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Abstract. Let Q3(SU(n)) be the Lie group of based mappings from S3
to SU(n). We construct a Lie group extension of Q3(SU(n)) for n > 3 by the
abelian group exp 2mi A}, where Aj is the affine dual of the space of SU(n)-
connections on S3. J. Mickelsson in 1987 constructed a similar Lie group
extension. In this article we give several improvement of his results, especially
we give a precise description of the extension of those components that are not
the identity component. We also correct several argument about the extension
of Q3(SU(2)) which seems not to be exact in Mickelsson’s work, though his
observation about the fact that the extension of Q3(SU(2)) reduces to the
extension by Zs is correct. Then we shall investigate the adjoint representation
of the Lie group extension of Q3(SU(n)) for n > 3.

0. Introduction.

Let G be a compact Lie group and let MG = Map(M, ) be the set of smooth
mappings from a manifold M to G that are based at some point of M. Groups of
the form MG have been a subject of investigation both from a purely mathematical
standpoint and from quantum field theory. In quantum field theory they appear as
current groups or gauge transformation groups. In the simplest case M is the unit circle
St and LG = Map(S*, G) is a loop group. Loop groups and their representation theory
have been fully worked out. LG turned out to behave like a compact Lie group and
the highly developed theory of finite dimensional Lie groups was extended to the infinite
dimensional group LG. LG appears in the simplified model of quantum field theory where
the space is one-dimensional and many important facts in the representation theory of
loop groups were first discovered by physicists. It turned out that in many applications to
field theory one must deal with certain extensions of loop groups and their associated Lie
algebras. The central extension of Map(S!, Lie G) is an affine Kac-Moody algebra and
the highest weight theory of finite dimensional Lie algebra was extended to this case. [1],
[2], [8] and [9] are good references to study these subjects. But we know little about the
generalization of the above picture to higher dimensional space M. In 1987 J. Mickelsson
[6] gave a Lie group extension of 2*G = Map(S3, G) for G = SU(n). Recently the author
in [4] constructed the pre-quantization of the moduli space of flat connections on a four-
manifold. The group Q3G acts symplectically on this moduli space, but it does not lift
to an action on the pre-quantization bundle. He showed that Mickelsson’s extension is
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necessary to lift this action. So Mickelsson’s extension is an appropriate and natural
extension of 23G. In the following we shall explain it for the case n > 3. Let f € S*G
and let f € D°G be the extension of f to the 5-dimensional disk. Such an extension is
possible since m4(SU(n)) vanishes for n > 3. We consider the five dimensional mapping
degree (or the five dimensional Chern-Simons form restricted to the pure gauges):

C5(f) = 5505 /D twldf £ (0.1)

Since H5(SU(n), Z) = Z, Cs(f) is defined by modulus Z independently of the extension
f. It holds that

Cs(fg) — Cs(f) — Cs(g) = Bsa(f,g) mod Z. (0.2)

Where
Bsa(f.9) = 48%/54 A(f9), (0.3)

for a 4-form valued 2-cocycle c*! on the Lie group S*G. Then we see that

xs+(f,9) = exp2mi(Cs(g) — Cs(f)) (0.4)
= exp 27i(Bsa (f, f'9) + Cs(f ') (0.5)

satisfies the cocycle condition; x4 (f, 9)xs1(g, h) = xs4(f, h). Let Q3G be the connected
component of the identity in Q3G. Now we consider the group Gy of gauge transforma-
tions on the hemisphere D* that are identity on the boundary S3; Gy = {g € D*G; g|S® =
1}. Then QG ~ D*G/Gy. We observe that the definition of ys:(f,g) is extended to
those mappings f,g € D*G such that f|S® = ¢g|S®. In fact extend f~1g € Go by 1 on
S4\ D%, then the integral on the right-hand side of (0.3) is done over D*. We define

Xpi(f,9) = exp2mi(Bpa(f, f'g) + Cs(f gV 1)). (0.6)

xp+(f,g) satisfies the cocycle condition. Then we have a line bundle L = D*G x
C/Go — Q3G. Contrary to the case of loop groups, L \ {0} has no group structure.
Instead Mickelsson [6] considered the associated principal bundle;

7 QG = L xg, Map(As, U(1)) — Q3G. (0.7)

Az being the space of connections on S3, and gave the group structure on it by the
2-cocycle known as Mickelsson’s 2-cocycle (1.11). Thus he got a group extension of Q3G
by the abelian group Map(Asz, U(1)). To have the group extension of the total space Q3G
we consider, instead of D*@G, a mapping cone T'G of the set of smooth mappings from
T = $3x[0,1] to G. In [5], [6] the abelian extension of Q3G is fully evolved but as for Q3G
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was only sketched the outline. So we shall modify in Section 2 the Mickelsson’s argument
to fit to T'G. There is another distinguished improvement of Mickelsson’s theory. Instead
of Map(As, U(1)) we consider a more tight subspace exp 2mi A% of Map(As, U(1)), where
A3 is the affine dual of A3, that is, the vector space of the maps [ : A3 — R that satisfies
I(pA1 + (1 — p)Az) = pl(A1) + (1 — p)I(A) for all Ay, A € A3 and p € R. Q3G acts on
A3 and Mickelsson’s 2-cocycle belongs to A3. So we obtain the extension;

1 — exp2miA; — QG — 3G — 1. (0.8)

Here we mention the group extension of Q3(SU(2)). In this case both ps and C5 vanish
and we have only the trivial extension of Q3(SU(2)). The argument in [6] to yield this
fact contains several misunderstandings and we shall give a correct proof. As for the
component of the group Q2(SU(2)) other than the connected component of the identity,
we shall find an interesting phenomenon that concerns Witten’s fermionization principle
[10] and this is due to the fact m4(SU(2)) = Z5. Witten proved the formula:

. ~ 0
exp 2miC5(g) = €(g), g= (g 1> , g€ SYSU(2)), (0.9)
where €(g) = +1 if g represents the trivial (respectively non-trivial) homotopy class

of m4(SU(2)). If we embed SU(2) in SU(3) and if we consider the restriction of
the group extension Q@U\(S)) of Q3(SU(3)) to the embedded subgroup Q3(SU(2))
we have an extension of Q3(SU(2)) by Z, with the transition function given by
x(f,9) = exp 27riC5(f’1 g) = €(f~'g). This extension is not topologically trivial but
turns out to be algebraically trivial.

In Section 3 we shall discuss the corresponding Lie algebra extensions and give the
formula of adjoint representation of Q(m)), for n > 3.

1. Basic properties on current groups.

1.1. Descent equations.

Let G = SU(n). Let N be an oriented 5-manifold. As typical examples we are
thinking of the 5-sphere N = S°, the 5-dimensional disk N = D® and N = S® x D? where
D? is the 2-dimensional disk. Let P = N x G be the trivial G-principal bundle over N.
Let A(N) denote the space of connections on N. The group of gauge transformations on
N is denoted by G(NN). Since P is a trivial principal bundle G(V) is the space Map(N, G)
of smooth mappings from NV to G that are pointed at some point.

Let Q4(N) be the differential ¢-forms on N and let V¢ be the vector space of poly-
nomials & = ®(A) of A € A(N) and its curvature F4 that take values in Q?(N). The
curvature F'4 of a connection A will be often abbreviated to F. The group of gauge
transformations G acts on V4 by (g-®)(A) = ®(g~'- A). We shall investigate the double
complex

Cre = C7(G, V),
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that is doubly graded by the chain degree p and the differential form degree q. Let
d: CP9 — CP9%1 be the exterior differentiation. The coboundary operator § : CP*4 —
CP+1.4 is given by

((;Cp)(glag% e 7gp+1) =01- Cp(g% cee 7gp+1) + (71)p+lcp(gl792a e agp)

(=1)%P(g1y s Ghm1s GhGht 15 Gt 2s - -+ > Gpi1)-

M=

+

b
Il

1

We introduce the following cochains:
2 (A) =tr | AF? — Lasp + 1 s
2 10 ’

_ 1 _
"?(g) =c™*(dgyg 1)=1*0tr(dgg s,

(g A) = tr [ - %V(AF +FA - A% + i(VA)2 + %V?’A , where V =dgg !,
g1, 92) = " (g2; 97 " dan),
g1, 92, A) = %tr [(g7 "dg1 dgags " — dgags ' g7 'dg1) gy M Agi],
(g1, 92, 93) = ¢>%(g2, 93, 91 'den).

In the above dg g~ is the 1-form on N that is the pullback by g € Map(V,G) of the
Maurer-Cartan form. The curvature F'4 is abbreviated to F.

ProposITION 1.1 ([4]). The cochains ¢?? € CP%, 0 < p, q < 3, satisfy the
relations:

dcP3 P 4 (=1)PoeP~13-PHL = (1.1)
dcP?™P 4 (=1)PP—137P = (P3P (1.2)

A3=0, ”1=0 ifp+q#2,3.

The Chern-Simons form on N is by definition.
2(A) =tr (AF2 - %A?’F + 110A5>, A€ A(N) F=Fja. (1.3)

PROPOSITION 1.2.  The variation of the Chern-Simons form along the G(N)-orbit
18 given by:

A%(g- A) = 2(A) =dc (g, A) + M (g), g€ G(N). (1.4)

This follows from (1.2).
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In the following we shall show that when we consider the Lie group SU(2) the above
quantities ¢2, ¢!, ¢ and ¢>° vanish.

LEMMA 1.3.  Let o, 3,7 be 1-forms on a 3-manifold valued in the Lie algebra su(2).
Then

tr[(af — Ba)y] = 0. (1.5)

PrROOF. Let da’;i = 1,2,3 be the local coordinates and let eq;a = 1,2,3 be the
basis of su(2);

2
€a€h = —€p€a = —€qbcCe, (ea) = _Ia

where € is totally antisymmetric in a,b,c and €123 = 1. Let

o = ZO[ZCZZL”L = Z (Z ag6a> dxia

%

and similarly for g = Zj ﬁjdmj and vy =3, yedz®. Then we have

(@B — Ba)y = (Z €ijk(aif; + ﬁjai)%)dxldJCde?’-

Since
by + Bja = L atear+ enea) = (23 a2 )1
a,b a
we have
(B = Ba)y = €ijrCij © i,
where Cj; =23, of 3% do'dz?dx®. The trace of the last 3-form is 0. O

PROPOSITION 1.4.  For G = SU(2), we have
A =c30=0 >l =0. (1.6)

From the previous lemma it follows that ¢*° = ¢3% = 0 on any three-manifold. Now

21 ig given by

c
2,1 1. 3, 1 o 1 4
™ (g1,92) = tr §VA +1(VA) +§V Al,

with A = g; 'dg; and V = dgs g5 ' For any su(2) valued 1-form o = Y, a®e, we have

a’ = —( E eabca“abac)L
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where e,;a = 1,2, 3 are the basis of su(2) and a® are 1-forms. Then, for any su(2) valued
1-form g,

a’B = (Z eabcaaabac) Z BPep.
p

Hence tr[a®3] = 0. This yields the vanishing of tr[V A3] and tr[V3A]. Therefore, if we
let V =3 Vida' = Y Vieqda' and A =Y Ajdad =Y Abeyda?, we have

1 1 g
H1,02) = 3 0lVA] = 3 3L M Vi, Vil
1 ij 1 -
= 5 Z gzjkl(‘/iaA?)(V]ng)) — 1 Z el]kl tr [eabc‘/iaAsec €pquk{)A?eT]
! ij 1 .
=3 >R VEAD) (VEAY) + 5 S it Yo 4byp Ag
a#p b

1 ©J a pa 1 iJ a pa
= 5 DD EMVEAD (VLAY + 5 3 (Ve An (VEAY) = 0.
a#b a#b
1.2. Descent equations for current algebras.
In this paragraph we suppose that G = SU(n), n > 3. We shall study the descent

equations for the Lie algebra of infinitesimal gauge transformations LieG. We consider
the double complex

EP1 = CP(LieG, V1T3),
that is doubly graded by the chain degree p and the differential form degree q. The

infinitesimal action of £ € LieG on V7 is given by (£ ®)(A) = d/dt|i—oP(exp(—t{) - A) =
®(—d&). The coboundary operator § : EP*¢ — EP+14 ig defined by

(5ep)(£1a§23 s ’gp-‘rl) = Z (_1)i+j€p([§i7€j]’§1v s aéia o véj’ s ’gp-‘rl)

i<j
p+1
+ Z(*l)kﬂfk e (ST SN I S SUT I SRR
k=1
We put
1,1 d 1,1
e (A =— ¢ (expt&; A),
dt|,_,
62’0(5 n,A) = i — cQ’O(exp s€,exptn; A)
o ds|,_odt|,_, ’ e

Then we have
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PROPOSITION 1.5.
selt = —de*?, (1.7)

ebH(EA) = tr %(AF + FA— A%)d¢|,
e>0(&,m; A) = %tr[(dﬁdn — dndé¢)AJ.

In fact from the definition we have

()€ m: A4) = €M1 4) = - €26 4) — e (g, ).

Then the formulas
§-A=ds§ =dE+ A§ — €A,
¢ (dA) = [dA,€] — A, de] = dAE — EdA — Adg — dEA

yield the desired equations.
Let S3(Lie G) be the Lie algebra of the based mappings rom S3 to Lie G.

€ pllt
w(ﬁ?n’A) 3 / C (gﬁnﬁA)
1271 S3

— / tel(dgdy — dnd€) A, (1.8)
Sd

2473

for A € A3 and &, € S® Lie G, and denote
wy(&m) = w(&mn: fHdf). (1.9)

PROPOSITION 1.6. wy is a closed 2-form on Q3G, hence (*G,w) is a pre-

symplectic space.

In fact, the exterior differential d wy of wy on Q3G becomes

Wexp t¢ (57 77)
t=0

_ 1
T 2473

(@wp)En Q)= 2

[, ausltazan —anas) = o,

1.3. Basic properties.

1.3.1.
Let M be a compact four-manifold possibly with non-empty boundary OM. Let

G = SU(n), n > 3. In the following we write by MG the set of smooth mappings f from
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M to G that are based at some point py € M.

DEeFINITION 1.1.  For f, g € MG we put

ouilf.0) = 3= | (7). (1.10)

DEFINITION 1.2 (Mickelsson’s 2-cocycle [5], [6]). For f, g € MG we put

ilf.:4) = 575 /M(501’1)(f,g;A) (1.11)
= _24;3 /aM >O(f, g; A) + ﬁ /M (S, g)
- *24;3 /BM *(f,9; 4) + Bu (£, 9)- (1.12)
If 9M = 0, we have
B (f,9) = v (f, g; A).- (1.13)

LEMMA 1.7.  Let f,g,h € MG. We have
i (f,9;A) + 1 (fg,h; A) = (g, bs A) + yae (f, gh; A). (1.14)
If moreover either 9M = () or at least one of f,g,h is constant on OM, then
B (fs9) + Bu(fg, h) = Br(g,h) + Bar(f, gh). (1.15)

PROOF. The definition (1.11) of vy, implies that vs is a coboundary, hence it
satisfies the cocycle property (1.14). Next the relation 6c?! = dc®?, (1.1), implies

BM(.%h)_/BM(f7g)_BM(fg7h)+ﬂM(fvgh) = ﬁ/{)MCS’O(fagvh)'

From the formula of ¢3° we see that the right hand side vanishes if M = () or at least

one of f, g, h is constant on M, that implies (1.15). O
LEMMA 1.8.

6]V1(f7f_1) :’YM(fmf_laA) :07 (116)

Bu(fg,97") = =Bu(fr9) = Bu(f7', f9)- (1.17)

In fact we have
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AN =0 T A) =0,
A fg,97") == f,9) =AM fg)

All these relations follows from Proposition 1.1 by direct calculation.

1.3.2. Polyakov-Wiegmann formula for SU(n) with n > 3.

Now we suppose that G = SU(n) with n > 3 and that M is a 4-dimensional
manifold that is the boundary of a 5-dimensional connected simply connected manifold
N; ON = M. For example M = S* = D5 or M = S$3 x S* = 9(S® x D?). Since
m4G =1 every g € MG has an extension g € NG. For g € MG we define

i 1 _
Cs(9) = %/Ncm(g) = W/Ntr(dg'g . (1.18)

C5(g) may depend on the extension but it can be shown that the difference of two
extensions is an integer because of H*(G,Z) = Z. Hence C5(g) is well defined mod Z,
or exp(2miC5(g)) is well defined independently of the extension.

LEMMA 1.9 (Polyakov-Wiegmann [5], [7]). For f, g € M(SU(n)), n > 3, we have
Cs(fg) = Cs(f) + Cs(9) + Bu(f,9) mod Z. (1.19)

From (1.1), §c¢\'? = —dc®!. Integration over N proves the lemma.

LEMMA 1.10 ([6]). Let T = S3 x[0,1]. Let f, g € T(SU(n)), n > 3. Suppose that
9(-,0) =g(-,1) = 1. Then we have

Cs(fgf™") = Cs(9) + Br(fg. f 1) + Br(f.g) modZ. (1.20)

1.4. 27 rotation of Q3(SU(2)) in 23(SU(3)).

Here we shall study the case for SU(2). Since ¢! = 0 and ¢*° = 0 from Proposition
1.4, By and ;7 in the preceding subsection can play no role. But ¢!*2, hence C5(g), will
be an important quantity. Since m4(SU(2)) = Z3, g € M(SU(2)) does not necessarily
have an extension to its five-dimensional counterpart as in the previous subsection, so we
have no definition of C5(g). But when we embed M (SU(2)) in M(SU(3)) this quantity
may be defined and it represents actually a quantity that reflect the fact 74(SU(2)) = Zs.

Let M = S3 x S'. We look on M as the boundary of the five-dimensional manifold
Q = 83 x D? where D? is the two-dimensional disk. M (SU(2)) is considered as a
subgroup of M (SU(3)) by the embedding

M(SU(2)) 5 u — 1 = (g ‘1)) e M(SU(3)). (1.21)

Then the functional Cs(u) is well defined modulo Z:
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— L 1y6
Cs(u) = 21073 /Qtr(du u ),

where u € M(SU(3)) is extended to u € Q(SU(3)). In [10] Witten showed that Cs(u)
depends only on the homotopy class of u € m4(SU(2)). C5(%) = 0mod Z if w is in the
trivial homotopy class in m4(SU(2)). On the other hand C5(u) = —1/2mod Z for u in
the non-trivial homotopy class in m4(SU(2)), [10].

For f € Q3(SU(2)), Witten investigated the process of a 27 rotation of f = (£9)
inside Q3(SU(3)). The path {us(t)}o<i<1 in Q3(SU(3)) obtained by rotating fbya?2r
angle is chosen to be

eﬂ'it 0 0 _ e—ﬂ'it 0 0
up(z,t)=1 0 e ™ 0| f(x)[ 0O €™ 0
0 0 1 0 0 1
1 0 o0\ _ /1t 0o 0
=l0e2it 0 |f@) |0t 0o |. (1.22)
0 0 627Tit 0 0 e*?ﬂ"it

Then uy € M(SU(3)). We extend us to @ = S* x D? by

ug(z,t,7) = a(r,t) f) a(r,t) ",

where

1 0 0
a(r,t) =10 re 2™ V1—r2|, 0<r<1.
0 —V1—1r2 pe2mit

By the first form of (1.22) we see that if f € Q3(SU(2)), that is, if f is homotopic to the
identity of SU(2), then C5(uy) = 0. While if f is an instanton, that is, if f € Q*(SU(2))
and deg f = 1, then the second form of (1.22) describes the 27 rotation of instanton and
we find

- i _ 1
C5(uf)—W/Qtr(duf~uf1)5—2 mod Z.

Thus for the non-contractible path uf in Q3(SU(2)) we have Cs(uf) = —1/2. Since
74((SU(2)) = 71 (23(SU(2)) the non-trivial homotopy class in 4 ((SU(2)) corresponds to
the homotopy class of non-contractible paths in Q2(SU(2)). Therefore we have Cs() =
—1/2mod Z for u in the non-trivial homotopy class in m4(SU(2)).

DEFINITION 1.3. Let M = S3 x S'. We put, for u € M(SU(2)),

(w) 1,  if wis in the trivial homotopy class of m4(SU(2)),
= —1, if w is in the non-trivial homotopy class of m4(SU(2)).
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PROPOSITION 1.11.  Let u € M(SU(2)). Then exp2miCs(u) depends only on the
homotopy class of u in m4(SU(2)) and

e(u) = exp 2miCs (). (1.23)

LEMMA 1.12.  Let u, v € M(SU(2)). We have the following formulas.

C5(uv) = Cs5(u) + C5(v) mod Z, (1.24)
e(uv) = e(u)e(v), (1.25)
e(uvu™) = e(v). (1.26)

PROOF. The product uv of u, v € M(SU(2)) is in the trivial homotopy class if
both are in the same homotopy class of m4(SU(2)), and uv is in the non-trivial homotopy
class if [u] and [v] are in the distinct homotopy class of m4(SU(2)). So we have the relation
e(uv) = e(u)e(v). From Proposition 1.11 we have C5(uv) = C5(u) + C5(v) mod Z. O

2. Abelian extension of Q3(SU(n)).

2.1. Smooth mappings from T = S3 x [0,1] to SU(n).

Let G = SU(n), n > 2. Let Q3G be the set of smooth mappings from S* to
G = SU(n) that are based at some point py € S3. The mapping degree of a g € Q3G is
given by

i —1\3
- 2.1
degg 512 /53 tr(dgg™")”, (2.1)

where dgg~? is the pullback of the Maurer-Cartan 1-form on G by the evaluation map

ev: 8% x Q3G — G. It satisfies the relation
deg(g1 - g2) = deg g1 + deg go. (2.2)

g1 and go are homotopic if and only if degg: = degg.. Q3G is not connected and is
divided into denumerable sectors labelled by the mapping degree:

oc =Jala, (2.3)
QG = {g € V*G;degg = k}.

We choose, for each k € Z, gx € Q3G such that the set {gi }rez is closed under multipli-
cation and that go = 1 represents the unit element in 73G. For example, for G = SU(2),
we may take typical instantons

k
_(s+wr —q+ip . 3 4
gk(p)<q+ip S_Z.T> . p=(p,q,ms) €S’ CR. (2.4)
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Here go = 1 and g(_y) is the inverse of gr. gr(po) = 1 at po = (0,0,0,1) € S3. From
(2.2) we see that if g € Q3G then 9(-k)9 € MG,
Let T = S® x [0,1]. We define the following space of mappings from T to G.

K% = U (K9, (2.5)
keZ
dul  _du|  _
ot t:O_ ot t=1 -
K& = w:8%%x[0,1 — G;
(") 0.1] ul0) = gu(),
u(p()u):l
Let
J&¢ ={ue K¢ :u(-,0) =u(-,1) = 1}. (2.6)
LEMMA 2.1.

1. Let u,v € K. Ifu(-,1) = v(-,1) then u(-,0) = v(-,0) = gx(-) for a k € Z.
2. J§ is the kernel of the map

K% su — u(-,1) € Q*G, (2.7)
3. QG = K¢/J§. (2.8)

PROOF. We shall abbreviate K¢, (K%)* and J§ to K, K* and Jy respectively. If
u, v € K satisfies u(-,1) = v(-, 1), then degu(-,0) = degu(-,1) = degv(-,1) = degwv(-,0)
which is, say, equal to k. Then u,v € K* and u(-,0) = v(-,0) = gx(-). In the same way,
if u(-,1) = 1 then u(-,0) = 1 and u € Jy. This proves assertions 1 and 2. Now take
a g € Q3G such that degg = k. Then 9(-r9g € Q3G and there is a u € K such that
u(-,1) = g_pg- Put v(z,t) = ge(z)u(x,t). Then v extends g € Q3G to TG and v € K*.
This proves the assertion 3. O

Let T = S% x [0,1] and M = S x S! as before. We look on MG as the subset of
TG defined by {u € K% u(-,0) = u(-,1)}. Then we have

J§ = (KN MG c MG c K€, (2.9)

2.2. Dual of the space of connections.

Let A3 = A3(G) be the space of connections on the bundle P = S® x G. The
space A3 is an affine space modeled on the vector space £1(S3, Lie G) of Lie G-valued 1-
forms on S3. Let Map(As, U(1)) be the group of smooth mappings A : A3 — U(1). The
multiplication A-p is defined as the product in U (1) of their value; (A-u)(A) = M(A)-u(A).

Let Aj be the affine dual of Ag that is defined by
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Ar = {(p € Map(As, ) @(pA1 + (1= p)Az) = po(Ar) + (1 — p)p(Aa), } (2.10)
for Ay, As € A3, p€ R.
The directional derivative of a ¢ € Map(As, R) at A is by definition
(Dap)a = 75li_n% %(@(A +ta) — p(A)), Vac EY(S? Lieq). (2.11)
If ¢ € A3, then
o(A+a) =p(A) + (Dap)a, VaeE'(S% Lieq). (2.12)

A3 has a natural vector space structure and if Ay € Ajg is fixed it is isomorphic to the
dual vector space £1(S3, Lie G)* by the correspondence:

AL 3o — Da,p € EY(S?, Lie G)*.
Q3G acts on A} by
(f-o)(A) =p(f-A), forped; feQG, (2.13)
where
frA=fTRAf N
We have
(Da(f -¢))a = (Ds.ap)Adra, Va € EY(S? LieQ). (2.14)
DEFINITION 2.1.
exp 2mi A3 = {exp2mip € Map(As,U(1)); ¢ € A3} (2.15)

exp 2mi A% is an abelian subgroup of Map(As, U(1)).

2.3. Abelian extension of 23(SU(n)), n > 3.

In this section we study the abelian extension of Q3G for the case G = SU(n), n > 3.
In [5], [6] Mickelsson described the extension of Q3G = (K%)°/J§ by the abelian group
Map(Asz,U(1)). We shall extend his argument to the case Q3G = (K%)/J§ and the
extension is given by the abelian group exp 27i . A%. For G = SU(n) with n > 3 we have
m4(G) = 0, so Cs(g) for g € Jy C MG is well defined, (2.9) and (1.18). In particular
Polyakov-Wiegmann formula of Lemma 1.9 is valid for f, g € Jy.

Cs(f9) = Cs(f) + Cs(g) + Br(f,9) modZ. (2.16)
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DEeFINITION 2.2. For f € K and g € Jy, we put

LEMMA 2.2. Let G=SU(n), n>3, and T = S3 x [0,1]. Let f,g,h € TG be such
that f(-,1) = g(-,1) = h(-,1). Then we have

ar(f,f'9) +ar(g,g'h) = ar(f, f~'h) mod Z. (2.18)
In fact, since f~'g, g~ th, f~'h € Jy we have from (2.16)
Cs(f~'9) +Cs(g~"h) + Br(f 9,97 h) = C5(f*h).
On the other hand (1.15) implies
Br(f, f7'9) + Brlg. g~ h) = Br(f 9,97 h) + Br(f, f~'h).

Hence Definition (2.17) of ag yields the desired equation.

DEFINITION 2.3. For f, g € K such that f(-,1) = g(-,1), we put

XT(fag) :exp27riaT(f7filg)' (219)
From Lemma 2.2 we have
xr(f,9)xr(g,h) = x(f, h), (2.20)

for f,g,h € K such that f(-,1) =g(-,1) = h(-, 1).
We define the right action of Jy on the product set K x Map(As, U(1)) by

g- (£, ) =(fg.  C)xr(f. f9), g€ . (2.21)

Note that Jy acts trivially on A3, and on Map(As,U(1)). We consider the quotient
space:

QG = K x exp 2mi AL/ Jo. (2.22)

It is the quotient by the equivalence relation
g(
(£,A) ~ (9, 1) = { (

The equivalence class of (f,A) is denoted by [f, A], and the projection 7 : QG — Q3G
is given by 7([f,A\]) = f(-,1). Then QG becomes a principal bundle over Q3G with
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the structure group exp2miAj. Here the U(1) valued transition function xr(f,g) is
considered as a constant map in exp 2mi.Aj.

THEOREM 2.3. Let G = SU(n) with n > 3. Then QG gives a Lie group extension
of Q3G by the abelian group exp 2miAj.

PrOOF. We shall endow QG with a group structure by Mickelsson’s 2-cocycle
(1.11):

g

1(F:4) =~ [ @74

i
T 2473

/ (f,g:A) + Br(f.9). (2.23)
oT

It holds that yr(f,g;-) € A% and exp 2wiyr(f, g;-) € exp2miA%. We define the product
on K x exp 2miAj by

(fs A) * (g, 1) = (fg, M)y (+) exp 2mivr (£, g;+)), (2.24)

where pf(A) = pu(f-A), A € As. The associativity of the product follows from the cocycle
condition (1.14) of yp. We shall verify that the multiplication rule on K X exp 2mi.Aj
descends to that on QG. Let (f,N), (g,p) and (h,v) € K x exp2miAj and suppose
(f,A) ~ (g,p). Since g(-,1) = f(-,1) it holds that (fh)(-,1) = (gh)(-,1), so Lemma 2.1
implies fh = gh on OT = S3 x {0,1}, and we have

/cz’o(g,h;A)z/ AO(f, h; A). (2.25)
oT

or

From (1.15), (1.17) and Lemma 1.10 we have
ar(f,f~g) + Br(g,h) = ar(fh, k™' f~ gh) + Br(f,h). (2.26)
These two equations imply
exp 2mivr (g, h: )xr(f, 9) = exp2mive (f, b2 )xr(fh, gh).
Now from the assumption we have u(-) = A(-)x7(f,9) and v4(-) = v¢(-). Hence
u(-)vg(+) exp 2mivr(g, b = ) = A()vs(-) exp 2miye (f, b < -)xr (fh, gh).

Therefore (f,A) * (h,v) ~ (g, ) * (h,v). Next we suppose (g, ) ~ (h,v). Then vs(-) =
wr(-)xr(g,h). By the same calculations as above we have

exp 2miyr(f, h 2 -)xr(g, h) = exp2mivr(f, g : )xr(fg, fh).
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Hence
A vp(+) exp 2miyy (f, b ) = A()pyp(-) exp 2mivyr (f, g - )xr(fg, fh). (2.27)

This implies (f, \)*(g, u) ~ (f, \)*(h,v). Therefore QG inherits the group structure. The
unit of QG is the equivalence class [1,1] consisting of 1 € K and the constant map 1 €
exp 2miA%. The inverse of [f, A is [f ™1, (Ap-1) 7], where (Ap-1)71(A) = (A\(f - A4)) 71,

and we used the fact ’YT(f f~1;) = 0 of Lemma 1.17. The he group exp 27TZ.A3 is embedded
as a normal subgroup of G by the map A — [1, )] € QG. Thus QG is an extension of
Q3G by the abelian group exp 2miAj. O

2.4. Extension of the embedded Q3(SU(2)).

We shall denote G = SU(2) and G’ = SU(3). Q3G being embedded in Q*G’ we
may think that the restriction to Q3G of the group extension QG of Q3G yields a group
extension of Q3G. Let 7 : G’ — Q3G’ be the extension of 3G’ discussed in Subsection
2.3. Let K and Jy (respectively K’ and J) be the spaces defined by the formulas (2.5)
and (2.6) for the group G = SU(2) (respectively for the group G’ = SU(3)). Let

IN{:{E:(S (1)) :S3><[071]—>G’;u€K}CK/.
~ ~ u 0 ~ ,
Joz{uz(o 1>6K;UEJ0}CJO.

OG' = K' x exp 2miAL)J}, (2.22)

We have

with the transition function given by (2.19);
xr(f',¢') = exp2miar(f',(f)7'd), f.4 € K"
The restriction to K becomes
xr(f.9) = exp2mi Cs(f ') = (£ '9), f.g € K. (2.28)

It defines a U(1)-principal bundle over Q3G. In fact, we define the right action of Jy on
the space K x U(1) by

g (f.¢)=(Fg.e@e) for (f,c) € K x U(1) and g € Jo. (2.29)
Then we have the U(1)-principal bundle

QG =K xU(1)/Jy — Q3G. (2.30)
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QG is reduced to a Zs-principal bundle. From the discussion preceding Definition 1.3 we
see that QG represents the action of the homotopy group 74(SU(2)) on Q3G. We note
that the Mickelsson’s 2-cocycle (1.11) vanishes from Proposition 1.4 so that the group
extension is algebraically trivial though it is not topologically trivial.

PROPOSITION 2.4. Let G = SU(2).

1. There is a Lie group extension QG of V3G by Zs.
2. The restriction of the bundle QG to Q2 .G = Uy.cpen GG is isomorphic to Q2 G, and
the restriction to QoG is isomorphic to Q3G.

In fact, let f, g € K be such that f(-,1) = g(-,1). If f(-,1) = g(-, 1) is in Q3 G then
f~1g is in the trivial homotopy class of 74G and €(f~1g) = 1.

—

3. Adjoint representations of Q¢G.

3.1. Lie algebra extensions of S3(Lie G).
Let G = SU(n) with n > 3. Let QoG be the Lie group extension of Q3G

QG = KO x exp 2mi A3/ Jo.

We shall study the Lie algebra of the Lie group extension Q/O\G. In the following elements
of the dual space A3 are denoted by [, m, and an element of Q/(;E’ is denoted by the pair
(f,A) with f € K° and A\(-) = *™() € exp2miAj. We note that the 2-cocycle (2.23)
becomes

7
2473

(g A) = gz [ 00 A) + or(foa), (3.1

because the integral on the part of the boundary S® x {0} C 9T vanishes by virtue of
the facts QoG = K°/Jy and K° ~ D*G. S3(Lie G) denotes the Lie algebra of the based
mappings from S® to Lie G.

THEOREM 3.1.  The Lie algebra on/O\G is given by the vector space S3(Lie G) & A}
endowed with the commutation relation

[(&: 1), (n,m)] = ([& 0], Dam(da§) — Dal(dan) + iw(&,n; A)), (3-2)

where D am is the derivation of m, (2.11), and

w(&mA) =

o /S tr(dgdn — dndg) A (3.3)

The Lie algebra (S3(Lie G) & A3, [+,-]) becomes the Lie algebra extension of S®(Lie G).

—

PROOF. Recall that the group multiplication law for QSU(n), n > 3 is defined in
(2.24). We have
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(eéfa 1)(6“]7 1)(6_367 1)(6_”]’ 1) = (eséet'r]e—sﬁe—tn7 exXp 2¢(57 t; ))a

(st A) = 9z (e, €5 A) +yr(e el e A) £ g (etee ™ e 1; 4),

where 1 means the constant map A3 3 A — 1 € U(1). Since

4 4 c>l(es€ ) =0,
ds|—odt]i—o
d d 2,00 ,s& _tn d d 2.0 _
il il ; A = — el 0 (p8€otn 58, A) = 20 A
dS S0 dt tZOC (e 76 ) ) dS <0 dt t:Oc (e € 76 ? ) € (6)777 )7
i i 02’0(6556m6_857 e ' A) =0,
ds | g dt|,—g
we have
d d i
—| = t; A) = — 20(¢,m; A
ol e =g [ et
1
=—— tr[(dédn — dnd§)A].
i [ tlldsdn— dnae) o
Therefore
d| d . e ‘
V(e e (e D, 1) = (6] il )
$]s=0dtl1=0
The commutation relation (3.2) follows from this. O

3.2. Adjoint orbits of Q2,G.

g

Let S3(Lie G) = S3(Lie G) @ A} be the Lie algebra extension of S3(Lie G).

PROPOSITION 3.2.  The adjoint action of a (g,v) € QG on Lie(@) = 536;6’)
1s described as follows.

d S St
Adgo (€Dl = 51| Adigun(e,e"'0)|a = (Ady 6, O(E Eiq.0)
where v = ™) with m € A% and

O(&,1;9,e™M) = g - 1(A) — Dam(gdy.4€97")

1
t 2.2 / tr (97" dgd¢ — dg g~ dg)g ™" Ag — dé(g~ ' dg)*)
Y S3

1 -1 -1 -1
t o /Sstr([g dg, (9" dg,€]lg™" Ag),
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—

for (&,1) € S3(Lie G).
PrROOF. The adjoint action of ﬁo\G is given by

Adg (£, N) = (997 v (A () Wgpg—1 () exp 2mi{yr(g, f;-) +yrlgfig " )}),

for (f,\), (g,v) € QoG. If (f,\) = (e*,e%10)) with ¢ € S3(LieG), | € A%, and if
(g,v) = (g,e™0)) with m € A}, we have

d I(g-A)
I e’ = l(g : A)7
ds|,_g
d s&, —1 -1 -1
p (v((ge*tg™") - A)) " = —(Dam)(gdg.a€g™"),
s=0
I e I (U
ds|,_o B 4873 [ pa

l —1 -1 -1
- - A
18,73 /S L™ dgdé — dE g™ dg)g™ Agl,

d

ds

€ g7t A) = — tr[(dg- ~ldg)?
ol o) = g [l )Y

B 487;7'r3 /S3 tr [((g_ldg>dg_1dg£ - dg—ldgg(g_ldg))g_lAg] .

—

Hence the adjoint representation of (g,v) on the Lie algebra S3(Lie G) is given by

d
Adg . (§,1)]a = e

Adgg ) (e, e810) |4 = (Ady€, 0(&, 1 9,v)),
0

s=

with
O lig.v)|la=g-1(A) — Dam(gdg.aég™")

1
+ o /Sa tr (97" dgd§ — dg g~ dg)g™" Ag — d€(g~ ' dg)?)

1 -1 1 —1
Ry /Sgtl” (lg~"dg, (g~ dg,€]lg™" Ag). O

—

PROPOSITION 3.3.  The adjoint action ad € End(S3(Lie G)) becomes

adym) (&, 0)]a = ([, 1], Dal(dan) — Dam(da&) —iw(€,m; A)), (3.4)

where
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wl€m ) = ~gi [ wllagan—anag)a)

—

It coincides with the Lie bracket of S3(Lie G), (3.3).

(1]
(2]

[3]
(4]

(5]
(6]
(7]
(8]
[9]
(10]

(11]

In fact, if we let (g,v) = (e, €"™) in Ad(y,(e*¢, e),

d d 1(et". A) d .

_ el sl(e = — l(en14):1)*,4l(dA77)7

dS s=0 dt t=0 =0
d d -1 d
ds dt g7 =—— b . —tn
ds|,_,dt t:O(u((ge g7")-4) 7 t:O(DA(tm))(e e 4€ €™

= —Dam(d4€).
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