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Abstract. We construct a Gibbs measure for the nonlinear Schrédinger
equation (NLS) on the circle, conditioned on prescribed mass and momentum:

- 2
dua,b = Zill{fT \u\2:a}1{if-ﬂ' uﬂm:b}eil/phr el =172 Jp 1 ap

for a € Rt and b € R, where P is the complex-valued Wiener measure on
the circle. We also show that p,; is invariant under the flow of NLS. We
note that if'Jr uly is the Lévy stochastic area, and in particular that this is
invariant under the flow of NLS.

1. Introduction.

We consider the periodic nonlinear Schrédinger equation (NLS) on the circle:
iy + Ugy = E|ulP?u, (z,t) e TxR (1.1)

where T = R/Z. Recall that (1.1) is a Hamiltonian PDE with Hamiltonian:

Hu) = ;A|ux|2i%A\u|p. (1.2)

Indeed, (1.1) can be written as

OH
Uy = ’L%. (13)
Recall that (1.1) also conserves the mass M (u) = [ |u|? and the momentum P(u) =
i [ uy. Moreover, the cubic NLS (p = 4) is known to be completely integrable

2010 Mathematics Subject Classification. Primary 60H40; Secondary 60H30, 35Q53, 35Q55.

Key Words and Phrases. Gibbs measure, Schrodinger equation, Kortweg-de Vries equation,
Lévy area.

J. Quastel was partially supported by the Natural Sciences and Engineering Research Council
of Canada.


http://dx.doi.org/10.2969/jmsj/06510013

14 T. OH and J. QUASTEL

[ZS], [GKP] in the sense that it enjoys the Lax pair structure and thus there exist
infinitely many conservation laws for (1.1). For general p # 4, the mass M, the
momentum P, and the Hamiltonian H are the only known conservation laws. Our
main goal in this paper is to construct an invariant Gibbs measure conditioned on
mass and momentum.

First, consider a Hamiltonian flow on R?":

OH OH
.i = —, .i = —— 1 .4
=5 o, (1.4)

with Hamiltonian H(p,q) = H(p1,---,Pn,q1s---,qn). Then, Liouville’s theorem
states that the Lebesgue measure H?Il dp;jdg; on R2" is invariant under the flow.
Then, it follows from the conservation of the Hamiltonian H that the Gibbs mea-
sure e~ H(P.9) H;lzl dp;dg; is invariant under the flow of (1.4). Now note that if
F(p,q) is any (reasonable) function that is conserved under the flow of (1.4), then
the measure dup = F(p, q)e 79 H?Zl dp;dg; is also invariant.

By viewing (1.1) as an infinite dimensional Hamiltonian system, one can con-
sider the issue of invariant Gibbs measures for (1.1). Lebowitz-Rose-Speer [LRS]
constructed Gibbs measures of the form

dp =z te HW H du(z) = Z LeF/P 1wl =172 ) |z |® H du(z) (1.5)
€T zeT

= Wiener measure P

as a weighted Wiener measure on T. In the focusing case, i.e. with the plus sign
in (1.5), the result holds only for p < 6 with an L2-cutoff L{ [ ju[2<B}, Where B is
any positive number when p < 6 and B < ||QH%2(R) when p = 6. Here, @ is the
ground state of the following elliptic equation:

(P—2Q" - (p+2)Q+Q" " =0. (1.6)

By analogy with the finite dimensional case, we expect such a Gibbs measure p
is invariant under the flow of (1.1). (Recall that the L?-norm is conserved.) In
addressing the question of invariance of u, we need to have a well-defined flow on
the support of . However, as a weighted Wiener measure, the regularity of u is
inherited from that of the Wiener measure, i.e. y1 is supported on H*(T)\ H/2(T),
s < 1/2. In [B1], Bourgain proved local well-posedness of (1.1)

e in L?(T) for (sub-)cubic NLS (p < 4),

e in H%(T), s > 0, for (sub-)quintic NLS (4 < p < 6),
o in H°(T), s >1/2—1/p, for p > 6.



On tnvariant Gibbs measures conditioned on mass and momentum 15

Using the Fourier analytic approach, he [B2] continued the study of Gibbs mea-
sures and proved the invariance of p under the flow of NLS.

Once the invariance of the Gibbs measure p is established, we can regard
the flow map of (1.1) as a measure-preserving transformation on an (infinite-
dimensional) phase space, say H'/2~¢, equipped with the Gibbs measure . Then,
it follows from Poincaré recurrence theorem that almost all the points of the phase
space are stable according to Poisson [Z], i.e. if S; denotes a flow map of (1.1):
ug — u(t) = Sug, then for almost all ug, there exists a sequence {t,} tending to
oo such that Sy, uy — up. Moreover, such dynamics is also multiply recurrent in
view of Furstenberg’s multiple recurrence theorem [F]: let A be any measurable
set with u(A) > 0. Then, for any integer k > 1, there exists n # 0 such that
WANS,ANSe AN - N Sp-1),A) > 0. Note that this recurrence property
is known to hold only in the support of the Gibbs measure, i.e. not for smooth
functions.

Then, one of the natural questions, posed by Lebowitz-Rose-Speer [LRS] and
Bourgain [B4], is the ergodicity of the invariant Gibbs measure u, i.e. is the
phase space irreducible under the dynamics, or can it be decomposed into disjoint
subsets, where the dynamics is recurrent within each disjoint component? In order
to ask such a question, one needs to prescribe the L?-norm since it is an integral of
motion for (1.1). It is not difficult to see that the momentum is also finite almost
surely on the support of the Gibbs measure. Indeed, if u is distributed according
to the Wiener measure, then it can be represented as'

n TINT
u(x) = Py e? , (1.7)
n#0

where {gn, }rn20 is a family of independent standard complex-valued Gaussian ran-
dom variables, i.e. its real and imaginary parts are independent Gaussian random
variables with mean zero and variance 1. Then, we can write the momentum as

w2 nw2_ 777,(.(]2
P(U):Z/Uﬂzzzmggrn)‘ :ZLQ()‘ QWng ()|

n#0 n>1

~

Thus, we have E[(P(u))?] < >°,~,n % < o0.? Hence, |P(u)| < oo a.s. In the
following, we construct invariant Gibbs measures with prescribed L?-norm and
momentum as the first step in studying finer dynamical properties of the NLS

IWe ignore the zero-frequency issue here. See (1.9) below.
2We use A < B to denote an estimate of the form A < CB for some C > 0. Similarly, we use
A ~ B to denote A < B and B < A.
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flow equipped with the invariant Gibbs measure, viewed as an infinite-dimensional
dynamical system with a measure-preserving transformation.

REMARK 1.1. Recall that the cubic NLS (p = 4) is completely integrable.
Hence, it makes sense to pose a question of ergodicity only for p # 4. See [LRS].

There are infinitely many conservation laws for the cubic NLS, with the lead-
ing term of the form fqr |0k u|?dz, roughly corresponding to the H*-norm, and of
the form [ u82**'udx, k € NU{0}. See [FT], [ZM]. By (1.7), we can easily
see that all these conservation laws, except for the L?-norm and momentum, are
almost surely divergent under the Gibbs measure. Thus, it may seem that the L2-
norm and momentum are the only conserved quantities which are finite a.s. in the
support of the Gibbs measure. However, from a different perspective, we have a
different set of infinitely many conserved quantities for (1.1), namely the spectrum
of the Zakharov-Shabat operator L (also called the Dirac operator) appearing in
the Lax pair formulation of (1.1): 9;L = [B, L] (with some appropriate B.) These
are finite under the Gibbs measure. Expressing the flow of (1.1) in the Liouville
coordinates (or rather in the Birkhoff coordinates) with actions and angles (which

are determined in terms of the spectral data), the flow basically becomes trivial.
See [GKP].

In constructing a Gibbs measure conditioned on mass and momentum, we
first condition the Wiener measure on mass and momentum. Recall that if u is
distributed according to the Wiener measure P given by>

dp = 77 e V2212 s T du(a), (1.8)
zeT

then it can be represented as

— 9n 27
u(.’l’;) = Z We znw, (19)

neZ
where {g,, }nez is a family of independent standard complex-valued Gaussian ran-
dom variables. Note that (1.9) is basically the Fourier-Wiener series for the Brow-
nian motion (except for the zeroth mode.) Given a > 0 and b € R, define the
conditional Wiener measures P. = P. 5, € > 0, as follows. Given a measurable
set E, we define P.(E) by

3The mass is added to take care of the zeroth frequency. We still refer to P in (1.8) and u in
(1.9) as the Wiener measure and the Brownian motion, respectively.
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P.(E) = P(E ‘ /jr lul? € Ac(a), z/uﬂw € Ba(b)>, (1.10)

T

where A.(a) and B.(b) are neighborhoods shrinking nicely* to a and b as € — 0.
Here P(C | D) = P(C N D)/P(D) is the standard, naive, conditional probability
given by Bayes’ rule. In terms of the density, we have

dP. = Z7' () jupea. (@) L f, um.eB. (b)) 4P (1.11)

Now, we would like to define the conditioned measure

Py(E) = Po.y(E) = P(E ‘ /T uf? = a, Z/Tuﬂx - b)

by Py = lim._,o P.. Namely, we define P, by

Py(E) = ;LI%P(E\/TW € A(a), z/Tuﬂ e Bg(b)) (1.12)

Note that the normalization constant Z. in (1.11) tends to 0 as € — 0. Hence,
some care is needed. We discuss details in Subsection 2.1.

Finally, we define the conditioned Gibbs measure py = pq in terms of the
Wiener measure Py = P 43 conditioned on mass and momentum, by setting

dpg = Zy eT/P LI gp,. (1.13)

In the defocusing case, this clearly defines a probability measure since
e=1/p Jx lul? < 1. In the focusing case, we need to show that

/Pl e LY (dPy). (1.14)

Lebowitz-Rose-Speer [LRS] and Bourgain [B2] proved a similar integrability result
of the weight e'/?Jr!“” with respect to the (unconditioned) Wiener measure P
defined in (1.8). Bourgain’s argument was based on dyadic pigeonhole principle
and a large deviation estimate (see Lemma 4.2 in [OQV].) In Subsection 2.2,
we follow Bourgain’s argument and prove (1.14) by dyadic pigeonhole principle
and a large deviation estimate for Py. This large deviation estimate for Py is by

4See Subsection 2.1 for the definition.
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no means automatic, and we need to deduce it by establishing a wuniform large
deviation estimate for the conditioned Wiener measures P, € > 0 (see Lemma 2.4
below.) As a result, we obtain the L!-boundedness result

Ep, [61/pf1r \ul”} <C, <0

for all sufficiently small € > 0. We point out that the proof of Lemma 2.4 (and
hence the argument in Subsection 2.1) is the heart of this paper.
We state the main theorem. The proof is presented in in the next section.

THEOREM 1. Leta >0 and b € R. Forp > 2, let uy be the Gibbs measure
Ho = pap conditioned on mass and momentum defined in (1.13). Also, assume
that p < 6 in the focusing case. Then, ug is a well-defined probability measure (with
sufficiently small mass a when p = 6 in the focusing case), absolutely continuous
to the conditioned Wiener measure Py. Moreover, . converges weakly to pg as
€ — 0, where u. is defined by

dpe == 2t eF/P R 1W"gp, (1.15)

REMARK 1.2. In the critical case, i.e. focusing with p = 6, Lebowitz-Rose-
Speer [LRS] proved that the weight L MQSB}el/p J1ul” is integrable with respect
to the (unconditioned) Wiener measure P in (1.8) as long as B < ||Q||2L2(R), where
Q is the ground state for (1.6). Indeed, this is sharp (except for the endpoint
B =Q|3- (R).) By Fourier analytic techniques, Bourgain [B2] provided another
proof of this L'-boundedness result. However, his argument does not allow us to
determine the (sharp) upperbound on the size B of the L2-cutoff in the critical
case. We believe that, in the critical case, the upperbound on a = [ |u|?dz in
Theorem 1 is also given by HQHQLQ(R). Unfortunately, our proof of Theorem 1,
following Bourgain’s idea, does not provides such a quantitative bound.

It follows from invariance of the Gibbs measure u in (1.5) (with an L2-cutoff
in the focusing case) and the conservation of mass and momentum that p. is
invariant under the flow of (1.1) for each fized ¢ > 0. As a corollary to Theorem
1, we obtain invariance of the conditioned Gibbs measure .

THEOREM 2. Leta > 0,b e R, and p > 2 be as in Theorem 1. Then, the

conditioned Gibbs measure po = pa,p defined in (1.13) is invariant under the flow
of NLS (1.1).

We conclude this introduction with several remarks. The first is about con-
ditional probabilities.
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REMARK 1.3. A natural way to proceed with this construction is to start
with the (unconditioned) Gibbs measure p in (1.5) on the space €2, which is the
space of continuous complex-valued functions on the circle, with the topology
of uniform convergence and the Borel o-field F. This is a complete separable
metric space. Let G be the sub o-field generated by the measurable maps [ |u|?
and i [, uT,. There is a general theorem which guarantees the existence of a
conditional probability, i.e. a family of measures p,, u € Q such that (i) for any
A € F, py(A) is measurable with respect to G as a function of u; (ii) for any
AeGand B e F, f(ANB) = E,[1ap.(B)]. It follows from (i) and (ii) that
given B € F, we have

for p-almost every w. The sets of measure zero, on which (1.16) fails, depend on
B € F, and thus their union could be a set of nontrivial measure. Hence, one
needs some regularity. The best that can be said in such a general context is that
if G is countably generated (and one can check that ours is), then p,, is a regular
conditional probability in the sense that (iii) p,(A) = 1a(u) for A € G. In our
context, this reassures us that our conditioned Gibbs measure py = pq,p gives
mass one to u with [} |u|* = a and i [ uti, = b. However, we only know that this
property holds for almost every a and b, and there is no soft way out to obtain the
same for all a and b. (Another way to think of this is that applying the Lebesgue
differentiation theorem to (ii) gives Theorem 1 for almost every a and b.) Since we
want our conditioned measures to be defined for every value of a and b, we have
to define them directly. For the conditioned Wiener measure Py, which is just a
Gaussian measure, this is straightforward. In this case, we can even use the fact
that the distributions of a and b are basically explicit. However, for the Gibbs
measure L, p, it requires hard analysis.

REMARK 1.4. Consider the (generalized) Korteweg-de Vries equation
(gKdV):

Up + Upgy = FUP 20y, (1.17)

For an integer p > 3, (1.1) is a Hamiltonian PDE with Hamiltonian:

—1 u? 71 u?
H(u)—Q/T mip(p—l)/qr , (1.18)

and (1.17) can be written as uy = 0,(dH /du). Also recall that (1.17) preserves the
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mean [, u and the L?-norm. Bourgain [B2] constructed Gibbs measures of the
form (1.5) (with an appropriate L?-cutoff 1¢ |u2<py unless it is defocusing when p
is even) for (1.17), and proved its invariance under the flow for p = 3, 4. Recently,
Richards [R] established invariance of the Gibbs measure for (1.17) when p = 5.
In an attempt to study more dynamical properties of (1.17), one can construct
Gibbs measure conditioned on mass by an argument similar to Theorem 1. In this
case, an analogue of Theorem 1 holds for all (even) p when (1.17) is defocusing,
and for p < 6 when it is non-defocusing. However, an analogue of Theorem 2 holds
only for p <5 due to lack of well-defined flow for gKdV (1.17) in the support of
the Gibbs measure when p > 6. Note that KdV (p = 3) and mKdV (p = 4) are
completely integrable. Hence, a question of ergodicity can be posed only for p > 5.
See Remark 1.1.

REMARK 1.5. An interesting but straightforward comment is that the
momentum P(u) is nothing but the Lévy stochastic area of the planar loop
(Reu(z),Imu(z)), 0 <z < 2m,

Plu) =i /T W, = /T (Rew) d(Im ) — (Im u) d(Re ). (1.19)

Note that this is not the actual area enclosed by the loop, but a signed version. A
Brownian loop has infinitely many self-intersections. Regularizing the Brownian
loop gives a loop with finitely many self-intersections. The ‘area’ is then computed
through the path integral above, with each subregion bounded by non-intersecting
part of the loop having area counted positive or negative depending on whether the
boundary is traversed in the counterclockwise or clockwise direction, respectively.
This includes the fact that the areas inside internal loops are multiply counted.
Removing the regularization gives the Lévy stochastic area. Remarkably, unlike
other stochastic integrals, the limit does not depend on the regularization proce-
dure. For example, one can check directly that the 1td (left endpoint rule in the
Riemann sum) and Stratonovich (midpoint rule) versions of (1.19) give the same
result. The stochastic area has attracted a great deal of attention. Lévy [L] found
the exact expression 1/4(cosh(z/2))~2 for its density under the standard Brow-
nian motion measure. Our base Gaussian measure (1.8) is almost the same as
the standard Brownian motion, and the analogous computation can be performed
(see Section 2.1.) Our Gibbs measures pop = g are absolutely continuous with
respect to the base Brownian motion, so most of the results about the stochastic
area continue to hold, though, of course, there are no longer any exact formulas.
The Lévy area is basically the only new element when one moves from the Wiener-
1t6 chaos of order one to order two. Therefore, it is a natural object to supplement
the Brownian path itself, and this is the basis of the rough path theory [LQJ. It
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seems a remarkable fact that the flow of NLS preserves the Lévy area.

ACKNOWLEDGMENTS. The authors would like to thank the anonymous ref-
eree for pointing out an error in the previous version of this paper as well as for
helpful comments.

2. Proof of Theorem 1: Construction of the conditioned Gibbs
measures.

2.1. Wiener measure conditioned on mass and momentum.

In this subsection, we construct the Wiener measure Py conditioned on mass
a and momentum b for any fized @ > 0 and b € R. Given P. as in (1.11), we
define Py as a limit of P. by (1.12), where E is an arbitrary set in the o-field F.
In the following, we show that (1.12) indeed defines a probability measure. For
this purpose, we can simply take E to be in some generating family of F. Let us
choose the increasing family Fn = o(gn;|n| < N) as such a generating family of
F.

Fix a nonnegative integer N and a Borel set F' in C2N*1. Let F = {w :
(gn;|n| < N) € F}. Then, by (1.10), we have

P() = P((anilnl < ¥ € F| [P € )i [ e < 50,

where A.(a) and B.(b) are neighborhoods shrinking nicely to a and b as ¢ — 0.
That is,

(a) For each € > 0, we have
Ac(a) C(a—e,a+¢) and B.(b)C (b—¢e,b+e).
(b) There exists o > 0, independent of €, such that
|Az(a)] > ae and |B:(b)] > ae.

By (1.9), we have

/T|u(:1:)| dx = Z<ﬁ>_ lgn|* and i[ruﬂzdx: Z(ﬁ}‘ n|gn|”, (2.1)

nez nez

where 77 = 27n and (7) = /1 + n2. Therefore, by independence of {gn}nj<n and
{9n}n|>N+1, we have
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P.(E) ’/ (Z|n|>N+l< ) 2lgnl® € Ae(@), Xjnjz w1 () *Rlgnl” € BE(E))
E ' P<Z"EZ< )7 2lgnl? € Ae(a), 20,6z (m) " ?0lgnl* € Be (b)>
6_1/22‘“\§N‘§n|2

X N |H déy, (2.2)
n|<N

where d¢,, denotes the Lebesgue measure on C, and A.(a) and BE(E) are the
translates of A.(a) and B.(b) centered at

G=a- Y M7 and b=b- > @) %0l (2.3)

In|<N In|<N

respectively.
Now, define the density fx(a,b) by

fn(a,b) dadb = P< > @) Pgnl* € da, Y () Rlgnl® € db). (2.4)

[n|>N [n|>N
Then, we have the following lemma on the regularity of fy.

LEMMA 2.1.  Let fN be the characteristic function (Fourier transform) of fn.
Then, we have fy € L*(R?) with estimate: || fn| 11(z2) < C(N) < 0o, where C(N)
s at most a power of N. In particular, fn is bounded and uniformly continuous.

PrOOF. By computing the characteristic function of fy, we have

s t) = exp (15 3 @) ool it 3 5l )]

[n|=N

[ E[eicm > +um Do
In|>N

1
= — : (2.5)
ngv 1—2i(n)~2(s+tn)) (1 —2i(n)~2(s — tn))
For any n > N, we have max(s + tn, s — tn) > max(s,tn). Also, note that each
factor in (2.5) is bounded by 1. Thus, considering the terms forn = N,... ., N+3
n (2.5), we have
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v (s, 8)] < C(N)(s)"2(t) 2,

where C(N) is at most a power of N. Therefore, we have ||fN||L1 , <C'(N) <oo.
Note that C’(N) is at most a power of N. We use this fact in Subsection 2.2. 0O

By Lemma 2.1, we have, for any N > 0,

P(Z|n\2N<n>72|gn|2 € Ac(a), Z‘n|2N<n>72n|gn|2 € Bs(b))

|[Ae(a) x Be(b)|

1 Y ! 31/ ~ 7
= a,b)da'db’ — a,b), 2.6
|Ac(@) x B:(b)] /a.(@xB.(®) Il Jl@?) 20

as € — 0. By the uniform continuity of fy, this convergence is uniform in @ and
b.

In taking the limit of (2.2) as ¢ — 0, the expression fy(a,b), i.e. (2.4) with
N =0, appears in the denominator. Hence, we need to show that fy(a,bd) > 0 for
any a > 0 and b € R. Indeed, we have

PROPOSITION 2.2.  Leta >0 and b € R. Then, we have fo(a,b) > 0.

Proposition 2.2 is intuitively obvious. However, since fj involves an infinite number
of random variables, we were not able to find any reference. The proof will be given
at the end of this subsection.

Putting everything together, we have

P(Z|n\2N+1<ﬁ>_2|gn|2 € Ac(a), Z\n|2N+1<ﬁ>_2ﬁ|gn|2 € Bs(b))
P(32,(1)2gnl? € Ac(a), 32, () ~27lgn|* € B<(b))

R fnyi(a,b)

fO(aa b) ’

(2.7)

where the convergence is uniform in a and b. Moreover, the left hand side of
(2.7) is uniformly bounded for small ¢ > 0 (for fized a and b), since ||fn41]|pe <
[ Fvsillr < oo and fo(a,b) > 0. Hence, by (1.12), (2.2), and Lebesgue dominated
convergence theorem, we have

i frn41(@,b) e /2 X €nl?
Py(E) = Ehi% P.(E) = 7 fola,b) (2m)2N+1 ‘ 1|_<[N d&p,.
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This shows that P, is a well-defined probability measure. Lastly, note that it
basically follows from the definition that P. converges weakly to P.
We will need the following lemma for the proof of Proposition 2.2.

LEMMA 2.3.  Assume that fo(a*,b*) =0 for some a* > 0 and b* € R. Then,
there exists sufficiently large Ny € N such that fn(a,b) =0 on

N =

B:= {(a,b)€R+xR:a§ a”, |b|§|b*—|—1} (2.8)

for all N > Nj.

Proor. First, note that, by symmetry, we have
fn(a,b) = fn(a,—b) (2.9)

for any a,b € R and N > 0. Defining Xy and Yy by

Xn= Y @ Pga* and Yy = > (@) *nlgal, (2.10)
[n|=N [n|2N

we have Xog = X1 + |go|? and Yy = Y;. Note that X; and |gg|? are independent.
Thus, we can write fo as fo = f1 *4 X3, where X3 is the density for the (rescaled)
2 =

chi square distribution with two degrees of freedom, corresponding to |go
(Re go)? + (Im go)?, and *, denotes the convolution only in the first variable of f;.
Recall that x3(x) > 0 for > 0 and = 0 for z < 0.

Now, suppose that fo(a*,b*) = 0 for some a* > 0 and b* € R. By (2.9),
assume that b* > 0. Then, from

0= fola",b") = / fila® b (e)ds
x>

and the positivity of x3 on R, , we have fi(a,b*) = 0 for a < a*. (Recall that f;
is continuous by Lemma 2.1.)
Let ¢1(n) and ca(n) be given by
ci(n) = (1+47°n?)~1 and cy(n) = 27nei(n), n €N. (2.11)

Then, from (2.10), we have
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X1=Xz + ()91’ +19-1%) and Vi =Y+ e2(1)(lg1]* — |g-1]?).
Since fi(a*,b*) =0, we have
0= fi(a*,b")

- /Ooo /OOO fala* —er(V)(z + 1), 0" — c2(1)(x — v))xE(@)x3(y)dwdy.  (2.12)

By change of variables p = z + y and ¢ = x — y, we can write (2.12) as

//>0 2(a" —c1(1)p, b* — c2(1)q)x (p;q>xz<p2q)dpdq.

la|<p

This implies that fa(a,b) = 0 on a triangular region
Ay :i={(a,b) eRL xR:a<a", |b-0"| <27w(a*—a)}.
In particular, fo(a*,b*) = 0. From (2.10), we have
Xo = Xa+c1(2)(lg2” +|9—2[%) and Yz =Ya+c2(2)(|g2]* — [9-2[*),
where ¢1(2) and c2(2) are as in (2.11). Since fa(a*,b*) = 0, we have
0= fa(a®,b")

= /000 /O°° fs(a* = c1(2)(z +y),b* — c2(2)(z — y)) X3 (2) x5 (y)dedy.  (2.13)

Once again, by change of variables p = x +y and ¢ = x — y, we can write (2.13) as
p+gq pP—q
//p>0 (a® = c1(2)p,b" — e2(2)q)x ( 5 >X§(2)dpdq~
lal<p
This implies that f3(a,b) =0 on a triangular region

Az :={(a,0) e Ry xR:a<a" |b—0b"| <4dn(a* —a)}.

In particular, we have f3(a*,b*) = 0 and thus we can repeat the argument. In
general, from fy(a*,0*) = 0, we can show that fyy1(a,b) = 0 on a triangular
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region
Any1:={(a,b) e Ry xR:a<a", [b—b"| <27N(a* —a)}

by simply noting ca(N)/c1(N) = 2rN. By symmetry (2.9), we have fy11(a,b) =0
also on

Ani1:={(a,b) eRy xR:a < a*, [b+b*| <2rN(a* —a)}.

Finally, by choosing Ny large such that mNoa* > max(1,b*), we see that B C
AN U Ay for N > Ny and hence fy(a,b) =0 on B for N > Nj. O

Finally, we conclude this subsection by presenting the proof of Proposition
2.2.

PROOF OF PROPOSITION 2.2.  Suppose that fo(a*,b*) = 0 for some a* >0
and b* € R. By Lemma 2.3, there exists Ny € N such that fy = 0 on B for all
N > Ny, where B is defined in (2.8). Recall that fy is nonnegative and fy(a,b) =
0 for @ < 0. Then, by (a,b) € Ry xRC BU{a > (1/2)a*} U {]b| > |b*| + 1}, we
have

1:/HR/OOOfN(a,b)dadb

< //B fN(a,b)dadb—k//w(l/Q)a* fN(a,b)dadb—k//bbb*H Fx (a, b)dadb

1
:0+P<XN> 2a*> + P(|Yn| > b+ 1), (2.14)
for all N > Ny, where X and Yy are as in (2.10). Once we prove
Pl X >1 * <1 (2.15)
N 2(1 2a .
N 1
P(lYy| > b*|+1) < X (2.16)

for some N, (2.14) together with (2.15) and (2.16) leads to a contradiction, and
hence fy(a,b) >0 for all a > 0 and b € R.

Therefore, it remains to prove (2.15) and (2.16) for large N. First, we prove
(2.16). Write Yy as
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2mn
Yn = Z mﬂgﬂz —lg—nl?).

n>N

Since E[|gn|* — |g-n|?] = 0, we have E[|Yx|?] < CN~!. Then, by Chebyshev’s
inequality, we conclude that

P(¥al > 7] +1) SE[VP] < ON
Hence, there exists Ny such that (2.16) holds for all N > Nj.

Next, we prove (2.15). Fix large dyadic Na = 2* (to be chosen later). Let
oj = C2=(1/2)7 such that > 5105 =1. Then, for N > Ny, we have

1 o 1/2 1
P(XN > 2”*) < ZP(( >, « +47r2n2)‘2|gn|2> > 2oja*>

29 <|n|<2i+1

o 1/2
SZP(< > |gn|2) >ca*oj2j),

23 <|n|<2i+1

where ¢, > 0 is a constant depending only on a*. By the large deviation estimate
(e.g. see Lemma 4.2 in [OQV]), we obtain

1 > /2525 ~ k
P(XN>2CL*> Sze_ca*ajgj Se—ca*Q <
=k

N |

for sufficiently large & € N. By choosing N > max(Ny, N1, N2), (2.14) together
with (2.15) and (2.16) leads to a contradiction. This completes the proof of Propo-
sition 2.2. 0

2.2. Gibbs measure conditioned on mass and momentum.

In the previous subsection, we constructed the Wiener measure P, conditioned
on mass and momentum as a limit of conditioned Wiener measures P.. In this
subsection, we define the conditioned Gibbs measure (19 = pgp by (1.13). In
the defocusing case, (1.13) defines a probability measure. In the focusing case,
however, we need to show (1.14); the weight e'/?Jr1¥” is integrable with respect
to Py for p < 6 (with sufficiently small mass when p = 6.)

Bourgain [B2] proved a similar integrability result of the weight el/p Jx lul?
with respect to the (unconditioned) Wiener measure P in (1.8) via dyadic pigeon-
hole principle and a large deviation estimate. In the following, we also use dyadic
pigeonhole principle and a large deviation estimate (for the conditioned Wiener
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measure Py) to show that the conditioned Gibbs measure (i is a well-defined prob-
ability measure. Indeed, Lemma 2.4 below establishes a uniform large deviation
estimate for P., ¢ > 0, and we prove the L'-boundedness of the weight e'/? Jrlul?
with respect to P., uniformly in sufficiently small € > 0. See (2.23).

First, we present a uniform large deviation lemma for the conditioned Wiener
measure P., € > 0.

LEMMA 2.4. Let R>5NY2 gnd M ~ N. Then, we have

Pa( Yo gl = R2> < Cem W (2.17)

|n—M|<N

uniformly for sufficiently small € > 0.

Proor. By Chebyshev’s inequality, we have

Ps( > ol RQ) < e Ep [¢f Zinmanizn I, (2.18)
In—MI<N

Set t = 1/4. We estimate Ep, [e}/4 = 1n-2i<n Ig"|2] in the following. As in (2.2), we
can write it as

]EPE [61/42\71—1\4@1\{ |gn‘2j|

:/ P(Z|n—M|2N+1<ﬁ>72|gn|2 € A(a), Z|n—M|2N+1<ﬁ>7zﬁ|gn|2 € Be@))
2N+ P(3,()~2lgnl? € Ac(a), 32, () ~20lgn|* € B:(D))

e VA nomi<n €n|?

x )N 1T .. (2.19)

In—M|<N

where @ and b are given by

G=a— Y (@7&A and b=b— > (@) W& (2.20)

ln—M|<N |[n—M|<N

By repeating the argument in Subsection 2.1, we can show that the right hand
side of (2.19) is uniformly bounded for small & > 0.
More precisely, define the density fy(a,b) by
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fn(a,b) dadb = P( S W CgalP €da, Y () PHlgal’ € db).

In—M|>N In—M|>N

Then, as in Subsection 2.1, one can prove

P(Z\n—M\2N+1<ﬁ>_2|gn|2 € Ac(a), Z\n—N]|2N+1<ﬁ>_2ﬁ|gn‘2 € B:(b))
P(X,(0)29a|* € Ac(a), 32, () 27|gn|? € B:(D))
fN+1(av~)

f()(a, b)

(2.21)

where the convergence is uniform in @ and b. Moreover, by showing || fx ||z~ < oo
as before, we see that the left hand side of (2.21) is uniformly bounded for small
€ > 0. (Recall that a and b are fixed.) By (2.19), (2.21), and Lebesgue dominated
convergence theorem, we have

(5,5) e /A <N €0 ?

lim ]EP [61/4Z\W—M\§N|gn‘2] :/ fN+1
e—0 €

v folash)  @mPv e

n—M|<N

f; /A araw 16nl?
< Ifvallz= / e M
Jolwb) Jemer 1) In—M|<N

HfN+1||L°° 22N+1

fO(aub) ’

where the last inequality follows from change of variables. Also, by an analogous
argument to the proof of Lemma 2.1, we see that ||fyi1llre < [|(fn+1)Mze is
bounded at most by a power of V. Hence, we have

EPE [61/4Z|H,M\§K |9n‘2] 5 23N (222)

for all sufficiently small ¢ > 0. Therefore, (2.17) follows from (2.18) and (2.22) as
long as R? > (24In2)N. O

In the following, we show the L'-boundedness of the weight e!/?Jr 14" with
respect to P., uniformly for sufficiently small ¢ > 0, for p < 6 (with sufficiently
small mass when p = 6.) This, in particular, shows that p. in (1.15) is a well-
defined probability measure.

Note that it suffices to prove that
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/ e)‘Pe</|u|p2p)\>d/\
0 T
:/ e)‘P(/|u|p2p)\‘/|u2 EAE(a),i/umc EBE(b)>dz\§Cp<oo
0 T T T

(2.23)
for all sufficiently small ¢ > 0. The estimate (2.23) follows once we prove
Ce=2""" when p < 6.
PE(/ lul? sz> < whenp (2.24)
T Ce= (149X when p = 6.

for A > 1 (with some ¢ > 0), uniformly in small € > 0.

Before proving (2.24), let us introduce some notations. Given My € N,
let Py, denote the Dirichlet projection onto the frequencies {|n| > Myp}. i.e.
Ponto® = 3, U, €™M, P<yy, is defined in a similar manner. Given j € N,
let M; = 2/My. We use the notation |n| ~ M; to denote the set of integers
In| € (M;_1,M;], and denote by Py, the Dirichlet projection onto the dyadic
block (M;_1, Mj], i.e. Ppu = Z\n|~Mj Uy @27

Without loss of generality, assume £ < a. Then, we have [ |u? < 2a =: K.
By Sobolev inequality (or equivalently, by Hausdorfl-Young inequality followed by
Holder inequality on the Fourier side in this particular case),

HPSMOUHLP(T) < CMS/Qil/pHPSMouHLZ(T)' (2.25)
Hence, we have
/|]P’§MOu|p < g)\ on /|u|2 <K, (2.26)
T T
by choosing
My = COAQ/(”’Q)K”’/(”’Q) ~ COA2/(p*2)a*p/(p*2) (2.27)

for some co > 0. Let 0; = C27%, j = 1,2, ... for some small § > 0 where C' = C(4)
is chosen such that Z;; 0; = 1. Then, we have

p - p \'7
PE</ P o)’ > 2)\) < ZPE(HPMJ.uHLP(T) > aj(QA) ) (2.28)
T =0
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By Sobolev inequality as in (2.25), we have

HPMJUHLP(T) < CMJ'l/Q_l/pHPMjuHLZ (2.29)

()

From (1.9), we have

HPMJUH;(T)Z Z | |* = Z (1+(27rn)2)_1|gn|2. (2.30)
In|~M; [n|~M;

From (2.29) and (2.30), the right hand side of (2.28) is bounded by
ZPE< > lgal? = R?), where R; := o AYPM/PTV3 (14 M2V (2.31)
]70 ‘TLINMJ

Note that R; 2 Mjl/zﬂ/p > Mjl/z. By applying Lemma 2.4 to (2.31), we obtain

p = _ 2 S o2 N\2/P P2 /P
P [ IPoaul? > BA) 3o e 00 g 30 oo

T =0 =0

- ) (P +2) /=25 52/p (P2 /1 /o pp P+

S 2675(23) P+2)/p—25 32 pl\/[()p P ,S efc)\Q pMUp p'
j=0
(2.32)
Hence, from (2.32) and (2.27), we have
ps(/ uf? > pA) < Cexp { — e AP/ 0-2)4=42)/(0-2) (2.33)
T

and (2.24) follows. Note that when p = 6, we need to take a sufficiently small such
that the coeflicient of X in (2.33) is less than —1.

2.3. 'Weak convergence.

Finally, we prove weak convergence of . defined in (1.15) to ug. Let f be a
bounded continuous function on H'/2=7(T) for some small v > 0.

We first consider the defocusing case. If a sequence of functions u,, converges
to w in HY277(T) with v < p~', then we have u,, — u in LP(T) by Sobolev
inequality. Thus, e~ J=!“" is bounded and continuous on H/2=7(T). Then, by
weak convergence of P. to Py, we have
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Z. = /e—l/f’fw P, — /e—l/f’fH“"’dPo =Zy ase— 0.
Since f(u)e™ /P Jr14” is also bounded and continuous on H'/2~7(T), we have
[ ine =z [ fe i irar,

— 2" [ e an = [ g ase o

This shows that p. converges weakly to pg in the defocusing case.
Next, we consider the focusing case. First, we prove

7. = /el/PfT W’ qp. — /el/pfﬂ““"dpo =7, ase— 0. (2.34)

Let g(u) = e'/? Jr1ul” By Chebyshev’s inequality with the uniform integrability
(2.24), we have

/ g(u)dP. < CB™° (2.35)
g>B
for all small € > 0. Then, (2.34) follows once we note that

_|_

)

%—MSU 9(u)dP. / 9(u)(dP. — dPy)
g>B g<B

g>B

where the second term goes to 0 by the weak convergence of P. to Py.
Let f be a bounded continuous function f on H'/2=7(T). Then, by writing

/Mm—/ﬁm
=22 [ swgtar. - 2 [ swgtar,
=2 [ twgtwar. - [ rwatoar) + (2 - 257 [ rstuar.,

it follows from (2.34) that the second term on the right hand side goes to zero.
The first term goes to zero by the uniform integrability (2.24) with Chebyshev’s
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inequality as before. Hence, u. converges weakly to pg. This completes the proof
of Theorem 1.

3. Proof of Theorem 2: Invariance of the conditioned Gibbs mea-
sures.

In this section, we show that the conditioned Gibbs measure pg is invariant
under the flow of NLS (1.1). In fact, one can directly establish the invariance
of the conditioned Gibbs measure pg by following the argument developed by
Bourgain [B2], [B3]. This argument is based on approximating the PDE flow
by finite dimensional Hamiltonian systems with invariant finite dimensional Gibbs
measures. For such an argument, one needs the following large deviation estimate
(with e =0.)

LEMMA 3.1. Let s < 1/2. Then, we have
P-(Jull - > A) < Cye™Y, (3.1)

uniformly in small € > 0.
ProOF. This basically follows from the proof of (2.33) in Subsection 2.2.
Given s < 1/2, choose p > 2 such that s =1/2 — 1/p. Then, we have

HPSMOUHHS(T) S CMg/Q_l/pHPSMOUHH (3:2)

(T)"
(Compare this with (2.25).) By repeating the computation in Subsection 2.2 (with
A = \'/?), we obtain

PE(HUHHS N A) <, exp{ _ CAp(1+(6*p)/(p*2))a*(p+2)/(p*2)}. (3.3)

Then, (3.1) follows since p(1+ (6 —p)/(p — 2)) > 2 for p > 2. O

Bourgain’s argument [B2], [B3] requires a combination of PDE and probabilistic
techniques. In the following, however, we simply show how the invariance of the
conditioned Gibbs measure pg follows, as a corollary, from a priori invariance of
Gibbs measures p., € > 0.

CASE 1: p < 6. In this case, the flow of (1.1) is globally defined in H/2=9(T)
for small § = §(p) > 0, thanks to [B1], [B5]. Let S; be the flow map of (1.1):
ug — u(t) = Syug. Then, S; is well-defined and continuous on HY/2=9(T).

Given a bounded continuous function ¢ on H'/27%(T), ¢ 0 S; is bounded and
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continuous on H'/ 2=9(T). By weak convergence of pi. to po and invariance of .
under the flow of (1.1), we have

/(bduo: lirrg)/qﬁdus: lir%/¢08tdus=/¢08tduo.

This proves invariance of ug for p < 6.

CASE 2: p > 6. (This is relevant only in the defocusing case.)

In this case, there is no a priori global-in-time flow of (1.1) on HY/2=9(T).
However, by Bourgain’s argument [B2], [B3], u. is invariant under the flow of
NLS (1.1) for each € > 0, and we show invariance of po as a corollary to the
invariance of u., € > 0.

Let K be a compact set in H*(T) with s = 1/2—. Then, there exists A =
A(K) > 0 such that [Ju||g: < A for u € K. By the (deterministic) local well-
posedness [B2], there exists to > 0 such that NLS (1.1) is well-posed on [0, to] for
initial data ug with ||ug||gs < A + 1. Moreover, for each small § > 0, there exists
0 > 0 such that

St (K + Bs) C S K + By. (3.4)
Then, by weak convergence of . to g, we have

po(K) < po(K + Bs) < liminf pe (K + Bs).

By invariance of u. and (3.4),

= liminf p. (Sto (K + Bg)) < liminf p. (StOK + Bg)
e—0 e—0

< lim sup pe (StOK + Bg) < limsup pe (StOK + E)
e—0

e—0

S Ho (Sth +§9)7

where the last inequality follows once again from the weak convergence of p. to
to- By letting @ — 0, we have po(K) < po(Si, K). Given arbitrary ¢t > 0, we can
iterate the above argument and obtain g (K) < po(S:K). By the time-reversibility
of the NLS flow, we obtain

po(K) = po(SeK).

This proves invariance of g for p > 6.
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