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Abstract. Let (X,d, 1) be a metric measure space endowed with a met-
ric d and a nonnegative Borel doubling measure p. Let L be a non-negative
self-adjoint operator of order m on X. Assume that L generates a holomor-
phic semigroup e~*L whose kernels p; (z, y) satisfy Gaussian upper bounds but
without any assumptions on the regularity of space variables x and y. Also
assume that L satisfies a Plancherel type estimate. Under these conditions, we
show the LP bounds for Stein’s square functions arising from Bochner-Riesz
means associated to the operator L. We then use the LP estimates on Stein’s
square functions to obtain a Hormander-type criterion for spectral multipli-
ers of L. These results are applicable for large classes of operators including
sub-Laplacians acting on Lie groups of polynomial growth and Schrédinger
operators with rough potentials.

1. Introduction and main results.

Let (X,d, 1) be a metric measure space endowed with a metric d and a non-
negative Borel measure p satisfying the doubling condition, i.e. there exists a
constant C' > 0 such that for all z € X and for all » > 0,

Vix,2r) < CV(x,r) < oo, (1.1)

where B(z,r) ={y € X : d(z,y) < r} and V(z,r) = pu(B(z,r)). In particular, X
is a space of homogeneous type. A more general definition and further studies of
these spaces can be found in [9, Chapter 3].

Note that the doubling property implies the following strong homogeneity

property,
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V(z,Ar) < CX"V (z,7) (1.2)

for some C,n > 0 uniformly for all A > 1 and = € X. The smallest value of the

parameter n is a measure of the dimension of the space. There also exist constants
C and D so that

D
V(y,r) < C(l + cl(xqﬂ,y)) V(z,r) (1.3)

uniformly for all z,y € X and r > 0. Indeed, property (1.3) with D = n is a direct
consequence of the triangle inequality for the metric d and the strong homogeneity
property (1.2). When X is Ahlfors regular, i.e. V(x,r) ~ ™ uniformly in z, the
value D can be taken to be 0.

In this article, we assume that L is a non-negative self-adjoint operator on
L?(X) and that the semigroup e~ ", generated by —L on L?(X), has the kernel
pe(x,y) which satisfies the following Gaussian upper bound

d(z, y)m/(m1)> )

c
P )| < Gy o0 ( SV

for all £ > 0, and x,y € X, where C,c and m are positive constants and m > 2.
Such estimates are typical for elliptic or sub-elliptic differential operators of
order m (see for examples, [10], [14], [23], [25] and [32]).
Since L is a non-negative self-adjoint operator acting on L?(X), it admits a
spectral resolution

L= /Ooo AE(N).

For a complex number § = o + iT,0 > —1, we define the Bochner-Riesz mean
S%(L) = (I — L/R™)5 of order § of a function f

R é
s;;(L)f(x)Z/O (1_RAm> dEONf(z), zeX (1.5)

by using the spectral theorem. We then consider the following square function
associated to an operator L

Gs(L)f(x) _cm5< '55“ f(x )2RdR>1/2, reX (1.6)
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where ¢ = 1/m(5 + 1).

Note that when L is the Laplacian —A on R”, the square function Gs(A) is
introduced by E. M. Stein in his study of Bochner-Riesz means [28]. One can view
Gs(A) as a vector-valued singular integral operator associated to the Bochner-Riesz
means and it is known that the LP boundedness of G,(A) for 1 < p < 2 holds if
and only if 0 > n(1/p—1/2) —1/2 (see [20], [21] and [28]). However for the range
p > 2, the condition o > max{1/2,n(1/2 — 1/p)} — 1 is known to be necessary
and conjectured to be also sufficient. For the dimension n = 1 many proofs of the
conjecture are known (see [31]). The conjecture in two dimensions was proved by
Carbery [5]. In dimensions n > 3, there are some partial results, see for instances,
for o > n(1/2 — 1/p) — 1/2 in [20] and [21], and for ¢ > n(1/2 — 1/p) — 1,
p € [2(n+2)/n,00) in [22]. The L? boundedness of the square function Gs(A)
has been studied extensively because of its important role in the Bochner-Riesz
analysis and we refer the reader to [5], [6], [7], [20], [21], [22], [28], [29] and [30]
and the references therein.

In this article, we study and obtain the LP boundedness of the Stein’s square
function when the Laplacian is replaced by a non-negative self-adjoint operator L
which has upper Gaussian heat kernel bounds and satisfies the so-called Plancherel
estimates. Our main result (Theorem 1.1) includes the Laplacian on Euclidean
space as a special case but it is also applicable to large classes of operators such
as the sub-Laplacians acting on Lie groups of polynomial growth and Schrédinger
operators with non-negative potentials. We note that even in the case L = —A,
the kernel of Gs(A) does not possess enough regularity for the operator Gs(A) to
be a standard Calderén-Zygmund operator. In our work, we do not assume any
regularity on the space variables of the heat kernels and this results in a much
rougher kernel of Gs(L). We will overcome this difficulty by carrying out certain
detailed estimates and using the techniques in [2], [3] and [14].

The following theorem is our main result.

THEOREM 1.1. Let L be a non-negative self-adjoint operator such that the
corresponding heat kernels satisfy Gaussian bounds (1.4). Assume that for some
2<g< oo and any t > 0 and all Borel functions F' such that supp F' C [0, ],

2 c 9
K m < ——m— F ay 1.
J VKo @ nfaute) < s Pl (17)

where Fy)(A) = F(t)). Let G, (L) be an operator given in (1.6). If p € (1,00) and

J><n+1—2>‘1—1’—1 (1.8)
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then there exists a constant C' > 0 such that
C U ey S 1Go (L) fllzrx) < ClF L)

REMARK 1.2. Consider the case 1 < p < 2 and ¢ > n(l/p —1/2) — 1/2.
Assume that condition (1.7) is true with ¢ = 2 (which is true for the case of the
Laplace operator on R™). Then our result on the range of p

2n cp<2
n—+2oc+1 p=

gives LP boundedness of G,(L). This range is optimum even for the Laplace
operator on R".

The Stein’s square function can be useful in the study of spectral multipliers of
self-adjoint operators. Here, we will use Theorem 1.1 in the proof of the following
Hormander type spectral multiplier theorem.

THEOREM 1.3.  Let L be a non-negative self-adjoint operator such that the
corresponding heat kernels satisfy Gaussian bounds (1.4). Assume that condition
(1.7) holds for some q € [2,00]. Let F' be a locally absolutely continuous function
on (0,00) and

2R 1/2
B :=||F||p~ + <Sup R/ |F'()\)2d)\) < 0. (1.9)
R>0 JR

Then F(L) is bounded on LP(X) for all p € (1,00) with (n+1—-2/q)|1/p—1/2| <
1/2. In addition,

|F (L)l e (xy—1r(x) < CB

with C independent of F.

We note that when L is the Laplacian —A on R"™, condition (1.7) is true with
g = 2, and the corresponding Theorem 1.3 with ¢ = 2 is obtained in [21].

This paper is organized as follows. In Section 2, we will state two lemmas
concerning kernel estimates of spectral multipliers and C2°(R;) functions, then
criteria for LP boundedness for singular integrals in [2], [3], which are useful in
the sequel. In Section 3 we will prove Theorem 1.1 by using criteria for P bound-
edness, Stein’s interpolation theorem and duality theory. We then apply Theorem
1.1 to obtain an important estimate in the proof of Theorem 1.3. In Section 4,
we show that our results are applicable to various operators in different settings,
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including the sub-Laplacians on homogeneous groups and Schrodinger operators
with rough potentials.

Throughout, the letter C' and ¢ will denote (possibly different) constants that
are independent of the essential variables.

2. Some useful estimates on functions and singular integrals.

Let (X,d, ) be a metric measure space endowed with a distance d and a
nonnegative Borel doubling measure p. Unless otherwise specified in the sequel
we always assume that L is a non-negative self-adjoint operator such that the
corresponding heat kernels satisfy Gaussian bound (1.4).

We first record a useful auxiliary result, which will be useful in the proof of
Theorem 1.1. For a proof, see pp.453-454, Lemma 4.3 of [14].

LEMMA 2.1.  Suppose that L satisfies estimate (1.7). Then for any s, € > 0,
there exists a constant C = C(s,€) such that

2 s C
Kpon 1+4td dp(r) < ——— |1 Fp |34 2.1
J N em ) P+ ) duto) < 5Pl (21)

(s/2)+e

for all Borel functions F' such that supp F' C [t/4,t], where Fiy(\) = F(t\) and
1Fllwa = (1 = d?/da?)*/*F .

We call hypothesis (1.7) the Plancherel estimate or the Plancherel condition
(see also [8], [14] and [15]). For the standard Laplace operator on Euclidean
spaces R™, condition (1.7) with ¢ = 2 is equivalent to (1, 2) Stein-Tomas restriction
theorem (which is also the Plancherel estimate of the Fourier transform). For the
general operator L, we note that Gaussian bound (1.4) implies estimates (1.7) for
g = oo. Indeed, it was proved in Lemma 2.2 of [14] that for any Borel function F
such that supp F' C [0, R},

HKF( %)("y)niax) = ||KF( %)(y, ')Hiz(x)

C
< WHFH%w (2.2)
where F denotes the complex conjugate of F. Condition (1.7) holds for large
classes of operators including Laplace operators acting on Lie groups of polynomial
growth and Schrédinger operators with non-negative potentials (see also Section 4
below). It is also closely related to Strichartz and other dissipative type estimates.
For further discussion of condition (1.7), see [14].
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Now, for a complex number § = o +1i7, ¢ > —1, recall that the Bochner-Riesz
means of order § are given by S%(L) = (I—L/R™)°, R > 0. Under the Plancherel
condition (1.7) with some ¢ € [2,00], it follows by Theorem 3.1 in [14] that for
o > (n/2) — (1/q), the Bochner-Riesz mean S%(L) is of weak type (1,1). Hence
by interpolation, it is bounded on LP(X) for all 1 < p < oo. In addition, there
exists a constant C' = C(p, ) > 0 such that

1SR 1o 3y oy < € for all R > 0. (2.3)

LEMMA 2.2.  Let ¢ be a function in C°(Ry) supported in [1/4,1]. Letl € Z,
me2Nandd=o+ir, 0> —1/2. For 0 < s < o+ 1/q where 2 < q < oo, there
exist C,c > 0 such that

__ omlym\d c|7|
ees;%lngw)u 2mEN )+||W3(R)§C’e . (2.4)

Proor. The proof of Lemma 2.2 is standard. We give a brief argument of
this proof for completeness and convenience for the reader.

Observe that for every £ < —1, the function ¢(A)(1 — 2™A™)% = ¢(A)(1 —
2m\™)8 is in C§°([1/2,1]), and then estimate (2.4) holds. To complete the proof,
it suffices to consider the cases £ = 0,1. For the case £ = 0, we note that for any
Sobolev space WI(R), if k is integer greater than s, then

1)@ = 2™ s < L= A2 1L+ A2 X202 a9 [

< CO+ D[ (1= N2 e (2.5)

Let F denote the Fourier transform. Since ¢ € [2,00], it follows from Hausdorff-
Young inequality ([29, p. 583]), that

1= A5 e = (107 = d?/da®)*2 (1 =225,
< O+ PFA = A O (2.6)

where ¢! +p~ ! = 1 and 1 < p < 2. For this purpose we recall the following
well-known facts in the theory of Bessel function ([28, p.106]),

F(L -4 = / 1 (1 =A%) e ™dA

-1

= 70(6 + 1) Jop(1/2) ()02, (2.7)
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where

¢ 1
Je(t) = iM/O (1 —u?)~ 2 cos(ut)du, Re(C) > f%, (2.8)

Cee™|t| 712, |t >1, €>0

[Jetin(D)] < { (2.9)

CeeV/DmI|EE |t > 0, € > 0.
Since o > s — 1/q, from (2.5), (2.6), (2.7), (2.8) and (2.9) it can be verified that
0@ = Xy < Co(1+ [ el < eI,

The similar argument above holds for the case £ = 1, and then estimate (2.4)
is proved. Hence, the proof of Lemma 2.2 is complete. O

In the following, we will often just use B for B(zpg,rp). Denote by M the
Hardy-Littlewood maximal operator

M f(x) ;ggv(lB)/Blf(y)ldu(y),

where B ranges over all open balls containing z. Also given A > 0, we will write
AB for the A—dilated ball, which is the ball with the same center as B and with
radius ryg = A\rg. We set

Ui(B):=4B, and U;(B):=2""'B\2/B for j=2,3,.... (2.10)

We now state the following criteria for L? boundedness for singular integrals
in [2], [3], [4], which will be useful in the proof of Theorem 1.1.

PROPOSITION 2.3.  Let T be a sublinear operator which is bounded on L?(X).
Let {A,} >0 be a family of linear operators acting on L*(X). Assume that for j > 2

1/2
( [ - ATB>f|2du) <Cov B [ a2
3(B) B
and for j > 1

(L

J

1/2
IArBdeu) < Cy(HV (@ B / |Fldu (2.12)
B) B
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for all ball B with rp the radius of B and all f supported in B. If > g(j) < oo,
then T is of weak type (1,1), with a bound depending only on its (2,2) norm, on
the constant in (1.1), and on the constants C in (2.11) and (2.12), hence bounded
on LP(X) for 1 <p < 2.

PRrROOF. For the proof of Proposition 2.3, we refer it to Theorem 5.11, [4];
Theorem 1.1, [2]. O

PROPOSITION 2.4.  Let T be a sublinear operator which is bounded on L*(X).
Let {A,}r~0 be a family of linear operators acting on L?(X). Assume

1/2
(v [ 1T = arPan)  <omr®) P @y

and

|TA < cM(Tf2)"* (@) (2.14)

TBfHLoc(B

for all f € L*(X), all x € X and all ball B > z, rg being the radius of B. If
2<p<ooand Tf € LP(X) when f € LP(X), then T is strong type (p,p), and
its operator norm is bounded by a constant depending only on its (2,2) norm, on
the constant in (1.1), on p and on the constants C in (2.13) and (2.14).

PRrROOF. For the proof of Proposition 2.4, we refer it to Theorem 2.1, [3]. O

3. Proofs of main results.

3.1. Proof for the L? bounds on Stein’s square functions.
We now show Theorem 1.1 by considering the following three cases.

Case 1:  We first show that for every 6 = o +ir, 0 > —1/2, there exists a positive
constant B, such that for every f € L*(X),
1Gs (L) fllz2(x) = Bo |l fllp2(x)- (3.1)
Let us prove (3.1). For every R > 0 and A > 0, we recall that S%(\) =
(1—X/R™)%, and set

d
Fi(\) = cm(;R@S?'l()\) (3.2)

with ¢5 = 1/m(d +1). It follows from the spectral theory in [33] that for any
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fe*(X),

1Gs(L) fllL2(x) =

> A\ 27 )2 1/2
- /»/m (1_Rm) RzdeR} 1122 x)

ol fllz2x)s (3.3)

B? = /OO 1- A v ———dR = /00 sCmID(1 — sTm)29s < 00
o A1/m R77L R2m+1 1

and the above integral converges if o > —1/2. This proves (3.1).

Case 2: We will prove that for every p € (1, 00) satisfying o > (n+1—(2/¢))|(1/p)—
(1/2)|—(1/2), there exists a constant C' = C(p) > 0 such that for every f € LP(X),

196 (L) fll o x) < Cllfllze(x)- (3.4)

To prove (3.4), we need some preliminary results. Let ¢ € C2°(0,00) be a
non-negative function satisfying supp¢ C [1/4,1] and >, #(27°\) = 1 for
any A > 0. Let F'} be a function given in (3.2). Since supp F§(A\™) C [0, R] and
supp ¢ C [1/4, 1], we have that for every A > 0,

F5 (™) Z d(27N/R)Fp(A™) Z H(2 N/ R)FH(A™). (3.5)
{=—00 l=—00

This decomposition implies that the sequence Z;: ~ 27 L/R)FY(L) con-

verges strongly in L?(X) to F%(L) (see for instance, Reed and Simon [24, Theorem
VIIL5]). For every £ <1 and r > 0, we set for A > 0,

Fpor(N) = 627N/ R)FR(A™)(1 —e” V7). (3.6)

We may write
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1

FL)I—e "5 f = lim Y Fj,,(VIL)f,

where the sequence converges strongly in L?(X).
For a ball B, we let rg be the radius of B. For every j = 2,3, ..., we recall
that U;(B) = 2771 B\2/ B is defined in (2.10). Let KF;;Y“.B (vT)(®,y) be the kernel

of the operator F}, , . (Y/L). Then the following result holds.
LEMMA 3.1.  Suppose that FI‘;)& - (VL) are defined as above. Leto > (n/2)—

(1/q) with some q € [2,00] and let n/2 < s <o+ (1/q) and m + (n/2) —s > 0.
Then there exists a constant C' > 0 such that

h 2 dR

/0 /U.ua) (IKey, ., com@ ol + Ky, om0 i) 7
< 067(:‘7—'(2(2m—1)€2—j 4 2(2m+n—25)52j(n—23)) j=23 (3 7)
= V(@+1B) : 3. ,

ProOOF OF LEMMA 3.1. Since L is a non-negative self-adjoint operator on
2 _ .
L#(X), we have that KFﬂ,e, v (VI) (y,x) = Kffa,z, (V) (z,y). So we only estimate
(3.7) for the kernel KFa (VD) (z,y) since KF%,e, v (V) (y, x) satisfies the similar
estimate as K L (VD) (x Y).

Note that supp FR,ATB(/\) C [2°R/4,2°R]. We use Lemma 2.1 and Holder’s
inequality to obtain that for every y € B and every s > 0,

2
/U(B) ‘K RMB(\E)(%M d,u(x)
/ |KF1‘; ‘0, (f 1' y)| (]- -+ 2ZRd(SU,y))23d‘u(x) (QJT-BQZR) s

< W(% B2°R) || FR g 2°RA) ||y (3.8)

Now for any Sobolev space WZ(R), if k is an integer greater than s, then

[ FRer (2°RN) |y
< [N (1 = 27N o | (1= e R L

< C2™|p(A) (1 = 2™ A™)% ||y min{1, (2°Rrp)™}. (3.9)
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Note that for all y € B, by (1.2),

1 < V(y,2/ 2rp)
V(y,(2°R)™1) = V(y, (2'R)~H)V (291 B)

¢ i ¥4 n
S mma}({l, (QJTBQ R) } (310)

Hence by (3.8), (3.9) and (3.10), we have that for every y € B and every s > 0,

2
K iy (@, y)| du(x)
/Uj oy i, DY)

C22m£ ) N ) -
< mmax{l,(erBQER) }mln{l,(QeRrB)Q }
x (27752 R) [N (1 — 27 A [[5- (3.11)

We now use (3.11) to estimate (3.7). One may write

2 dR
K . du(e) E
/o /U].(B)| F%,Z,TB(\E)(%?JH u(z) =

2-(+0), =1
<
0

=I+1I.

+/OO / K (z,y)[*d (x)@
2-G+0r51 U;(B) Ffery (VD) Y an R

J

For the term I, we note that 0 < R < 2~U*+97r -1 and then max {1, (2/r52°R)"}
< 1. Let s = 1/2 in (3.11). It follows by Lemma 2.2 that [¢(N)(1 —
2mN™) ||ypa < CelTl. Also, since £ < 1, this implies that min{1, (2/Rrg)?™} <
Cmin{1, (Rrg)?™}. Those facts give

2*(j+4)rg1

Cec\ﬂ 2ml - 2 j £ _ldR
SW/O 22 min {1, (Rrp)*" } (2'rp2R) ™
Cec\rl . poo dR

(2m—1)tg— . 2r —1a4
< FamE 2 J/O min {1, (Rrg)*"} (Rrs) ™
< O yam-niy-s,

V(2i+1B)
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Consider the term II. Since o > (n/2)—(1/q), we can choose s in (3.11) satisfying
n/2<s<o+(1/q) and m+ (n/2) —s > 0. By Lemma 2.2 again, we have that
[o(AN)(1 = 2™A™)2 ||y < Cefl™l. One obtains

Cecll . oy (i gy n—2s AR
11 < 7‘/(2].“3) /0 2 mm{l,(RrB) }(2J7’B2 R) =
Cec|‘r| ) (o'} dR
(2m+n—2s)loj(n—2s) . 2m n—2s
< V(2j+1B)2 2 /o min {1, (Rrp)*" }(Rrg) =
Cecl™l ,
(2m+n—2s)loj(n—2s)
= VB’ 7

Combining estimates I and II, we have therefore proved (3.7) for the kernel
KFIA%YL (VD) (z,y), and then the proof of Lemma 3.1 is finished.

BACK TO THE PROOF OF THEOREM 1.1. We now begin to prove (3.4) by
considering the following three sub-cases.

SUBCASE (2.1). We first apply Proposition 2.3 to show that if o > (n/2) —
(1/q), then G5(L) is of weak type (1,1), and bounded on LP(X) for 1 <p < 2.

Let B be a ball with rp the radius of B and all f supported in B. We let
T = Gs(L) and A,, = e "2% in Proposition 2.3. From the definition of G5(L) and
(3.6), we use the Minkowski inequality to obtain that for every j > 2,

195 (LY = e 5V f|| o 3y,

oo S - . dR\?
S ([ PR R Pa) (312)

(<1

By Holder’s inequality and Lemma 3.1,

e s m 2 dR
}FR,E,TB (\/Z)f| dﬂf
0 JU;(B)

< sup/ / |K (T y)‘%lu(x)—d Hf||2
= ) m, 5 1(X
o Ju;B) E (VL) R LHx)

veB R.t,rg
<067%(2(2m,1)527j+2(2m+n728)¢2j(n*25))||f||2 (3.13)
< V(2j+1B) LY(X)" .

Note that n/2 < s < o+ (1/q) and m + (n/2) — s > 0. Putting (3.13) into (3.12),
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a simple calculation shows that for every j > 2,

1/2
</U-(B) |g5(L)(I_€T?L)f|2d/J,) < Cec‘Tlg(j)V(2j+1B)7l/2||fHL1(X) (3.14)

J

with 3 g(j) = S2(2779/2 + 20("/275)) < co. This verifies estimate (2.11) to T =
Gs(L) and A,, =e "B,

Note also that by the Gaussian bounds (1.4), estimate (2.12) always holds
for A,, = e "BL. Therefore the operator Gs(L) is of weak type (1,1), hence by
interpolation,

G (L) fllLe(x) < Cp,ueCIT‘ 1 fllze(x) (3.15)

forl<p<2andd=v+ir,v>(n/2)—(1/q).

SUBCASE (2.2). We now apply Proposition 2.4 to show that if o > (n/2) —
(1/q), then G5(L) is bounded on LP(X) for 2 < p < oc.

Recall that Proposition 2.4 applies if T' = Gs(L) is assumed to act on LP(X).
If we set Gs(L)f(z) = cm(;(f:/6 |0RrS%STH(L) f(x)|?PRAR)'/? for 0 < € < 1, then
for f € L*(X) we have ||Gsc(L) fll2(x) < Bollfll12(x) and Gs.(L)f — G5(L)f in
L*(X) as € — 0 while [|Gsc(L) fllzr(x) < CellfllLr(x) for f € LP(X) (this follows
from (2.3)). As the application of Proposition 2.4 to Gs (L) gives us a uniform
bound with respect to €, a limiting argument yields the LP-boundedness of G5(L)
on L?(X) N LP(X), hence on LP(X). Henceforth, we ignore this approximation
step and our goal is now to establish (2.13) and (2.14) for Gs(L).

Let f € L*(X). Take a ball B with radius 7 and a point y in B. Decompose

fasfi+fat fs+ - with f; = fxu,; ). By the Minkowski inequality,

Hgﬁ(L)(I - e_TgLL)fHLz(B) < Z ||g5(L)(I - e_rgL)fjHl;(B)' (316)

=1
For j = 1, we use the L? boundedness of Gs(L)(I — e "5 L):
—pm 1/2
195(EYT = € EE) 1 oy < CllF L paam) < CVEBY 2 (M(1F12) (). (317)

For j > 2 we use the Minkowski inequality and the Cauchy-Schwarz inequality to
write
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1Gs(L) (I — G_TEL)fJHH(B)

(/ [ 1P D0 P )

dR 1/2
v(B) /||fj||L2<X>Z{sup// Krg,  om (@) dut) R} |

<1
(3.18)

Now we apply Lemma 3.1 again to (3.18), and a simple calculation shows that for
every j > 2,

Hgé(L)(I - eirB’L)fjHLz(B)
< OtV (B)2 (2792 4 00 (M (1) ). (3.19)
which, together with estimates (3.16) and (3.17), verifies condition (2.13) in Propo-
sition 2.4 to T = Gs(L) and A,, = e "8L.
Next we have to check (2.14) in Proposition 2.4. From the Gaussian bounds

(1.4) of the heat kernel p,.m (x, y) of e~"5 L and the commutativity of the semigroup,
we have that for any = € B,

[FRR/L) (e 88 f) ()]
= |e " EL(FR(VL)f) (x)|

N 1 1/2
<(C —e2?m/ )2"7 7/ F du(
>~ Z € V(2J+IB) hit1p | R | ,U )

Jj=1
which, together with the Minkowski inequality, gives

|Gs(L)(e™"5 ) ()|

Jjm/(m—1 . o0 1 dR
<oy e )2’”</ eyel dau( )
- ;e o V(27*1B) Jyinp ’ r(Y ’ R

Exchanging the sum and integral, the latter is equal to

1/2
—eim/ (m=1) i 1 2
Oze 2 <V(2j+1B) /27'+1B |g5(L)f} d”)

Jj=1
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which is controlled by C(M(|Gs(L)|?))*/?(y) for any y € B. This verifies estimate
(2.14). Therefore, it follows by interpolation that

1G5 (L) f oo (x) < Cpe™ [ f o) (3.20)

for2<p<oocand § =v+ir,v>(n/2)—(1/q).

SUBCASE (2.3). Now we can use the Stein’s interpolation theorem ([34,
p.100]) to prove (3.4). Let H be a Hilbert space of functions on (0,00) whose
inner product is defined by (fr,gr) = fooo frRIRRYdR. Let 1 < p < oo and let
LE(X) and L%, (X) be the spaces of L? integrable functions with values in C and
H, respectively. Recall that F3(\) = cm(;R(a/aR)S%H(/\) is defined in (3.2). It
follows from (3.15) and (3.20) that if ¢ > (n/2) — (1/q), then

FD)S = s R SE LS (3.21)
can be seen as a linear operator mapping boundedly from Lf(X) into L%, (X) for
all 1 < p < co. Moreover, we have that HFI‘;(L)fHL%(X) = |Gs(L) fllLr(x)-

The Stein’s interpolation theorem is valid for H-valued LP-spaces and apply
it between the inequalities (3.1) and (3.15), and (3.1) and (3.20) to get that if
p€(l,00) and o > (n+1—(2/9))|(1/p) — (1/2)] — 1/2, then

1Go (L) fllLo(x) = I1FR(L) fllzz x) < Cllfllzex)- (3.22)

The desired estimate (3.4) follows readily, and the proof of Case 2 is complete.

Case 3: Finally, we show that for every p € (1,00) satisfying ¢ > (n + 1 —
(2/9)|(1/p) — (1/2)| — 1/2, there exists a constant C = C(p) > 0 such that for
every f € LP(X),

1fllzex) < ClIGo (L) fl e (x)- (3.23)

To prove it, we need a suitable version of the Calderén reproducing formula. By
L2-functional calculus for every f € L?(X) one can write

=52 T ()

with the integral converging in L?(X).
Estimate (3.23) then follows from (3.22) and the duality method. Hence, the
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proof of Theorem 1.1 is complete. O

3.2. Proof for the Héormander type spectral multiplier theorem.
Observe that

2R 2R
sup R/ |F’(\)|?d\ ~ sup R/ |G'(\)2d),
R>0 R R>0 R

where G(\) = F(%/A). For this reason, we can replace F(L) by F(%/L) in the
proof. Notice that F(\) = F(A\) — F(0) + F(0) and hence

F(YVL) = (F(-) = F0))( VL) + F(0)L.

Replacing F' by F — F(0), we may assume in the sequel that F(0) = 0. Let
f € LX) and h = F(XY/L)f. Recall that Go(L) is the square function in (1.6).
The general idea of the proof is to show that

Go(L)h(z) < CBGo(L)f(z), =z€ X. (3.24)

Then in view of (3.24) and Theorem 1.1 the following norm inequalities prove the
theorem:

|FG/D ey = IBlec) < ClGO(LIl o
< CB|Go(L) fllLr(x) < OB fllLr(x)
for all p € (1,00) with (n+ 1 —(2/9))|(1/p) — (1/2)| < 1/2.

Let us prove (3.24). For simplicity, we denote by dE\ = dE »/z(A). With the
notation as in the proof of Theorem 1.1, we have

R ym
FRIIN) = [ ZoPOAEf(2).

and by integration by parts to obtain

t R R
Fon OB (@) = FO) | R—detf(:v)‘O —/0 Fo |

)\tm
Rm

dE¢ f(z)dA.

Observe that by (1.7),
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‘(}\mtm/Rm) HLZ([O,A]) ||f||L2(X)

’ / P 1B )| < —=S |
V Vi, A
Since F' is bounded, we obtain

A
. tm
lim F(A) ; T dBf (z) =

which yields

)\m

SR (@)X,

R
F%mmszmw%Mﬂm—A F'(\)

By the Schwarz inequality the last integral is, in absolute value, dominated by

. 12 R 1/2
<11?f/o |F/(A)|2A2‘“> (R271n—1/0 |F§(L)f(x)!2A2m2dA> .

Divide (0, R) into the intervals of the form (R/2/! R/27) and dominate A\? by
R?/2% in each interval. Then the first integral is bounded by

>~ 1 R/27 ) 2R ,
F'N)|fdN < 4s R/ F'(N)|FdA.
Zéjwﬁlme (Pax<asip R [ PO
Therefore
Go(L)h(z)
© [o0(r 1/2
< |F|Lm</ R()f(f”)dR>
0 R

2R 1/2 00 ) © 4R 1/2
+2(sup R/ F’()\)|2d)\> </ |FR(L)f ()| A2m*2dA/ 2m>
R>0 R 0 A R

< 4BGo(L)f ().

Estimate (3.24) follows readily. The proof of Theorem 1.3 is complete. O
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4. Applications.

4.1. Sub-Laplacians on homogeneous groups.

Let G be a Lie group of polynomial growth and let Xq,..., X be a system
of left-invariant vector fields on G satisfying the Hormander condition. We define
the sub-Laplace operator L acting on L?(G) by the formula

k
L=-> X} (4.1)
=1

If B(x,r) is the ball define by the distance associated with system X, ..., X} (see
e.g. Chapter II1.4, [32]), then there exist natural numbers ng, no > 0 such that
V(z,r) ~ ™ for r <1 and V(z,r) ~ r™>= for r > 1 (see e.g. Chapter III.2,
[32]). Note that this implies that doubling condition (1.2) holds with the doubling
dimension 7 = max{ng, N }. Note also that one can take D = 0 in the estimates
(1.3). We call G a homogeneous group if there exists a family of dilations on G. A
family of dilations on a Lie group G is a one-parameter group (St)t>0 (St 0d; = Sts)
of automorphisms of G' determined by

0. Y; = t"Y;, (4.2)

where Y7,...,Y, is a linear basis of Lie algebra of G and n; > 1 for 1 < j < £ (see
[16]). We say that an operator L defined by (4.1) is homogeneous if 6, X; = tX;
for 1 <4 < k and the system X1, ..., X satisfies the Hormander condition. Then
for the sub-Riemannian geometry corresponding to the system Xi,..., X} one
has ng = ne = ijl n; (see [16]). Hence the doubling dimension is equal to
n=ng=ne (seee.g., 8], [11], [16], [19]).

PrOPOSITION 4.1.  Let L be the homogeneous sub-Laplacian defined by the

formula (4.1) acting on a homogeneous group G. Then the results of Theorems
1.1 and 1.3 hold for q = 2.

Proor. It is well know that the heat kernel corresponding to the operator
L satisfies Gaussian bound (1.4). It is also not difficult to check that for some
constant C' > 0

HF(\E)H;(XPLOO(X) = c/o |F ()2t dt.

See for example equation (7.1) of [14] or [8, Proposition 10]. It follows from
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the above equality that the operator L satisfies estimate (1.7) with ¢ = 2. By
Theorems 1.1 and 1.3, Proposition 4.1 follows readily. O

COROLLARY 4.2. Let L be a positive definite self-adjoint left invariant op-
erator on a homogeneous group G. Suppose that the operator L is homogeneous
of order m, i.e., ;L =t™L and that

|Kexp(—L)(xa y)| = |Kexp(—L)(evx71y)| § CeXp ( - C|m71y‘m/(mil))v (43)

where C, ¢ are positive constants and | -| is a homogeneous norm on G. Then the
results of Theorems 1.1 and 1.3 hold for g = 2.

PrROOF. From Corollary 7.1 of [14], we know that the operator L satisfies
the Plancherel estimate (1.7) with ¢ = 2. By Theorems 1.1 and 1.3, Corollary 4.2
follows readily. O

Proposition 4.1 can be extended to “quasi-homogeneous” operators acting on
homogeneous groups, see [26] and [14].

PROPOSITION 4.3.  Let L be a group invariant operator acting on a Lie group
G of polynomial growth defined by (4.1). Then the results of Theorems 1.1 and 1.3
hold for ¢ = oo and the doubling dimension n = max{ng, ne }-

Proor. It is well known that the heat kernel corresponding to the operator
L satisfies Gaussian bound (1.4) so that the operator L satisfies estimate (1.7) for
g = oo (see also Lemma 2.2 of [14]). Hence the results of Theorems 1.1 and 1.3
hold for ¢ = oo and the doubling dimension n = max{ng, 7o }- O

4.2. Schrodinger operators with rough potentials.
Consider the Shrodinger operator —A + V on R3, where A is the standard
Laplace operator and V' (z) > 0 is a compactly supported function satisfying

wda:dy < oo and sup / V(y) dy < 4. (4.4)
re | — Y| zer? Jrs |2 — Y|

For the Schrédinger operator in this setting, estimate (1.7) holds for ¢ = 2
(see Theorem 7.15, [14]). We then have the following result.

ProroSITION 4.4. Assume that L = —A + V where A is the standard
Laplace operator acting on R3 and V(z) > 0 is a compactly supported function
satisfying condition (4.4). Then the operator L satisfies estimate (1.7) for q¢ = 2,
and hence the results of Theorems 1.1 and 1.3 hold for ¢ = 2.
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PROOF. This result is a consequence of Theorem 7.15 of [14] and Theorems

1.1 and 1.3. O
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