does
not need to be connected.

Notice that since (G, d) is maximal, there are no neighborhoods of points of S. that
are not covered by balls Bg(p,d) with p € G. If this were the case one could add such
point p to the net G contradicting maximality. If nevertheless there was a point ¢ on the
boundary of some balls Bg(p, d) not covered, these balls could be slightly moved so that
a neighborhood of ¢ would not be covered and, as before, add ¢ to the net. So, without
loss of generality, Se C ,cq Bs(p,9)-

The strategy of the proof of Theorem 1.1 is as follows: Consider S and S’ Riemann
surfaces and f : S — S’ a quasi-isometry, (G, d) and (G’,0") nets in (S, ) and (5, ¢’). It
will be assumed that S’ satisfies the LIT that will be transferred to the net (G’,§"). Then
it will be shown that (G,d) and (G’,d") are quasi-isometric and so (G, d) also satisfies
the LII. Finally, this LII will be transferred to S. The next two results deal with
transferring the LIT between surfaces and nets: A direct application of [20, Lemma 4.5]
is the following result:

LEMMA 6.8. Let S’ be a non-exceptional Riemann surface satisfying the LII and
0 < &’ < min{eg, (12¢1(S")) 71}, where ¢ is the constant in Proposition 6.6. Let (G',d’)
be a 0'-net associated to (S’,&"). Then,

12sinh ¢’
6" al isfies the LIT N — N.
(G',¢") also satisfies the and ¢1(G") < cosh(9'72) — 1 c1(S")

PROOF. Proposition 6.6 implies that S!, satisfies the LII., and applying Kanai’s
arguments in [20, Lemma 4.5] to S., and G’ the proof follows. O

The following lemma gives the other direction. To this end, recall Buser’s local lineal
isoperimetric inequality ([6, p.215], [20, p.411]).

LEMMA 6.9. Let (G,0) be a d-net associated to (S,€). Then
(G,0) has LIT = S, has LII.. (6.24)

Moreover, ¢1(S:) < 2mey (Se) max{l, 2¢;(G)(sinh(95/4)/sinh(6/4))%} + 2, where
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c1,1(S:) is the constant in the local LII and m =:sup,cq #{p € G : z € Bg(p,0)} < cc.

PROOF. As in the previous lemma, it is possible to reproduce Kanai’s proof in [20,
Lemma 4.5] to get the result, mainly because it deals with a subset of S with positive
injectivity radius, Se.

By Lemma 6.5, it suffices to consider 2 an intrinsic geodesic domain of S., for which
it is possible to separate S, from 9.Q (by Collar Lemma). That is, if p € 0., there
exists a ball Bg(p, 3¢) so that 9S. N Bs(p,3e) = (). Following Kanai’s proof, define sets
O,PhCG

0 := {p € G:As(Bs(p,d)NQ) > %AS(BS(p’ 5))}’
Py:={pe G\O:Bs(p,0)NQ#0},

so that Q@ C U,coup, Bs(p:9)-

Since 2 is an intrinsic geodesic domain its boundary is a union of simple closed
curves, some of them curves of 9S; and the rest geodesics on S (the latter conform 9.(2).
Since (G, ) is a d-net associated to (9,¢), Collar Lemma implies that if Bg(p,d) (for
p € G) intersects one curve of IQ\ 9.0 C 9S. then it does not intersect any other curve
of 0Q. If this is the case, the fact that G C S. and condition (6.23) imply that p € O.
Therefore, Bs(p,d) N (902 \ 9:Q) = 0 for all p € Py. Since ¢(Sc) > 6 the local LI can be
applied

> As(Bs(p.6) NQ) < c14(S:) > Ls(Bs(p,5) N Q)

pEPy pERy

= c1,1(5¢) Z Ls(Bs(p,0) N0:Q) < c1,1(Se)mLs(0:0).

pEP

Now, following Kanai’s estimates:

As(Q) <Y As(Bs(p,6) N Q) + > As(Bs(p,6) N Q) < A(8)£O0 + c1,4(S:)mLg(9-9),

peO pEPy

where A(r) = 4msinh®r is the area of balls with radius r in I (the universal covering
space of S). Writing v := Lg(9:Q)/As(€2), then Ag(2) < A(0)/(1 — c1,1(Se)mv)fO.
If v > (2mey1,(S:)) ™!, then the LII. holds for Q with constant 2mecy ;(S:); otherwise,
v < (2mey,(S:)) ™! and thus

Ag(Q) < 2A4(8)40.

On the other hand, points in 9.Q will be near of points in O (since O C S.). More
precisely, if p € 9O then there exists p’ € N(p) N O, and Bg(p,d) No # O for some
simple closed geodesic o C 9.9Q). Note that o separates p from p’ in Bg(p’,2d) since it is
a geodesic and so Ag(Bgs(z,d)) N Q) = As(Bs(#,9))/2 for z € 0. Thus dg(p’,0) < 2§
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and therefore 00 C V55(0-Q). Let @ be a maximal d-separated subset of 9.€); then
Upeao BS(p7 5/2) - ‘/:55/2(859) - quQ BS(Qa 95/2)7 which implies

(5/2 ﬁ80<ZAS BS q,95/2 S 96/2 ZAS BS q,
q€Q qeQ
2A(95/2)

IN

el A)((S)(%/? ZLS (Bs(g,0) N 0:A)
q€Q

where the local isoperimetric inequality was once again used. Combining this estimate
with the previous one, and using the LII for G the desired result is obtained also in the
case v < (2mey (Se)) 7t O

As a last step, it will be constructed a quasi-isometry between the two nets (G, )
and (G’, ") associated to (S,¢) and (5, ") respectively with 0 < & < arcsinh1 and 0 < &,
€ < € given by Lemma 6.1.

PROPOSITION 6.10.  The nets (G,0) and (G',48") are quasi-isometric. More pre-
cisely, there is a C'-full (A, B)-quasi-isometry g : G — G', with A = amax{d'/5,5/d'},
B =5+ (ad/d') + b/ and C" = 2 + (a(20 + C(e,&)) + 2b + ¢) /0" where C(g,€) is the
mazimum diameter of the connected components of Sg \ S where € is given by Lemma
6.1.

Moreover, for any X C G, #X < p#g(X) where p < 13%(20'+0)/5

REMARK 6.11. No connectivity is assumed for either G or G’. Note that the
constant C'(g,€) does not depend on S due to Margulis Lemma.

In [20, Lemma 4.2] Kanai proves that the LIT on graphs is preserved by quasi-
isometries; thus an immediate consequence is:

COROLLARY 6.12.  For (G,4) and (G',¢") as above,
(G, 9) satisfies the LIT <= (G',¢’) satisfies the LI1I.

Moreover, ¢ (G) < pl124B+F2C-D+C=2¢ (G") with pu as in Proposition 6.10.

PrOOF. The function g will be defined as follows:

Given p; € G, there exists at least one point p’1 € G’ so that p| € Bg/(f(p1),20"),
since f(Se) C S.L, by Lemma 6.1. Define g(p1) := p}.

Consider two points p1, pe € G and suppose dg(g(p1), g(p2)) = M for some M > 0;
that is,
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M < dsi(g(p1), 9(p2)) < (M +1)d".
Transferring this property to f:

ds/(f(p1), f(p2)) < ds (f(p1), 9(p1)) + ds (f(p2), 9(p2)) + ds: (9(p1), 9(p2))
<48 + (M +1)8" = (5+ M)J'.

This estimate together with f being an (a,b)-quasi-isometry give:

éds(pl,pz) —b<ds/(f(p1), f(p2)) < (5+M)5" < (54 de(9(p1), 9(p2))),

that is,

dsonon) = (5 +5) < drlalp). o)

Use the fact that ddg(p1,p2) < ds(p1,p2) to finally conclude

et~ (54 5 ) < dorlalon) o(p2)

The other direction follows from an analogous argument, obtaining in this case:

dar(9(p1), 9(p2)) < ; a(p1,p2) + <4+b;a5>'

Finally it will be shown that

&' c | Balgp), ).

peG

Take ¢ € G’ C S, and 0 < € < ¢ given by Lemma 6.1 such that S., C V.(f(Sz));
then ¢ € V.(f(Sz)). Therefore, there exist & € Sz and = € S; so that dg(z,z) < C(e,€)
and dg (f(Z),q) < ¢ (f is c-full). Since G is a maximal J-net in S, there exists p € G
such that dg(p,x) < 26. Let r € G’ be given by r := g(p); then dg (r, f(p)) < 20"

These facts together with f being an (a, b)-quasi-isometry, give:

ds (q,9(p)) < a(26 + C(e,€)) + 2b+ ¢ + 26"

Since der (g, 9(p)) < ds/(q,9(p))/d’, then de (g, g(p)) < 2+ (a(20 + C(e,€)) +2b+¢) /d".

Finally, #X < p#g(X) where p < 13(@(28"+0))/3 will be shown. It is easy to check
that for Riemann surfaces, the number of points p € G contained in a ball of radius §
is at most 13 since they are d-separated. By the way g was defined, if p,q € G, with
g(p) = g(q), then ds(p,q) < a(20’ +b). And thus the corollary follows. O



154 A. CANTON, A. GRANADOS, A. PORTILLA and J. M. RODRIGUEZ

Finally, the combination of all previous results will give the proof of Theorem 1.1.

6.1. Proof of Theorem 1.1.

Assume that S’ has LII. If gg is the constant in Proposition 6.6, let us fix 0 < € < g
and let 0 < €/, £ < min{eg, (12¢1(S"))"'} given by Lemma 6.1. Let (G’,§') be a net
associated to (S’,¢’). Since S’ has LII, by Lemma 6.8, G’ has LII. If (G,d) is a
net associated to (S,¢), then Proposition 6.10 gives that (G,d) and (G’,d’) are quasi-
isometric, and Corollary 6.12 concludes that (G,d) has LII. Lemma 6.9 states that S,
has LI, and, since 0 < € < g9, Lemma 6.6 gives that S has LII.

Moreover, the isoperimetric constant obtained ¢;(S) < oo depends just on
g,a,b,¢,¢1(S"). In order to avoid the dependence on ¢, it suffices to take ¢ = (/2,
since €g is a universal constant. [l

7. Surfaces with finite genus.

In order to obtain a similar result to Theorem 1.1 for surfaces with finite genus, the
following lemma is needed.

LEMMA 7.1. Let S be a non-exceptional Riemann surface with finite genus and
infinite area. Let o1,...,0% be a set of pairwise disjoint simple closed geodesics in S
such that S\ {o1 U---Uoy} is connected and has not genus; denote by Sy the bordered
surface obtained as the completion of S\ {o1 U---Uoy}. Then the following facts hold:

e S and Sy are quasi-isometric.
o S satisfies the LI if and only if Sy satisfies the LII.

PROOF. Theorem 2.2 in [34] gives the first statement.

In order to prove the second one, assume that Sy satisfies the LIT (the other im-
plication is direct). Seeking for a contradiction let us suppose that S does not satisfy
the LII. Hence, by Lemma 6.5 there exists a sequence of geodesic domains €2, in S
with Ag(€Q,)/Ls(09Q,) — oo. Since Sy satisfies the LII, without loss of generality,
assume that there exists 1 < j, < k with o5, C 02, for each n; furthermore, since
Lg(o1U---Uoy) is a fixed number (and then bounded), one can also assume Ag(§,) < ¢
for some constant ¢ and every n, and Lg(9€,) — 0 (note that Lg(9,,) > 0 since S has
infinite area).

Let us consider a ball Bg(z,r) in S with o1 U---Uay, C Bg(z,r); let us choose now
R > r with As(Bs(z, R) \ Bs(z,7)) > ¢ (this is possible since S has infinite area). Let
us define v := min{Lg(0) : ¢ is a simple closed geodesic with o N Bs(z, R) # 0}. Since
As(Bs(z,R) \ Bs(z,r)) > As(Q,) and 01 U --- U oy C Bg(z,r), there exists a simple
closed geodesic o™ C 99, with 0™ N Bg(z, R) # 0 and o™ # o, for j = 1,...,k (since
S\{o1U---Uoy} is connected and S has infinite area, there is no geodesic domain  in
S with 9Q C o7 U---Uoy). Hence,

C
< — Lg(09)
= S(a n)7

which contradicts Ag(€2,)/Ls(0%;,) — oo. O
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7.1. Proof of Theorem 1.2.

It is not difficult to check that S has finite area if and only if S’ has finite area;
in this case, S and S’ do not satisfy the LII. Otherwise, the theorem is a consequence
of Lemma 7.1 and Theorem 1.1 (which also holds for bordered surfaces whose border
is a finite union of simple closed geodesics; it suffices to take e,&’, € less than half the
minimum of the lengths of these simple closed geodesics). O

It is not possible to obtain a quantitative version of Theorem 1.2, as shows the
following example.

ExaMPLE 7.2. There exist constants a, b, ¢, with the following property: for each
n there exist non-exceptional Riemann surfaces with finite genus S,, satisfying the LII
and a c-full (a,b)-quasi-isometry f, : S, — Si, with lim,, o ¢1(S,) = 0.

Let us consider the bordered surfaces Y7 and X in Example 2.3, and a sequence
{Xm}m>1 of bordered surfaces isometric to X; denote by R, the bordered surface ob-
tained from X,...,X, by pasting a boundary curve of X,, with a boundary curve of
X1 for every 1 <m <n—1 (R, is a surface with genus n and two boundary curves).
Consider now a generalized Y-piece Yy with a cusp and such that 9Yj is the union of two
simple closed geodesics with length 1. Denote by Ry the bordered surface obtained by
pasting two boundary curves of ¥; with two boundary curves of Yy (Rp is a torus with
a cusp and a hole). S,, is the (non bordered) surface obtained by pasting a funnel (with
boundary of length 1) to one boundary curve of R,, and Ry to the other boundary curve
of R,.

Lemma 2.2 gives that S, satisfies the LII for every n.

The domain UZZI X, in S, has area 47n and its boundary has length 2 for every
n > 1. This implies that lim,,_,, ¢1(S,) = co.

Finally, let us prove the existence of ¢-full (a,b)-quasi-isometries f, : S, — S1. Fix
geodesic rays v, in S, starting in d(Rp U R,,). Let us consider the bijective isometry
n : Yn — 1. We can easily check that the map h,, : Ry U R, — Ry U R; defined in the
following way is a quasi-isometry with constants which do not depend on n: if p,(z) is
the nearest point in =, from z € Ry U R,,, then h,(z) = g,(p,(2)). Define f, : S, — 51
as follows: f, = h, on the interior of RyUR,,, and f,, is any isometry between the funnels
of S, and S;. Now, we can easily check that f is a quasi-isometry with constants which
do not depend on n.

8. Non-linear isoperimetric inequalities.

This section deals with a-isoperimetric inequalities with 1/2 < « < 1, which have a
very different behavior from LI1.

PROPOSITION 8.1.  If a Riemann surface S satisfies (S) = 0, then S does not
satisfy the a-isoperimetric inequality for each 1/2 < a < 1.

PRrROOF. Seeking for a contradiction, let us assume that S satisfies the -
isoperimetric inequality for some 1/2 < a < 1.
If S has a cusp, let us consider the a-collars C(a) of the cusp, with 0 < a < 2.
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It is well known that Ag(C(a)) = Ls(0C(a)) = a; hence, a® < cqa, which gives a
contradiction if a — 0.

If S has no cusp, then there exists a sequence of simple closed geodesics {o,} with
lim,, .o Ls(oy,) = 0. Denote by C,, the collar of o, of width 1. It is well known that
As(Cp) = 2Lg(0y,)sinh 1 and Lg(9C,,) = 2Lg(0y,) cosh 1; hence, (2Lg(0,,)sinh1)* <
ca2Ls(0y,) cosh 1, which gives a contradiction if n — oc. O

Theorem 1.4 follows from Proposition 8.1 and [20, Theorem 4.1].
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