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Abstract. Let (G, K) be one of the following Hermitian symmetric pair:
(SU(p,q), SWU(p) x U@)), (Sp(n, R),U(n)), or (SO*(2n),U(n)). Let Go
and K¢ be the complexifications of G and K, respectively, (Q the maximal
parabolic subgroup of G whose Levi part is K¢, and V' the holomorphic
tangent space at the origin of G/K. It is known that the ring of K¢-invariant
differential operators on V has a generating system {I} given in terms of
determinant or Pfaffian that plays an essential role in the Capelli identities.
Our main result is that determinant or Pfaffian of a deformation of the twisted
moment map on the holomorphic cotangent bundle of G¢/Q provides a gen-
erating function for the principal symbols of I} ’s.

1. Introduction.

Let V := Alt,, be the C-vector space consisting of all alternating n x n
complex matrices, and C[V] the C-algebra consisting of all polynomial functions
on V. Then the complex general linear group GL, acts on V by

9.7Z :=9Z'% (g€ GLy, Z€V), (1.1)

where ‘g denotes the transpose of g, and one can define a representation 7 of GL,,
on C[V] by

m(9)f(Z) = f(97".2) (g€ GLy, f € C[V]). (1.2)

For Z7 = (Zi7j)i,j:1,~~7n S V, with Zji = TR, let M = (Zi,j)i,j and D :=
(05)i,; be the alternating n x n matrices whose (4, j)-th entries are given by the
multiplication operator z; ; and the derivation 9; ; := 0/0z; ;, respectively. Then
the representation dr of gl,, the Lie algebra of GL,, induced from 7 is given by

dm(Eij) = =Y 2kjOks (1,5 =1,2,...,n) (1.3)
k=1
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where E; ; denotes the matrix unit of size n x n which is a basis for g, .

Let us denote by U(gl,) and U(gl,)“L» the universal enveloping algebra of
gl,,, and its subring consisting of GL,-invariant elements, respectively. Also, let
us denote by 22 (V) and 22 (V)% the ring of differential operators on V with
polynomial coefficients, and its subring consisting of GL,-invariant differential
operators, respectively. Then the following fact is known:

THEOREM ([4]).
(1) The ring homomorphism U(gl,)) %t — 29(V)CLn induced canonically
from dm is surjective.

(2) Fork=1,2,...,|[n/2]!, let

Iy:= > Pf(z)Pf(d)), (1.4)
1C[n), [I|=2k
where the sum is taken over all subsets I C [n] := {1,2,...,n} such that its

cardinality is 2k, and z;, Or denote submatrices of M, D consisting of z; j,0; ;
with i,j € I.2 Then {I%}i=1,2,...,|n/2) forms a generating system for P (V) Gln,

In particular, for k = 1,2, ..., [n/2], there exist elements of U(gl,,) =, called
skew Capelli elements, that correspond to Iy under the homomorphism. As the
names show, they play an essential role in the skew Capelli identity.

Now, following [6], [8], let us consider a 2n x 2n matrix ® alternating along
the anti-diagonal with entries in Z2(V):

[ u Z1,n e 21,2 0 i
U 0 —Z21,2
Zn—1,n 0
& — U 0 —Zn—1, " TRln 7 (15)
a1,n e an—l,n 0 —Uu
: 0 _8n—1,n

81’2 0 —u

| 0 =012 -+ —0Oin —u |

1For x € R, || stands for the greatest integer not exceeding z.
2For an alternating matrix A, Pf(A) denotes the Pfaffian of 4; see [7], or (A.1) and (A.2) for
its definition.
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where u is a parameter that commutes with x; ; and 0, ; for all ¢, 5. Our original
motivation of this work is to understand the skew Capelli elements more deeply, but
let us focus on the corresponding commutative objects i.e. the principal symbols
of I'y,, which we denote by v, before we enter the noncommutative world. So, it is
immediate from the minor summation formula of Pfaffian (see [5], or (A.4) below)
that the symbol o(Pf(®)) of Pf(®) provides a generating function for {;}:

[n/2]
o(PE(®)) = > u" (1.6)
k=0

where we put v9 = 1 for convenience.

As for the noncommutative counterpart, we can show that Pf(®) can be ex-
panded in the same way as (1.6), but with the coefficient u”~2* of v, replaced by
certain monic polynomial in u of degree n — 2k which is essentially the Hermite
polynomial (see [2]). Thus, if ® came from U(gl,) ® Mat, (C), it would follow
immediately from the property of Pfaffian that all I, belong to U(gl,)%%. How-
ever, it follows from (1.3) that there exist no elements of U(gl,) that correspond
to the multiplication operators z; j, nor the derivations 0; ;.

What is the natural reason for considering the matrix ® above (or, its com-
mutative counterpart)?

We observe that the action (1.1) of GL, on V = Alt,, is the holomorphic
part of the complexification of isotropy representation at the origin of Hermitian
symmetric space SO*(2n)/U(n). So, we embed U(gl,,)%*» into U(so0z,)%*" and
seek for a generating function for {v;} in the latter, in order to find an answer
to the question raised above. Here s05,, denotes the complexification of the Lie
algebra of SO*(2n).

U(gl,,) “Ln

~.

U(s0g,) &t

/

PP(V)CLr

The real linear Lie group SO*(2n) has irreducible unitary representations,
called holomorphic discrete series representations. We construct one of them,
say my, via Borel-Weil theory, which we induce from a holomorphic character
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A Q — C* whose differential is given by a multiple of the half sum of the
noncompact positive roots, where @ is the maximal parabolic subgroup of the
complex special orthogonal group SO,, whose Levi part is isomorphic to GL,.
Note that 7 is represented on the Hilbert space consisting of square-integrable
holomorphic functions defined on an open subset of V', and that the restriction of
7 to K-finite part coincides with 7 given in (1.2) when A is trivial.

Let dmy be the differential representation induced from ), which we extend
to the representation of sos, by linearity. Take a basis {X;} for s0s,, and its dual
basis { X'}, i.e. the basis for s0s,, satisfying that

B(Xi, X}') = 6i,

where B is the nondegenerate bilinear form on sos, given by B(X,Y) :=
(1/2)tr(XY). For X € so0q, given, we denote by o5(X) the symbol of the dif-
ferential operator dmy(X) substituted & ; for 9; ;. Now we define an element
O’)\(X) S C[Ziyj,gi’j;l <i<g< TL} ® §09, by

U)\(X) = ZO’)\(XZV) ® X;.

Note that o (X) is independent of the basis {X;} chosen and that it can be con-
sidered to be a variant of the twisted moment map on the holomorphic cotangent
bundle T*(503,,/Q) (see [11]). Then we deform o (X) by shifting the parameter
of A by 71, and replace the shifted parameter with a newly introduced indetermi-
nate, say 7; we denote by o5 (X) the deformed symbol with 7 (see Section 3 for
details).

One of our main results is that Pfaffian of o5 (X) provides a generating func-
tion for {7} (Theorem 3.1 (3)). On the way of proof, we will find that there
naturally appears a matrix which looks like ® given in (1.5). Namely, if we regard
oA(X) as the value at (z,€) of the map

T*(SOZn/Q) - C[Ty Zi,jagi,j] ®502na (l',g) = &X(X)a

and denote by u,, the element of Uy, (see Section 2 for the notation) that translates
the origin of SO3,/Q to z, we see that Ad(u;!)a,(X) is of the form
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T+m —V21p—1 - —V212 0
T+m —V2op_1 - 0 V212
T+ 0 s V2o o1 V21—t
—&in-1 —S2n-1 - 0 | —T—m ’
—&1,2 0 o Sont -T -
0 &2 o Ein—t —T ="

where (z; ;&) are coordinates around (z,§) € T*(S02,/Q), and we set ¥ :=
s — (T + m) for brevity, with s the integral parameter of A (Theorem 4.4).

All the setup so far also applies to the other two classical irreducible Her-
mitian symmetric pairs of noncompact type (SU(p,q),S(U(p) x U(g))) and
(Sp(n, R),U(n)). Let (G, K) be one of the two. Then the differential operators I,
given above have analogous objects, i.e. K¢-invariant differential operators acting
on the space of polynomial functions on V', the holomorphic tangent space at the
origin of G/K, which generate 222 (V )¢ and play an essential role in the corre-
sponding Capelli identity, where K¢ denotes a complexification of K (cf. [4]). In
these cases, they are given in terms of (minor-)determinants defined analogously
to M and D above (see (3.1) for details). If we define o5 (X) in the same fashion
as in the case of s0g,, we can show that the determinant of o5(X) provides a
generating function for their principal symbols (Theorem 3.1 (1) and (2)).

The contents of this paper are as follows: In Section 2, we give explicit real-
izations of G = SU(p, q), Sp(n, R) and SO*(2n), and their complexification G¢.
Then we make a brief review of construction of the holomorphic discrete series
representations ) via Borel-Weil theory, which we induce from a character A
of a maximal parabolic subgroup of G¢ whose Levi part is K¢. In Section 3,
we recall the definition of the K¢-invariant differential operators {I}} for each
G, and introduce our main objects ox(X) and (X ). Then we state our main
result that the determinant or Pfaffian of 75 (X) provides a generating function
for the principal symbols of {I;} (Theorem 3.1). The proof is done case-by-case
in Section 4 according as G = SO*(2n), Sp(n, R), or SU(p,q) (p > q), which is
based on explicit forms of the differential operators dmy(X;), with {X;} a basis
for g := Lie(G) ®r C. In Section 5, we show that ¢ (X) can be considered to
be a variant of the twisted moment map. In the appendix, we recall the defini-
tion of Pfaffian, and collect a couple of minor summation formulae of Pfaffian and
determinant without proof, which we make use of in proving the main results.
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2. Holomorphic discrete series.

In what follows, let G denote one of SU(p,q) (p > q), Sp(n, R), or SO*(2n),
which we realize as follows:

SU(p, Q) = {g € SLp—O—q(C);thp,qg = Ip,q}a
Sp(n,R) = {g € SU(n,n);'gJpng = Jnonts (2.1)
50*(2n) = {g € SU(n,n);'gJong = Jon}.

Here, for positive integers p,q,n = 1,2,..., the matrices I, 4, J,, and J, , are
given by

Let K be a maximal compact subgroup of G given by K := {[8 2] € G}, where,
for an element [3 2] in K, the submatrices a and d are of size p X p and ¢ X ¢,
respectively, when G = SU(p, q), or, both of size n x n when G = SO*(2n) and
Sp(n, R). Let Go and K¢ be the complexifications of G and K, respectively, and
@ the maximal parabolic subgroup of G¢ given by @ = {[‘; 2} € GC} so that

its Levi part is K. Define a holomorphic character A : Q — C* by

A([i SD — (detd)~* (2.2)

for s € Z. Denote by C) the one-dimensional @-module defined by p.v = A\(p)v
(p € Q,v € C), and by L the pull-back of the holomorphic line bundle G¢ x g Ci
by the embedding G/K = GQ/Q — G¢/Q.

The space I'(Ly) of all holomorphic sections for L) are identified with the
space of all holomorphic functions f on the open subset GQ C G¢ that satisfy

flap) = Ap) " f(2) (z€GQ, peQ). (2.3)

Define T'z2(Ly) to be the subspace of T'(Ly) consisting of square integrable holo-
morphic sections with respect to Haar measure on G:

Pye(Ly) = {f € T(Ly): /G F(g)2dg < oo}, (2.4)
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and let G act on I'g2(Ly) by

(Ta(9)f)(2) = f(g™'z) (g€ G, z€GQ).

Then (T),T'12(Ly)) is an irreducible unitary representation of G if it is not zero,
called a holomorphic discrete series. One must impose some condition on s in
order to require that I'f2(Ly) be nonzero, which we do not consider here since we
will be concerned with the representations of Lie algebras in this paper (see e.g. [9]
for the condition).
Now, according as G = SU(p, q) (p > q), Sp(n, R), or SO*(2n), let us realize

the bounded symmetric domain (2 as follows:

if G=2SU(p,q), £:={z¢€Mat,q(C);1,—"2z>0};

if G =9p(n,R), 2:={z€Mat,(C);1, —2z>0,J,2J, =z};

if G =S50%(2n), 2:={z¢€ Mat,(C);1,, —22>0,J,%2J, = —z},

and let G act on {2 by linear fractional transformation:

9.z = (az+b)(cz + )~ (g: {‘i Z] €G, ze Q) (2.5)

Then 2 is isomorphic to G/K in each case. If we denote by €'(£2) the space of all
holomorphic functions on (2, we define a map

O:T(Ly)—0(2), f—F

i)

Then @ is a bijection. Let 443 := ®(I'z2(Ly)), and define an action 7 of G on
%4, so that the diagram (2.6) commutes for all g € G:

Tp2(Ly) —— 4

n(g)l J{mg) (2.6)
Tr2(Ly) ——= JA .
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Explicitly, it is given by
(mA(9)F)(2) = det(cz + d)* F((az + b)(cz +d)™1) (2.7)

for g € G and F € J4, where g7t = [2}].

Let us introduce a few more notations. Let g := Lie(G) @ g C, q := Lie(Q), u
the nilradical of q, and u its opposite. Then we have g = udq and q = € u, where
t := Lie(K) ®g C. We denote by t the Cartan subalgebra of g that consists of
diagonal matrices in g. Let dmy be the differential representation of Lie(G) induced
from ), which we extend to the representation of the complex Lie algebra g by
linearity. Furthermore, identifying (2 with an open subset of u by z < [8 g],
let Up be the image of {2 C u by the exponential map. Note that if t € R is
sufficiently small, then exp¢tX acts on {2 for any X € g by (2.5), hence on J4 by
(2.7). Thus its differential at ¢ = 0 coincides with dmy.

Since we realize the real linear Lie groups G as in (2.1), the corresponding
complex Lie algebras g are given by

slpq = {X € Maty(C); tr(X) = 0},
sp, ={X € Matgn(C);tXJn’n + X Jp = O}, (2.8)
509, = {X € Maty,(C); X Ja,, + X Jo, = O},

respectively.

REMARK 2.1. If we denote the character of q induced from A : Q — C* by
the same letter A, then it is proportional to p,, the half sum of the noncompact
positive roots; more precisely,

_2s
= £+5p"’
where £ is the rank of g, and € = +1 if g = sl,44 or sp,,, and € = —1 if g = s09,,.

3. Principal symbols of K¢-invariant differential operators.

Let V' denote the holomorphic tangent space at the origin of G/K. Then
one can identify V' with u and construct a representation of K¢ on the C-algebra
C[V] of all polynomial function on V through the action of K¢ on V = u. Let
P9P(V)Ee be the ring of Kc-invariant differential operators with polynomial
coefficient and r := R-rank GG, the real rank of G. Then it is known that there
exists a generating system {Iy}g=12, ., for 29 (V)Ke which is given in terms of
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determinant or Pfaffian as follows ([4]):

3.1. The case G = SU(p,q) (p > q).

In this case, V = u is isomorphic to Mat, ,(C). Let M and D be p X ¢
matrices whose (4, j)-th entries are given by the multiplication operators z; ; and
the differential operators 0; ; := 0/0z; j for i =1,2,...,pand j =1,2,...,q, and
2l and 8% submatrices of M and D consisting of z; ; and ; j, respectively, with
i€l Clpland j€J C[q]. Then we define

Ly= Y det(z))det(d)) (k=1.2,...,q), (3.1a)

IC[pl,JClq]
[I|=|J|=k

which indeed form a generating system for ?}’@(V)Rc with K¢ = GL, x GLg D
Kc.

3.2. The case G = Sp(n, R).
In this case, V' = u is isomorphic to the vector space of all symmetric n X n
complex matrices z = (2 ), 2 = 2i;. Let

~ 282, i=7),
5y, = { j (' .)
81'7]' (’L;Aj)v

and let M and D be symmetric n x n matrices whose (i, j)-th entries are given
by the multiplication operators z; ; and the differential operators 0; ; for ,j =
1,2,...,n. Then we define

I = Z det(z}) det(d}) (k=1,2,...,n), (3.1b)

I,JCIn]
1=1T1=k

where 24,9} are as above, with I,.J C [n].

3.3. The case G = SO*(2n).

In this case, V = u is isomorphic to the vector space of all alternating n x n
complex matrices z = (2;,), 2 = —zi,;. Let M and D be alternating n x n
matrices whose (¢, j)-th entries are given by the multiplication operators z; ; and
the differential operators 0; ; for 4,j = 1,2,...,n. Then we define

L= Y Pf)Pi0r), (k=1.2,...,|n/2)) (3.1¢)

IC[n],|I|=2k
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where zy, 0y are as in the Introduction, with I C [n].

Let g denote one of sl,44,5p,,, or s02, again. Define a nondegenerate G-
invariant bilinear form B on g by

tr(XY) if g = sl
B(X,Y)={1 (3.2)
itr(XY) if g = s09,,0r 5p,,.
Given a basis {X;}i=1,._dimg for g, let us denote by {X,'} the dual basis with
respect to B i.e. the basis for g satisfying

B(Xi, X]) =6
fori,j=1,...,dimg. Then we define an element X of U(g) ® Matx(C) by

dim g

X =) X/oX, (3.3)
=1

where U(g) denotes the universal enveloping algebra of g, and N the size of ma-
trices when g is realized as in (2.8). We regard the former and the latter factors
in (3.3) as elements of U(g) and Maty (C') respectively.

Denoting by o (X) the symbol of the differential operator dmy(X) for X € g,
let us define a g-valued polynomial function on the holomorphic cotangent bundle

T"(Ge/Q) by
dim g
oA(X) = oa (X)) ® X;. (3.4)

i=1

By definition, X and o, (X) are independent of the basis {X;} chosen.
Note that o5 (X}’) involves the parameter s if and only if X isin t, or in u™.
We will see that o (X,") takes the following form:

kis + (linear terms in &,’s) if XY et,
(3.5)

kis z; + (linear terms in &,’s) if XY e u™,
for some k; # 0 € @, where (z4;&,) are coordinates around (z,&) € T*(G¢/Q)

(see Propositions 4.1, 4.5 and 4.8 below). Now, we shift the parameter s by v
and replace s — y; by a new parameter, say 7, as follows:
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e If the symbol o (X,') involves s, we rewrite ;s in (3.5) as

Ris = T (s — (1 — |ral)s),

|Kil
and substitute 7 + 71 into the former s:

R

o = (1= ).

Let us denote by 75 (X,”) the deformed symbol with 7 obtained in this way.
e If the symbol o (X,") does not involve s, we let oy (X}”) := o (X}).

Finally, we define

dim g
5)\(X) = Z o (Xz\/) ®X; € C[Ta Zaagoz] ®g. (36>

i=1

Denoting the principal symbol of Iy by ~ for each k = 1,2,...,r, our main
result is the following.

THEOREM 3.1.  The determinant or Pfaffian of x(X) provides a generating
function for {Vi}r=12.. r. More precisely, we have the following identities:

1. For G = SU(p,q) with p > q,

q P p=k
det(dx(X)) = (=1)7 ) <T+71 Cp+ q5>

k=0
g \"" ,
.<7-—|—’yl - p+qs) (5 — (7 + 7)) s (3.7a)
2. For G = Sp(n, R),
det(GA(X)) = (=1)" > (T +7)*" (s = (7 + 7)) (3.7b)
k=0
3. For G = S0*(2n),
1n/2)
Pf(oA(X)) = Z (T +5)" (s — (7 + 7)) s (3.7¢)

k=

(e}
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where we set yo = 1.

We will give the proof of these identities in the next section case-by-case.

4. Proof of main result.

Let us denote the m x n matrix whose (4, j)-th entry is 1 and all others are 0
by E(m "), which, if m = n, we abbreviate to EZ(J), moreover, if the size of E(")
is equal to the size of the linear Lie algebra under consideration, we suppress the

superscript.

4.1. The case G = SO*(2n).
First let us prove the case where G = SO*(2n), or g = s0a,,, since this is our
starting point of this project. Take a basis {X; ;}c=0,+.i,je[n) for 502, as follows:

Xt =FE_;j—E_; (1<i<j<n), (4.1)

where we agree that —i stands for 2n 4+ 1 — ¢ in what follows.

PROPOSITION 4.1.  The differential operators dmx(Xs ;) (e = 0,=+;1,j € [n])
are given by

dﬂ')\(X i) = 8(5 Z Zk ]8k ) (42)
k€e(n]
dmy (X75) = =01, (4.3)
dﬂ')\ (X;J) = —2SZi’j — Z (Zk,izj,l — zk’jzi,l)ﬁk,l. (44)
1<k<I<n
PrROOF. Let z = Zk)le[n] zk’lE,(fl) with 2, = —zp. Then z := Z.J,, belongs

to {2 if it is positive definite.
(I) First we calculate dmy (ng). Writing [&9] := exp(ftX?)j), we see that

exp ( - thj).z

=azd™ !

= (]-n — tEi(Z‘) + O(t2)> ( n tE?ST-Li-)l —jnt1—i Tt O(t2))
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_ (3 )z, zp(0) 2
= (2= 1(BYz 4 2B) ) 10+ O(2)

( Z Zk,zE,(;fl)ft Z Zk,l(Ei(Z)E,(CZ)+E£Z)E§Z)))Jn+0(t2)

k,le[n] k,l€[n]
= Z (Zk,l — t(di,kzjyl + 5i,lzk,j))E1(€TLl)Jn + O(tQ)
k,l€[n]

and that
n s sttr(B™ )
(detd)* = ((det (Ly + By, +O(8))) = B0 +O0),

Therefore, for F' € J243,, we obtain that

(dma(XP,)F)(2)
— i 0
=Gl mex?)F) )
t=0
d (n)
= SSttr(En+1j,n+1i)F( Z (2h0 — t(6i k20 + 5i,lzk,j))E](€nl)Jn>
tl, )
t=0 k,l€[n]
= (851-7]- - Z((si’kzj’l + (5i7lzk7j)ak7l)F(Z)
k<l
= <S(§i’j - Z Zj,la“ - Z Zkvjak,i> F(Z)
i<l k<i
= <85i’j - Z zj’kﬁl’k>F(z)
k€e(n]

(IT) Next we calculate dmy(X;7;). Writing [§ %] := exp(—tX";), we see that

exp(ftX;'j).z =z+b
_ (z . t(Ei(Z) - Eﬁ))),]n

= Z (2k,0 — t0i k051 + téj,k(si,l)E;(:l)Jnv
k,le[n]

hence we obtain
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dmy (X[5) = — Z(5i,k5j,z —05,1051) Okt
k<l

= =0 ;.

(IIT) Finally, let us calculate dm (X, ;). Writing [19] := exp(—tX; ), we see
that

exp ( — tXiTj).z
2(1, +cz)™?

—1
Lo+t (B = E)2)

I
w

(2 4z (Ei(f;) - E](")>z) Jn + O(t2)

(Zonabl) =t 3 capseatl) (55 - B)ED ) 4, + 02
k a,b,c,d

206y

~

= Z (Zk,l — t(Zkinjﬁl - zk,jziyl))E,(:l)Jn + O(t2),
%l

and that

det(1, + c2)* = (det (1, + 7, (B — B2,
_ esttr((Eif;)fE;z))2)+O(t2)

_st(z,i—2i,5)+Ot?) _ —2stz; j+O(t?)
=e s F = e ’ s

from which we obtain

dmy (X;]) = —2521‘,]' — Z(zhizﬁl — Zk7jzi7l)ak,l.
k<l

This completes the proof. O

Noting that the dual basis of (4.1) is given by

(X0y)" = Xj,

7,0

(X" = X7

4,57

let us define the element X of U(g) ® Mats, (C) by (3.3); it looks like
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[ XP1 X3, X1 | X X2 0
XPy X3, X0o 0 —Xp,

-  xo.. o 0
X — Xlo,n Xg,n Xg,n 0 _erfl,n _anD
X X" 0 |-Xx0° -X%, —-x9 .0

1,n n—1mn n,n n,2 n,l
0 _XTJLF—LTL

Xfy 0 D XS X3, —X3,
0 _XIJCQ _XlJrn _X?,n _X?,Q _X?,l

REMARK 4.2.

851

It is well known that Pfaffian Pf(X) of the matrix X given

above? is a central element of the universal enveloping algebra U(sos,,) (see [7] for

the definition and the properties of Pfaffian with noncommutative entries).

Following the prescription (3.4), let us define o\ (X) by substituting &; ; into

81”':

n(X) = Yo ((X5,)Y) @ X,

THEOREM 4.3.

Ad(u(z) Yo (X) = SZXQZ.

€,

Let u(z) :=exp ), _; %,;(X; ;)" € Ug. Then we have

= X,

i<j
[ s
s
- s
—&1in-1 —&2m-1 - 0 -5
—£1,2 0 cor Ean —s
0 12 - &inet —s

(4.5)

(4.6)

(4.7)

3Throughout the paper, for a 2n x 2n matrix A alternating along the antidiagonal, we denote

Pf(AJ2y,) by Pf(A) for brevity.
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Proor. This is just a simple matrix calculation, but we give a rather de-
tailed one, which we will need in proving the theorem stated below. In what
follows, for a matrix A given, let us denote its (¢, j)-th entry by A,;.

Writing [§ %] :==u(z) and [& B] := 0A(X), we have

_ A—2C Az —2Cz+ B — 2D
Ad(u(z) " Hor(X) = OZ * ZC;+D = (4.8)

(I) First, we calculate the (1,1) and (2,2)-blocks. Let C := J,C. Note
that, by definition, A;; is a,\(X;.))i). Since (2C);; = (2C);5 equals Y1 2 1€k,; =
— > py ZikEj ks it follows from (4.2) that

A=sl, +z2C. (4.9)
Then the fact that (4.8) is an element of sos, implies that

Cz+D=—J,(A-20)J, = —sl,. (4.10)

(IT) Next we show that the (1,2)-block equals 0. Let B := B.J,,. Since (3C%);;
equals

Z 2 k€ki2,5 = (Z-FZ)Zi,kzl,jfk,z = Z (2k,i%5,0 — 2k,5%i,0)h.15

k,len] k<l k>l 1<k<i<n
it follows from (4.4) that B = —2s% — 2C'% and
B = —-2sz—2Cx. (4.11)
Therefore we obtain that
Az — 202+ B — 2D = (sl + 2C)z — 2Cz — 28z — 2Cz — z(—sl,, — C%z)
=0.

This completes the proof. O

Now, using the principal symbol y1 = ), _; 2x18x,1 of the Euler operator I'y on
V and a new parameter 7, we deform the symbols o (X7,) and o (X i), following
the prescription given in Section 3 (see the paragraph just before Theorem 3.1).
Note that they can be written as
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oA X)) =s—m+ Z 21,18k 15
i

ox(X;;)=—(s—m+8)zij +nzij — Z(zk,izj,l — 2h,j%i,1)Ek,1-
k<l

We replace s — 1 by 7 in the above formulae, and denote the deformed symbols

with 7 by o1 (X},) and 5x(X, ), respectively:

oA(XD) =T+ Z 2,18k 1 (4.12)
k<l
k14

oA(Xi;) = (T +s+m); - Z(Zk,z‘zj’,z — 2k, %i,0) k0 (4.13)

k<l

as for the other symbols, we set (X5 ;) := oA(X; ;). Then we define o (X) by

o\ X) = Z5A((Xf,j)v) ® X ;-

€,

THEOREM 4.4. Let u(z) € Uy be as in Theorem 4.3. Then we have

Ad(u(z) ™) (X)

= (THM) D X0 =Y & Xi = (5= (T m)) D2 X (4.14)
‘ i<j i<j
[ TEm —Vz1pn—1 - —U212 0 |
T+ —1922’7171 . 0 ,1921’2
= T+m 0 s Vzgpo1 V21 (4.15)
&1 —Som-1 - 0 | —T—m
_6172 0 e gQ,n—l —T—-m"
L 0 §i2 o St 7= |

Here, we set ¥ := s — (7 + 1) in (4.15) for brevity.

ROOF. e =0y . ote that the submatrix C 1s the same
P Let [4¢7) 5i7)] = 6A(X). (Note that the submatrix C is th
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as in the proof of Theorem 4.3). Then it suffices to show that

A1) = 2C = (T + 7)1, (4.16)
A(T)z —2Cz+ B(1) — 2D(7) = (T + 71 — )z, (4.17)
Cz+D(1t)=—(1t+m)1, (4.18)

(see (4.8)).
(I) First we show (4.16) and (4.18). But the latter follows from the former,
as in the proof of Theorem 4.3. Note that A(7);; = oA(X},;) can be written as

A1)y = (7‘ + Z Zk,lgk,l)(si,j - Z 2k,i€k,j- (4.19)
k=1

k<l

Since the second summation in (4.19) is equal to —(2C);; = —(2C);; as shown in
(I) of the proof of Theorem 4.3, we obtain that

A(r) = (1 + 7)1, + 2C.

(IT) Next we show (4.17). Let B(r) := B(7)J,. Since the summation part of

oaX; ;) = B(7);; equals (2C%),; as in (IT) of the proof of Theorem 4.3, we obtain
that

B(r)=—(t+s+7)z—2C=z. (4.20)
Now, combining (4.20) with (4.16) and (4.18), we obtain that
A(r)z —2Cz+ B(1) — 2D(1) = (1 + 711 — 9)=.

This completes the proof. O

Note the similarity between the matrix ® given in (1.5) and 75 (X) conjugated
by u(z)~! € Ug given in (4.15).

It follows immediately from Theorem 4.4 and the minor summation formula
of Pfaffian (Theorem A.1) that Pf(c,(X)) yields a generating function for {vj}.

4.2. The case G = Sp(n, R).
Next we prove the case where G = Sp(n,R), or g = sp,,. Take a basis
{X{ jYe=0,2:i,jem) for sp,, as follows:
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X}, =Ei;—E_ ;. (1<ij<n),
Xy =FEij+Ej i (1<i<j<n), (4.21)
Xij=FE_ji+E; (1<i<j<n),

where —¢ stands for 2n + 1 — ¢ as in Section 4.1.

PROPOSITION 4.5.  The differential operators dmx (X ;) (e = 0,454, j € [n])
are given by

n
dma(X7;) = s6;5 — Z 25,605 k» (4.22)
k=1
dma(X;5) = =05 5, (4.23)
dﬂ')\(Xi_,j) = —252;; + Z Zk,izj,lék,l- (4.24)
1<k i1<n

PROOF. Let EZ(Z) be as in the proof of Proposition 4.1, and let Z :=

Zk,l zk,lE,gZ) with 2; = zx,;. Then z := ZJ,, belongs to {2 if it is positive definite.
Then, we can calculate the differential operators d’lT)\(Xf’j) as in the case of s0s,.
(I) Writing [ & 9] := exp(—tX?;), we see that

exp ( — tX?)j).z =azd?

= Z (2,0 — t(0i k240 + 5i,lzk,j))E}(€Z)Jn +O(t%)
k,l€[n]

and
(det d)® = et (BrYa—jnpa-)+O(E)

Hence

dmy (X)) = 65 — Z 251061 — Z 2k, Ok,i

i<l k<i

= S(Siﬂ' — Z Zj,kéi,k-
ke[n]

(I1) Writing [§ 4] := exp(—tX;;), we see that
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exp ( — tXifj).z =z+b
= (2 - t(Eff;) + Eﬁ?))h

= Z (2 — t03 1050 — t(sj,kfsi,l)E](fl)Jn-
k,€[n]

Hence

dmy (X[5) = — Z(5i,k5j,z +04,10,%) Ok 1

(IIT) Writing [} 9] := exp(—tX, ), we see that

exp (— tXZ-Tj).z =2(1, +e2)t

-1
z( 1, —tJ, (El(?) + E](ZL))z)

— (2 Ttz (Efg) + E]('i))é) Jn + O(t?)

Z(Zkfl +t(2ki25,0 + Zk,jzi,l))El(:l) Jn + O(tg),
Tl

and
det(1, + c2)° = (det (1n 1, (Ef’;) n EJ(Z))UN))S
= e~stu((B+E)D+0(E)
— o st(zitzi ) FO(t?) _ o—2stzi j+O(t?)
Hence

dma (X)) = 2825 + Y (k20 + 2k,2i0) Ok
k<l

= —282i7j + E Zk,iZjJakJ.
k,l€[n]

This completes the proof.
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Noting that the dual basis of (4.21) is given by

(x0)" = x7

7,00

Vv
(X5)" =

let us define o5 (X) by substituting 5” into 5” following the prescription (3.4)
as above.

THEOREM 4.6.  Let u(2) :=exp ), %,;(X; ;)" € Up. Then we have

Ad(u(z) Hoa(X) = SZXz‘Oﬂ' - ZéivaiTj (4.25)
: i<
S i
s
s
_ . (4.26)
_gl,nfl _52,n71 e _2§n,n —S
12 262 - —&an—1 —s
| —2861 —&12 0 —&inet -5 |

PROOF. Again, this is just a simple matrix calculation, and can be shown
in the same way as in the case of §02,. In fact, if we write [ 2] := 0 (X), then
the summation ), z; x&; x in o (Xﬁi) = A;j equals —(zC);;, from which it follows
that

A =351, +2C.

Similarly, the summation _, , zi,kzg7j§k7l in ox(X;;) = (BJn)i; equals (2CzJy )5,
from which it follows that

B =—-2sz—2Cx%.

Now exactly the same calculation as in the proof of Theorem 4.3 yields the identity
to be shown. O
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Now as above, following the prescription given in Section 3, we deform the
symbols o (Xg ) and J,\(X ) using y1 = Y, ie[n] %k 1€k, and a new parameter 7.
The results, which we denote by o (Xzol) and (X ), are given by

oA(XD) =T+ Z 2,18k, (4.27)
k,lELn]
5,\(X;j) =—(T+s+m)z,; + Z Zk,izj,lék,h (4.28)

k,l€[n]

respectively; as for the others, we set o1 (X ;) := oA(X[ ;). Then we define o (X)
by

) ® X5,

A

€54,
THEOREM 4.7. Let u(z) € Ug, be as in Theorem 4.6. Then we have

Ad(u(z) ") (X)

= (T-i—’)/l)ZXZ— Zﬁw (s=(t+m)) ZZW (4.29)
i i<j i<j
_T =+ Y1 7192’17n 7’[92172 7192171 i
T+M —V29.p —Vz99 —U212
_ T+ Y1 _ﬁzl,n _1922,11 _ﬁzl,n (4 30)
_gl,n _62,71 te _2571,71 —T—TN
12 =260 - —&on —-T—m
| 261 —&12 —in —T—m |

Here, we set ¥ := s — (7 + 1) in (4.30) for brevity.

PRrROOF.
proof of Theorem 4.4.
In fact, if we write |

A(7) B(T)] .
C D(r)

= oA (X

), then we see that

The theorem follows from matrix calculation parallel to that in the
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n
A(r)ij = (T +> Zk,z&c,l>5i,j > Zhibhy (4.31)
k.l k=1

and the second summation in (4.31) equals —(2C);; = —(2C);;, hence we obtain
that

A(r) = (1 + 7)1, + 2C.

Similarly, we see that the summation in o5 (X, ;) = B(7)4; equals (3C%);; as shown
in the proof of Theorem 4.6. Thus we obtain that

B(t)=—(t+s+v)z— 2Cxz. (4.32)

Again, exactly the same matrix calculation as in the proof of Theorem 4.4 yields
the identity to be shown. (I

It follows immediately from Theorem 4.7 and Proposition A.2 that determi-
nant of o (X)) yields a generating function for {v;}.

4.3. The case G = SU(p,q) (p > q).
Finally, we prove the case where G = SU(p, q), or g = sl, 44, with p > ¢. Take
a basis {H,, Eli],X :} for slp44 as follows:

Hi:=Eii = Eprgptq (1<i<p+q-1),
Ef; = E;, (1<i#j<p),
Eij = Eptip+j (1<i#j<aq), (4.33)
X35y = Bipt (1<i<p1<j<q),
g = Lot (1<i<p1<j<q).

PROPOSITION 4.8.  The differential operators dmy(H;), dmx(E; ) dT(',\(Xi )
are given by

dﬂ')\ i) =8 — Zzl 18” — Zth(?k,q (1 S ) S p), (434)

p
Ama(Hpys) = > (2k,jOkj — 2k.gOkq) (1<j<q-1), (4.35)
k=1
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dma(Ef) sz 10; (1<i#j<p), (4.36)
dm\(E Z 21,0k (1<i#j<g), (4.37)
dma(X;5) = =0, (1<i<pl1<j<gq), (4.38)
dWA(X;,j) = —52;; + Z 2k,5%i,10k,1 (1<i<p1<j<gq). (4.39)
1<k<p,
1<i<q

PrOOF. Letz:=> E( 9 Then » belongs to (2 if it is positive
definite.

(I) Write [89] := exp(—tH;). Fori =1,...,p, we see that

i€lpl.jelq] #ind

exp(—tH;).z = azd ™"

(1p—tE§§)+O(t2)) (1 FEE + O(tQ))f

= Z (2k,0 — t(di k200 + 5l,q2k,q))E1(g{7iq) +0(t%)

kelp],l€(q]

and

(det d)s = 9ttr(Ep+q p+q)+O(t2).

Hence

d7T,\ —S—Zz”&l sz’qak’q ’L—L...,p).

l€[q] ke[p]
For j =1,...,q — 1, we see that
exp(—tH, ).z = azd™*
-1

= o(1 - o(E - B19) +007)

= Z Zlcl + t(d1 2,5 6l)qzk7q))E (p,q) + O(tQ)
€lpl,



Principal symbols of K¢ -invariant differential operators 861

and (det d)® = 1. Hence

dma(Hp1j) = Y (2kj0k; — 2.q0kq) (G =1,...,0—1).
=

(II) Writing [¢9] := exp(—tE;'j), we see that
exp ( — tE;’:j).z =az

= (1p — tEi(Z-))z

= Y (e~ iz EGY + O(2).
ke[pl,i€lq]

Hence

dﬂ')\ E+ Z Zj, 1(91 l-
l€[q]

(IIT) Writing [§ 9] := exp(—tE; ), we see that
exp(—tE”) z=zd"
= z(lq — tEi(?j)>

= Z (Zkl+t5 1%k z)qu) +O(t2)
ke[p],l€ld]

-1

and detd = 1. Hence

dmy (E Z 2k,i0k, ;-

kelp]
(IV) Writing [§ 4] := exp(—tX;;), we see that

exp(—tX:'j).z =z+b

_ (p:q)
=z — tEw- .

Hence
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dﬂ'A(X{Z-) = —Bi’j.
(V) Writing [19] := exp(—tX; ), we see that

exp (—tX, ).z =z2(14+ cz) ™

z(l — tE(q<’p)z) -
q X

=z+ tzE§§’p)z +O0(t%)
= Y (erittagz) BG40,
ke[p).l€(q]
and
det(1, +c2)° = (det (1, — tE{S7)z) ) = emstnBL7 400
_ e—stz,;,j+o(t2).
Hence
d7r,\(XZ-T ) = —s2;; + Z 2k,j%i,10k,1-
kelpll€lq]
This completes the proof. O

Noting that the dual basis of (4.33) is given by

pt+qg—1

H; = H; p+q > H (B5)" = B3, (X5)" = X7,
k=1

let us define o (X)) following the prescription (3.4) as above.

THEOREM 4.9.  Let u(z) := exp 3, jelq % (Xi ;)" € Ua. Then we have

Ad(U(Z)_l)UA(X)

q—1
L qSZHerj - Z §ij X (4.40)

p+q i=1 i=1 ielpljeld]
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_4q_
p+qS
_4q_
p+q5
_q_
_ p+q8
P
*51,1 *52,1 *fp,l p+q5
D
*51,2 *52,2 *fp,2 *MS
p
=1, =82, " —&pg “pt+a?d |

PROOF. It follows from (4.34) and (4.35) that

p+q—1

1
g 2 =

5_ szqfkq

k=1 ke[p]

Thus we obtain that

O.A(Hi + S_Zztlgll (i=17.-.,p),
TPt o
oA(Hyy;) = 8+ Z 2ok (G=1,-..,9—1).

kelp]

Now, if we write [ 5] := 01(X), then

Aij Z Zq l§jl (7/7] € [p])a
l€(q]
Bij=—szij+ Y. ke (i €[pl, j € lal),
kelpl,j€lq]
= _gj.,i (7’ € [q]v .7 € [p])v
p .
D;j = *TS&'J' + Z 2k,j ki (4,7 € [q])
P kelp)

863

(4.41)

(4.42)

(4.43a)

(4.43D)

(4.43¢)

(4.43d)

by (4.36), (4.37), (4.38), (4.39) and (4.42). Now exactly the same matrix calcula-

tion as in the proof of Theorem 4.6 yields the formula to be shown.

O

As above, following the prescription given in Section 3, we deform the symbols
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ox(H}) and UA(X[J-) using v; = Zk’le[n] szng and a new parameter 7. The
results, which we denote by x(H,") and 55 (X ), are given by

o (sz) = <7' __P > + Z Zk,lgk,l (’L =1,... ,p), (444)

s
Pt kelpl,l€(q]
ki

_ q :
ox(Hy5) = <_ o p+qs> = > ambkr (=L...q-1), (445
ke[g’gl‘e[q}
J

NX) ==zt Y zkjzabes (=1...p j=1,...,9)
kelpll€lq]
(4.46)

respectively; as for the others, we set ox(-) := ox(+). Then we define 7,(X) by

oAX) = Zax(Hiv) ©Hi+ Y (Ga((E5;)Y) @ By +aa((X5,)") © X5 ).

€1,J
THEOREM 4.10. Let u(z) € Ug be as in Theorem 4.9. Then we have

Ad(u(z)")ar(X)

P q—1
p q
=|7+m— s EH¢+<77+ s>§ H, ;
( g p+q)i_1 1 p+g ptJ

j=1

- Z fiJXijj — (S - (T + ’71)) Z Zi’jX;rj (447)
i€[pl,i€lal i€[p],i€ld]

[ T+ —1921)1 —192:172 —19217(1-

T+ —1922,1 —192’272 —192’27(1
_ Ty |=V2p1 —U2p2 -+ —V2p4 . (4.48)

—51,1 —52,1 —fp,l T—
=812 —&22 - =& T_

L =81 =24 —$pg T— ]

Here, we set 7o = 7+ v — (p/(p+4q))s, 7— := —7 — 1 + (¢/(p + q))s and
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¥ :=s— (7+71) in (4.48) for brevity.

ProoF. If we write [Ag) gg:” := 0A(X), then we can show that
p
Alfr)=(74+m — 3)1 + zC, 4.49
0= (r -2y, (4.49)
B(1) = —(1 +m)z — 20z, (4.50)
q
Diry=(-71—-m+ s)l —Cz 4.51
( ) ( 1 p+gq q ( )

exactly in the same way as in the proofs of Theorems 4.4 and 4.7. Thus we obtain
the theorem. O

It follows immediately from Theorem 4.10 and Proposition A.2 that determi-
nant of o (X) yields a generating function for {~x}.

REMARK 4.11. There is one more classical irreducible Hermitian symmetric
pair of noncompact type, namely, (SOq(p,2), SO(p) x SO(2)). Let us denote by q
the maximal parabolic subalgebra of so,,2 whose Levi part is € >~ so, & C. If we
define the character A : ¢ — C by

2
Aszna
p

with s € Z and p,, the half sum of the noncompact positive roots as above, then
all formulae corresponding to those stated in the theorems in Section 4 also hold
true.

5. Twisted moment map.

In general, let G be a Lie group, g its Lie algebra, and g* the dual of g. If M
is a G-manifold, then the cotangent bundle 7% M is a symplectic G-manifold, and
the moment map p: T*M — g* is given by

(u(x,€), X) = &(Xn(x)) (v e M,EeT;M) (5.1)

for X € g, where (-,-) denotes the canonical pairing between g* and g, and
Xy (z) € T, M the tangent vector at x € M given by
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Xu(@)f =—| flexp(—tX).x) (5:2)
t=0

for functions f defined around = € M (see e.g. [10]).

Returning to our case, it follows from (5.1) and (5.2) that the principal
part of ox(X) (i.e., the linear part in &’s) is identical to the moment map
p o T*(Ge/Q)|la/xk — ¢* composed by the isomorphism g* ~ g via the bilin-
ear form B given in (3.2), which we also denote by u. Furthermore, the to-
tal symbol o(X) can be regarded as a wariant of the twisted moment map
px  T*(Ge/Q)|la/xk — ¢* ~ g due to Rossmann, though we follow the nota-
tion by Schmid and Vilonen (see Section 7 of [11]). In fact, the difference py — py,
which they denote by A\, with z € G¢/Q, can be expressed as py —pu = Ad(g)\Y,
or

pa(z, &) = Ad(g)A + p(z, §), (5.3)

where AV € g corresponds to A € g* under the isomorphism g* ~ g via the
bilinear form B, and g is an element of a compact real form Ugr of G¢ such
that © = gé with ¢é the origin of G¢/Q. Note that if z is in the open subset
G/K =GQ/Q =UnQ/Q C Ge/Q, one can choose a unique u, from Uy, (which
we denoted by u(z) in Section 4) so that = wu.¢é instead of g from Ug. Then,
writing p) (z,€) := 0A(X) to make its dependence on x and £ transparent, one
can immediately verify that

p(,€) = Ad(uz)N” + p(@,8). (5-4)

Theorems 4.3, 4.6, and 4.9 state that an analogue of Ug-equivariance of the twisted
moment map holds:

Ad(ug )i (2,€) = ph(ug (2, €)), (5:5)

though Ugp is not a subgroup. Since ujl.(x,€) = (&, (uz)*€) and (ug)*¢ €
T*(Ge/Q), the relation (5.5) says that all the symbols of the representation op-
erators dmy(X), with X € g, are determined by those at the origin.
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A. Minor summation formulae.

In this appendix, we collect a couple of formulae concerning Pfaffian and
determinant needed to show the identities in (3.7).

Recall from [7] that for an alternating 2n x 2n matrix A = (a; ), ¢ = —a; ;,
with entries in an associative algebra <7, the Pfaffian Pf(A) is defined by

1
Pf(4) = ol z@: SgN(0) Ao (1),0(2) A0 (3),0(4) * * * Ao (2n—1),0(2n)- (A1)
ccGap

If & happens to be commutative, it reduces to
Pf(A) = " sgn(0) Go(1),0(2) 0o (3),04) ** * Go(2n—1).0(2n); (A.2)

where the sum is taken over those o satisfying
0(2i—1) <o(2i) for i=1,2,...,n and o(1) <o(3)<---<o(2n—1).

Let X be a 2n x 2n complex matrix alternating along the anti-diagonal. Since
X Jy, is an alternating matrix, one can define Pfaffian of X J5,,, which we denote by
Pf(X) as mentioned above. If we write X as X = [¢ _ anta Jn] with submatrices
a, b, c all being of size n X n, then b and ¢ are also alternating along the anti-

diagonal. Thus we parametrize the submatrices a, b, ¢ as follows:

bin e b 0
aii a1,n . 0 b
. —b1,2
a= , b= ,
an,1 An,n bn—l,n 0
0 _bn—l,n bl n
(A.3)
Cin Cn—1,n 0
0 —Cn—1,n
C =
C1,2 0
0 —c1p - —Cin

)

THEOREM A.1 ([5]). Let X =[¢ 7anta‘,n] be a 2n x 2n complex matriz al-
ternating along the anti-diagonal with submatrices a,b, c parametrized as in (A.3).
Then we can expand Pfaffian P{(X) in the following way.
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n/2] )
Z Z sgn(I, I)sgn(J, J) det (a’)Pf(b;)Pf(cy). (A4)
k=0 1,JC[n]

|I|=|J|=2k

Here, I denotes the complement of I in [n], ag the submatriz of a whose row- and
column-indices are in I and J respectively, by, cy the submatrices of b, ¢ whose row-
and column-indices are both in I, and sgu(I,J) the signature of the permutation
(12 ;") for I,J C [n].

In order to show (3.7a) and (3.7b), it suffices to consider a square matrix X
of the form X = [“i” Ui’q] with u,v € C and submatrices b, ¢ of size p X ¢, ¢ X p
respectively. Let us parametrize X as follows:

u bl,l e bl,q
u b271 e bg,q
X = u by e bpg
C1,1 C2,1 *°* Cp1| U
LCl,q €2, """ Cpyq v

PROPOSITION A.2. Let X be a square matriz given as above. Then we can
expand det X in the following way:

q
det X = Z Z uP~FpI7F det (b)) det (cf). (A.5)
k=0 IC[p],JClq]
[|=]J|=
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