(©2013 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 65, No. 3 (2013) pp. 797827

doi: 10.2969/jmsj/06530797

The finite group action and the equivariant determinant
of elliptic operators II

By Kenji TsuBo1

(Received Dec. 15, 2010)
(Revised Nov. 29, 2011)

Abstract. Let M be an almost complex manifold and g a periodic au-
tomorphism of M of order p. Then the rotation angles of g around fixed points
of g are naturally defined by the almost complex structure of M. In this paper,
under the assumption that the fixed points of g¥ (1 < k < p—1) are isolated, a
calculation formula is provided for the homomorphism Ip : Z, — R/Z defined
in [8]. The formula gives a new method to study the periodic automorphisms
of almost complex manifolds. As examples of the application of the formula,
we show the nonexistence of the Zy-action of specific isotropy orders and ex-
amine whether specific rotation angles exist or not.

1. Introduction.

The problem whether a manifold with some geometric structure admits an
action of a finite group which preserves the geometric structure is a basic problem
in geometry, and the problem is well studied for compact Riemann surfaces.

Let M be a 2m-dimensional closed oriented manifold and G a finite group
acting on M. We assume that the action of G is effective. Let g be an element of
G of order p > 2 and Z, the cyclic group generated by g. In this paper, we set the
following assumption.

AssumpTION 1.1.  Some g* (1 <k < p— 1) has a fixed point, and any fixed
point of ¢¥ is isolated for 1 < k < p — 1 if ¢* has a fixed point.

Under the assumption above, let Q be the union of the fixed points of g* for
1 <k < p—1 and suppose that the image 7({2) consists of b points y1,...,yp €
M/Z, where m : M — M/Z, is the projection. In this paper, the Z,-action is
called the Z,-action of isotropy orders (p1,...,pp) if the isotropy group at a point
q; € 7 Yy;) (1 < i < b) is the cyclic group of order p;. Then for 1 < i < b the
isotropy group at any points in 7~ (y;) is the cyclic group of order p; generated by
g"* where r; = p/p; and 7~ !(y;) consists of r; points ¢;, g gi,...,9" "' - q;. Note
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that 7 : M — M/Z, is called a branched covering with branch points y1,...,¥s
of order (p1,...,pp) if m = 1.

In [5] Harvey gives the necessary and sufficient condition for the existence
of the branched covering of a specific order, and the problem of examining the
existence of an action of a cyclic group has been completely settled (see also
[3], [4], [7]). But there still has been no known general method to examine the
existence of an action of a cyclic group when m > 2.

In [8] we introduce a group homomorphism I by using an elliptic operator D
adapted to a geometric structure of a manifold, whose dimension is not restricted.

Let D be a G-equivariant elliptic operator. Then a homomorphism Ip from
G to R/Z is defined by

1
Ip(g) = mlogdet(D,g) €R/Z

for g € G, where det(D, g) is defined by
det(D, g) = det(g | ker D)/ det(g | coker D) € S* c C*

(see [8, Definition 2.1]). Then as we see in [8] (3) the next equality holds

S SR L~ S ST
In(g) = =5~ nd(D) ka:l —r (D) (mod Z) (1)

where Ind is the Atiyah-Singer index (see [2]) and &, is the primitive p-th root of
unity defined by ¢, = e2mV=1/p,

We can express the value Ip(g) by the fixed point data of the gF-action
(1 <k <p-—1) by using the equality (1) and the fixed point formula of Atiyah-
Segal-Singer [1], [2].

Since Ip is a homomorphism, the equalities Ip(g*) = zIp(g), Ip(gh) =
Ip(g) + Ip(h) hold for any g, h € G and any integer z because R/Z is an abelian
group. These properties of Ip impose conditions on the fixed point data and Ip
can be used to examine the existence of a finite group action.

When M is a compact Riemann surface and the g-action preserves the complex
structure of M, we give a formula to calculate Ip(g) precisely for the ®“T M-valued
Dolbeault operator D over M in [8, Proposition 3.2].

Though the formula is useful to examine the existence of a finite group action
on the Riemann surfaces, we need a formula to calculate the precise value of
Ip(g) for arbitrary m to examine the existence of a finite group action on higher
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dimensional manifolds. In this paper, we give a formula to calculate the precise
value of Ip(g) for 2m-dimensional almost complex manifolds.

2. Main result.

Let M be a 2m-dimensional almost complex manifold. Assume that p > 2
and that the action of Z, = (g) preserves the almost complex structure of M.

The main theorem of this paper is stated by using integers fy, p, Am p defined
below.

For a nonnegative integer s, an integer fi, ,(s) is defined by

o= S (") ()

jj:<m+1—u>z_: ()(puv> @

Let E be a complex Zj,-vector bundle over M and Dg the E-valued Dolbeault
operator over the almost complex manifold M, which is a Zy,-equivariant elliptic
operator.

Suppose that g™ acts on the tangent space of M at ¢; € 7~ '(y;) via mul-
tiplication by a diagonal matrix with diagonal entries {Ji*, ..., &7 and acts on
the fiber E|g; via diagonal matrix with diagonal entries §pity ..., &Lt where d is
the rank of I, 1 < 745, pic < p; — 1 and 7;; is prime to p;. Then since g acts
transitively on 7~ 1(y;), ¢g" acts on the tangent space of M or the fiber of E at
each point in 7~ !(y;) via multiplication by the same diagonal matrices. In this
paper the set {7;;} is called the rotation angle of g"* around the points in 77 (y;).

Since the fixed point set of g¥ (1 < k < p — 1) exists if and only if k equals
rikfor 1 <i<b, 1<k <p;—1,it follows from Theorem (4.3), Theorem (4.6) in
[2] (see also [8, Proposition 2.7, p. 101]) that

X

Ind(Dg) = Ch(E) Td(M)[M],

where Ch(E) is the Chern character of E, Td(M) is the Todd class of M and [M]
is the fundamental cycle of M.

DEFINITION 2.1.  For an integer A which is prime to p, there exists an integer
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X which satisfies the following conditions:
<A<p—1, A =1 (mod p).

A is called the mod p inverse of .

For any natural number z and any integers p,s, an integer A, ,(z, 4, s) is
defined by

Z@Ll 1 12 1 9i7n71

Am,p 2y S Z Z T Z 5p(<(zv My S5 T, A))? (4)

A1=0 X21,A22=0 Amise s Amm =0

where 7, A denote the sets {7;; | 1 < j <m}, {M, \jx [2<j<m,1<k<j}
respectively and 6,(¢(z, i, s, 7, ) is defined by

Clzps 8,1, A) =14+ A +ZM+ZZTU +ZZTij—1(>\j1 + o Ajj) + 82T,
j=1 =2
1 (C(z,p1,8,7,A) =0 (mod p))
5P(C(Zvﬂvsa7-a )‘)) = . .
0 (otherwise)
Set 0;1 = 7;1 and for 2 < j < m let 0;; be a natural number such that 1 < 60;; <
pi — 1, 6;; =T ;-1 (mod p;), where 7;;-71 is the mod p; inverse of 7, ;_.

THEOREM 2.2. Let z be an integer such that 1 < z < p— 1 and that z is
prime to p. Then the next equality holds as elements of R/Z.

oy (%) = 2t On(B) Ta(01 Z {dz(Ho )gfmm

d pifl

—Pi Z Z Frmps (8) A p, (2, pics S)}

c=1 s=0

PROOF. Since z is prime to p;, the fixed point set of g*"* coincides with
that of ¢g"*, and ¢*"* acts on T,, M via multiplication by the diagonal matrix with
diagonal entries 571, ..., &7 and acts on the fiber F,, via multiplication by the
diagonal matrix with diagonal entries {31, ... £5Fid. Hence it follows from (1),
(3) that
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b d pi—1 gsrzp, m 1

IDE(gZ) = pQ;pl Ch(E) Z : Z Z = 5171 H 1— é-;"@ZTi.i ’

Lo
Therefore it suffices to show that the equality
p—1 gkzu m

Z 1— gp k H —kzng

k=1 =

m p—1
= m+1{ me’l’ mp(2 1, 8 _Z(Hegj) me,p(s)}
Jj=1 s=0

801

()

(6)

holds for any natural number p with p > 2 and any integer u. To prove the equality

(6) we need several lemmas.
For integers i, j define the number 46(4, j) by

1 G=9)
5(”){0 (i#5)

LEMMA 2.3. Forl1 <k, /<m+1 set
ary (—1—k
T e-1 )

k—1 s
=0 (21) S awsen = (ko)
(=1

PrROOF. Note that age = 0 if k < £. For f(x) = (e* — 1)*~! we have

Then we have

o) =3 (" ) apes

£=0

and hence (—1)F=1£()(0) is equal to

— (~1)F Lk —1) fj=k—-1
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Since

(C—1—k)-(1—k) (k-1
e = ((—1) = (-1’ (4-1)’

it follows from the equality (7) above that

m+1 k
1 (kE—=1\[(s—1—-4
S0 () (1)

=1

kil(_l)z (k - 1) (—0)*~1 + lower order terms

— (s—1)!
k-1
R Er. 1)!((,;_)1), —1 (s=Fh)
0 (s < k)

Let p be a natural number with p > 2.
LEMMA 2.4.  For any nonnegative integers j, s the next equality holds:
m+1 k
pj-l—s-i—m ZZ j+k—1 {—1—k\[—lp+s+m
k=1 ¢=1 t-1 m '

PROOF. Define a polynomial P(z) of degree m by

m+1
pr+s+m) - (pxr+s+1) x—l—kz—l
( ) -7 = Z% )

m! —1)!

Pla) = (z+1)

where 7 is an integer defined by
-1 -k —4Ip+s+m
w2 (G5
=1
Then for any natural number j it follows from Lemma 2.3 that

o= () B S ()

k=1
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. k
—pj+s+m ) —fp+s+m
=( H m )—E 5(J,€)( m )20,
=1

which implies that P(z) = 0 for any x. Hence we have P(j) = 0 for any nonnega-
tive integer j. O

For a nonnegative integer s set

m—+1k

—1
k—1\[/—¥¢lp+s+m—0p _

hs(t) = ~1) t5(1 — tp)mHi=k,

o= e () (T e

k=1 £=0

LEMMA 2.5. Let a be a complex number such that o? = 1. Then for |t| < 1

we have

: : g
= a’hs(t).
_ m—+1 _ m+1
(L= a1~ (1— oyl 2

PROOF.  Set
fO)=QQ—at)™ => a't'
1=0

Then we have

f(m)(t) — (1 _ at)—m—l — = (Z +m>azt1
=0

mla™
p—1

. p—1 [e'e) .

pyts+m\ o o4 . pjt+s+m ;
e = ot .

(7T Sy ()

J=0

§=0 5=0
The same argument shows that
oo .
_ j+k—1\ .
1—¢P k — thI .
a-m=3 (15

Hence it follows from Lemma 2.3 and Lemma 2.4 that
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p—1 m+1 k oo .
e j+k—1\ . (0—1—k\[/—flp+s+m
(1—at) ' =) o't ZZ( )tm<
s=0 k=1 £=1 j=0 k—1 t-1 m
p—1 m-+1 k
_ Zasts Z(l_tp)—k- Z(_l)é—l (lz 11) ( ﬁp-l—s—i—m)
s=0 k=1 (=1 a m
1 L
- (1 — tp)m+1 Zashs(t) -
s=0

LEMMA 2.6. Let a be a complex number such that a? =1, a # 1. Then we
have

1)7n+1 p—1

1—a) ™ "= L ZastP

PROOF. Let g, be nonnegative integers. Then we have

owa-ery =3 (Yo Sy (Z)t””}(u)

S5 () oS () (e

lim {(1 )"} = 0if u <r,

and hence it follows that

fiy (e —q'Z <q—u> S (0)(%)

Therefore we have

m+1k—1
k— —lp+s+m—p)\ .. -
(m+1 ) -y
_ m m—r —r —Ip+s+m—p)\ .. s(1 — 4P \r1(m+1)
77;)&0 ( 14 )< m >}E’q{t(1 o
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= (m+ 1)!§§(_1)z<m£r> <€p+sn:rmp)

m+1 s r , .
. UZ:; (m+ 1-— u) vz:;)(—l)” <v) <I;>
= (m+ D fimp(s).
Moreover direct computation shows that
lim{(1 — 7)™ = ()™ o+ 1)l

Hence it follows from Lemma 2.5 that

p—1 1 p—1
> 0 fp(s) = CEl] > athmt(1)
s=0 s=0

m+1)!
— 1 : —m—1 pym+1y(m+1)
_ 1 —m—17: pym~+11 (m+1)

— (1 _ a)fmfl(_l)m%»lperl.

m

805

d

Now the equality (6) is proved as follows. Set v =1+ zpu+ 23 ;" 7ij. Then

it follows from Lemma 2.6 that

S .
—k —kzTij;
k:llifp j:ll_:DZj
p—1 +1¢k
(=)

= ; (1 _ fﬁ)(l _ g;fz‘l’il) .. (1 _ §§Z7im)

p—1 kz0; kz7i10; 2
1 _é‘ il 1— § 1042
— (_1)m+1 Z ggu P ( P )
k=1

g Uioge

k}ZT,; m,leim m
e 1- P
1— 527—11 m—1 (1 _ 5527—7;771)7777{*1
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p—1 201 —1 0i2—1 2
o m—+1 kv 128 kzTi1 A2
SGUA I I WAy
k=1 A1=0 A2=0
9i7n_1 m 1
( § ngTileA'm.>
4 kzT;
N20 (1 =& mm)m+t
p—1 20;1—1 0i2—1
_ m—+1 kA1 Z kzTi1(A214+A22)
=) > & &
k=1 A1=0 A21,A22=0
G'Mn_l 1
§ £7€Zﬂm71(>\m1+'”+>\mm)
P _ ckzTimym41
)\7’”1)"'7A’"L’VYL:O (1 é-p )
20;1—1 0i2—1
— m+1 Z gk‘l/ Z é—k)\l Z ngTzl()\gl—‘rXQQ)
k=1 A1=0 A21,A22=0
Oim—1 1)ym+1 p—1
é-kzrim,l()\mlJr---Jr)\mm) (7 ) ﬁksz‘rimf ( )
p L p m,p(S
Aot s A =0 5=0
1 p—1 2911— 0i2—1 Oim—1
_ f g’fC(Z:HST/\)
- pm+1 m,p
s=0 )\1 0 A21,A22=0 Amiseeo Amm=0 k=1
1 p—1 20;1— 0i2—1 Oim—1 D
- - f gké(z,u,smk)
pm+1§:m7p E: E: E: E:p
5=0 A1=0 Az1,A22=0 Amiy- s Amm=0 k=1
20;1—1  0;2—1 Oim—1
_ PG (2,18,8,7,\)
T wa > X &
)\1 () A21,A22 O Am17...,Amm:()

- m+1{ me’p

p—1
(20 11s8) — zeuefz---emzfm,p@)}.
s=0

This completes the proof of the equality (6) and hence completes the proof of

Theorem 2.2.

O

REMARK 2.7. Using Proposition 2.6 in [8] and the equality (6), we can
obtain a calculation formula of Ip(g) for the Dirac operator D and a periodic
automorphism ¢ of a Spin®-manifold under Assumption 1.1.

PROPOSITION 2.8.  There ezists a polynomial g, p,(s) with integer coefficients
which satisfies the equality below:
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Frpls) = g )
b m!(m + )17
PrROOF. It follows from the equality (7) that the equalities

n;k<_1)e(mg—k)< st p> %"‘ ¢ (m k:) = Cotras)

i=m—k

Sr()(2) - 35 () S

v=0 j=k

hold where Q;(s), S;(u) are polynomials with integer coefficients. Hence we have

k=0 i=m—k
m—+1 s 1 k w
) (m +1- u) u! Z(_l)v< ) Z(p?/)]s] (u)
u=k =0 =k
_ — (—p)m* jang (s —m +u) (—p)¥
=X R Y S e
k=0 u=k
(=p)™ < s m—+1
= T .
m!(m+1)l];)Rk(S) Z:; k(w){s (s —m +u)}
where Ry (s), Ti(u) are polynomials with integer coefficients. 0

ExAMPLE 2.9. Direct computation shows that

gp(s) =s>—(p—2)s — (p— 1),
g2.p(8) = 253 — 3(p— 3)52 + (p2 -9+ 12)s+9(p— 1)2(p —2),

1
—g3p(s) = 3s* —6(p —4)s® +3(p? — 12p + 22)s> + 6(p — 4)(2p — 3)s

2
— (p—1)(73p* — 274p + 265).
Note that g1,,(s) coincides with f,(s) in [8, Proposition 3.2].

Corresponding to the irreducible representations of the unitary group, com-
plex vector bundles are defined by using the almost complex structure of M.
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DEFINITION 2.10. Let L be the subset of Z™ defined by
L= {(51,...,€m_1,£m) ezm | Ej > 0 (1 < j <m-— 1)}

For ({1,...,4m) € L, let Ey, . 4, be a complex vector bundle defined by

yEm

45

o=@ (B(A)

and Dy, . ¢, the Ey . -valued Dolbeault operator with respect to the almost
complex structure of M.

m

Let b; denote the binomial coefficient (}') hereafter. Then we have

Jj=1
d m
S b = [[(oi) (1<i<b) (8)
c=1 j=1
where o;; is the j-th elementary symmetric polynomial in f;,ff Tin L ERETim,

Let ¢;(M) be the i-th Chern class of M. Then we have the next formula (see

[6]).

ForMuULA 2.11.  Up to higher order terms, the following equalities hold:

Td(M) =1+ %cl(M) + %(cl(Mf + co(M)) + 21—461(M)02(M),

Ch(TM) =m+c1 (M) + %(cl(M)2 — 2co(M))

—_

+ 5 (e1(M)? = 3er (M)ea(M) + 3e3(M)),

m

Ch </\CTM) — 14 (M)+ %Cl(Mf 4 %cl(M)B.

Let e, o denote the Euler number and the signature of M respectively.

EXAMPLE 2.12.  When m = 2, we have
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2 =2+30, cp=ce (9)

where ¢2 = ¢(M)?[M], ca = co(M)[M] are Chern numbers (see [6]). Hence it
follows from Formula 2.11 that

Ch(Ey, 4,) Td(M)[M] = Ch(TM)* Ch ( /\CTM> ; Td(M)[M]

= 2073L(202 4 8010 + 803 + 201 + 805 + 2)e

+ (367 + 120165 + 1205 + 96, + 1205 + 2)0}. (10

Moreover we have

4y
ottty = (g i) e = 3 (e

=0 v

where piy = 7,1 (€2 + ) + Ti2(1 + ¢2 — ) and hence it follows from Theorem 2.2,
Proposition 2.8 and Example 2.9 that

IDel,ez (gz)

—1
- %251*3{(2@ + 8010y + 802 4 20 + 805 + 2)e

+ (303 4 12016 + 1205 + 90y + 120, + 2)0 }

b pi—1 £y pi—1
1 0y
+y 12})2{2&292‘19?2 > g2p(s) —pi Y (7> > 92.0.(5) M2, (2, i, 3)}
i=1 g s=0 =0 s=0

(11)
where

ZTi1— 1 7,2 1

Ao p, (2, iy, 8 Z Z (2, tiv, S, T, N)),

A1=0 A21,A22=0
C(2, pin, 5,7, A) = 1+ A+ 270 (b2 + 7 4 Ao1 + Aao + 1)
+ZT¢2(S+€1 +€2—’}/+1)
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3. Nonexistence of a cyclic group action.

In this section we use Theorem 2.2 to examine whether a Z,-action with spe-
cific isotropy orders exists or not. Assume that Z, = (g) acts on a 2m-dimensional
almost complex manifold M and suppose that the isotropy orders of the Z,-action
are (p1,...,Db)-

Since the Todd genus of 4-dimensional almost complex manifolds M is equal
to (e + 0)/4 (see Formula 2.11 and the equality (9)), e + o is a multiple of 4.
Conversely it follows from [9, Theorem 1] that there exists a closed connected
almost complex manifold with e = u, 0 = v if u+v is a multiple of 4. [9, Theorem
1] also asserts that there exists a closed connected complex manifold with e = u,
o =v if u 4 v is a multiple of 4 and v < 0.

REMARK 3.1.  Since Z, acts freely on the punctured manifold My = M \
{Uf:1 7 1(y;)}, the next equality holds:

e= ZTZ (mod p). (12)

ExAMPLE 3.2. In this example we consider the case that M is a 4-
dimensional almost complex manifold with e + ¢ = 0. Suppose that p = 6,
b = 3. First we set (p1,p2,p3) = (2,2,6). Then direct computation below shows
that Ip, ,(9°) # 5Ip,,(g), which implies that M does not admit any Zg-action of
isotropy orders (2,2, 6).

Since (r1,79,73) = (3,3,1) and £1 =l = v =0, p19 = 2o = pzo = 0 for the
trivial complex line bundle Ey g, it follows from (11) that

12-62Ip, ,(9%) = 432Ip, , (g Zr fi(z,7i1, Tia)
where
pi—1 pi—1
filz, 11, Ti2) = 291‘191-22 Z 92.p:(8) — P Z 92,p:(8) A2, (2,0,5)  (mod 432)
s=0

(see Example 2.9). For ¢ = 1, 2, we have

Ti=Tig=1= 0;1=0ix=1, ¢g22(0)=0, g22(1) =3,
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4 0

A22(5,0,1) = > 0a(M +16) =3, Ayp(1,0,1)= > S\ +4) =1
)\1:0 )\1:0

and hence it follows that

1 1

fi(5,m1,m12) =5 g20(5) =2 g2.2(s)A2,2(5,0,5) = =3,

s=0 s=0

1

1
fi(L, 111, 7112) = 292,2(8) - 2292,2(5)/\2,2(1,0, s) = —3.

s=0 s=0
Therefore we have

432(Ip, o (9°) — 51py 4 (9))
=2-3%(=3) + f3(5, 731, 732) — 5{2-3%(=3) + f3(L, 731, 732)}  (mod 432).

When (731,732) = (1,1), we have 33 = 032 = 1 and direct computation shows
that f3(5,’7’31,7’32) = —1057 f3(1,7’3177'32) = 135. Hence we have

432(Ip, ,(9°) — 5Ip, ,(g)) = —564 £ 0 (mod 432).

When (731, 732) = (1,5), we have 03; = 1, 032 = 5 and direct computation shows
that f3(5,7’31,7’32) = f3(1,7’3177'32) = —105. Hence we have

432(Ip, ,(9°) — 5Ip, ,(g)) =636 £ 0 (mod 432).

When (731, 732) = (5,5), we have 033 = 5, 032 = 1 and direct computation shows
that f3(5, 731, 732) = 135, f5(1, 731, T32) = —105. Hence we have

432(Ip, ,(9°) — 5Ip, (g)) =876 0 (mod 432).

These results imply that M does not admit the Zg-action of isotropy orders (2, 2, 6).

ExAMPLE 3.3. Let N be a 4-dimensional almost complex manifold with
the Euler number 8n and the signature —8n where n is a natural number. Then
a 6-dimensional almost complex manifold M is defined by M = N x CP!. We
consider the case that p = 4, b = 5, (p1,p2,P3,04,P5) = (2,2,2,4,4). Note that
the condition (12) is satisfied in this case. Let a; be the i-th Chern class of N, u
the positive generator of H?(CP';Z) = Z and ¢(M) the total Chern class of M.
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Then we have afu[M] = —8n, asu[M] = 8n (see (9)) and
e(M)=(14a1+a2)(1+2u) =1+ (a1 + 2u) + (az + 2a1u) + 2azu,

1
—(ai +az)u,

1
—(a? + ag + 6a1u) + B

Td(M) = Td(N) Td(CP') = 1 + %(al +2u) + 75

1
Ch(Ep,0) = exp({(ar +2u)) = 1+ £(ar + 2u) + 562((1% +4ayu) + FPaju
for any integer £. Hence for p = 4 we have

which is an integer. Set p; = ¢(7;1 + 7Ti2 + 7i3). Then we have
0_?0_803 _ (gkznlsznggkzng) _ é—klzul
and therefore it follows from Theorem 2.2 and Proposition 2.8 that

5 pi—1 pi—1

1
Ipg,, (97) = — Z 72p2 {20110L29z3 Z by, (s) — pi Z b, (8)A3,p, (2, i, s ))}

s=0

where h,(s) = gs3,,(s)/2 (see Example 2.9) and

z27i1—1  Bi2—1 0;3—1

A3,Pz %y His 8 Z Z Z (Spi(C(Z,Mi,S,T, )‘))7

A1=0 A21,A22=0 A31,A32,A33=0
C(2y iy 8,7, A) = 1+ A1+ 2z + 2(A21 + Aoz + 1)
=+ Z()\gl + )\32 + )\33 + 1)7'1'2 =+ Z(S + 1)7'1‘3.
Then for ¢ = 1, 2, 3 we have (71, Ti2, 7s3) = (1,1, 1) and it follows that
z—1

ha(0) = =9, ha(1) =0, Asa(zp,0)= Y G(l+X +32((+1)) =
)\1:0

1 - _1)¢+1
72 22< g 22}12(5)/\372(2’3675)) _ ( :1)))2

s=0

z 4 (=1)*
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for z = 1, 3. Moreover since

1 3
W 4(s) = — (mod Z)
s=0
1 /1T 20 25 20
51 (MO kD ka3 = (- 5~ (mod 2)
we have

. B 1 1
Ip,,,(97) = Ty 92 Z {ZZ ha(s) — 22 ha(s)A32(2, 3¢, S)}
=1 s=0

s=0
3

5 3
1
e Z {292‘192‘229?3 Z ha(s) —4 Z ha(s)As 4(z, i, s)}
=4 s=0

s=0

3 41
- (_1)”1?2 + —42{941922023 + 9519§29§3}

1 : {17A34 2, 11, 0) 4 20A5,4(2, ps, 1) }
32 +25A3 4(2’ [IJZ, )+20A3,4(Z7[Li,3)

1=
Set

©e(Ta1, Taz, Ta3, Ts1, Ts2, T53) = 320 py 4, (9%) —3-32Ip, ,,(9).

Then direct computation shows that

00(1,1,1,3,3,3)=0-3-0=0=0 (mod 32),
00(1,1,3,1,1,3) = 12~ 3-(-4) =0=0 (mod 32),
©0(1,3,3,1,3,3) = —-4—-3-(-12)=32=0 (mod 32)

and o (741, Ta2, 743, T51, T52, T53) Z 0 (mod 32) for

(741,742,743,75177527753)
(1? 1? 1)1717 1) (1’ 1? 1717173)’ (1? 1? 1717373)?
(1,1,3,1,373), (1,1,3,3,3,3), (1,3,3,3,3,3), (3,3,3,3,3,3).

Direct computation also shows that
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01(1,1,1,1,1,1) =12-3-4=0=0 (mod 32),
©1(1,1,3,1,3,3) =0-3-0=0=0 (mod 32),
©1(3,3,3,3,3,3) =4—-3-12=-32=0 (mod 32)

and ¢1(741, T42, Ta3, 51, T52, T53) Z 0 (mod 32) for

(7’41,7'4277'437751,7’52,7'53)
= (1,1,171,1,3), (1,1,1,1,3,3), (1,1,1,3,3,3),
(1,1,371,1,3), (1,1,373,3,3), (1,3,371,3,3), (1,3,3,3,3,3).

As we see above there does not exist (741, 742, T43, 751, T52, Ts3) such that
©o(Ta1, Taz, 43, T51, T52, 753) = 0 (mod 32)

for ¢ = 0, 1, which implies that M does not admit the Z4-action of isotropy orders
(2,2,2,4,4).

4. Angle vectors.

In this section we assume that p is an odd prime number. In Example 3.2
we argued about the existence of a rotation angle of a Zg-action. In this section
using the assumption above, we give a detailed examination of the existence of a
rotation angle.

Let Z, be the cyclic group of order p generated by g. Assume that Z, acts on
a 2m-dimensional almost complex manifold M and that the action preserves the
almost complex structure of M. Let ¢, ..., q, be the fixed points of g. Then the
fixed points of ¢g* coincides with those of g for 1 <k < p— 1.

In this section, a set of natural numbers {t;;} (1 < j < m,1 < i < n)is
called an angle vector of type (m,n) and denoted by ¢(p) or ((t11,.-.,t1m)s---,
(tni,---stnm)) when 0 < t;; < p for any ¢, j. An angle vector of type (m,n) is
regarded as an element of the vector space Z;'" over the field Z,. Note that a
rotation angle {7;;} is an angle vector but an angle vector £(p) is not necessarily
a rotation angle.

If ¢(p) is the rotation angle of the periodic automorphism g, it follows from
the equalities (1), (3), (8) that the equality

F(z,l1,...,0m;t(p)) =Ip,(¢9°) (mod Z) (13)

holds where F(z,¢1,...,¢y;t(p)) is a complex number defined below.
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DEFINITION 4.1. Let z be an integer such that 0 < z < p, (¢1,...,4,) an
element of L, t(p) = {t;;} an angle vector of type (m,n) and o;; the j-th elemen-
tary symmetric polynomial in %1, ... ,f;,f“im. Then F(z,01,...,4m;t(p)) € Cis
defined by

F(o 1, b t(p) = 2L Ch(Ey, ) TA(M)[M]

2p
1 n p—1 m 1 m 1
S (e )i e I e 00
i=1k=1 “j=1 Pog=1+"
Note that if
m
HO’ZJ 7—25’”"” (1<i<n)
it follows from the equality (6) that
F(z,01,...,0m;t(p))
p—1
= Ch(Ey,,....e,,) Td(M)[M]
1 n m ) p—1 d p—1
ez 2@ (TL0L ) X o) = 030 X sl |
=1 j=1 s=0 c=1 s=0

(15)
where 1 < Gij < pP— 1, Gij = tij—ltij (mod p) and
20;1—1  0;2—1 Oim—1

A m,p Z s Hicy 8 Z Z Z 6p(C(Z7ILLiC7$7T7 /\))7

A1=0 A21,A22=0 Amlse o Amm =0

C(z,uic,s,T, )\) =14+ Zic + Zztij + Zztijfl(Ajl + -4 )\jj) + sztim.-
J=1 j=2

PROPOSITION 4.2.  Assume that p is greater than m—+2. Then the equalities

F(z,él,...,&«—kp(p— 1),...,€m;t(p))
EF(z,ﬁl,...,ﬁr,...,ém;t(p)) (mod Z) (1<r<m),
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(2761, coislon—1, b + P t(p)) = F(z,fl, sl t(p)) (mod Z)
hold for any integer z (0 < z < p) and any ({1,...,0,) € L.

PROOF. Set CT(gl, . ,ém) = Ch(Egh_“’gm) Td(M)[M] and
n p—1 m m
0(61,...,&”):22(1_[(0” ) kH kzti; "
i=1k=1 \j=1 1- fp

Then we have

-1
PE(2,01, ... b t(p)) = ]’TCT(&, ily) = C(ly, . ). (16)
Note that CT'(¢4, ..., £, ) is an index and hence an integer for any (¢1,...,4,,) € L.
Let f, g; be polynomials defined by

Td(M) :1+f(01(M),,Cm(M)),

Ch </j\CTM> =b; +gj(cr(M), ... em(M)).

Here it follows from the definition of the Chern character that the coefficients of

mlg; are integers for 1 < j < m. Moreover since

= ) REES ol p ot ety

1—e= 7!
k=1

i=0
up to higher order terms, the coefficients of {(m +1)!}"" f are integers. Therefore
we have

CT(ly,..., )
d) [{1 + f(ter, ..., t"em)} H{bj +gj(ter, ..., t"em) Y
j=1

_ 1 lim
i \ar

(Hb ) (IS

+ miy, = m) are Chern numbers, P({q,.

b)) is a

where ¢l - cim (i 4 -
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polynomial with integer coefficients and v is an integer defined by
R m
={(m+ 1)} {m} [T o7
j=1

Since the assumption that p > m 4+ 2 implies that v is not a multiple of p,
there exists the mod p inverse 7 of v. Then for 1 < r < m we have

CT(ly,.... 0 +D,.... b)) =vICT¥y,.... 0+ p,....0n) (mod p)

— bfu(Hb§j>P(£1,...,€T+p,...,€m)
j=1
=WCT(ly,....lr, ..., Ly) (mod p)
which implies the equality
CT(y,....6-+pp—1),....8) =CT(ly1,...,0lr,....Ly) (mod p) (17)

because the assumption implies that b, is not a multiple of p and hence that
bb=1 =1 (mod p). When r = m, since b,, = 1 we have

CT(ly,... b +p)=CT(ly,....0) (mod p). (18)

Let Q;(s), Ri(s) be the integral polynomials in the proof of Proposition 2.8.
Then since the degree of Q;(s) with respect to s is less than or equal to m — j,
the degree of Ry(s) is less than or equal to k, and hence the degree of g, ,(s) is
less than or equal to m + 1. Here for any nonnegative integer j since

G+ =G+ 1)!<isj+2 - szjJrz) =+ 1)!202 ((s+1)7+2 — s712)
s=1 s=0

s=0

. —1
j+2)! Zsﬂ“+z ‘Zii <]Jg2>(z‘+1)!§:si,

1=0

the induction on j shows that
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Hence there exists an integer A1 such that

m+2 ngp p)\h

and therefore it follows from the assumption that there exists an integer A5 such
that

Z 9Im p P>\2

Hence it follows from Proposition 2.8 that

(—=1)™ml(m + 1)! mep =p" g,

and therefore it follows from the assumption that

—1
1 ?
him(p) = il me’p(s)
s=0
is an integer. Moreover it also follows from Proposition 2.8 that

fm,p(8)

hmp(s) = o

is an integer. Hence it follows from the equality (6) that

gkzu m

p—1
’; 1— fp k H kzt;;

j= 11_519

p—1
m+1 {pz.fm,p m,p Zy 1y S) — Z(Hg )me,p(s)}
s=0
hmp(8)Am p(2, 11, 8 <H9 >

QﬁM%
|
[} —_
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is an integer for any integers z (0 < z < p) and p. Therefore C(¢y,...,4,;,) is an
integer for any ¢1,...,£¢,, and
= 11
Y fgr gt ) — = [ ——m
pot e
= Jj=1 p
is an integer for any polynomial f(z1,...,2,,) with integer coefficients.
Here there exist polynomials g(x1, ..., %), h(x1,...,2Zy) with integer coeffi-

cients such that

{(o0r)” — b)) f[l(aij)fj — { ( 3 ggz(tijﬁ-»-#u,.))P - br} ﬁ(aij)zj

1<j1<<jr<m

(p—1)! kzt; kzt; . 05
:PZ il rg(670 7 H(Uij) I
! ey
—_ ph (§§Zti1, . ’£’;Zti'rn)
where > denotes the summation over 0 < iy,...,4, < psuchthati;+---+4, =p
because (p — 1)! is a multiple of 41!+ -4p, ! for 0 <iy,...,4,. < p. Hence it follows

that

Clly,...;lr+p,....00) =b,C(ly,..., L) (mod p),

and therefore we have

Clly,.... 0 +plp—1),...,0n)
Cly,....lm +p)

ct,. ..,
c(t,. ..,

b)) (1<r<m) (mod p),
(19)
ln)  (mod p).

Now the equality in the proposition follows from the equalities (16), (17), (18),
(19). O

DEFINITION 4.3. An equivalence relation between angle vectors is defined
as follows. Two angle vectors {t;;}, {t;;} are defined to be equivalent if there
exists an integer w (0 < w < p), a permutation p of {1,...,n} and permutations
ni (1 <i<n)of{l,...,m} such that t;; = wt,()y,;) (mod p).

For example, when p =3, m =n =2,

((t11,t12), (t21,t22)) ~ (11, 112), (tay, the)) = ((2ta2, 2t21), (211, 2t12)).



820 K. Tsusor
DEFINITION 4.4. Let L, be the finite subset of L defined by
Ly={(l1, b1, b)) €Z™|0<L; <pp—1) (1<j<m), 0<4, <p}.
In this paper, an angle vector t(p) is called a necessary angle vector if
F(z,l1,....lm;t(p)) =2 F(1,41,...,0m;t(p)) (mod Z)

for any integer z such that 0 < z < p and any element (¢1,...,¢,,) of L, and is
called a proper angle vector if F(z,£1,...,4y;t(p)) is an integer for any integer z
such that 0 < z < p and any element (¢1,...,%,,) of L,.

Note that an angle vector ¢(p) is a necessary angle vector if £(p) is the rotation
angle of a periodic automorphim of order p (see (13)).

PROPOSITION 4.5.  An angle vector t(p) is necessary or proper if t(p) is
equivalent to a necessary or proper angle vector, respectively.

ProOOF. It is clear that
F(z, by, b {wt gy }) = Fwz, by, oo s {tis })

for any integer w (0 < w < p) and permutations p, n; (1 < ¢ <n). Hence if {t;;}
is a proper angle vector, {wt,;),,(;)} i also a proper angle vector because

F(z, by, b {wt piyg iy }) = Fwz, by, .o s {ti;}) =0 (mod Z).

If {t;j} is a necessary angle vector, {wt,:y,(;)} is also a necessary angle vector
because

F(z, by, . b {wt piyna ) }) = wzF (1,00, oo by {t5})
= ZF(’U),El, e ,Em; {tm}) = ZF(Lfl, e 7£m§ {wtp(z)m(])}) O

First we consider the case that m = 1.

PROPOSITION 4.6.  When m =1, an angle vector {t;} is a rotation angle of
a periodic automorphim of order p if and only if {t;} is a necessary angle vector.

ProoF. Let X7 be the compact Riemann surface of genus v > 2 and U the
universal covering of 7. Then there exists a Fuchsian group I' with compact orbit
space generated by ai,...,a, b1,...,by, T1,..., 2, with the relation
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=

=ab =1, [ai, bilzy - xn =1

y
=1

7

such that 37 = U/T". If the equality

Zfi =0 (mod p),
i=1

821

(20)

holds, ¢(z;) = t; defines a homomorphism ¢ : I' — Z, such that the order of ¢(z;)
is p for 1 <4 <mn. Then Z, = I'/ ker ¢ acts on U/ ker ¢ = 3* with rotation angle
{t1,...,tn}, where the genus p is determined by the Riemann-Hurwitz equation

n(p—1)

1.
B +

p=p(y—1)+

(21)

(For details see [5].) So it suffices to show that the equality (20) holds under the

assumption that {¢;} is a necessary angle vector.
We have

1 n(l—p)

TA(M)[M] = Ser (M)[M] = 1= p= == (mod p)

(see (21)) and hence it follows that

pzF(1,0;{t;}) — pFp(z,0;{t;}) (mod p)

n p—1

1 2 1 ! :
:Z(l_z)n(p—l) +Zzl_§pk<1_€pkzti _Zl_g‘;kti

i=1 k=1

Here as we show in Appendix, the equality

) (mod p).

> (i) S 6D odp) (2

e N R R

holds where ¢,(z) is an integer defined by

on(2) Zk[’;}

=1
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where [z] is the largest integer which satisfies [z] < z.
Therefore if {t;} is a necessary angle vector, the equalities

i p(l—2)n

hold for 2 < z < p — 1. Here we have

) Zfi =0 (mod p)

2l ok b —1)@Bp-1
Zk[p}: T o @ )ép )
k

k=1

which is not a multiple of p. Hence the equality (20) holds. O
Next we consider the case that m = 2. Then it follows from (15) that
F(z, 01, 02;t(p))
-1
- 7’7221*3{(245 + 8010y + 802 4 20, + 80y + 2)e

+ (303 + 12016 + 1205 + 90, + 1205 + 2)0 }

n p—1
12 Z {2&291'19222 292,;) PZ ( )292,17 ()A2,p(2; piv, 8 )}
i=1

s=0 s=0
(23)

(see (11)), where

ztii—1  fi2—1

A27p Zy Wiy, S Z Z 5 Z y iy ST, A))v

A1=0 A21,A22=0

C(z,,um,s,T,/\) = 1+>\1+Zti1(€2+’7+)\21+/\22+1)—|—Zti2(8+£1 —|—€2—7+1).

Let M be the 2-dimensional complex projective space CP2. Then it follows from
the Lefschetz fixed point formula that n = 3. Moreover since e = 3, 0 = 1, we
have

F(z,41,03;t(p))

—1
- %2€1‘3{9€§ + 360105 + 3603 + 1501 + 360> + 8}
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+

3 p—1 01 p—1
1 14
o7 2 {zflzeﬂefz > g20(s) =Y ( 1) > 920(8) A2 p (2, pi, s)}.
=1 s=0 ~=0

V)=
s=0 (24)

PROPOSITION 4.7.  Assume that g preserves the standard integrable complex
structure of CP2. Then the rotation angle {r;;} of g is proper.

PrOOF. The set of automorphims of CP?2 which preserve the standard com-
plex structure is known to be the factor group PGL(3;C) = GL(3;C)/C*. Any
element of PGL(3;C) is expressed as [S] by S € GL(3;C). Since the cyclic group
Z, = (g) is a compact subgroup of PGL(3;C), there exists elements h € PGL(3;C)
such that h~!gh is represented by an element of the special unitary group SU(3),
and there exists u € PGL(3;C) such that ¢’ = u~*h~!ghu is represented by a
periodic diagonal matrix

S = eif2 (91 + 65+ 03 = 0)
ei@g

Note that the rotation angle of g is the same as that of ¢’ because the eigenvalues
of the action of g on the tangent space at ¢; are the same as those of the action of
g’ on the tangent space at (hu)~! - ¢;.

Let Py, P3, Vi (1 <k < 3) be the periodic elements of GL(3;C) defined by

6i0k

010 001
=100, B=(010]|, V= 1
001 100
and G the finite group generated by [S], [P2], [Ps], [Vi], [V2], [V5]. Then Ip,(g) is

defined for g € G. Since

S = ViPVoPy ' PV Py Y,
it follows that

I, (9') = I, (ViP2VaPy ' P3V3Py )
= Ip,([Vi]) + Ips ([P2]) + Ip, ([V2])
—Ipg([P2]) + Ipg ([P3]) + Ips ([V3]) — Ip, ([P5])
=1Ip,(V1]) + Ipg([Va]) + Ips ([V3]) = Ips ([ViV2V3]) = Ip ([E5]) = 0
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where Ej5 is the unit matrix. Therefore it follows from (13) that
F(z,61,02:{7i}) = Ipy(9"") = zIp,(9') =0 (mod Z)

for any integer z (0 < z < p) and any element ({1, ¢s) of L. O

REMARK 4.8. Using the argument above, we can show that the rotation
angle of a periodic automorphism of CP™ is proper if the automorphism preserves
the standard complex structure of CP"™.

Let A be the set of angle vectors which satisfy the inequalities
L=ty <ty <+ <tpy, 1<t <tpp<- <tim<p-—-1(1<i<n).

Note that any angle vector is equivalent to an element of A because any t;; has
its mod p inverse. The number of angle vectors {t;;} which satisfies the second
inequality is equal to (,—1Hy,)™ where ,_1H,, is the repeated combination. And
the number of mutually distinct angle vectors of the form wt,;); for 0 < w < p
and permutations p is less than or equal to (p — 1)n! for any {t;;} € A and less
than (p — 1)n! for some {¢;;} € A. Hence the number of the equivalence classes of
angle vectors is greater than L(p,m,n) where

L(p,m,n) :min{/\EZ | A > m}

For example, when p = 3, m = 2, n = 3, six angle vectors

represent all angle vectors and we have L(3,2,3) =3 < 6.

EXAMPLE 4.9. Let M be a 4-dimensional almost complex manifold with
(e,0) = (3,1), which is the same as (e, o) of CP2. In this example, we examine
the difference between the set of the rotation angles of CP2 and the set of the
proper angle vectors of M and the set of angle vectors of M.

We assume that the action of Z,, = (g) on CP? preserves the standard complex
structure of CP2. Then as we see in the proof of Proposition 4.7, the action of g
is expressed by integers 1 < pp < p1 < p2 <p—1 as
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g-lz0:21:20) = [§£°z0 RISEIE fﬁzzﬂ,
where [zg : 21 : 23] is the homogeneous coordinate of CP2, whose rotation angle is

((p1 = po, p2 — po), P+ po — p1.p2 — p1), (P + po — p2,p + p1 — p2))-

Direct computation shows that the angle vectors of the form above are represented
by the angle vectors listed below.

rotation angles for CP?
((1,2),(1,2),(1,2))

((1,2),(1,4),(3,4))
((1,2),(1,6), (5,6)), ((1,3),(2,6),(4,5))

(26)

| o w s

Moreover direct computation using the equality (24) shows that the proper
angle vectors are represented by the angle vectors listed below.

p | proper angle vectors when (e,o,n) = (3,1,3) | L(p, 2, 3)
3 ((1,2),(1,2),(1,2) 3

5| ((1,2),(1,4),(3,4)), ((1,2),(2,3),(3,4)) 42 (27)
. 1,2),(1,6),(5,6)), ((1,2),(2,5),(5,6)), 953
((1,2),(3,4),(5,6)), ((1,3),(2,6),(4,5))

—~
—~

ExAMPLE 4.10. Suppose that p = n = 3. Then it follows from (12) that e
must be a multiple of 3. Here we consider the case that e + ¢ is 0,4,8 and e is
0,3,6. When (e,0) = (0,0), (3,—3) or (6, —6), direct computation shows that

F(2,0,1,£(3)) — 2F(1,0,1,£(3)) 20 (mod Z)

for any angle vectors listed in (25). Hence M with (e,o) = (0,0), (3,—3), (6, —6)
does not admit any action of Zz which satisfies Assumption 1.1 with three fixed
points. When (e, o) = (0,4), (3,1) or (6, —2), the only one necessary angle vector
in the list (25) is ((1,2), (1,2),(1,2)), and when (e,0) = (0,8), (3,5) or (6,2), the
only one necessary angle vector in the list (25) is ((1,1),(1,1),(1,1)).

5. Appendix.

Here we prove the equality (22). Let p be an odd prime number and a, b
integers such that 0 < a, b < p. Then we have the next formula of Zagier (see [10,
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p. 100, p. 101)).
. nka  wkb < ([ ka\ ([ kb = ~1)(a—1)
et (D) 5]
k=1 p k= k=1
where
x —[x] — (1/2) if x is not an integer
(=) = o :
0 if  is an integer
Since

- 2 2
it follows from the formula above that
”z_‘i 1 ( L1 )
L 1 1
- Z ki Rz~ —k
kllff \1-& 1-&
p—1
1 1 1
_Z{Real part of = ( —7 — % _k>}
k=1 — &M \1 =& 1-¢&
1 154 7 = 7
e B mkz 7rk;t 7k wkt;
4 4
k=1 k=1

“jo-v-a 05 (- ((’Z))H((i)))((’?))

= mqu] (5[]

Lo e e-DE-D e R
_i(z_1)ti;k+§(2—1)—+—(z—1)21



The finite group action and the equivariant determinant II 827

= gy + 31— 2)(p* ~ 1) (mod p).

This completes the proof of the equality (22).
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