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Abstract. Let (G,H)= (U(p,q),U(p—1,q) x U(1)) and {I'n} a tower
of congruence uniform lattices in G. By the period integrals of automorphic
forms on I'\G along I', N H\ H, we introduce a certain discrete measure d,ulgﬂ
on the H-spherical unitary dual of G. It is shown that the sequence of measures
d,ulfln with growing n converges in a weak sense to the Plancherel measure duf
for the symmetric space H\G.

1. Introduction.

Let G be a connected reductive Lie group and I" a lattice in G. Let dg be a
Haar measure on G. Then, the right regular action of G on the L?-space L*(T'\G)
yields a unitary representation Rp, which is a central object in the theory of au-
tomorphic representations. When T' is cocompact, it is known that L?(I'\G) is a
discrete direct sum of irreducible closed invariant subspaces with finite multiplici-
ties. For each 7 € G, let 7t » be the T-isotypic component of L?(I'\G) defined as
the image of the natural G-inclusion

Io(t | Rr) @ #5 > T@v— T(v) € L*(T\G).

Here, (7 | Rr) denotes the C-vector space of all the bounded G-intertwining
operators from %, to L?(I'\G), whose dimension mr(w) € N is the multiplicity
of w in Rr.

Let H be a unimodular closed subgroup of G such that the inclusion I' N
H\H — T'\G has a closed image. Let dh be a Haar measure on H. Then, for a
smooth function ¢ € L2(I'\G)>°, the integral

/MH\H #(h)dh, o € L*(T\G)> (1.1)
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is often called the H-period of ¢. When I' is an arithmetic lattice, this kind of
integrals plays an important role in the study of automorphic L-functions. Our
point of view in this paper and also in [12] is to regard (1.1) as a linear functional
on the space ¥° with varying ¢ € ”//19?7, which actually defines an H-invariant
distribution vector Zf (7) of ¥t . Recall that an irreducible unitary representa-
tion 7 is said to be H-spherical if it admits a non-zero H-invariant distribution
vector. Suppose m € G satisfies the stronger condition dime (2~ °°)# = 1. Then,
for a non zero element 12 € (JZ~>°)H | there exists a unique T' € .¢(7 | Rr)* such

that
PHm) =T

under the identification ¥;. >° = Ja(r | Rr)* @ 7, °°. The space Jg(r | Br) has
a natural hermitian inner product (see Lemma 33). Let us define || 22f () /12]]? to
be the norm square of T" with respect to the dual inner product on Z(w | Rr)*.
The number || 22 (1) /12|12 is closely related to the number PH (T'), introduced in
[12] when (G, H) is a symmetric pair. Unlike the latter quantity, the former one
does not involve an irreducible representation 7 of a maximal compact subgroup
of G. In this paper, continuing the case study [12] on the asymptotic properties of
PH(T), with shrinking I for the unitary symmetric pair (G, H) = (U(p, q),U(p —
1,q) x U(1)) (p,q > 2), we investigate the limiting behavior of a certain discrete
measure duf on the unitary dual G associated with the numbers || 228 () /122
(see 7.3). In this article, we consider a tower {I';,} of uniform lattices defined by
a principal congruence condition with respect to some Q-structure on G. Among
other things, we prove that a sequence of measures duffn with growing n converges
in a weak sense to the Plancherel measure duff for the symmetric space H\G
(Theorem 43).

Let us briefly explain the organization of this paper. The next Section 2 is a
preliminary, where, in the first place, we introduce the unitary group G = U (p, q),
a maximal compact subgroup K and a symmetric subgroup H = U(p—1,q)xU(1).
Then, recalling definitions made in [12], we give a realization of H N K-spherical
representations of K on the space of harmonic polynomials. In Section 3, we state
our substantial results (Theorems 8, 9, 11 and Corollary 10), whose proofs are given
in Section 5. Our main tool of investigation here is a form of relative trace formula,
which was developed in [12] to prove a discrete series analogue [12, Theorem 5] of
the limit formula given in Theorem 11. The key on which the remaining results rely
is Theorem 9, whose proof is given in the paragraph 5.1 by examining individual
terms of the relative trace formula in detail. Once Theorem 9 is obtained, the limit
formula (Theorem 11) is deduced by a similar argument as in DeGeorge-Wallach
[5] (see also [6] and [7]). In Section 6, we give an application of Corollary 10 to have
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an asymptotic formula of a certain counting function associated to Hodge-Laplace
eigenforms on an arithmetic quotient of U(p, q). We obtain a formula (6.1) which
resembles to the usual Weyl’s law for the Hodge-Laplacian on forms. In the final
section Section 7, we prove the main theorem (Theorem 43). Before that, following
[8], we recall the parametrization of H-spherical irreducible unitary representations
7w of G, fix a normalization of H-invariant distribution vector for each 7, define
the Fourier transform for functions in C°(H\G) and then give the Plancherel
measure describing the inversion formula of Fourier transform. Having these basic
materials in hands, we deduce Theorem 43 from Theorem 11 and [12, Theorem
5] by making a link between the two quantities || Zf (7)/I12||* and PH(T'), with a
suitably chosen K-type 7. We should remark that our limit formulas Theorem 11
and Theorem 43 are still conditional when p+¢—1is odd. In the proof, we need to
assume the existence of a spectral gap on the eigenvalues of Laplacian on the ‘H-
distinguished” automorphic forms in L2(I'\G/K) with varying I' and with a fixed
K-type 7. The importance of this kind of spectral gap condition is observed by
Bergeron-Clozel [2] in a closely related context. Actually, in a geometric situation,
the averaged period of automorphic forms considered in this article and in [12] was
already considered by Bergeron ([1]). He proved the limit formula for a relative
discrete series representation for the symmetric pair (O(n,1),0(k,1) x O(n — k))
under a spectral gap hypothesis.

Finally, we should remark that the parallel argument is possible for real rank
one unitary groups, which are excluded from our consideration here only for sim-
plicity. The relevant spectral gap hypothesis at the end point of the complemen-
tary series is already established by Bergeron-Clozel [2, Theorem 3]. In particular,
Theorem 43, when extended to the real rank one case, is true unconditionally.

2. Preliminary.

2.0.
Let G be the unitary group of a non-degenerate hermitian form (, ) on an
N-dimensional C-vector space W:

G={9€GLc(W)| {9z, gy) = (z,y) for any z,y € W}.

(Our convention is that a hermitian form (xz,y) is anti-linear in y, i.e., (z,ay) =
a{x,y) for any x,y € W and for any a € C.) We assume that the signature of
(,)is (p+,q—) with inf(p, q) > 2, N = p+ ¢. The integer p + g — 1, which occurs
frequently in this paper, is denoted by po, i.e.,

po=p+qg-—1
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Fix a negative definite subspace W~ C W of maximal dimension and denote
by W™ the orthogonal complement of W~ in W. Thus, dimc W~ = ¢ and
dimc W+ = p. Let I be the element of G defined by

I|\Wt=id, I|W =-id

and consider the positive definite hermitian form (v | w) = (v, I(u)) on W. Let
K be the stabilizer of W~ in G; then K is a maximal compact subgroup of G
preserving the inner-product (|). The Cartan involution of G corresponding to K
is the inner automorphism 6(g) = Igl~*.

Let H = Hy be a closed subgroup of G obtained as the stabilizer of a one
dimensional subspace £ C WT. Let J; be the element of G defined by

Jo|t=id, J| ¢+ =—id.

Then H is the fixed point subgroup of the inner automorphism o(g) = JegJ,” Lof
G. Note that oy is an involution of G which commutes with . Thus, Ky = HNK
is a maximal compact subgroup of H. We have

G=U(p,q), K=U(p)xUlg), H=Up-1,q xU(1).

2.1. Automorphic forms and H-periods.

For a uniform lattice I' C G and an irreducible unitary representation (7, V)
of K, recall that L2(I'\G/K) is the Hilbert space of all the square integrable
functions ¢ : I'\G — V possessing the K-equivariance ¢(gk) = 7(k)"t¢(g),
k e K ([12, 3.2]). Let Qg be the Casimir element of G defined as an element of
U(gc) such that Qg =37, X; X7 for any R-basis {X;} and {X7} of g satisfying
27 1r(X;X%) = 6;;. For v € C, let o (T;v) denote the (p? — v?)-eigenspace
of the Laplacian A, = —Q, acting on L2(I'\G/K). Then, < (T';v) is a finite
dimensional subspace of C>®(G/K;7)'. Let S,(I') be the set of all v € C such
that Re(v) > 0 and <7 (T';v) # {0}.

DEFINITION. A uniform lattice I' C G is said to be H-admissible if oo(I') =T
and I' is torsion free. O

LEMMA 1. IfT is an H-admissible lattice of G, then T'y = I'NH is a uniform
lattice of H. In particular, the image of 'yg\H — T'\G is compact. Moreover, the
natural map T'g\H/Ky — T\G/K s injective.

Proor. This is well-known as Jaffee’s lemma. For convenience, we give
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a proof. Let us show that HT is closed in G, which implies the first assertion.
Suppose a sequence g, = h,7vy, (n € N) of points in HI' converges to g € G.
Then, g, to¢(gn) = v, Loe(yn) converges to g~'oy(g) in G on the one hand. On the
other hand, the points ~, *o/(7,) belongs to the discrete set I' by H-admissibility
of T'. Hence, there exists n € N such that v, 1os(7,) = g7 1ou(g), or equivalently
gy, t € H. Thus, g € HT.

To prove the second assertion, suppose 'hK = I'h1 K for h,h; € H. Then
there exist v € ' and k € K such that hy = yhk. Since o¢(h1) = hy, we
obtain o(y) hoy(k) = vhk, or equivalently v~ toy(y) = hkoe(k)~th~!, which,
in turn, implies that yo,(y)~! belongs to I' N hKh~!. Since T is torsion free,
I'NhKh~! = {e}. Thus, yo,(7)~! = e, or equivalently v € I'yy. In combination
with hy = vhk, the relation v € I'y yields k € K. O

For an H-admissible lattice T in G, the H-period integral of ¢ € @7 (T;7) is
defined to be the function ¢ : G — V given by

o™ (g) = / #(hg)dh, geG.
Tu\H

We focus on the value ¢! (e) at the identity, which belongs to VZ™X ([12, Lemma
2]), and study the norm square of ¢*Z(e) collectively by taking summation over ¢’s
belonging to an orthonormal basis #(v) of < (T';7):

P = Y o)

dEB(v)

By [12, Lemma 3], this number is independent of the choice of #(v). Note that
the set

SH(T) ={v € S.(I) | PF(T;v) # 0}

is empty unless VHANK £ [0}

2.2. H N K-spherical representations of K.

An irreducible unitary representation of K having H N K-fixed vectors is
realized on a space of certain harmonic polynomials; we recall the construction
briefly. Let us fix a basis {v;}1<j<ny of W orthonormal with respect to (|) such
that W = (v; |1 <j<ple, W = (vi4p |1 <i<gq)cand { = Cv,. Let
{z;} be the dual C-basis of {v;}, i.e., z;(v;) = §;;. Let X = Homg (W, C) be the
C-vector space of all the R-linear maps from W to C. The complex conjugate

Z of x € X is defined by Z(v) = z(v), v € W. Then, x;’s, together with their



1044 M. Tsuzuki

complex conjugates Z; (1 < j < N), form a C-basis of X, by which

N
(v|u)= z:acj('v)a_cj(u)7 v, u €W
j=1

Let & be the symmetric algebra of X; it is identified with the polynomial algebra
over C of the variables z;, Z; (1 < j < N). For d € N, let Vy be the set of all
P € & with the following properties.

(1) P belongs to Clz1,...,zp; T1,...,Tp).

(2) P is homogeneous in the sense that P(t x,ts®) = t¢td P(x, &) holds for any
t1,ts € R*. Here, x = (Ij)lgjgp and T = (i’j)lgjgp- -

(3) P is harmonic, i.e., Zle 0;0;P = 0. Here, 0; = 0/0z; and 0; = 0/0%;.

The set V, is a K-stable irreducible subspace of Z2. Let 74 be the action of K on
Va. Endowed with a K-invariant inner product, (74, V) is a unitary representation
of K.

LEMMA 2. (74, Va) is an irreducible representation of K and V.5 £ {0}.
Up to equivalence, the irreducible unitary representations of K having H N K -fized
vectors are ezhausted by {(7q,Vy) |d € N}.

2.3. H-hyperbolic elements.
Recall that H is the stabilizer of a line £ C W*. Choosing a vector u such
that £ = Cu, we define a bi H-invariant function &, : G — R by

§lg) = ’<gu’u> ,  geq.

(u,u)

Note that & is independent of the choice of w.

DEFINITION. An element ¢ € G — H satisfying &(g) > 1 is called H-
hyperbolic.

2.4. Construction of H-admissible lattices.

Let E be a subfield of C such that E/Q is a CM extension of finite degree,
and Of the ring of algebraic integers in E.

Let F be the maximal real subfield R N E of E. Then, F is a totally real
extension of @ and F is a quadratic extension of F. Let ¢, : F — R (1 <v < dp)
be all the distinct embeddings of F' to R such that ¢; is the natural inclusion.
Then, each ¢, can be extended to embeddings of E to C' in two ways; we choose
one of the extension and denote it by ¢, also. From now on, we assume that there
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exists a C-basis {u;} of W satisfying the following conditions.

(a) The matrix @ = ((u;,u;)) has all its entries in Og.

(b) The hermitian matrix Q) = (1, (u;,u;)) € My(C) is positive definite if
2 <v <dp, and is of signature (p+,q—) if v = 1.

We fix such a basis {u;} once and for all, and let £ be the Og-submodule of

W generated by {u;}. Thus, G = U(QW) = U(p,q). The following lemma is
standard (cf. [4]).

LEMMA 3. Suppose dp = [F : Q] > 2. Then, Ty ={g€ G| g% =%} is
a uniform lattice of G. For any Og-ideal &,

Fy(f)={yeTyg|yw-rvesf? VveL)}

is a normal subgroup of I' & of finite index.

LEMMA 4. Suppose the basis {u;} is taken such that { = Cuy. Then, for
any Og-ideal %y, there exists an Og-ideal I C Jy such that the lattice T o (.7)
is Hy-admissible.

Proor. This is well-know; for convenience we include a proof. By assump-
tion, we have .Z = (£ N¥) @ (£ N ¢+), which implies that the automorphism .J,
(see 2.0) preserves the lattice .Z. Hence (¢ (#)) C T'¢(#) for any ideal .#.
The existence of . C %, follows from [3, Proposition 17.6]. O

LEMMA 5. Lety € T (F). Then v € H if and only if &(y) = 1.

PROOF.  Suppose &(7) = 1 with v € T'. Then, there exists A € C™") such
that (yui1,u1) = A(uq,u;). Since yu; € &, we have A € EX. Let ¥ € G(Q) be
the element such that pr;(5) = A~1y. Thus, we have the relation (yu; —wui,u;) =
0, which implies Ju; = u; (¢f. [12, Lemma 32]). Hence, yu; = Auq, and v € H.

(|

For an Og-ideal .#, let §(.#) denote the minimal norm of varying elements
A € . — {0} regarded in the Euclidean space E ®g R = C9r.

LEMMA 6. For any R > 0, there exists a constant co > 0 such that, if
§(F) > co then inf{&(v) |y €T (F) - H} > R.

PRrROOF. In the proof of [12, Lemma 47], we showed that there exists a
constant C7 > 0 (independent of .#) such that the inequality

[(yur —uy,un)[ + Cr = 6(S)
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holds for any v € I'¢(.#) — H. From this, we obtain the estimation
§(7) 2 Co+C56(S), (yele(S)—H)

with constants Co € R and C3 € R independent of .#. The assertion is now
obvious. O

LEMMA 7. There exists a constant ¢y > 0 such that T () — H consists of
H -hyperbolic elements if 6(F) > c;.

ProoF. This follows from Lemmas 5 and 6. O

3. Results.

In this section, we fix d € N and set 7 = 74. For any H-admissible lattice '
in G, set

SHT)ee = SEM) N {V-1R" U(0,10)}.

Here, Rt = [0,00) and vy € {0,1} is the parity of the integer pg = p + q — 1.
We remark that the subscript ct abbreviates “continuous”, which means that this

comes from the continuous part of the unitary dual of G. Then, SH(T) is a
countable discrete subset of /—1R™ U (0, vp).

3.1. Counting functions.
Let us define the counting function

NI (D 2) = > PH(;v), z>0. (3.1)

veSH (Deilv[2<a

We also need

PHTT) = Y PETw) T, T>o. (3.2)
veSH(T) ey

Our first theorem gives an estimation of the counting function N2 (T'; ) for large
x, which is uniform for I' in an ‘H-admissible tower’.

THEOREM 8. Let ¥ = @jvzl Og u; be an Og-lattice generated by a C-basis
{u;} of W such that £ = Cuy. Let {F,}nen be a decreasing sequence of Op-
ideals such that lim,_,o 0(F,) = +o00. Suppose I' ¢ (F) is torsion free, and set
T, =Tw(H,) for n € N. Then, there exist constants C > 0 and ng € N such
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that
vol(T, N H\H) " 'P*(I,,;T) < CT™1, VT € (0,1), Vn>ng,  (3.3)

vol(T,, N H\H) 'NH(T,,;;z) <eC (1 +2)?, Vx>0, Vn > nyg. (3.4)

We give a proof of Theorem 8 in 5.2 relying on the next Theorem 9 which yields
a more precise asymptotic behavior for individual counting function N (T'; #) and
the associated P (I'; T) with a fixed T.

THEOREM 9. Let I be an H-admissible lattice in G such that
O: inf{&(y)|yel =Ty} >1

Then, there exists a smooth function R(T) on (0,1) satisfying

Tlin_lw d(;—mmR(T) =0, forany meN
such that
PH(F-T):MSM-T*HR(T) T € (0,1) (3.5)
T 27T (q) = - ’ ’ ’

with b; defined by
q—1 s 2 2 2 q—1
. _ 2
() (30} Ebe
j=1 7=0

We have a large time estimate
PH(;T) - PH(T;0) <e 9T, T>1

for some constant a > 0.
A proof of Theorem 9 is given in 5.1.

COROLLARY 10. Let I' be as in Theorem 9. Then,

L volDg\H)
NP Ee) ~ (g + 1)

T 21, x — 4o0.
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ProoOF. This is deduced from Theorem 9 by a Tauberian theorem. 0

REMARK 1. By Lemma 7 (2), any lattice I (.#) constructed in Lemma 4
with sufficiently large 6(.#) satisfies the condition © in the theorem.

REMARK 2. For wave functions on real hyperbolic spaces, a result similar
to Corollary 10 is proved in [13] by the same method.

3.2. Spectral measures.
The discrete set SH(I').; yields a measure u(T') on RT given by

PH(T;v)

H T ’

pimy= Y =S,
UESE(F)H VOI(FH\H) 0

where 5,,[2),,,2 is the Dirac measure supported at the point v2 — v2. Let {T',} be as
in Theorem 8. By (3.7), the measure p (T') with n > ng is actually a tempered
distribution on R*. Then, the following theorem asserts that the sequence of

measures {1 (T',,)} approximates the measure puf (tempered distribution) on R+
defined by

=1 U2 12 o dy N
8(q — 1)ratt /Rf( oty )|Cd(\/—71y)|27 fes(R), (3.6)

where c4(s) = T'(q — 1)T(s)T((s + 04)/2 + q) "' T((s — 04)/2)"! and dy is the
Lebesgue measure on R.

<:u7[—{7f>:

THEOREM 11. Let &, {Z}nen and T, =T »(F,) be as in Theorem 8. If
po is even, then

lim (p(Ty), ) = (ut, ) for any f € S (RY). (3.7)

n—oo

If po is odd and the following condition #(7) is satisfied, then (3.7) is true.
O7): (Bee(0,1)(Vne N)Vve (1—el)(PA(T,;v)=0).

We prove Theorem 11 in 5.3.

REMARK. Several equivalent forms of the condition #(7) is given in
Lemma 41.
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4. Classification of double cosets.

In this section, we classify H-double cosets in G using the function &, defined
in the paragraph 2.3.

LEMMA 12.  The map & : G — RT induces an injection & from H\(G —
H)/H into RT.

PROOF. There exists a unitary character y : H — C™) such that hu =
x(h)u for any h € H. From this, it is obvious that & is H-invariant both from left
and from right, and thus & : H\(G — H)/H — R is well-defined by & (HgH) =
&e(g). To show the injectivity of &, let g1,92 € G — H satisfy &(g1) = &(g2),
and v; (i = 1,2) the orthogonal projection of g;u to ¢*. Since g; ¢ H, we have
v; # 0. Moreover, a computation yields (v;,v;) = {(u,u){l — &(g;)?}. Hence
(v1,v1) = (v2,v2). By Witt’s theorem, there exists an element h € U(¢+) such
that hv; = vy. Let h € G be the C-linear extension of h to W fixing the vector
u up to a scalar. Then, ﬁgl u = go w, which implies Hg1 H = HgoH. O

Recall the basis {v;}i1<j<ptq fixed in 2.2. In particular, the vector v, spans
the line ¢ defining H, i.e.,

= Cuv,.

For 1 <j<pand1<i<gq, define the one parameter subgroup {a,gj’i) |te R}
of G by

al"" (v;) = cosh tv; + sinh tv,.;,

aij’i) (Vp+i) = coshtv,y; + sinhtvj,

agj’i)(u) =u, (Vu € 'ij-‘ N v;‘+i).

Set a; = a?’”. Then, G is a disjoint union of double cosets Ha; K with t > 0 ([9,
Theorem 2.4]). It is easy to see that an element g € G belongs to the double coset
Ha, K if and only if cosh®t = 271 {||g~ v, ||? + 1}.

LEMMA 13.  There exists go € G such that gou — u is a non-zero isotropic
vector in * for any u € £ — {0}.

PROOF. Since the signature of ¢+ is ((p — 1)+,¢—) and since we assume
inf(p, q) > 2, the space £+ contains a non-zero isotropic vector, say e. A compu-
tation shows (v, + e, v, + €) = (vp,v,). Thus, by Witt’s theorem, there exists
go € G such that go v, = vp + €. The element gy has the required property. O
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LEMMA 14. Letge G— H.

(1) If &(g) > 1, then g € Ha H with the unique t > 0 such that cosht = &(g).
(2) If 0 < &(g) < 1, then g € HkoH with the unique 8 € (0,7/2) such that
cosf = &(g). Here, kg is the element of K defined by

kovp—1 = cosfvp_1 —sinf vy,
kgv, = cos v, +sinfv,_1,

kow = w, (w € v;‘ N vj);l).

(3) If&(g) =1, then g € HgoH.

PrROOF. Let us show (1). If £(g) > 1, then cosht = &(g) determines the
unique ¢ > 0. Since gg(HatH) = cosht = ge(HgH), we have HgH = HayH by
Lemma 12. The remaining assertions (2) and (3) are proved in the same way by
Eo(HkgH) = | cos 6| and by &(HgoH) = 1. O

COROLLARY 15.  The map & : H\(G — H)/H — R™ is a bijection.
Proor. This follows from Lemmas 12 and 14. 0

On the subgroup H, the function & is equal to the constant 1. The com-
plement G — H is divided to three classes according to the values of & on them.
An element g € G, as well as the corresponding double coset HgH, is called H-
hyperbolic, H -elliptic or H-unipotent according to &(g) > 1, &(g) < 1or &(g) =1,
respectively. In this article, we consider only those uniform lattices I' such that
I' — 'y consists of H-hyperbolic elements.

5. Proofs.

Fix d € N, and set 04 = pg—2(¢—d). Let ' C G be an H-admissible uniform
lattice satisfying the condition © in Theorem 9; thus, the whole I' — 'y consists
of H-hyperbolic elements.

In [12], for any a(s) € C[s?], we introduced a Poincaré series

o (a,Tig)= > ¢, Tivg), g€G, T>0,
yeT g \I'

which is absolutely convergent as was shown in [12, Lemma 20]. Here (¥ (a, T} g)
is the ‘relative heat kernel’ defined by the integral
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1 ctioco R
oD (a,T;g) = / oD (g)a(s)e’ Tsds, (9 G—HK, T>0) (5.1)

27i oo

of the secondary spherical function cp : G — HK — Vj constructed in [12,
Proposition 6]. Recall that, for any T' > 0, the function g — @@ (a,T;g) on
G — HK is extended to a smooth function on the whole group G ([12, Proposition
18]) whose value at the identity is evaluated in [12, Proposition 13]. Our main
tool of investigation is a version of ‘relative trace formula’, which is the identity

2 > aw)e” TPH(T;Y)
veSH(T)

_T(¢-1)

= 6alPre {vol T \H)($'D(a, Tse) | 0a) +RyT;0,T)}, T>0 (5.2)

obtained by computing the H-period integral
PHTs0T) = 642 [ (@ (0, T5h) [ 0a)d
Tu\H

in two ways ([12, Propositions 29 and 30]). Here, R4(T; o, T') is the ‘H-hyperbolic
term’ defined as

Ry(T;a,T) = > vol(Ty NTY\H N H") L,(T), (5.3)
era\(I'-Tx)/THu

L@ = [ @O Tin) [0, (5.4)
HNHY\H

with d"h a Haar measure of H N H" (which will be specified later) and d,h =
dh/d7h is the quotient measure of dh by d7h.

5.1. Proof of Theorem 9.
By Lemma 14, for any v € I' — I'yy, there exists a unique ¢, > 0 such that
v € Hay H, and

inf{sinht, |y €T — Ty} > 1. (5.5)

We analyze the right-hand-side of (5.2) in detail. Fix a C-basis {v;} as in 2.2
such that £ = C'v,,.
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5.1.1. Computation of H-hyperbolic orbital integrals.
To study the H-orbital integrals (5.4), it is important to know about the
group H N H* and the homogeneous space (H N H*)\H for t > 0.

LEMMA 16.  Let J be the element of H which fizes v; for j # p+1 and maps
Vpt1 to —vp41. Lett > 0. The group H N H® is the fized point subgroup of the
involution h — JhJ ' of H. If we set all = a&”‘“), then

H=HnH"){a |r>0} (HNK).

There exists an H-invariant measure dg, h of (H N H*)\H such that

P 0 - -
/(HDH%)\H F(h)da h = /0 /HmK fla ko)o™ (r)drdk,
J € Co((HNH")\H),  (5.6)

where o™ (r) = (sinhr)2P~3(cosh )29~ dr is the Lebesgue measure and dkq is the
Haar measure of HN K such that vol(H N K) = 1.

Proor. The first assertion is proved by a direct matrix computation by the
basis {v;}. The remaining assertions then result from [9, Theorems 2.4 and 2.5].
O

Let v € I' = T'y. If we write
v="hlay hy, (h, hy€H),
then
HNH =HnNh;'a; ' Hay by = b3 (H Nag ' Hayg, ) hy.

Thus, h +— h;'h induces an H-isomorphism from (HNH®~)\H onto (HNH")\H,
by which we transfer the measure da, h fixed by Lemma 16 on the former space
to that on the latter space. By the transported measure dyh on (HNH")\H, we
normalize the Haar measure d”h on H N H” so that dh/d"h = dh. Having these
normalization of measures, using (5.6), we compute
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/ (@D(T;ar,h) | 0a)da
(HNH "t )\H

/ P (T;ar,a ko) | 04) 0™ (r)dr dkyg
0

:/ (6 (Tsar.alt) | 04) 0" (r)dr

0

e’} 1 c+ioco
= / { 57 / (gogd)(atW aﬁ) \ Gd)eszT sds}gH (r)dr (5.7)
0 c—1

700

by the H N K-invariance of 64 to have the third equality and by the formula (5.1)
to have the last equality.

LEMMA 17. Lett >0 andr € R. Ifata = ha,k with h € H, v € R and
k € K, then

cosh? v = 1 + sinh? ¢ cosh?r, (5.8)

PROOF. Set g = a;al. Then, by the decomposition G = Uyso Hau K, we
can write g = ha,k with (h,v,k) € H x [0,00) x K. By g = a; afl, we have

g~ va = ||a.(cosh t v, — sinht v,41)||

= || cosh t v, — sinh ¢(coshr vy4q — sinhr'vp_l)H2

cosh? t + (sinh ¢ coshr)? + (sinh ¢ sinh )2

cosh? t + sinh? t(cosh? 7 + sinh? r)

= cosh? t + sinh? t(2 cosh? r — 1)
=1+ 2sinh®t cosh?r
1

on the one hand. On the other hand, by g € Ha,K, we compute ||g~1v,|? =
2cosh?v — 1. Thus, 2cosh? v — 1 = 1 + 2sinh? ¢ cosh? r, which gives us (5.8). [

For each r € R, let k. € K be an element of K such that atwaf € Hayk,,
where v is the number determined by (5.8). Although k, is not unique, it turns
out that the vector 74(k, )0, is well defined as a continuous function in r. First by
[12, Formula (5.3)] and then by applying Lemma 17 to the last formula of I (T),
we continue as follows.
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1L,(T) = /000 {217” /LC{scd(s)}‘l(coshv)‘(5+90)

— 1
~F(S —;Ud +q, i 20d;s + 1; )682T8d8}

= /000 Qo(T; cosh? v) (04 | Td(kr)ﬂd)pH(r) dr,

where, for m € N, T > 0 and u > 1, we set

1
Qu(Tiu) = 5 /L B e s

— 1
B’rn(s; u) = {Scd(s)}ilsgm u*po/Q 2F1 <S _;O.d +4q, ° %d 38+ 1a U) .

LEMMA 18.  Let v € T" be such that v € Hay H with t, > 0. Then, the
function T — fV(T) is of class C* on (0,00), and

. L(T) = / Qum (T 1 4 sinh® ., cosh® r) (04 | Ta(ky)0a)p™ (r)dr
0

drm™"
for any m € N.

PROOF. Fix ¢ > o4. Set f(s) = |T((s+04)/2+ q)T((s +04)/2+1)".
Then, by the estimation

[¢ @) < () cosho) "), sectiR ve R,

S

established in the proof of [12, Lemma 11}, we have

oo c+ioco
L 10ty 1o |72 las by
0 c—100
= {/ f(C+Zy)(02 +y2)(2m+1)/26(02—y2)Tdy}
R
. { /0 (1 + sinh? ., cosh? r)~(eFr0)/2 H (r)dr}. (5.9)

Here we use Lemma 17 and the obvious estimate |(74(k,)04 | 04)] < [|04]|* for
k € K. By Stirling’s formula, the function y — f(c+ iy) is of polynomial growth



Limit formulas of period integrals 1055

as |y| — oo. Hence the first integral on the right-hand-side of the estimate (5.9)
is convergent. The second integral is also convergent provided ¢ > pg. Thus, by
applying Fubini’s theorem to the expression (5.7), we have that T' +— jw (T) is of
class C* on T > 0 and its m-th derivative is given by

1 c+ioco 00 R
(d) H 0 H d 2m+1 s Td )
o | [ a1 a2
Then, by the computation after Lemma 17, we have the conclusion. 1

LEMMA 19.  Given ug > 1, we have the estimation
| By (s;u)] < (14 |s]2)mHa=D/2y=p0/2 4y > ug, Re(s) > oq + 1. (5.10)

PROOF. Set a = (s +04)/2+4+ g and 8 = (s — 04)/2. By the integral
representation

. A\ _Tla+B8—q+1) (M5 aaf, t) "

which is valid if Re(a — ¢+ 1) > 0 and Re(3) > 0 ([11, p. 54]), we obtain

F 1 —q ]. - t a—q
B, (s;u) = u_p°/232m¢/ P11 — t t dt,
Tla—q+1) J, u 1--
u

Re(s) > 04.

Since0<1—-t<l—t/u<lfor0<t<1andu>1, wehave

_ _ Re(a)— _
Re(f)—1 AN AR “1/2 1\
0<t 1— - i <t 1——)
U 1—-— Ug

u
t € (0,1), u € (ug, +00)

provided Re(a) — ¢ > 0 and Re(f) > 1/2, or equivalently Re(s) > o4+ 1. Thus,
1
| Bin(s;u)| < u™"/2|s*"T(a)l (o = g + 1) 7| / t71/2at
0

= oy P0/2|g2m H(a )

q—1 ‘
Jj=1
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for any u > 1 and for Re(s) > o4 + 1. This proves the estimation (5.10). O

LEMMA 20. Given ug > 1 and A > 0, there exists Ty > 0 and Ly > 0 such
that

2
|Qm(T; u)| ~ T—BNo+1/2), —(A+po)/2 exp ( - é;),

T e (O,To), u e [UO7+OO). (511)
Here Ng = [m+ (¢ +1)/2].

PrROOF. For u > 1, set L(u) = logu'/2. We show that the numbers Ly =
L(up) and Ty = Lo/ max(204 + 2,16A) meet the requirement. If u > ug and
T < To, then the number ¢ = (27) 71 L(u) satisfies ¢ > o4 + 1. With this choice of
¢, we have

Qm(T5u) = %/RBm(c+iy;U)exp(—(0+iy)L(U))exp((C+iy)2T)dy

= /RBm (LZ(;) + 2yu> exp (— Lfgy — Ty2> dy

(B ) () 2

Set No = [m + (¢ + 1)/2]. Then, by applying the estimate (5.10), we have

Qe (T5 )]
L(u)z) _ Lw) iy |2\ e ¥ dy
<exp| — u”“/2/ 1+ |—F + —
p< 4T r 2T ' VT JT
Lw?\ - L()’ ™ v\ eV dy
< _ po/2) q / 14+ 2
< exp( AT )u { + 172 . + T T
L@\ o f L@ 1™ Q5 (No),\ L
= - 1 T (J+1/2)/ 2= qu.
exp( AT )u + 172 p j Ry e ¥ dy
Hence,
—(No+1/2) L(uw)?\ /2 L(u)* ™
|Qm (T w)| < T~ exp | — — o Ju o/l + AT? ,

u>1,Te(0,Ty). (512)
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Furthermore, if u € [ug, 00) and T € (0,Tp), then 0 < L(u) < L(ug) and T' < Ty <
L(ug)/16A; thus the exponential factor in the majorant of (5.12) is estimated as

o (- ) o (- ) (- )
- ( L(81;9)2> ox ( - L(ué))TL(u)>
0

L6 ,a
< exp i (5.13)

From (5.12), together with (5.13) and the obvious estimation

L(u)2 ™ —2N,, A/2
1+ T < T=*Noy2 0 T € (0,Tp), u € [ug,00),

we have the conclusion. O

LEMMA 21.  Form € N, there exist positive constants Lo, Ty, Ng € N and
A > 2pg such that

‘dmA 2

~L
dTmL,(T)‘ < T~ Wot1/2) oy ( STO)(sinhtw))‘, yel —Ty, T € (0,Tp).

ProoFr. By (5.5), we can apply Lemma 20 to obtain the estimation
|Qu (T35 1 + sinh® t., cosh? )|

L2
< T~ BNo+1/2) oxpy < - 8i;1> (1 + sinh® ¢, cosh? )~ (A+ro)/2

for T € (0,Tp), v € ' =Ty and r € (0,00). By this, together with the inequality
|(0a|7a(k)04)| < ||04]|%, we have, from Lemma 18,

dam™ .
—— (T
i)

< / |Qm (T 1+ sinh? ty cosh? 7)|(04 | Td(kr)ﬂd)|pH(r)dr
0
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_ Lg > . -
< 7~ (3No+1/2) exp ( _ SJQ) { /0 (1+ sinh? t, cosh2 r) (A+po)/2

- (sinh 7)*?~3(cosh r)2q1dr}

L2
< T~ BNo+1/2) exp ( — 8;) (sinht,)~(A+r0) T € (0,Ty),y €T —T'm,

provided the integral [, (sinhr)*~3(coshr)~4=P0T24=1dr is convergent, or equiv-
alently A > pg — 2. Since A can be taken arbitrary, we are done. 0

LEMMA 22.  For any A > 2py,

> vol(Ty NTH\H N HY)(sinht,) ™ < +o0.
yeEl'-T'y

PROOF. Let =: G — R" be the function defined in [12, 6.1]. From def-
inition, Z(kask) = (cosh2t)'/2 < 21/2cosht for any (h,k) € H x K and for any
tc R.

By [12, Lemmas 21 and 22], the series

converges absolutely and locally uniformly on G if A\ > pg, defining a continu-
ous function in g. Thus, the integral fFH\H Py\(h)dh is finite. By a standard
computation, we have

/ Py (h)dh
Tu\H

= Z vol(y NTY\H N H") / E(yh) "2 dh
~ETH\I/Ty HNHY\H

> > vol(y NTY\H N H") / E(yh)~*dh.
YETu\(T'-Tx)/TH HOH™\H

For each v € I' — 'y, by (5.6) and by Lemma 17,
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/ Z(yh) "2 dh
HNHY\H

_ / =(ar, h)~ 2 dh
HNH"*\H

:/ E(atwaf)72)\gH(T)dr
0

2/ (212 coshv) =2 o (r)dr
0

=927 / (1 + sinh® ¢, cosh® r)_)\(sinh 7)?P~3(coshr)®~1dr
0

> 27*(1 + sinh? t,y)*)‘/ (cosh? )~ (sinh 7)2P =3 (sinh )24~ Ldr
0
= (1 +sinh?t,) "2 J(N).
Here,

J(A) = 2_)‘/ (cosh ) =22 2971 (sinh ) 2P =3dr,
0
which is convergent if A > pg — 1. Thus,

vol(Ty NTJ\H N H")(1 +sinh®¢,)"* < 400
YeEru\(C—Tx)/Tr
it A > po. By (5.5), we are done. O

LEMMA 23. Form € N, there exist positive constants Lqg, Ty, No such that

2

L
No 0
‘dTdel“lT)‘ <T" exp<8T>, T € (0,Tp).

PRrROOF. This follows from Lemmas 21 and 22. O

COROLLARY 24. For any m € N,

m

d
Ay g (0 1 T) = 0.

PrROOF. Obvious by Lemma 23. O
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5.1.2. The identity term.
By [12, Proposition 13],

_ 1 2 dy
04l 2(5D(Tse) | 0 :7/ vT 2 4 p(T), T>0 (514
1042 (G Ts0) 1 00) = =gy | e T () (514)

with some C*°-function r(7) on R, whose exact form is unimportant for our

purpose here.

LeEMMA 25. Fory € R — {0},

lea(v/=Ty)|* = F(é;yl)ﬂ{(’;) N (2 +d_j)2}_1

=1

<.

PROOF. This is deduced from c4(s) = I'(q—1)T(s)['((s+04)/2+q) T ((s—
04)/2)~! by a direct computation. O

For T' > 0 and for n € N, set
ILN(T) = / e~ T2 22+ tanh <m)dx,
R 2

I(T) = / e T7% g2t coth <”>dx.
R 2

Let us introduce a convenient notation. For given functions a(T) and b(T)
on T > 0, if the difference a(T") — b(T") has a C* extension to a neighborhood of
T =0, we write

a(T) =b(T) mod C*(T = 0).

LEMMA 26. Letn € N. Then,

IFT) =T~ mod C=(T = 0).
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PROOF. We have I,;/(T) = J3(T) + J°(T) with

b
JS(T):Q/ e T 2”+1tanh< 5 )dx

It is obvious that the function J3(7T') is of class C°* on R. A computation shows
that the function

~1 nl
F(z) = TT*("H) Z %Tjarzje T
j=0+"

is a primitive function of z > z2"le=T2" ie. F'(z) = 22"*1e~T*". Hence,
applying integration by parts to the integral J°(T'), we have

J2(T) = 2[F(2)]3° — 2/100 F(:L')gthCm)dsc

2

7Tz

LN
:T*”“)ZZTJ@*Ttanh ™)+ I ”+1>Z TJ/ e,
7! 2 2 j' COSh2< )
2

=0

oo m 21
_ m—(n+1) (=1)"n! ™ ™ * L !
-7 >y il tanh { 2 ) + 2 1 >da: T'.

™
=0 j+m=l cosh? [ —
j,meEN,j<n 2

Apply the obvious relation

—)mal ol I
Z #:”T (_1)m< )251,0%!7 0<I<n
7im! l! = m

jt+m=l
JmEN,j<n
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to the last formula of J{°(7T'), we have

Jo(T) = T_(”+1)n!{ tanh (F) + E/ _ode | T-(n+1) 1
2 2 J; 9 (Wx)
cosh” | —
2
(mod C*(T = 0)).

Thus, I;H(T) = JHT) + JX(T) = n! T~"*Y  (mod C=(T = 0)). The integral

I (T) is treated in a similar way. O

ProOPOSITION 27. We have

1 K
Oall 2 (6D (Tse) ] 0)) = ——— b ' T mod C*(T = 0).
” d” (90 ( ) ‘ d) 2F(q)F(q— 1) Jz::() 5 J ( )

Here, b; (0 < j < gq—1) is the family of constants defined by

() (300} -Eo

j=1

PrOOF. This follows from (5.14) by Lemmas 25 and 26. O

5.1.3. Proof of Theorem 9.

The small-time asymptotic (3.5) follows from (5.2) combined with Corol-
lary 24 and Lemma 26. The large time estimation is easier to prove. Indeed,
let v; € SH(I'); — {0} be the element with smallest norm; then,

PimiT) = Y PHATw)+PHT;0)
veSH () —{0}

< emInlPT/2 pA (F; Z) + PH(T;0)

for any T > 0. O

5.2. Proof of Theorem 8.

Let {#,}nen be as in Theorem 8. Then, by Lemma 7, there exists ng € N
such that T';, = T »(.%,) with n > ng satisfies the condition © in Theorem 9. We
have a uniform bound of the magnitude of the H-hyperbolic term for such a T',,.
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LEMMA 28. There exists a constant Ty such that the estimate

|Ra(T'y;1,T)
Malni LIy s e T e (0.7,
vl nmg < b nzne TeO.Th)
holds.

PrROOF. By [12, Lemmas 40 and 41], we have the expression

Ra(Tn;1,T) vol(Ty.r N TS, \H N HE) .

VOl(Fn—ﬁ]‘[\I{) < %U(an/rm [ﬂ) VOl(FnO’H\H) I(T

with

Togr NI i Tnm NI 4]

Lo,z T m

U(FHD/FM[&D = Z

€dn (€]
for any [¢] belonging to the image of the natural map
Jn T o \(Tn = Tom) /Tt — Trg, 8 \(Trg — Tg 1) /T -
Since v(Tp, /Tn; [€]) < 1 by [12, Lemma 43], we obtain the inequality

|Rd(1—‘n717T)| < 1
vol(Ty, N H\H) = vol(Tn, 1 H\H)

> vol Dy ir NT5, 1y \H N H)|I¢(T)
[€]€T g, 1 \(Tng —Tng.11) /T 11

)

for any n > ng, whose right-hand-side is independent of n. By using Lemmas 21
and 22 to bound the right-hand-side, we have the conclusion. (I

PROOF OF THEOREM 8. The estimate (3.3) results from (5.2) combined
with Lemmas 27 and 28 immediately. Let x > 0. For v € SH(I')., the inequality
|v|? < x gives us

V2 v?

>
1+~ =z

> -1

2

since v~ is a negative real number. By this, we have
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D DI < () DI A
vESH (Tn)es|v2 <z veSH (p)ets|v2 <z
<PH(T,;(1+2)7)
< Cvol(I', N H\H)(1 + z)?

for any n > ng using (3.3). This completes the proof of (3.4). O

5.3. Proof of Theorem 11.
In this section, we prove Theorem 11 using Theorem 8.

LEMMA 29. Let f € S(R") be of the form f(x) = e *Tp(x) with some
T >0 and (z) € Clx]. Suppose #&(7q) when py is odd. Then, (3.7) is true.

PROOF. Set a(s) = (3(s?). Then, the estimation given in [12, Lemma 39]
is valid for ¢(9)(a, T;g) as it is. Hence by the same reasoning as [12, Proposition
49], we have

Rd(Fn; , T)

lim —om o,
noo vol(T,, N H\H)

In combination with this, (5.2) yields that the limit of

H
—(V2—1/2)T PT (Fn; V) 5 15
e;r:(r)e 0 o) vol(I', N H\H) (5:15)

as n — oo exists and is equal to the number
I'(g—1
%nedn—z(dd)(a, Tie) | 0a)e ™7, (n— o0). (5.16)
i

By [12, Proposition 4], (5.15) is expressed as a sum of (uf(T',,), f) and the terms
A (Tr)a(og — 2k) for k € Z, inf(0,d — q) < k < [04/2], where

H(p .
)\k(F ) — P‘r (Fn?ad — Qk) e{(a'd—Qk)z—l/S}T.
" vol(I',, N H\H)
Consider the case when pg is even. Then, by [12, Theorem 5], we have

lim A (T) = 6k > 0) a8 T O RO0 —21) s a?sty

n—0o0 I(og —k+ 1) (¢)T'(k + 1)7m? (5:17)
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for inf(0,d — q) < k < [04/2]. Here, 6(k > 0) denotes an element of {0,1} which
equals 1 if and only if £ > 0. Hence we obtain

lim (7 (T), f)

—u2 F(q_ 1) —2( ~(d
=it { D o2 e Tie) | 80)

[oa/2]
S I'(oa —k+q)l'(qg+ k)(oa — 2k)e(ad—2k)2Ta(Jd _ %)}.
k=0

(
T(og —k+ 1) (¢)T'(k + 1)7m?
By [12, Proposition 13], the right-hand-side of the equality is

F(qf 1) —(vg—vHT dv H(f)

a(v)e

8(q — N)matl/—1 J /=1r cam)? 1T

This complete the proof.

When py is odd, [12, Theorem 5] gives us the formula (5.17) only for inf(0,d—
q) < k < |04/2]. However, by using the assumption #(74), we can extend the
formula to k = [04/2] as follows. By [12, Corollary 38], we have the inequality

. I(og —k+¢)T(q + k)(oq — 2k)
<
i sup Ae(Tn) < 5 T T (k + D)

(5.18)

for k = [04/2] without using #(74). Let us show the converse inequality. The
assumption #(7y) yields the inclusion

SHT,)e C{reC|0<Re(r)<1—¢},
which ensures that the proof [12, Proposition 51] goes through with ¢ =1 —¢/2

in the argument. Consequently, we have the same conclusion as [12, Proposition
51] with ¢ =1 — €. Then, in the same way as [12, Proposition 52], we deduce

o T(oqg —k+q)T'(q + k)(oq — 2k)
>
hnniloréf )\k(rn) = F(O’d —k+ 1)I‘(q)F(/€ —+ 1)7Tq

(5.19)

for k = [04/2]. Now, the formula (5.17) for k = [04/2] follows from (5.18) and
(5.19).

Having established (5.17) for inf(0, d—q) < k < [04/2], we have the conclusion
by the same argument as in the case when pg is even. O
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LEMMA 30. There exists a constant A > 0 and Ny > 0 such that

sup (a7 (Tn), )] < A sup [f(2)(1+2™)|, VfeS(RY). (5.20)
neN z€ERT

PROOF. Since
|l (T, )|

P (Ty;v) 2 2N\ ! N
< S va— | — 1 . 1 1
S 2w nmm ) e )

it suffices to show that there exists N; € IV such that sup, ¢ Qn < +o00, where

PH(T,;v)
(N1) _ T \tn 1 2|Np\—1
@ est(;) wol(r, n ey )

We start from the expression of Qan) as a Stieltjes integral:
—+oo
QN = vol(I,, N H\H)™* / (1 + 2V~ 1aNE(T,,; ).
0

We have lim, (1 + 2?M)"INH(T,;2) = 0 if 2N; > ¢ by (3.3). Then, by
integration-by-parts,

vol(T,, N H\H)QNV)

ANy \— L ' . +oo - ' 2N1.]32N1_1
= I:(l—‘rl' ) NT (Fn,x)]o + o NT (Fn,.ﬁ)m x

+o0 = xQNl—l
=2N NI (T 2) ——v—5d
1/0 7 ( x)(1+x2N1)2 z
2N, -1

oo
< 2NjeCvol(I'y, N H\H)/O (1+ xq)mdx

Here, we use (3.3) to obtain the last inequality. Thus,

) 22Ni—1
:leleanl §2N10/ (14 29) (152212 —————duz,
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which implies sup,,cn Qn ) < 4o if 2N7 > q. O

LEMMA 31. There exists a constant A > 0 and N1 > 0 such that

[(uf )] < A sup |f(x)(1+2™)
zeERT

, VfeZ(R"). (5.21)

PrOOF. This is obvious by definition (3.6) of uf(f) and by Lemma 25. O

PROOF OF THEOREM 11. We follow the proof of [5, Theorem 9.1]. We
choose sufficiently large A > 0 and N; > 0 such that the estimations (5.20) and
(5.21) are valid. Let f € .(R™) and take an arbitrary € > 0. Then, by [5, Lemma
9.3], there exists T' > 0 and §(z) € C[x] such that

Sup. [f(x) = folx)|(1 +2™) < 34

with fo(z) = e T B(z). By applying Lemma 29 to fy(z), we have ng such that

|<:u'r( ” :u'r’f0>|

for any n > ng. By the estimations (5.20) for the function f — fj,

sup [(uf! (Tu). £ = fo)| < A sup {|f(z) = fo(@)|(1+ ™)} < A+ 57 = 2.

Similarly, from (5.21), we have

[l f = fo)| < <

Therefore,
|< (Fn) UT f>’
<ILL7I:I f f0>|+|<MT l’l"r?.fo>{+|<:u77f f0>|
€ €
<3+3t3-

if n > ng. This completes the proof. O
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6. Application to geometry.

The symmetric spaces Dg = G/K and Dy = H/Kp have invariant Kahler
structures such that the natural inclusion © iy < ®¢ is holomorphic isometry ([10,
2.1]). Let I' be an H-admissible uniform lattice in G. Since I" acts on D¢ = G/ K
properly discontinuously without fixed points, the G-invariant Kahler structure
on D¢ is pushed down to the discrete quotient ’Dg = I'\®¢. Similar remark is
applied to the action of I'yy on Dy = H/Kp to make the quotient D%, = Ty \Dpy
a Kahler manifold. Then, by Lemma 1, we have an holomorphic embedding of
Kéhler manifolds

j: D — Dg

compatible with the inclusion Dy — D¢ such that codime (D5 /DL) = ¢. Let
E[)] be the A-eigenspace of the Hodge-Laplace operator A acting on &/%%(Dg,),
the space of C-valued C*°-differential forms on D, of type (¢,q). Let Ar be the
set of eigenvalues of A; then, Ar is a countable discrete subset of non-negative real
numbers. Let us introduce a counting function N(DL, /DL ; z) by setting

2
/j*(*ﬁ) } x>0,
o

where Z(\) is an orthonormal basis of the finite dimensional Hilbert space E[A] for
each A € Ar, and * : &?4(DL) — /P4=2P174(DL) is the Hodge star operator.
We have the base-free expression:

N = Y | %

AEAr;A<T © BEB(N)

N@e/Dhix) = Y A2

AEAD; ALz

where || Py||? is the norm square of the linear form

P, : 3~ 7" (xB)

Dk

on E[)A]. Corollary 10 yields an asymptotic formula of the counting function
N(Dg/Dy; ):

THEOREM 32. Suppose I' satisfies the condition O in Theorem 9. Then,
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vol(DL))

N6/ D)~ G+ )

x, x — +o00. (6.1)

PrROOF. Let (1, V) denotes the finite dimensional representation of K on the
space of tensors \?p% ®@c A?p* (see [10, 3.2]). It contains an H N K-invariant
unit vector 7, = *volpyny (see [10, Lemma 3]). Take a family {(p;, F;) | i € I}
of irreducible representations of K such that 7 = @, ; p;. Then, &/%9(Dg,) is
identified with C°°(G/K;7)' ([10, 4.1]), and the latter space is decomposed as

C=(G/K;m)" = P C™(G/K;p)" (6.2)

i€l

according to 7 = P, pi- Since the action of the Casimir element has a decom-

position A = P, ; A,, compatible with (6.2), we have

=@ =, Vet —2) (AeR') and
iel
AF:U{pg—I/Q |vesS, D)} (6.3)

icl

Let Iy be the set of indexes ¢ € I such that n,; has a non-zero projection 775) to
F;. Then, from (6.3), it is proved that

N(Dg =S O NI (e - p3), > R
i€ly

Applying Corollary 10 to each p;, we obtain

2 vol(Ty\H)
NEE/) ~ T IO o e
i€ly

Since 1 = [|n[* = X4, ||n$i) > and vol(I' iy \ H) = vol(D%), we obtain the desired
asymptotic formula (6.1). O

REMARK. The resemblance of the formula (6.1) to Weyl’s law for the Hodge-
Laplacian on forms is evident.
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7. Limit formulas.

7.1. H-period invariants.

7.1.1.

For any continuous representation 7 on a separable Hilbert space % of a Lie
group G, let J£>° be the space of smooth vectors of 7; it is a G-invariant dense
subspace of J7, carrying a Frechet space structure with respect to which the G-
action is differentiable. Then, the space of distribution vectors of 7, denoted by
A, is defined to be the topological dual of .7,>°. The contragredient action of
G on > is denoted by 7', i.e.,

(m(g) vy ={l,m(g) " ), e veH>.

7.1.2.

Let G be a connected reductive Lie group with compact center and I' a uniform
lattice in G. Fix a Haar measure dg of G and consider the right regular repre-
sentation Rr of G on L?(I'\G). For an irreducible unitary representation (r, .5 )
of G, let ¥t » be the m-isotypic component of L?(I'\G). Then, by a fundamental
theorem of Gelfand, Graev and Piatetsuki-Shapiro, (a) L?(I'\G) is decomposed
as a Hilbert direct sum of closed G-subspaces 71 . for varying = € é, and, (b)
for each m, ¥1 , is a direct sum of finite, say mp(7), copies of m. The latter fact
(b) is equivalently said this way: For each 7 € é’, the space of all the bounded
G-intertwining linear operators from %, to L?(T'\G), denoted by (| Rr), is
of finite dimension mp (7). This is because, by definition, ¥ , is the image of the
natural G-isomorphism

Fa(r | Rr)®c #7:5T @v — T(v) € ¥ x.

LEMMA 33. There exists a hermitian inner product {|) on Jg(n | Rr) such
that T* o T' = (T" | T)id e, for any pair (T, T") of elements of I (| Rr), where
T* denotes the adjoint of T. For T,T" € Jg(m | Rr), (T" | T) = 0 if and only if
Im(T) and Im(T") are orthogonal in L?(T'\G).

Proor. For T,T" € SFg(m | Rr), the composite T* o T' belongs to
Fa(m | 7), which coincides with C'id e, by Schur’s lemma. Thus, there corre-
sponds the unique scalar (T” | T') such that T* o T’ = (T" | T) id s, . It is obvious
that (T | T”) defines a hermitian form on (7 | Rr). Fix a non-zero unit vector
& € H5. Then, (T | T) = || T(&)|? is a non-negative number, which is zero if and
only if T(&) = 0. Since % is irreducible, T'(¢y) = 0 if and only if 7' = 0. Thus,
the hermitian form is positive definite. The remaining assertion is obvious by the
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formula

(T T) | e =(TE) | TR, &1 € Hr. O

Let H be a unimodular closed subgroup of G such that I'yy\ H < I'\G has the
compact image. Fix a Haar measure dh on H. Then, by assigning the integral over
the compact subset I'y\H — TI'\G to each smooth function on I'\G, we obtain a
linear functional 2 on C>=(I'\G) = L?(T'\G)*°, which, indeed, is an H-invariant
distribution vector of the unitary representation Rp:

<3@{f,¢>:/ #(h)dh, ¢ € L*(T\G)>.

FH\H

For each 7 € G, let PH(r) be the image of PH by the restriction map
L*(T\G)~>® — Yrn - Thus,

H

2 (m) € (%r7°)" = Sa(n | Br)" @c (#)".

Suppose 7 satisfies the condition

& : dimg (jiffoo)H = 1.

For a non-zero element [0 € (,°°)"  there exists a unique element Z{ (1) /12 €

Ja(m | Rr)* such that
Pl (r) = (27 (0)/17) @ 13,

when regarded in S (7 | Rr)* ®@c (54 °)2. Let |2 (r)/12]|? be the norm
square of the element 22 (7r)/12 in the Hilbert space dual to (| Rr).
LEMMA 34. Let Y. = @;n:rl(ﬂ) 29 be an irreducible decomposition to
closed G-invariant subspaces c%’ér(j), and choose a G-isometry T} : 7 — %T(j) for
each j. Then, there exists a unique system of scalars ¢; (1 < j < mp(m)) such
that
Pl o (Ty | H) = 510 (7.1)

s

for any j, and we have
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mp ()

|2 @ /0] = Y el
j=1

PROOF. The existence of {c;} results from the condition &. The system
{T;} is an orthonormal basis of g(r | Rr); let {T}} be the dual basis of .7
(m | Rr)*. Then, by chasing definitions, we have

my ()
2 (m) =Y Tl
j=1
or equivalently Z{ (7)/18 = 225 T;. Since {T;} is an orthonormal basis of
Ja(m | Rr)*, we are done. O

LEMMA 35.

(1) If we replace (dh,dg) by (cdh,cd'dg) with positive numbers ¢ and ¢, then
| 2H (1) /121 is multiplied by ¢/ If we replace the G-invariant inner prod-
uct on H;, with a positive multiple, then the number | 2H (7)/12]1? is multi-
plied by the same constant.

(2) If a pair (7,12) and (7',1%,) are unitary equivalent, that is, if there exists an
G-isometry S : H, — o such that 19, o (S | 2>°) =12, then

B

|28 () )12 = || 2E () /1,

7.1.3.

From now on, let H be a symmetric subgroup of G, i.e., there exists an
involution ¢ of G such that (G?)° C H C G°. Fix a maximal compact subgroup
K C @, whose Cartan involution commutes with ¢. Then, H N K is a maximal
compact subgroup of H. For any irreducible representation (7,V') of K, the H N
K-invariant subspace (V*)#™K is at most one dimensional. Recall that, for an
irreducible unitary representation 7 of G, we defined a positive number P (T),
by

PH(T). = llo" ()l

PER

with # an orthonormal basis of the finite dimensional Hilbert space o7 (T'), =
(V ®c ..)% ([12, Section 1]). There is a case when the number |22 (7)/12|)?
is written in terms of PA ().
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PROPOSITION 36.  Suppose the condition & on w. Let (1,V') be an irreducible
unitary representation of K contained in 7 | K with multiplicity 1. Let 10 : V* —
A be a K-intertwining operator satisfying ||LO||HS = 1, where || ||us is the Hilbert-
Schmidt norm on I (t* | 7). If1% € > and 0, € (V*)HOK satisfy the condition

l70r o LO(éT) 7& 07

then

|2t @) = A% pir,
: 1900027 T

PrROOF. We set up an isomorphism
(T = Ja(n | Rr) © Ik (77 | 7)

by identifying T' ® ¢ belonging to the space in right-hand-side with the function ¢
belonging to the space in the left-hand side so that

(B, ¢(9)) = (Tou(v))(g9), geG,veV*™

When this holds, we write ¢ = [T ® ¢|. It is a straightforward matter to check
that, if ¢ = [T ® ¢] and ¢' = [T' ® (], then

(@1¢) =(T[T) (+])ms,

where (¢ | ¢/)gs is the inner product associated with the Hilbert-Schmidt norm on
I (1% | 7). Let {T;} and {¢n} be orthonormal basis of Z(7 | Rr) and Sk (7% | 1),
respectively. Then, the associated functions ¢, = [T; ® o] afford an orthonormal
basis of 7 (I'),. Let 6, € V be the element defined by the relation (v | 8,) =
(0, v) for any v € V. By Lemma 34, there exists a system of scalars {c;} satisfying
(7.1). Now,

[ @t 6an= [ (G ssuli)dn
FH\H FH\H
— [ @ow@)man
Cu\H

= Pf o Tj0ua(0r) = ¢;l5 0 ta(fr),

s
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from which we have

2
|l9r o La(é-,—)|_2

e;]? = \ / CRCIE

provided 12 o 1,(f,) # 0. By assumption, the singleton {¢°} can be served as the
system {io}. Then, by Lemma 34 and by the definition of P (T),,

2
10 0.0(d,)|

H 012 _ i
|75 @ =2 \ / AR
= OOLO VT - VT 2 o T i T —2
— 120 0(d,)| (6 §j:\/FH\H<¢J (h) | 6,)dn| (6]

S el T T

as desired. O

7.2. Plancherel formula.

Now, we return to our special setting in Section 2 and recall the Plancherel
formula of the symmetric space H\G proved by Faraut [8].

Let us first describe the H-spherical irreducible unitary representations m of
G that enter in the decomposition of L?(H\G), and for such a m, let us fix a basis
element of ()" and recall the Fourier transform f(7) of f € C2(H\G) at
Tr.

7.2.1. H-spherical distribution vectors.

Let s € C. Recall the space of C*°-vectors of 74, denoted by J£>°, consists of
all the complex valued C'*°-functions ¢ on the cone € = {v € W—{0} | (v,v) = 0}
satisfying @(tv) = [t|=(5TP0)p(v) for any t € C* and for any v € €; any g € G
acts on 2> by the rule 74(g)p(v) = @(g tv). If Re(s) > po, let us define
u(s) : A° — C by the convergent integral

1

W) ) =~ [ Il o) dew), g€ A
F(s p0+1> %o

([8, p-395]), where u, is a unit vector of £, 65 = {v = (z;y) e WHr e W~ | ||z| =
llyl| = 1} and dw(v) is the K-invariant measure on %, of total mass 1. Then, it
is known that the function s — (u(s),¢) has a holomorphic continuation to the
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whole complex plane ([8, Proposition 5.3]), and defines an H-invariant distribution
vector u(s) of s for any s € C.

There constructed a meromorphic family of intertwining operators &0 :
P — % such that

u(—s) o 0 = u(s) (7.2)

in an appropriate sense ([8, Theorems 6.2 and 7.4]). (72 coincides with (—s).
in the notation of [8].) From its explicit construction, we know that <7 is holo-
morphic on the set /—1R U (0,19) U{o4 | d € N, o4 > 0}.

e Unitary principal series: m, (v € v/—1R). For v € \/—1R, the representa-
tion (m,, 7£>°) is unitarizable by the inner product

(0 &Ym= [5 () (v)dw(v)

([8, Proposition 5.1]). Thus, we obtain an irreducible unitary representation
7, on the completion of 2> by the inner product above.
Let 19 to be u(v) for any v € vV—1R. Then, ()% =C12 .
o Complementary series: w5 (s € (0,10)). The representations ms with 0 <
$ < vy is unitarizable by the inner product

(0 ¢)n, = /% (00) (0)@ (v)dw(w) (7.3)

on > ([8, p.416]). By completion . yields an irreducible unitary
representation 7g; the representations 7s’s with 0 < s < 1 afford the com-
plementary series of H\G, which is empty if pg is even. Let l?rs to be u(s)
for any s € (0,19). Then, (£, >°)% =C12 .
o Relative discrete series: 6q (d € N, 04 = po+ 2(d —q) > 0) (see [12, A.7]).
Recall that the representation (74, Vi) occurs in (J7°°)  with multiplicity
one; let 73 be the smallest (g, K)-submodule of (JF°)x containing 74.
Then, as a (g, K)-module, ¥ is irreducible. Let #;° be the closure of 7 in
A and d4 the action of G on 7°.
— The case 0 < d < ¢. In this case, &0 is holomorphic and is non-zero at
s = 04. We fix a G-invariant inner product on 7° by

(o] @)an = /g (2. 0)(0)@ (v)d ().



1076 M. Tsuzuki

Let us define lgd 1V — C by

{5,,0) = (u(oa), ), ¢ € V5~

— The case ¢ < d. In this case, (s — 04) 7170 is holomorphic and is not
zero at s = 04. Set &Y = lim,_q,(s — 04) ' . Then, we fix a
G-invariant inner product on ¥;° by

(0] @)a, = [g (2 0)(0) @ (v)dw(w). (7.4)

[¢]

Let us define I§ : ¥;° — C by

(u(v), ), »€75°. (7.5)

V=0q

d
0 —
<l5d’ (,0> - dv

Let 74 be the completion of #;° by the inner products fixed above and
dq the action of G on ¥;. Then, (44, %4)’s comprise a class of irreducible
unitary representations of G, called the relative discrete series of H\G. For
these representations, (¥, >)" = CI§ .

Now, the representations listed above, together with the trivial representation
C, exhaust all the H-spherical irreducible unitary representations of G up to
equivalence ([8, Section IX]). For such a 7, the multiplicity free condition & in the
paragraph 7.1.2 is satisfied.

7.2.2. Fourier transforms.
Set SH = Sgusgs with S = /=1TR*U(0, vp) and Sgs = {04 = po—2q+2d |
d€ N, po—2q+2d>0}. Forve SH, set

{ﬂ'y, Ve Sg,

I, = .
Od, V:UdESdis-

Then the Fourier transform f — f(v), as a mapping from C°(H\@G) to the space
of functions on the set S, is characterized by

WO(v) = g I ()0 )Y, veSH, e C(a).

Here, ¢°(g) = [}; ¢(hg)dh for any ¢ € C*(G) ([8, p.396, p.412]). We should
note that I/, (¢)If; is a smooth vector of IL,, for any ¢ € C°(G).
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7.2.3. Inversion formula.
Let

and, for any o4 € Sgis, let C(oy) be the first non-zero coefficient of the Laurent
expansion of ¢(s) te(—s)"! at s = 04. Explicitly,

adf(p0_0d>r(p0+ad>, o4 < po,

2 2

- - . _ -1
Clod) = Zargprg) O e R I ]

04 2 Po-

By regarding S C C naturally, we endow the set S with the induced topology
from C. Let 2(SH) be the space of functions 3 : ¥ — C such that y — ((iy)
is a Schwartz function on R, such that z — S(z) is C* on (0,19) and such
that 8(o4) = 0 except for finitely many o4’s. Then, there exists a unique Radon
measure du on S, called the Plancherel measure, satisfying

H_l ~ i dy o o H
[, owa =~ A+ 3 Cleddle. 9€ (™)

dis
Note that supp(duf?) c SH — (0,vp).

LEMMA 37. For any right K-finite function f € CX(H\G), the Fourier
transform f, regarded as a function on S, belongs to the space 2(SH).

The inversion formula represents the Dirac distribution on H\G supported at
the origin He as a superposition of Fourier transforms; in terms of the Plancherel
measure, it can be stated simply as

fe) = [ fwiat, fecnGx.

7.3. Introduction of K-types.
For any d € N, set
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Bals) = F<SE2“> ﬁ(s_zpo —J)-

Let v € C. For any d € N, the representation 74 occurs in m, as a K-type
with multiplicity one; we fix a K-embedding L&V;,O o1 Va = > asin [12, Lemma

A.3] and denote it by L((i”) for simplicity. We endow V; with the inner-product
defined by

(v w), = lg [ ()] @) ()] (v)dw(v),

which is independent of v. By examining the highest weight, it turns out that 74
is self-dual. Fix a K-isomorphism €; : V; — V; and set ZEIV) = LEIV) o €q. Let ¢
be the H N K-invariant tensor defined by [12, Lemma A.8] (and was denoted by
04 there), and 01’1 € (V;)HOK the element corresponding to 0/, by the isomorphism
€4. Then, [12, Proposition A.13] yields the identity

u(v) o i) (01) = Ba(w)]|64])%. (7.6)
We need the value ||¢/,]|%.

LEMMA 38.

||91/1||2 = dimc Vd.

PROOF. From [12, Lemma A.8|, (14(k)0), | ¢),) = [Lfiy)(%)](k_lv(’)) for any
k € K. Thus,

6P = /K L (0] (o I (B0 (R
- /K |(rak)0%, | 02k = (dim V)]0

by the orthogonal relation for matrix coefficients of 74. 0

LEMMA 39. Letv € SH. Then, for any d € N,

|28 (1) /18, ||* = Ba(v) ™ Ba(—v) " PH(T;v).
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PrOOF. First assume v € v/—1R™. Then, by definition of the inner product

on > and that on V, the map 12 = (dim V;)~1/21}") satisfies [|:]|us = 1. With
this choice of ¢y, we apply Proposition 36 to have

| 2E (7)) =

|Ba(v) " PP (D), ,

by using (7.6) and by Lemma 38. Note that |B4(v) 712 = Ba(v) "1 Ba(—v)~! since

vev—1R.
Let v € (0,19). Then, from (7.2) and (7.6), we have

05,0 _ [ Pa®) \ (v
aor) = (). (77)

By this, we compute the inner product ||L((iy)(9:i)”£_y following the definition

(7.3) of the G-invariant inner product to show the identity ||L((iy)(‘9:1)”72ry =
(Ba(v)/Ba(=v))[164]1*. Thus, the map

O — (dim V)~ 12 Ba(=v) i)
a2 (50)

satisfies ||:°]|us = 1. With this choice of (°, we apply Proposition 36 to have

| 2E (7)) /12, |° = Ba(v) ™ Ba(—v) " PH(D),,

by using (7.6) and by Lemma 38.

It remains to show PX(I'),, = PH(T;v). The inclusion o, (1), C @, (T;v)
follows from the fact that Qg acts on m, by the scalar v? — p§. Thus, PH(T),, <
PH(T;v). Suppose PI(T';v) # 0 and fix an orthonormal basis {¢;} of ,safm (T;v).
Then, for j such that (b;[(e) # 0, it is proved that ¢; € <, (I'),, in the proof of

v

[12, Proposition 4]. Hence, P (I';v) = PH(D),, . O

Td

LEMMA 40. Let oq € SE.. Then,

Ba(oa)  Ba(—0q)™t, 0< 04 < po,
2 (6a)/13, | = PH(T;
| Gass H i) {5&(%)_15(1(—%)_17 po < 0g.

PRrOOF. It suffices to prove the following two formulas.



1080 M. Tsuzuki
Ba(ca) tBa(—0a)"t, 0< o4 < po,
ﬁ&(ad)_lﬂd(_o—d)_l> Po S ad,

PH(T);, = PH(T;04). (7.9)

|2 (5a) /1, |I° = P (D)5, - { (7.8)

We first consider the case pg < o4. Then, B4(—04) # 0 and B4(s) has a simple
zero at s = o4. From the relation (7.7), we have

70 L(Ud) _ ( /Bfi(o'd) )L((i—ad).

oq"d 5d(_0d)

From (7.6) and by definition (7.5), we have

1,015 = B(0a) 10411

By these, we can confirm that the map

B 1/2
=t (S)

when regarded as the K-inclusion V' < ¥,°, satisfies ||:°|lus = 1 by the same
way as in the proof of Lemma 39. Having this choice of ., we apply Proposition 36
to obtain (7.8) using (7.6) and by Lemma 38. The case 0 < o4 < po is settled
similarly. Indeed, we take

0 _ (73 —1/2 Ba(oa) I/QV(”d)
¢ = (dim Vy) <ﬂd(—0d)> I

and proceed the same way.

It remains to show (7.9). The inclusion <7, (T")s, C <% ,(T’;04) is obvious by
the fact that Qg acts on dgq by the scalar 03 — p3. Thus, we have the inequality
PH(T)s, < PH(I';04). Fix an orthonormal basis {¢;} of #,(I';04). For any
index j such that qﬁjH(e) # 0, let 2#(¢;) be the closed G-subspace of L?(I'\G)
generated by ¢;. Then, any irreducible subspace ¥ of J#(¢;) is an H-spherical
irreducible unitary representation on which €y acts by the scalar o2 — p3. From
the list of equivalence classes of such representations recalled in 7.2.1, the rep-
resentation of G on ¥ has to be equivalent to 4. Thus, ¢; € o, (I')s,. This
completes the proof of (7.9). O
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7.3.1. Spectral gap hypothesis.
LEMMA 41.  Suppose pg is odd, and let {T',} be a sequence of H-admissible
lattices in G. Then, the following statements are equivalent to each other.

(1) The condition &(7y) is true for any d € N.
(2) The condition &(1q) is true for some d € N.
(3) The condition #&(7y) is true.

(4) The condition

(3e € (0,1))(Vn € N)(Vv € (1 —¢,1))(PH(T),)x, =0)

s true.

PROOF. It is obvious that (1) implies (3), and that (3) implies (2). The
equivalence of (3) and (4) follows from the identity PZ(T;v) = PH(I)., for
v € (0,vp), which is proved in the proof of Lemma 39. It remains to show that (2)
implies (1). By Lemma 39, we have

Ba(v) ™ Ba(—v) " PH(Tsv) = B (v) ™ Ba (—v) " P (Tos ).

for any d,d’ € N. Since B4(v)~*84(—v) 7!, for any d, does not have zeros or poles
on the interval (0,1), we are done. O

REMARK. The equivalent conditions in Lemma 41 are obviously implied by
the following ‘spectral gap hypothesis’ for the complementary series 7, (0 < v <

1/0).

(e € (0,1))(Vn € N)(Vv € (1 —¢€,1))(mr, (m,) = 0).

It is shown that this follows from Arthur’s conjecture ([2]).

7.4. Limit formula.
LEMMA 42. Set SH(F) ={ve SH | ||<@§I(HV)/Z%V||2 # 0}. Then,

SH(T) = SH(D)ey U {oq € Si | P (T;04) # 0}.

In particular, ST (T) is discrete.
Proor. This follows from Lemmas 39 and 40. O

DEFINITION. For an H-admissible uniform lattice I' in G, define a measure
dpfl on SH by
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|2 )5, |1
volT MH\H)

dpf = )

veSH(T)

THEOREM 43. Let £ = @;Vzl Ogu; be an Og-lattice generated by a C-
basis {u;} of W such that £ = Cuy. Let {F,} nen be a sequence of Og-ideals
such that Ip11 C Fy, for anyn € N and lim,, o, 6(.F,) = +0o. Suppose I' o (H)
is torsion free, and set 'y, = T (S,) for n € N. Suppose the condition #(74) is
satisfied for d € N such that oq =1 if pg is odd. Then,

lim ., f(u)dulgn = /SH f)du  for any f € 2(SH).

n—oo S

PrOOF. Let f € 2(SH). It suffices to show the formula for the two cases:
(a) supp(f) € S U {wo}: (b) supp(f) C SEL.

Case (a): The trivial representation 7y occurs in the principal series representation
7, as a K-type with multiplicity 1. For x € R™, let /vy — x denote the square
root of vy — x such that Re(y/vy — x) > 0, and set

B(z) = Bo(vvo — @) Bo(—vvo —x) 7,
F(z) = f(v/vo — x).

Then, by f € 2(S™) and by Stirling’s formula, BF € .7 (R") is confirmed easily.
Applying Theorem 11, we have

lim (u(Ty),BF) = (u, BF). (7.10)

n—-+o0o
Now, by Lemma 39,

PH(T,;v) _ _

U@ BE) = 2 St o) )
_ |28 () /15, |I”

B Z vol(FFnﬂH\H)

DES% (Fn)ct

fw)

= [, fauf.. (7.11)

On the other hand, by Lemma 44, we have
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Fg-1) [, . o d
(ult BF) = 5 O [ ) i P
_ Ly dy
=2 16
=/ fw)du™. (7.12)
SH

By (7.10), (7.11) and (7.12), we are done.

Case (b): If the condition #(7y) for d € N such that o4 = 1 is satisfied, then each
point of SH_ is isolated in |J,, Supp(dulf{ ). Hence, it suffices to prove the formula
point-wisely on SH_. Let o4 € SH .. By [12, Theorem 55], we have the formula

dis*

PH(T,; T
im —tranica) _ T(0a+q) (7.13)
n—oo vol(T'y, N H\H) T (oq)

unless o4 = 1, in which case it is also true by the condition #(74) as was shown in
the proof of Lemma 29. By Lemmas 40 and 45, the formula (7.13) is equivalent to
the required limit formula with f being the characteristic function of the singleton

{oa}-

This completes the proof. O
LEMMA 44.
Bu()u(~5) - cals)ea(—s) = = e(s)e(s)
d\S)Pd\—S) - C4g\(S)Cq\ —S) = ———C(S —S).
I'(g—1)
ProoFr. A direct computation. O

LEMMA 45.  For each o4 € SH

-1 -1
o) D(og+q) |Baloa)™ Ba(—oa)™", 0<0oq<po,
o) = ———-"
-1 -1
mil(oa) | Bh(oa) " Ba(—0a) ™ po < 0a-
PROOF. A direct computation. O
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