(©2014 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 66, No. 2 (2014) pp. 641-646

doi: 10.2969/jmsj/06620641

Wang’s theorem for one-dimensional local rings

By Jun HoriucHI and Hideto SAKURAI

(Received July 4, 2012)

Abstract. In this article, we show that, @ :4 m* C m! for all integers
t > 0, and for all parameter ideals @ C m?'~! in a one-dimensional Cohen-
Macaulay local ring (A, m) provided that A is not a regular local ring. The
assertion obtained by Wang can be extended to one-dimensional (hence, ar-
bitrary dimensional) local rings after some mild modifications. We refer to
these quotient ideals I = @Q :4 m?, t-th quasi-socle ideals of Q. Examples are
explored.

1. Introduction.

Let A be a Noetherian local ring with the maximal ideal m, and dim A > 0. Let @
be a parameter ideal in A. Let ¢ > 0 be a positive integer. With these notation, we set
ideals I = @Q :4 m!, and call them ¢-th quasi-socle ideals of ). This article studies ¢-th
quasi-socle ideals in one-dimensional Cohen-Macaulay local rings. The purpose of this
article is to extend Wang’s theorem (see [W]) to one-dimensional Cohen-Macaulay local
rings. We want to review the background of our researches briefly. When ¢t = 1, the ideal
Q :4 m is called the socle ideal of (). Let us recall one fundamental result on socle ideals
given by Corso and Polini.

THEOREM 1.1 ([CP, Theorem 2.2]). Let (A,m) be a Cohen-Macaulay local ring,
which is not a regular local ring. Let I = @Q : m where Q is a parameter ideal in A. Then
I? = QI.

It seems natural to ask, “What will happen in the case when ¢t > 27” Bearing in
our mind the case where ¢ = 1, Polini and Ulrich conjectured that, by setting some
conditions on the choice of parameter ideals ), analogues of Theorem 1.1 might hold
true for t-th quasi-socle ideals I = @ :4 m?, (¢ > 2). Namely, they posed the following
profound conjecture. It is in the case when t > 2, A is a Cohen-Macaulay local ring, and
dim A > 2. Their conjecture is originally rooted in linkage theory.

CONJECTURE 1.2 ([PU]). Let (A, m) be a Cohen-Macaulay local ring with dim A >
2. Assume that dim A > 3 when A is reqular. Lett > 2 be an integer and Q) a parameter
ideal for A such that Q Cmt. Then I = Q 13 m* C mt.

In 2007, Wang proved Cojecture 1.2 affirmatively in his remarkable paper [W]. We
set G(m) = D,,>¢ m™/m"*! to be the associated graded ring of m.
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THEOREM 1.3 ([W]). Let A be a Cohen—-Macaulay local ring and let t > 2 be an
integer.

(1) The conjecture of Polini and Ulrich is true. Hence, dim A > 2, and assume that
dim A > 3 when A is reqular. Lett > 2 be an integer and let QQ be a parameter ideal
such that Q Cmt. Then I = Q 14 m* Cm?, m*I = m*Q and 1?2 = QI.

(2) Assume that depth G(m) > 2 and let Q be a parameter ideal in A such that Q C mt+1,
Put I = Q :m?. Then furthermore we have, I C m'*!, m‘I = m*'Q and I?> = QI.

The assumption that depth G(m) > 2 is satisfied if the ring A is a regular local
ring of dim A > 2. Wang’s Theorem 1.3 deals with all Cohen—Macaulay local rings of
dim A > 2. It is natural to ask, “What will happen in the case when dim A = 17" Goto,
Kimura, Matsuoka and Takahashi studied ¢-th quasi-socle ideals in one-dimensional local
rings, and they have shown that the one-dimensional cases are different from higher-
dimensional cases (dim A > 2). It is difficult to control the t-th socle ideals @ :4 m’
in one-dimensional local rings, even though A is a Cohen-Macaulay local ring and a
Gorenstein local ring (see [GKM], [GMT]). We give an example of a one-dimensional
Cohen-Macaulay local ring which shows that ideals I = @ : a4 m?, (¢ > 2) are not contained
in m* when parameter ideal @ C m?.

EXAMPLE 1.4. Let A = k[[X,Y]]/(X?), where k[[X, Y]] is the formal power series
ring with two indeterminates X and Y over a field k. Put m = (x,y) C A, where x and
y are the images of X and Y in A respectively. Then m™ = (xy™~!,9") for all positive
integers n > 0. Let ¢t > 2 be an integer and put Q = (y*'~2). Then Q@ C m*~2 C m! and
I = Q ‘A mt = (myt—27yt—1) =mt1 g mt.

With these notation and terminology, we state the main result of this article.

THEOREM 1.5. Let (A,m) be a one-dimensional Cohen-Macaulay local ring and
t > 0 a positive integer. Then, Q : 4 m* C mt for all parameter ideals Q C m?'. Moreover
if A is not a regular local ring, then Q 14 m* C m! for all parameter ideals Q C m?'~1,

We shall remark that Example 1.4 shows that the value 2¢t—1 of an order of parameter
ideals Q € m?*~! in Theorem 1.5 is the best possible.

Goto, Kimura, Phuong and Truong explored quasi-socle ideals I = Q :4 m' in
numerical semigroup rings, and they have shown some interesting results. Among them,
they have shown some conditions for the associated graded ring G(I) = @@, ["/I"!
to be Cohen-Macaulay [GKPT, Theorem 3.1]. However, their results do not cover
Theorem 1.5. Because Theorem 1.5 and our discussion deal with all Cohen-Macaulay
local rings of d = 1, and also for d > 1 (see Corollary 2.5, for the assertion d > 1).

2. Proof of Theorem 1.5.

In this section, we give a proof of Theorem 1.5. Firstly, we prove Theorem 2.3, and
we derive Theorem 1.5 as a corollary. Let us begin with the following.

LEMMA 2.1. Let A be a commutative ring, and let a, b, and ¢ be ideals of A.
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Suppose that a contains a non-zero divisor and a C b. Furthermore assume that there
exists a subset F' of a such that a is generated by F', and we assume that (f) :a b C ¢ for
all elements f € F. Then we have (a) :a b C ¢, for all non-zero divisors a € a.

PROOF. Let a € a be any non-zero divisor in A. Choose any element x € (a) :4 b
and f € F. Since F' C a C b, we have fx = ay for some y € A. On the other hand, take
any element b € b, then we can express bx = az for some z € A. Thereby, we have

bay = b(fz) = f(bx) = faz.

Since a is a non-zero divisor, we get by = fz. Thus we see that y € (f) :4 b. By our
assumption (f) :4 b C ¢, we get y € ¢. Therefore, fx = ay € ac, and thus, z € ac:4 a
because a is generated by the set F. Now, because a € a, we have ax € ac. It is easy to
see that = € ¢, since a is a non-zero divisor. We get (a) :4 b C ¢ as claimed. t

Next Lemma is the key in our discussion.

LEMMA 2.2. Let (A,m) be a commutative local ring and assume that m contains
a non-zero divisor. Let t > 0 be a positive integer and let s > 0 be an integer. Let
ai,asz,...,a;+s € m be non-zero divisors of A and we assume that (a;) # m. Then
(a1a2 cee aH_s) ‘A mt - mSH.

ProOOF. Firstly, we prove the assertion in the case when s > 0. It is easy to see
that

(araz -+~ apys) :am' C (aras - aprs) ta araz---ar C[(0) 14 a1+~ ag] + (@es1 -+~ rys).

Thereby, we have (ajag -+ a1s) :a m* C (a1 - apys), since aj - - - a; is a non-zero divi-
sor. We choose any element x € (a1az -+ as1s) :4 mb and express it as @ = apy1 - appsy
where y € A. It is enough to prove the following claim.

Cramm 1. y € (a1) :a m.

PrOOF OF CLAIM 1. We choose any element @ € m. Then we can express
QG2 -+ MT = Qg - Qi1 -+ - QptsY, because T = ayyq1 -+ - Ggrsy. On the other hand,
we have that aas - -a; € m¥, hence, we have aag -+ ayx = ay -+ a4 52, for some z € A.
Thus from these equations (recall that as - - - a;4 s is a non-zero divisor), we have ay = a; 2.
Therefore, y € (a1) :4 m as claimed. O

Thanks to the assumption (a;) # m, we have (a1) :4 m C m. Hence, we have
y € (a1) :a m C m. Therefore, z = asyq---apysy € m*TL thus, we get (ajas - aris) :a
m! C m®*! as claimed. The proof also works in the case when s = 0. We consider an
element x itself instead of y, that is, the above proof of Claim 1 shows that (ajas---a¢) :a
mt C (ay) 14 m. O

We are ready to prove the key theorem.

THEOREM 2.3. Let (A,m) be a Noetherian local ring with depth A > 0. Let t > 0
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be a positive integer and let s > 0 be an integer. Assume that m is not principal. Then
we have (a) 14 m* Cm**Tt for all non-zero divisors a € m'*s.

Proor. First of all, it is easy to see that m!™* is generated by the following set
F:

F ={ajas---atys | a1,0a2,...,a:4s € m are non-zero divisors}.

Since m is not principal, we have (ajaz---ai1s) 14 mt C m*tl for all elements
ajas---a;rs € F, by Lemma 2.2. Therefore, we get (a) :a m* C m**! for all non-zero
divisors a € m'**, by Lemma 2.1. O

Applying Theorem 2.3 to one-dimensional Cohen-Macaulay local rings, we get the
following.

COROLLARY 2.4. Let (A,m) be a one-dimensional Cohen-Macaulay local ring. Let
t > 0 be a positive integer, and let s > 0 be an integer. Then we have, @Q 14 m* C m®
for all parameter ideals Q C m!*s. Moreover, if A is not a regular local Ting, we have
Q:am! Cm*t! for all parameter ideals Q C mi*s,

Proor. If A is a regular local ring, then A is a DVR. Thereby, it is clear that
Q 4 mt C m® for all parameter ideals Q C m'**. Hence, we may assume that A is
not a regular local ring. The assertion readily follows from Theorem 2.3, since m is not
principal. O

We are now ready to prove Theorem 1.5.

PROOF OF THEOREM 1.5. Set s =t (resp. s =t — 1) in Corollary 2.4, we have
the first (resp. second) assertion in Theorem 1.5. O

Finally the authors would like to give the following, which settles Polini-Ulrich Con-
jecture 1.2 of arbitrary dimension, although the assertion is almost covered by Wang’s
theorem (see [W]) in the case when dim A > 2.

COROLLARY 2.5.  Let (A,m) be a Cohen-Macaulay local ring with d = dim A > 0.
Let t > 0 be a positive integer and let s > 0 be an integer, and assume that t + s > 2.

Suppose that m is not principal. Then we have, Q : 4 m* C m*T! for all parameter ideals
Q g mt+s'

PrOOF. We prove the assertion by induction on d = dim A. When d = 1, the
assertion readily follows from Theorem 2.3. Suppose that d > 2 and assertion holds for
d—1. Let Q = (a1, as,...,aqs) C m'** be a parameter ideal in A. We see that A/(a;) is
not a regular local ring, since a; € m*** C m2. Thus, by passing to A/(a1), and thanks
to the hypothesis of induction on d, we have,

Q:am! Cm*t 4 (a;) CmsH, O
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3. One dimensional local rings.

In this section, we apply Theorem 1.5 to one-dimensional local rings (A, m). To do
this, we give an application of Theorem 1.5 (see Corollary 3.1). We denote HQ(A) the
0-th local cohomology module of A with respect to the maximal ideal m. First of all,
we notice that if A is not a Cohen-Macaulay local ring, the assertion @ :4 m! C m!
does not hold for any parameter ideal Q C m!, provided that the integer ¢ > 0. In
fact, suppose that A is not a Cohen-Macaulay local ring, hence H2(A) # (0). Then,
there exists an integer n > 0 such that HQ(A) ¢ m™. On the other hand, there exists
an integer £ > 0 such that HO(A) = (0) :a m‘. We set an integer ¢t > max{n,(},
thus, HO(A) = (0) :4 m* C Q :4 m! for every parameter ideal Q in A. Then, since
HY(A) € m!, we have Q :4 m’ € m’. What will happen in case A is not necessarily a
Cohen-Macaulay local ring? We give a following consequence.

COROLLARY 3.1. Let (A, m) be a one-dimensional Noetherian local ring and t > 0
be a positive integer. Then, Q 14 m* C m! + HO(A) for all parameter ideals Q@ C m?".
Moreover if AJHC(A) is not a regular local ring, then Q :4 m* C m! + HO(A) for all
parameter ideals @Q C m?*~1,

PROOF. Apply Theorem 1.5 to a Cohen-Macaulay local ring A/HQ (A). O

Goto and the authors explored quasi-socle ideals in Buchsbaum local rings [GHS].
They have shown that quasi-socle ideals behave very well inside Buchsbaum local rings
provided that d = dim A > 2. Our interest for the application of Corollary 3.1 is
especially Buchsbaum local rings. We refer to [SV] for basic properties of Buchsbaum
local ring. It is known, among them, that, if A is a Buchsbaum local ring, then HY (A) =
(0) :4 m (see [SV]). In the Example 3.2, we keep the same notation as in Example 1.4.

ExamMpPLE 3.2. Let A = k[X,Y,Z]]/(X%XY,XZ,YZ), then A is a one-
dimensional Buchsbaum local ring which is not a Cohen-Macaulay local ring. Put
m = (z,y, 2), then we have HO(A) = (0) :4 m = (z). Hence, we have, A/HJ(A) ~
kY, Z]))/(Y Z). Tt is easy to check, m™ = (y™, z™) for all integers n > 1. Let ¢ be a positive
integer and put @ = (y*~1+42271). Then, we have Q : m’ = (3!, 2%)+(x) = m* + HO (A).

Let A be a one-dimensional Cohen-Macaulay local ring (resp. Buchsbaum local
ring). Thanks to Theorem 1.5 (resp. Corollary 3.1), we have I = Q :4 m® C m! (resp.
I=Q:amt Cml+ H2(A)), whence I? C Q. It is natural to expect that the equality
I? = QI holds true, but it is not true. In [GKPT], Goto and et al. explored the quasi-
socle ideals I = ) :4 m! in numerical semigroup rings and they gave an example which
shows that the reduction number of I with respect to parameter ideal @) is not equal to
one. Thus, the equality 1?2 = QI does not hold true in general.

ExaMPLE 3.3 ([GKPT, Example 3.7]). Let k be a field and R = k[[t°,¢%,¢'?]] C
E[[t]] be a numerical semigroup ring. Then (R, m) is a one-dimensional Gorenstein local
ring, where m = (t°,t%,t12). Let 0 < o € (5,8,12) be an integer, and suppose that
a > 20. Let Q@ = (t*) be a parameter ideal in R, and let I = @ : m3. We can check
that m3I # m3Q and I? # QI, hence the reduction number of I with respect to Q is not
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equal to one.

QUESTION 3.4. Can we describe the reduction number of I with respect to @ in
one-dimensional Cohen-Macaulay (Buchsbaum) local rings?
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