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of Hermann actions

By Osamu IkAwA

(Received Oct. 19, 2009)

Abstract. We introduce the notion of symmetric triad, which is a gen-
eralization of the notion of irreducible root system, and study its fundamental
properties. Applying these results, we study the orbit spaces of Hermann
actions on compact symmetric spaces.

1. Introduction.

Let (G, K1, K3) be a compact symmetric triad. The isometric action of K on
a compact Riemannian symmetric space M7 = G/K; is called a Hermann action
(see Section 4.1 for the detail). When K; = Ky, then the Hermann action is
nothing but the isotropy action on M;. In this paper, we describe the orbit spaces
of Hermann actions using the fact that a Hermann action is hyperpolar. Here
an isometric action of a compact Lie group on a Riemannian manifold is called
hyperpolar if there exists a connected closed flat submanifold, called a section,
that meets all orbits orthogonally. A section is automatically totally geodesic.
We mainly deal with (G, K7, K3) in the case where G is simple, and 6; and 65
commute each other, where 6; is an involutive automorphism of G which defines
K; fori=1,2.

In order to describe the orbit space of such a Hermann action, we introduce
the notion of a symmetric triad (f], 3, W) of a finite dimensional vector space a
with an inner product, which is a generalization of the notion of irreducible root
system (Definition 2.2). For a given symmetric triad, we can define a point in
a to be a regular point or a totally geodesic point (Definitions 2.5 and 2.8)0 A
connected component of the set of regular points is called a cell. We can define an
Affine Weyl group and see that the Affine Weyl group acts transitively on the set
of cells (Definition 2.9 and Proposition 2.10). The closure of a cell is a simplex.
A totally geodesic point is a vertex of a simplex, but the converse is not true in
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general. We will define a symmetric triad with multiplicities (Definition 2.13)0
For a given symmetric triad with multiplicities we can define a point in a to be an
austere point or a minimal point (Definitions 2.15 and 2.16)0 A totally geodesic
point is an austere point for any given multiplicities, and an austere point is a
minimal point (Proposition 2.17)0 We can stratify a cell and see that each strata
has a unique minimal point (Theorem 2.24)0 We classify the set of all symmetric
triads (Theorem 2.19) and determine which point is totally geodesic or austere
(Corollaries 2.22 and 2.23)0

We construct a symmetric triad with multiplicities from a compact symmetric
triad mentioned above and can identify the orbit space with the closure of its
cell. Under the identification, regular, minimal, austere and totally geodesic point
correspond to regular, minimal, austere and totally geodesic orbit, respectively.
In particular each strata of the orbit space has a unique minimal orbit. When
K, = Ko, this is a result of D. Hirohashi, H. Tasaki, H. Song and R. Takagi ([8]).

The notion of austere submanifold was introduced by Harvey-Lawson [5],
which is a minimal submanifold whose second fundamental form has a certain
symmetry (Definition 4.8). A totally geodesic submanifold is austere. The am-
bient spaces of known explicit austere submanifolds, except totally geodesic sub-
manifolds and complex submanifolds, are only Euclidean spaces and spheres. In
fact Harvey-Lawson constructed some austere submanifolds in spheres. Bryant [2]
solved the local problem of describing the austere submanifolds of three dimen-
sion in Euclidean space in all dimension. Recently we determined austere orbits
in the hypersphere of the tangent space among the orbits of s-representations. If
an isotropy orbit in a compact Riemannian symmetric space is austere, then it is
totally geodesic (Theorem 4.31). On the other hand, many austere orbits which
are not totally geodesic can be constructed when we consider Hermann actions
which are not isotropy actions.

The author would like to express his sincere gratitude to Professor Toshihiko
Matsuki, who suggested the author Lemma 4.38, Proposition 4.39 and their proofs.
The author would also like to express his sincere gratitude to Professor Hiroshi
Tamaru, who suggested the proof of Lemma 4.32.

2. The geometry of symmetric triad.

We begin with recalling the definition of root system. Let a be a finite
dimensional vector space over R with an inner product ( , ).

DEFINITION 2.1. A finite subset ¥ C a — {0} is a root system of a, if it
satisfies the following three conditions:

(1) a=span(X).
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(2) If a, B € 3, then s,0 € X, where we define an orthogonal transformation s,
of a by

(. B)

Q.
[lex]|®

Saﬁ:ﬁ_z

(3) If a, B € 3, then 2((a, B)/||a||?) € Z.

A root system X of a is called irreducible if it cannot be decomposed into two
disjoint nonempty orthogonal subsets.

We will define a symmetric triad.

DEFINITION 2.2. A triple (X,%, W) is a symmetric triad of a, if it satisfies
the following six conditions:

(1) % is an irreducible root system of a.

(2) ¥ is a root system of a.

(3) W is a nonempty subset of a, which is invariant under the multiplication by
~l,and =X UW.

(4) If we put | = max{[ja|| |« € ENW}, then SNW = {a € | ||lof <1}

(5) Forae W,Axe X —W,

A
2 <|ré’|2> is odd if and only if s, A € W — X.
a

(6) Fora e WAeW — %,

A
2<ﬁ’”2> is odd if and only if s, A € ¥ — W.
a

When (3,3, W) is a symmetric triad of a, then ¥ N W is a root system of a
by (4) of Definition 2.20 When ¥ is an irreducible root system of a, then the triple
(i, 3, i) is a symmetric triad of a. Hence the definition of a symmetric triad is a
generalization of the notion of an irreducible root system.

LEMMA 2.3. Let (3,3, W) be a symmetric triad of a. For any A € (X —
WHYU (W = X), there exist o, 3 € XN W such that A = o + S0

PROOF. Any root which is not shortest in an irreducible root system is a
sum of two roots which are shortest. Hence the assertion follows from the condition
(4) of Definition 2.20 O



82 O. IkAWA

B For a symmetric tfiad (i, 3, W) of a, we denote b)j II a fundamental system
of ¥. We denote by YT the set of positive roots in ¥ with respect to II. Set
YT =¥NYt and W+ =W NXt. Denote by II the set of simple roots of X0

LEMMA 2.4.  Any element of ¥ can be expressed as a linear combination of
elements in I, whose coefficients are integers.

PROOF. By the condition (3) of Definition 2.2, ¥ = (W — ¥) U ¥. Hence
the assertion follows from Lemma 2.3. 0

For a symmetric triad (i, ¥, W) of a, put
F:{Xea|<A,X>egZ (Aei)},
Isaw = {X €al{a,X) e gZ (a € EOW)}.

We have I' = I'sqw by Lemma 2.30
DEFINITION 2.5. A point in I is called a totally geodesic point.

DEFINITION 2.6. Let (X,%, W) and (X/,%/,W’) be symmetric triads of a
and o', respectively. Then (X, %, W) and (X', %', W) are equivalent, if there exist
a linear isometric isomorphism f:a — a’ and Y € T such that f(X) =X’ and

Y -W={fla)|a € X —-W,{a,2Y) € 21 Z}
U{fla) |la eW =X, (a,2Y) €T+ 21Z},

W =% ={f(a) |a e W —3,{a,2Y) € 21 Z}
U fla) |ae X —=W,{a,2Y) e m+21Z}.

We write (X, %, W) ~ (X, %, W) if (£,%, W) and (X', %/, W’) are equivalent.
In this case f(XNW) =X NW’ holds. The relation ~ is an equivalent relation.

PROPOSITION 2.7. W is invariant under the action of the Weyl group W (%)
of ¥.

PrROOF. By the condition (4) of Definition 2.2, W N ¥ is invariant under
W(X). Hence (W —X) U (X — W) is also invariant under W(X). Since ¥ — W =
{a € T | ||a|| > I}, the two subset ¥ — W and W — X are invariant under W (X).
The assertion follows from W = (W NX)U (W — %). O
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DEFINITION 2.8. We define an open subset a,. in a by

o= () {H6a| \H) ¢ 7Z, (o, H) ¢g+7rZ}.

AEX, aeW

A point in a, is called a regular point, and a point in a — a, a singular point. A
connected component of a,. is called a cell.

DEFINITION 2.9. An Affine Weyl group W(i, X, W) of a symmetric triad
(3,8, W) is a subgroup of the semidirect product O(a) x a whose generator set
is given by {(sx, (2nm/|[[A|)A) | A € B,n € Z} U {(8a, (2n + D)7/[|a||P)a) | a €
W,n e Z}.

The action of (sy, (2nm/||A|?)A) to a is a reflection with respect to the hyper-
plane (), H) = nm, and the action of (s, ((2n + 1)7/||c/|?)a) is a reflection with
respect to the hyperplane (o, H) = ((2n + 1)/2)m.

PROPOSITION 2.10.  The Affine Weyl group W (X, %, W) acts transitively on
the set of cells.

ProoF. First we will prove that W(fﬁ, 3, W) maps any regular point to
a regular point. Let H € a be a regular point. For A € ¥,;n € Z, set H; =
(sx, 2nm/||A|*)A) - H € a. We will prove that H; is a regular point. For u € 3 we
have

2nm 2nm
(s Hy) = (sap, H) + ”AHQ(AM, ”A”2</\7u> enZ.

Since H is regular, (syu, H) € nZ. Hence we get (u, H1) € nZ. For a € W, we
have

2nm
112

2
T M\ a)ernZ.

<OK,H1> = <8)\O‘7H> + ||)7;L||2

A a),

Since sya € W by Proposition 2.7 and H is regular, we have (s«, H) &€ w/24+7Z.
Hence (o, H) € w/2 + nZ, which implies that H; is regular.

For a € W,n € Z, set Hy = (84, ((2n + 1)7/||a|?)a) - H € a. We will prove
that Hy is regular. Let A € X, then

2n 4+ 12(a, \) 2n 4+ 12(a, \) ey
TeE_-Z.

</\7H2> = <Sa>‘7H> + T,
2 e 2 e 2
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When A € ¥ N W, we have s,A € ¥ N W by (4) of Definition 2.2. Since H is
regular, (sqX, H) & (7/2)Z. Hence (\, Hs) ¢ (7/2)Z. Consider the case where
A€ X —W. If 2{a, \)/||a|? is even, then ((2n + 1)/2)(2{a,\)/||a|*)m € 7Z. In
this case so A € ¥ —W by (5) of Definition 2.2. Since H is regular, (sq A\, H) ¢ 7Z.
Hence (\, Hy) ¢ nZ. If 2{a, \)/||a||? is odd, then ((2n + 1)/2)(2{a, \)/||||?)7 €
/24 wZ. In this case soA € W — X by (5) of Definition 2.2. Since H is regular,
(sa\,HY ¢ m/2+nZ. If § € W, then

2n + 1 2(w, B) 2n +12(w, B) ™
IR = el D50 ™ T el "€ 27
We may assume that 3 € W — . If 2{«a, 3)/||a? is even, then ((2n + 1)/2)
(2{c, B)/||||?) € TZ. In this case 5,8 € W — 3 by (6) of Definition 2.2. Since H
is regular, (so(3,H) & m/2 + 7Z. Hence (3, Hy) ¢ /2 + nZ. If 2(a, B)/||c||? is
odd, then ((2n+1)/2)(2(a, B)/||@||?) € 7/2+7Z. In this case 5,8 € X —W by (6)
of Definition 2.2. Since H is regular, (so03, H) ¢ nZ. Hence (8, Hs) ¢ m/2+ 7 Z.

From the above argument, we see that the Affine Weyl group maps any regular
point to a regular point.

Since the action of W (%, X, W) is a homeomorphism, W (X, X, W) maps any
cell to a cell.

Let Py, Py be two cells and select H; € P; (i = 1,2). If the segment H; Hs
intersects a hyperplane (A, H) = nw (A € ¥,n € Z), then

2nm
e (S*’ ||A||2A) I

|y — Hy| >\

If HyH; intersects a hyperplane (o, H) = ((2n+1)/2)7 (0 € W,n € Z), then

2 1
HHQ _HlH > HH2 — (Sa,(7|1;_||2)7r0l> 'H1 .

Take s € W (%, %, W) such that
|Hy — soHi|| = min {||Hs — sHi|| | s € W(Z, 5, W)},

then the segment from sqH; to Hs intersects no hyperplane of the form mentioned
above. Hence sqg P, = P>. O

COROLLARY 2.11. a= Usev'i/(i W) sPy for any fized cell Py.
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For a symmetric triad (i, X, W) of a, set

0 < (\ H) (A eTn),
MNHY < Z Aextnwt),
POZ < > 2 ( ) ; (22)
(MH) <7 Aext —wt),
—Z<(wH)<Z (aeWt-3%T)
then P, is a cell. Put
Wo={aeWt |a+AgW (Aell)}, (2.3)

then clearly we have Wy # 0.
LEMMA 2.12. Py={He€a|0< (N H)(Aell), (o, H) <7/2 (o € Wp)}.
ProOOF. By Lemma 2.3 we have
0 < (A H) (\ e II),

Py=qHecal(\H)<% Aextnwt),
—I<(wH)<% (aeWt-%T)

By the definition of Wy, for any @ € W there exist Ai,...,\; € II such that

a+ A+ -+ A € Wy (K may be equal to 0). Denote by P the right-hand side
of the equation in Lemma 2.12, then

PO_{HeP1

—g<<>\,H> ()\GW+E+)}CP1.

Take H € P; arbitrarily. For A € W — X%, there exist a, 3 € ¥ N W such that
A = a+ ( by Lemma 2.3. We may assume that § > 0 since one of a and 3 is
positive. Then (A, H) > (o, H). If & > 0, then (\, H) > (o, H) > 0. If o < 0,
then (A, H) > —(—a, H) > —7/2. Hence Py = P;. O

DEFINITION 2.13.  Let (E,E, W) be a symmetric triad of a. Put R>o =
{r € R | z > 0}. Consider two mappings m,n : ¥ — R>( which satisfy the
following four conditions:

(1) m(A\) = m(=X), n(a) =n(—a) and

mA) >0 rey nla) >0 acW.
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(2) When A € B, o € W, s € W(X) then m(X) = m(sA), n(a) = n(sa).
(3) When ¢ € W(X), the Weyl group of ¥, and A\ € % then n(\) + m()\) =
n(oX) + m(o ).
(4) Let x\e XNW and a € W.
If 2(a, A)/||]|? is even then m(\) = m(sa ).
If 2{c, \)/||||? is odd then m()\) = n(saA).

We call m(\) and n(a) the multiplicities of A and «, respectively. If multi-
plicities are given, we call (X,%, W) the symmetric triad with multiplicities. For
H € a, set

mp=— Y m\cot(AH)A+ Y n(a)tan({a, H))a.
(A.H)\)Ee?:/ﬂz <o<.PCIY>€€VE/7r+/2>Z

We call my the mean curvature vector of H. Set

F(H)=—- Y mlog|sin(\H))[= > n(a)log|cos((a, H))|,
<%wH)\>%z(::/2)Z (mlflx)ilvz/:/?)z

and Vol(H) = exp(—F(H))(> 0). We call Vol(H) the volume of H.

REMARK. Let (E,Z, W) be a symmetric triad with multiplicities. When
Ae XNW,a € W, then we have the following by (3) and (4) of Definition 2.13:

If 2(c, A)/||]|? is even, then n(\) = n(sa\).

If 2(c, A)/||]|? is odd, then n(\) = m(s,A).
When ¢ € W(X), then we have the following by (3) of Definition 2.13:

If \,oA € ¥ — W, then m(\) = m(o ).

If \,oX € W — X, then n(\) = n(oA).

FxeX—W,ox e W —X, then m(X\) = n(o)).

PROPOSITION 2.14.  Let (3,3, W) be a symmetric triad of a with multiplic-
ities. For H € a and 0 = (s,X) € W(X,X,W) set H = ocH € a, then

Vol(H') = Vol(H), mpy: = smy.

PrOOF. For € X,n€ Z,H € aset H = (s, 2nm/||pl|*)n) - H € a. We
will prove that myg, = s,mg. Since

2(p, A)
]2

(A Hy) = (suA\ H) +
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for A € 3, we have
|sin((A, Hy))| = [sin({suA, H))|,  [cos((A, H1))| = |cos((su A, H))I.
Since 2(u, \)/||pl|* € Z, we get
O\ H,) ¢ gz & (su\ H) ¢ gz.

By Proposition 2.7 and Definition 2.13, we have

2mpy, = — Z m(A) cot({(s, H))A + Z n(a) tan((s o, H))o
AEX aeW
(suhH)E(n/2)Z (spo H)g(n/2)Z
= 2s,mg.

Similarly we have Vol(H;) = Vol(H).
For B € W,n € Z,H € aset Hy = (sg, ((2n+ 1)7/||8]|*)B) - H € a. We will
prove that mg, = sgmpy. Since

2n+1)m2(B, Ny  (2n+ 1)w 2(B,\) c

m
: -~z
2 18112 2 18> =2

<)‘aH2> = <Sﬂ>‘7H> +

for A € 3, we have
m 0

When 2(3, \)/||3]|? is even, then

[sin({A, Ha))| = [sin((spA, H))[, | cos({A, Ha))| = [cos((spA, H))I,
tan((\, Ha)) = tan((sgA, H)).

When 2(3,A)/||8]| is odd, then

|Sin(<)‘7H2>)| = |COS(<SB)‘>H>)|7 |COS(<>\,H2>)‘ = ISin(<Sﬁ)‘7H>)|7
tan((\, Ha)) = —cot(({sgA, H)).

By the definition of mean curvature vector, we have
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m(A) cot((A, H2))A

AES—W,(X\,Ho)&(7/2)Z
(2(B,2)/118]1%:even

>

m(A) cot({A, Ha))A

NES—W, (X, Hp) &(n/2)Z
(2(8,7))/118112:0dd

+

>

n(a) tan({a, Ha))a

Q€W X, (a,H)€(n/2)Z
(2(B,a))/11B8]|2:even

+

>

n(a) tan({a, Ha))a

Q€W -2, (a,Hy)&(n/2)Z
(2(B,))/11B112:0dd

+

>

(n(X) tan((X, H2))A — m(X) cot((A, H2))A)

NESNW, (X, Hy) E(/2)Z
(2(8,2))/118]12:even

+

>

(n(X) tan((X, Hz2))A — m(A) cot((A, H2))A).

AETNW, (X, Ho) &(n/2)Z
(2¢8,2))/118]12:0dd

By the definition of multiplicities, we have

2mH2 = —

AET-—W,(sgA\,H)E(/2)Z
(2(8,2))/118112:even

_|_

(]

AES—W,(sg\,H)Z(n/2)Z
(2(8.A))/118)12:0dd

+

(]

QEW -, (sgo,H)E(n/2)Z
(2(B,a))/118]|2:even

(]

QEW -3 (sga, H)E(n/2)Z
(2¢B,a))/11B8]12:0dd

_|_

(]

AESNW,(sg A, H)€(m/2)Z
(2(B,2))/11BlI2:even

+
AEZNW (sg X, H)Y&(n/2)Z
(2(8,2))/11811%:0dd

= QngH.

Similarly we have Vol(Hs) = Vol(H

m(sgA) cot((sgA, H))A

n(sgA) tan((sgA, H))A

n(sga)tan((sga, H))a

m(sga) cot({sga, H))ax

(n(sgA) tan((sgA, H))A — m(sgA) cot({sgA, H))A)

(= m(sgA) cot({(sgA, H))A 4+ n(sgA) tan({sgA, H))\)

).
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DEFINITION 2.15. Let (i, Y, W) be a symmetric triad of a with multiplici-
ties. Then H € a is a minimal point if myg = 0.

DEFINITION 2.16.  Let (X, %, W) be a symmetric triad of a with multiplic-
ities. Then H € a is an austere point if the finite subset of a with multiplicities
defined by

{ — Acot({\, H)) (multiplicity = m())) | A € =+, (A, H) ¢ gz}
U {a tan((a, H)) (multiplicity = n(a)) |« € W7, (o, H) ¢ ;Z} (2.4)

is invariant with multiplicities under the multiplication by —1.
The following proposition is clear.

ProprosITION 2.17.
(1) Any totally geodesic point is austere for any given multiplicities.
(2) Any austere point is minimal.

THEOREM 2.18. A point H € a is austere if and only if the following three
conditions hold:

(1) (\H) € (7/2)Z for any A€ (B —-W)U (W —X).
(2) 2H € 'y
(3) m(A) =n(A) for any A€ ENW with (\,H) e /4 + (7/2)Z.

PROOF. Assume that H satisfies the above conditions (1), (2) and (3). By
the conditions (1) and (2), the set defined by (2.4) is given by

{ — Acot({\, H)) (multiplicity = m(\)) [ A € ST N W, (N H) € % + gZ}

U {Atan((A,H)) (multiplicity = n(A\)) | A € STNWT (N H) € g + ;rZ}

By (3), the set above is invariant under the multiplication by —1 with multiplicities.
Conversely assume that H is austere. We shall show that the conditions (1),
(2) and (3) hold.
First consider in the case where 3 # BC. Since H is austere, (\, H) € (1/2)Z
for any A € (X — W)U (W —X), and m(a) = n(«a) and cot({co, H)) = tan({«, H))
for any o € ST NWT with (o, H) & (7/2)Z. Hence H satisfies the conditions (1),
(2) and (3).
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Second consider when ¥ = BC, S NW = {e;}. {e; +e;, H) € (7/2)Z since
eite; € (X—-W)U(W —X). Hence (2e;, H) € (7/2)Z. Set m = m(e;),n = n(e;).
Since H is austere, the set

{ —e; cot({e;, H)) (multiplicity = m) | (e;, H) € % + ;TZ}

U {ei tan({e;, H)) (multiplicity = n) | {(e;, H) € g + ;TZ}

is invariant under multiplication by —1 with multiplicities. Hence m = n. H
satisfies the conditions (1), (2) and (3).

Last consider the case where ¥ = BC, SNW D {e;,e; +¢;}. {e; +ej, H) €
(m/4)Z since (e; +e;j, H) € (7/2)Z or cot({e; +e;, H)) = tan({e; +e;, H)). Simi-
larly (e; —ej, H) € (w/4)Z. Hence (2e;, H) € (w/4)Z. If there existed ¢ such that
(e;, H) € /8 + (n/4)Z, by Definition 2.16, the following equation would hold:

—e;tan({e;, H)) = 2¢; tan(2(e;, H)), —e;cot({e;, H)), or — 2¢; cot((2{e;, H)).
Hence one of the following three equations would hold:

—2tan(2(e;, H)) = £2,
tan({e;, H)) = < 2cot(2(e;, H)) = £2,
cot({e;, H)).

Since (e;, H) € w/8 + (w/4)Z, we would have tan({e;, H)) # cot({e;, H)), which
would imply tan((e;, H)) = 420 Since tan((2n + 1)7/8) = (V2 £ 1) for n € Z,

this would be a contradiction. Hence we can reduce when ¥ = B, the point H
satisfies the above conditions (1), (2) and (3)0 O

In order to state the theorem below, we shall follow the notations of irreducible
root systems and the set of positive roots in [1]. For instance,
Al ={ei—¢j[1<i<j<r+1},
Bf ={e;|1<i<riu{e; te; |1<i<j<r},
CF={2ei|1<i<r}U{eite;|1<i<j<r},
BCF ={e;,2e; |1 <i<r}u{eite;|1<i<j<r},

DY ={eite;j|1<i<j<r}h
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For the sets of positive roots above, the sets of simple roots are given as follows:

I(A}) = {a1 = e1 — e, Oy =€ —€ry1}

H(Bj) = H(BCTJF) ={ag=e1—e2,...,00_1=€r_1— €, =€},
HCH ={a1 =€ —€2,...,00_1 =€r_1 — €, 0, = 2¢,},

(D) ={a1=e€1—€2,...,Qr_1 = €1 —€r,Q = €,_1 + €}

THEOREM 2.19.  FEach symmetric triad (iZ,W) of a is one of the forms
mentioned below. The set Wy defined by (2.3) consists of only one element &. We
list (3,2, W) and & in the table below.

(I)  In the case where ¥ D W, ¥ # W:

type >t W+ a
(I-Br) B! {es[1<i<r} e1
(I-C,) Cr Dt e1 + ez
(I-BC,-AY) | BCF {e;|1<i<r} e1
(LBC,-B,) | BC B e1 + e
(I-Fy) F;" | {short roots in F;"} = D} el

(IT1) In the case where X C W, ¥ #£ W:

joN

type DORE I (7

(I-BC,) (r>1) | Bf | BC) | 2e;
(I-C,) Dy | cf | 2e

(') In the case where ¥ # W except for (1) and (I1):
Type (I-Fy):

= {short roots ofFj} U{er £eg,e3 teq} = Cy,
W+

{short r00ts ofF4+} U{er L es,e1 teq,eateg,eateyt,

o = e] + e3.
Type (I-B,.) (r > 3):

E-"__B—i_U.B;r ) W+:(B:_—E)U{61}, 5[:€1+€S+1.
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Type (I'-BC,-A7):

¥t = BCYuUBCH

r—s?

wt = (BC’;r —Z)U{ei}, a=e1+€est1-
(IIT) In the case where ¥ = ¥ = W, & is a highest root of the irreducible oot
system 2.

The following equivalent relation holds:

(LFy) ~ (T-Fy),  (EBC,-A}) ~ (I-BC,-AY),
(I'Cr) ~ (I’_OT)7 (I'Br) ~ (I"Br)'

ProoFr. It is clear that the (i,Z,W)’S in the above list are symmetric
triads. The assertion is clear when (2, %, W) is of type (I), (IT) and (ITI). Hence
we assume that (3, 2, W) is a symmetric triad of type (I'), that is, ¥ # W, X ¢ W
and W ¢ X.

When 3 = Fy, then by (4) of Definition 2.2 we have

Y N W = {short roots of Fy} = Dy.

Since the only root system X between Dy (=2 X NW) and F} is Cy, we have ¥ =2 (Y.
Hence (3,3, W) is of type (I-Fy).

Remark that root systems G2 and C) have the following property: If « is
a long root, then {long roots} = {sga | B is a short root}, which implies that
) # (9, C, by Proposition 2.7. Hence Y = B, or BC,.

When ¥ = B,, then Xt N W+ = {e;} by (4) of Definition 2.2. Since ¥ is a
root system and s, (e; +e;) = e; — e;, we have

€; —€; EE@ei—&-ej €.
Hence

€; — € €W<:>€i+€j e W.
If 4, j and k£ are mutually distinct, then

2(e; —ej,e; — eg)
les — ¢4

=1, 8¢ e, (ej—er)=ce;—eg.

Hence by (5) of Definition 2.2, we get
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e;—e; €W, e —ep€EX=e —e €W
By (6) of Definition 2.2, we get
e;—ej, ej—e, €W =e —e, €.

If e, —ej,e; — e were in ¥ and e, — e; were in W, then e; —e; = (e; —ex) +
(e — €;) would be in W, which would be a contradiction. Thus, ¢; — e € ¥
when e; —ej,e; — e, € 3. Hence ¥ = B,, U---U B,,. If k were greater than
or equal to 3, then we could take e, € B,,, ey € B;, and e. € B,,. Then we
would have e, — ep, ey — €., eq — €. € W — 3. On the other hand, we would have
ea— €= (eq —ep) + (ep — e.) € ¥ — W by the above argument, which would be a
contradiction. Hence k = 2 and
st=BfuB/,, Wt=(Bf-3%)u{e}

If r were equal to 2, then we would have > C W. Hence r > 30

When ¥ = BC,, then 3T NWT = {e;} since s¢,+¢, (2¢;) = £2e;. When i # j,
then s, (e; +e;) = —e; + e;. Thus by Proposition 2.7

6¢—€j€E<:>6¢+€j€E, 6i—€jEW<:>€i+€jEW

Assume that 7, j and k are mutually distinct. If e; —ej,e; —er € X thene; —e, € 3
by a similar argument to the above. Thus

St=BlU---UB! U{2,]2e; €X}.
We get k < 2 by a similar argument to the above. If k were equal to 1, we would
have ¥ = B,, W+t = {e;, 2¢;} since Se;+e,(2€;) = —2e;. Moreover if r were greater
than or equal to 2, then for « =2¢; € W — X and A = e; +e3 € ¥ — W we would
have 2(a, \)/||a||> = 1. Since s,A = —e; + ez € ¥ — W, this would contradict to

(5) of Definition 2.2. Thus we would have 7 = 1. Hence (%, %, W) would be of
type (II-BC1). Thus k£ = 2 and

YT ={e;}UDFUDS [ U{2e | 2e; € T}
Since s, 4, (2e:) = —2e;,

>»=BC;UBC,_,, BsUBC,_s, or BsUB,_,.
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If ¥ were equal to B; U BC,_, or By U B,_,, we would have 2(a, 8)/|a]|*> = 1
for « = 2e; € W and f = e; + es41 € W — 3. This would contradict to (6)
of Definition 2.2 since 5,0 = —e; + e,41 € W — X. Hence (X,%, W) is of type
(I-BC-A7)D

It is clear that W) consists of only one element a.

To show (I-Fy) ~ (I-F}), let (%, %, W) and (¥, %/, W’) be of types (I-F}) and
(I-Fy), respectively. Set Y = (m/2||e1||*)(e1 + e2), then Y € T'. By the identity
mapping of a and Y, (2, %, W) maps to (¥, %', W’). Hence (I-Fy)~ (I'-F}).

To show (I-BC,-A}) ~ (P-BC,-AY), let (£, %, W) and (X, %/, W) be of type
(I-BC,-A7) and type (I-BC,-A7), respectively. Set Y = (7/2|e1|?) Y.;_, e; for
1 <s <r,then Y € I'. By the identity mapping of a and Y, (i, Y, W) maps to
(2,2 W).

To show (I-C,) ~ (I'-C,), let (%,%, W) and (X/,%,W’) be of type (I-C,)
and type (I-C..), respectively. Set Y = (m/4[le1||?) X7, e; € T, then (X, %, W)
maps to (X, %/, W’) by the identity mapping of a and Y.

To show (I-B,) ~ (I-B,), let (£,%, W) and (X', %', W’) be of types (I-B,.)
and (I-B,), respectively. Set Y = (7/2e1||*)>.;_;e; € I for 1 < s < r, then
(,%, W) maps to (X', %', W’) by the identity mapping of a and Y.

Hence the assertion is proved. O

For a = > cpmad € W, set h(a) = Y, . na then h(a) € Z by Lemma
2.4. Put h = max{h(a) |« € WT}.

LEMMA 2.20. Let (E,E, W) be a symmetric triad of a, then
{a} ={a e WT | h(a) = h}.
PrOOF. By the definition of Wy and Theorem 2.19, we have
{a} =Wy > {a e WF | h(a) =h} #0,

which implies the assertion. O

The following corollary immediately follows from Lemma 2.12 and Theorem
2.19.

COROLLARY 2.21. Let (2,3, W) be a symmetric triad of a, then

Py = {Hea| (@, H) < g 0< (\H) (AEH)}.
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Set IT = {a, ..., a,}, then there exist integers m; € Z such that & = Y m;«;
by Lemma 2.4. We have m; > 1 by Theorem 2.19. Hence for any i with 1 <i < r,
the set {a1,...,@;—1,®41,...,q, &} is linearly independent. We can define H; €
a by the following equations:

<Hi,d> = 5 <Hi704j> =0 (] 7é Z)

o3

Then

P() = {iQH;
i=1

0 <, iti < 1}
=1

The following corollary immediately follows from Corollary 2.21.

COROLLARY 2.22. A point H € Py is totally geodesic if and only if H = 0
or H = H; with m; = 1.

PROOF. Since 7/2 = (H;,&) = m;{H;,a;), we have (H;,o;) = w/2m,;.
Express H as H =Y., t;H;, then 0 <¢; <1, >"_, ¢ <1. Hence

t; .
HGF@(H,%)6gZ«b—EZ@H:()orH:Himthmi:l. O
mg

COROLLARY 2.23.  Let (f], 3, W) be a symmetric triad of a with multiplici-
ties. Then H € Py is austere if and only if the following four conditions hold:

(1) (\H)=0,7/2, 7 for \e X —WT.

(2) {a, H) =0, +7/2 fora € W — 3T,

(3) (a, H) =0, w/4, 7/2 fora e ST NWT.

(4) m(a) =n(a) fora € ST NWT with (o, H) = 7/4.

Let H € Py be an austere point which is not totally geodesic, then H can be
expressed as one of the following forms.

Hi (ml = 2),

%(HZ—FHJ) (mlzm]=1)

PROOF. Let H be in Py then 0 < (\,H) < 7 for any A € £+ and —7/2 <
(a, HY < /2 for any o € W+, Hence the first part of the assertion follows from
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Theorem 2.18.
We shall prove the second part. Let H € Py be an austere point which is not
totally geodesic. Express H as H =) t;H;, then for any «; € II, we have

T T
i < <
2m; 2m;

<Oéi,H> = ti<ai,Hi> =t

|

By the first part, (o, H) = 0,7/4,7/2 for each a; € II. If there were to exist ¢
such that (a;, H) = 7/2, then we would have m; = t;, = 1 and H = H;. Hence
H would be totally geodesic by Corollary 2.22, which would be a contradiction.
Thus (a;, H) = 0,7/4 for each «; € II. For ¢ with («;, H) = /4, we have

b= 3 (mi=1),
b2 1 (m;=2)
Hence we get the second part. O

For a subset A C ITU {&}, set

(MH)Y >0 (Ae ANnID),
_|{OWH)=0 (Aell-A),
PP ={HcF ) ( ) ,
<T (ifaeA),
(v H)q
=37 (fagAa)

then

Py = U P§  (disjoint union).
Acliu{a}
Ay C Ay if and only if P& € P22 for Ay, Ay C TTU {a}.

THEOREM 2.24.  For any subset A C IIU{a&}, there exists a unique minimal
point H € P&,

The proof of Theorem 2.24 is divided into some steps.
For a subset A C I1U {a}, we define subsets XX C ¥F and Wi C W7 as
follows: When & € A, then set

Y =StnM-A)z Wi=0
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When & € A, then set

zzzzﬂw(H—A)Zu{z&— > n,\/\62+—W+”)\ZO}a
A€ll-A

WX:{@— Z m>\/\6W+|m)\20}
AEI-A

U{—d—F Z m,\/\6W+—E+|m)\20}.
AEII-A

LEMMA 2.25. Let H be in P§.

(1) S ={\eXt | (\H)enZ}. In particular, the right hand side of the above
equation does not depend on H € P, but only on A. The value (\, H) does
not depend on H € POA, but only on \ € ZZ.

(2) Wi={aeW*|(a,H)€En/2+7Z}. In particular, the right hand side of
the above equation does not depend on H € POA, but only on A. The value
(o, H) does not depend on H € P& but only on o € W}

PRrooF.
(1) Since H € P& C Py, we have

NeStH|WNH) enZ)={AeSt | (\MH) =0)U{AeXt | (\H) =7}
=EtNM-A)z)u{rest —WwT | (\H)=nx}.
When & € A, then (&, H) < /2 for H € P{*. For A\ € ¥t —WT, there exist a, 8 €

W+ NYt such that A = +a+ 8 by Lemma 2.3. Then (\, H) = +(«, H) + (3, H),
which implies that

A H) < [N H)| < [{on H) |+ (8, H)| < 2(@, H) <.
Hence {\ e St —WT | (\,H) =7} =0.

When & ¢ A then, for any X € T — WT with (\,H) = 7, there exist
a,3€ WTNIT such that

A=a+B, (aH)=(3H) ="

[\

By Lemma 2.20, A is expressed as
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A=a+0=2a— Z nup (0<n, €Z).
peIl—A

Hence

{AeE*—Wﬂ(A,H):w}:{M— > nu,u62+—W+|nM20},

pneEMl—A
which implies the assertion.
(2) Since H € P& C P,, we have
{aew+ | (o, H) € 72T+7rz}
T 7r
= {a6W+—E+ | (o, H) Z—Z}U{QGW+ | (o, H) = 2}.

When & € A, then (&, H) < /2 for H € P&. By Lemma 2.20, we have

{aew+|<a,H>=g}:@.

For o € W+ — X7, there exist A\, u € ¥ N W such that « = A + u by Lemma 2.3.
We may assume that p > 0 since one of A and p is positive. Then {(a, H) > (X, H).
If A >0, then (o, H) > (A, H) > 0. If —A > 0, then

(o H) > —(=)\H) > —(@& H) > Z.

Hence

{aeW+—z+ | (a,H>=—72T}=®.

When & ¢ A, then by Lemma 2.20 we have

{aew+|<a,H>—g}—{a— 3 mA)\EW+m,\>O}.

A€l-A

For a € Wt —X+ with (a, H) = —7/2, there exist A\, u € ENW such that o = A\ +p
by Lemma 2.3. We may assume that g > 0. Then —7/2 = (o, H) > (A, H). Since
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—X > 0, we have

Hence (o, H) = —(&, H) = —m/2. By Lemma 2.20, we have

{aeW*—Z}+ | (a,H)z—g}:{—d—k Z myA € Wt —xt |m>\>0},
A€l-A

which implies the assertion. O

COROLLARY 2.26. Let H,H' € P®. If (\,H) = (\,H') for any A € (X1 —
SX) U W+ = WY), then H = H'.

PROOF. By Lemma 2.25, (a, H) = (a, H') for any o € ¥ UW/{. Hence
(A, H) = (\,H'") for any X € 3 by the assumption. Hence H = H’ since span(X) =
a. O

For A C TTU {a}, define an affine subspace a® of a by

aAz{HEa

(MH)=0 (/\eH—A),}
(G, H)y="T(ffagA) ’

then

POA:{HEaA

(AMHY >0 (Ae ANID,
a, H) < T (ifaeA) '

Hence P$ is an open subset of a®. Since, for H € P&,

F(H)=- Y m\log|sin(\, H))|— > n(a)log|cos({a, H))],

rext-xjf aEWH+-—WiT

the function F is differentiable on PS. Since my is tangent to P& for H € P&
by Proposition 2.14, we can regard my as a differentiable vector field on P{*. The
mean curvature vector my can be expressed as

myg = — Z m(A) cot((A, H))A + Z n(a) tan({a, H))c.

/\EZ"'—ZX O¢EW'*'—W;r



100 O. IkAwWA

LEMMA 2.27.

(1) (grad F)(H) = my for any H € P.
(2) For H,H; € P§* with H # Hy, we have

d2

G F(H + tHH) >0

|t=0 :
PROOF.

(1) Let H,H; € P§. A simple calculation implies that

d — —
%F(H—’—tHHl)ﬁ:O = <mH,HH1>
Hence (grad F)(H) = mpy.

(2) A simple calculation implies that

2

i F(H + tHH))

[t=0
= 2 sin?((\, H)) p> cos?((a, H)) ~

PYSHIRES 354 aeW+-wi
—_—
Since H # H' there exists A € (X=X )U(WT—W) such that (\, HH;) # 0
P——
by Corollary 2.26. Hence (d?/dt*)F(H + tHH1)j;— > 0. O

LEMMA 2.28.  The boundary OP{ of P is given as follows: When & € A,
then

(MH)=0 (Aell—A),
0P = |J (Hea|(\H)>0 (AeIlnA),
pellnA <,U,,H>:0, <&,H><E
(MHY=0 (Aell-A),
0 (AelInA),

When a & A, then



The geometry of symmetric triad and Hermann actions 101

(MHY>0 (AellnA),
0P = |J (Hea|(\H)=0 (Aell-A),
petina <N’aH>:07 <C~V7H>:g

PROOF OF THEOREM 2.24. Take a sequence {H,} C P with
lim, o H, = Hy € 5'POA. It is sufficient to prove that lim, . F/(H,) = o
by Lemma 2.27.

When & € A, there exists A € TINA such that (\, H,) — +0or (&, H,) — 7/2
by Lemma 2.28. Since ¥ = %+ N (Il — A) z, we have

SINIINA)=INANII-A)z =0,
which implies that IINA C £+ — Y. Hence when (), H,) — +0, then F(H,,)

0. Since Wi =0, &isin W+ —WZ. Hence when (&, H,,) — 7/2, then F(H,)
0.

—
—

When & ¢ A, there exists A € IIN A such that (A, H,,) — +0 by Lemma 2.28.
In this case we have A ¢ {24 — 3 cp A nup € 7 = W | ny, > 0}. In fact if it
were not, then (A, H,) = m, which would be a contradiction. Hence \ & EZ and
A€ Xt — k. We get F(H,) — oo.

Hence the assertion is proved. O

3. Totally geodesic points and austere points.

In this section we shall classify the totally geodesic points and the austere
points for each (representative of) symmetric triad with multiplicities using Corol-
laries 2.22 and 2.23.

3.1. Type (I-B,).

Since & = e; = Y.;_, @, a point H € P is totally geodesic if and only if H
is a vertex of Py. By Definition 2.13, we have

0 < m(+e;) =const, 0 < m(+e; te;)=const (i #j), 0 <n(+e;)= const.

When m(=+e;) = n(+te;), a point H € P, is austere which is not totally geodesic if
and only if H = (1/2)H,. When m(=e;) # n(+e;), if H € Py is austere then it is
totally geodesic.

3.2. Type (I-C,.).
Since @ = e1 + e = a1 + 2 Z:;zl a; + ., a point H € Py is totally geodesic
if and only if H =0, Hy, H.O When r > 3, then
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0 < m(+e; £e;) =n(+e; £e;j) =const (i #j), 0<m(2e;)= const.
When r = 2, then
0 < m(£ey £ e2) = const, 0 < m(+2e;) = const, 0 < n(+e; + ez) = const.

A point H € P, is austere which is not totally geodesic if and only if
) 1
H:Hi(2§z§r71), §H1

3.3. Type (I-BC,-AY).
Since & = Y;_, a;, a point H € Py is totally geodesic if and only if H is a
vertex of Py. By Definition 2.13, we have

0 < m(+e;) = const, 0 < m(+e; £e;) = const (i # j),

0 < m(£2e;) = const, 0 < n(+e;) = const.

When m(+e;) = n(+e;), a point H € Py is austere which is not totally geodesic
if and only if H = (1/2)H,. When m(+e;) # n(+e;), any austere point is totally
geodesic.

3.4. Type (I-BC,-B,).
Since @ =e; +e3 =a; +2 Z::Q a;, a point H € B is totally geodesic if and
only if H =0, H;0 When r > 3,

0 < m(=£e;) = n(+e;) = const, 0 < m(+2e;) = const,

0 < m(xe; £e;) =n(te; £ e;) = const (i # j).

When r = 2, then 0 < m(e;) = n(e;) = const, 0 < m(2¢;) = const. When r > 3, a
point H € Py is austere which is not totally geodesic if and only if H = (1/2)Hy,
H; (2 <i<r). When r = 2, the condition H € P, to be austere which is not
totally geodesic is given as follows:

(1) If m(Ley £ ea) = n(te; £es), then H = (1/2)H;y, Hs.

(2) If m(Le; +ea) # n(te; £ es), then H = Ho.

3.5. Type (I-Fy).
Since
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II

1
{041 262—637042263—64,043:647044:5(61—62—63—64) s

jo}

=e; = a1 + 202 + a3 + 204,

a point H € P, is totally geodesic if and only if H = 0, H;0 By Definition 2.13,
0 < m(a) = n(a) =constant for any o € W and 0 < m(A\) =constant for any
A€ X —W. A point H € Py is austere which is not totally geodesic if and only if
H = H,. The vertexes Hy and H3 are minimal which are not austerel

3.6. Type (II-BC,.) (r > 1).
Since & = 2e; = 23", v, a point H € P, is totally geodesic if and only if
H = 0. By Definition 2.13, we have
0 < n(+e;) = m(xe;) = const, 0 < n(+2e;) = const,
0 < n(xe; £e;) =m(xe; £ e;) = const (i # j).
Hence H € P, is austere which is not totally geodesic if and only if H = H;
(1<i<r).

3.7. Type (III-A,).

Since & = e; —e,q1 = 22:1 a;, a point H € Py is totally geodesic if and
only if H is a vertex of Py. By Definition 2.13, 0 < m()\) = n()\) =constant for
any A € X. A point H € P, is austere which is not totally geodesic if and only if
H = (1/2)H;, (1/2)(H; + ;) (i < j).

3.8. Type (I1I-B,).
Since & = e1 +ey = a1 +2 2;2 o, a point H € Py is totally geodesic if and
only if H =0, H;0 When r > 3, then

0 < m(+te;) = n(te;) = const,
0 < m(*e; £e;) =n(xe; £ej) = const (i # j).

When r = 2, then

0 < m(e;) = n(e;) = const, 0 < m(£e; £ e2) = const,

0 < n(£e; £ e2) = const.

A point H € P, is austere which is not totally geodesic if and only if H = (1/2)Hy,
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3.9. Type (I1I-C,).

Since & = 2e; = 22;11 a; + o, a point H € Py is totally geodesic if and

only if H = 0, H,.0 By Definition 2.13,

0 < m(xe; £e;) =n(te; £ e;) = const (i # j),
0 < m(+£2e;) = const, 0 < n(£2e;) = const.
The condition H € P, to be austere which is not totally geodesic is given as
follows:
(1) If m(£2e;) # n(£2e;), then H = H; (1 <i<r—1),
(2) If m(£2e;) = n(£2e;), then H = H; (1 <i<r—1),(1/2)H,.

3.10. Type (I1I-BC,.).
Since & = 2e; = 2>.!_, o, a point H € P, is totally geodesic if and only if
H = 00 When r = 2, then

0 < m(%e;) = n(*e;) = const, 0 < m(£e; £ ez) = const,

0 < n(fey £ e2) =const, 0 < m(£2e;) =const, 0 < n(+2e;) = const.
When r > 3, then

0 < m(%e;) = n(xe;) = const, 0 < m(*e; £e;) =n(xe; +e;) = const,

0 < m(+£2e;) = const, 0 < n(£2e;) = const.

Hence H € P, is austere which is not totally geodesic if and only if H = H; (1 <
i<r).

3.11. Type (I11I-D,.).

Since & = €1 + €3 = ay + 22:22 o + ay_1 + o, a point H € Py is totally
geodesic if and only if H = 0,Hy, H._1, H.. By Definition 2.13, 0 < m(}\) =
n(\) =constant for any A € X. A point H € P, is austere which is not totally
geodesic if and only if

1 1
Hr71, *Hrv

1

1 1 1
§(H1 + HT—l)? §(H1 + H,-), i(Hr'—l + Hr)
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3.12. Type (I1I-Eg).

Since & = a1 + 20 + 203 + 3ay + 2a5 + ag, a point H € P, is totally geodesic
if and only if H = 0, Hy, Hs. By Definition 2.13, 0 < m(A) = n(\) =constant for
any A € ¥. A point H € P, is austere which is not totally geodesic if and only if

1 1 1
H = H,, H;, Hs, §H1, §H6, §(H1+H6)-

The vertex H, is minimal which is not austere.

3.13. Type (III-E7).

Since & = 2 + 202 + 3ag + 4oy + 3as + 2a6 + a7, a point H € Py is totally
geodesic if and only if H = 0, H;. By Definition 2.13, 0 < m(\) = n(\) =constant
for any A € 2. A point H € P, is austere which is not totally geodesic if and only
if H = Hy,Hy, Hg,(1/2)H7. The vertexes Hs, Hy and Hy are minimal which are
not austere.

3.14. Type (III-Eg).

Since & = 2a7 + 3as + 4das + 6ay + bas + 4ag + 3ar + 2ag, a point H €
Py is totally geodesic if and only if H = 0. By Definition 2.13, 0 < m(\) =
n(\) =constant for any A\ € X. A point H € P, is austere which is not totally
geodesic if and only if H = Hy, Hg. The vertexes Ho, Hs, Hy, Hs, Hs and H; are
minimal which are not austere.

3.15. Type (1II-F,).
Since

1
II=qo =ez—63,a2=es—e47a3=e4,a4=§(e1—ez—es—e4) ,

[N

=e1 +ex = 2041 +30[2 +40¢3 + 2044,
a point H € Py is totally geodesic if and only if H = 0. By Definition 2.13,
0 < m(short) = n(short) = const, 0 < m(long) = n(long) = const.

A point H € P, is austere which is not totally geodesic if and only if H = Hy, Hy.
The vertexes Hy and Hj3 are minimal which are not austere.
3.16. Type (III-G3).

Since

II = {a1 — €1 —€2,02 = —261 + e2 +63}, a= —€1 — €2 +2€3 = 30[1 +2a2,
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a point H € Py is totally geodesic if and only if H = 0. By Definition 2.13,
0 < m(short) = n(short) = const, 0 < m(long) = n(long) = const.

A point H € P, is austere which is not totally geodesic if and only if H = Ho.
The vertex H; is minimal which is not austere.

4. The orbit spaces of Hermann actions.

4.1. General case.

Let (G, K1) and (G, K3) be two compact symmetric pairs: There exist two
involutive automorphisms #; and # on the compact connected Lie group G such
that the closed subgroup K; of G lie between Gy, and the identity component
(Go,)o of G;. Here we denote by Gy, (i = 1,2) the closed subgroup of G consisting
of all fixed points of §; in G. In this case the triple (G, K1, K3) is called a compact
symmetric triad. Take an Aut(G)-invariant Riemannian metric (, ) on G. Then
the coset manifold M; = G/K; (i = 1,2) is a compact Riemannian symmetric
space with respect to the induced G-invariant Riemannian metric, also denoted
by (, ), from (, ). The isometric action of K5 on Mj is called a Hermann action.
We denote by gl ¢, and €5 the Lie algebras of G, K7 and K, respectively. The
involutive automorphisms 6; and 0 of G induce involutive automorphisms of g,
also denoted by 6, and -, respectively. We have two canonical decompositions of

g:
g=t ®m; =& O my,
where we define a subspace m; of g by
m={Xegl|b(X)=-X}(i=1,2).
We denote by m; the natural projection from G onto M;. In order to consider
Ks-orbit space {Kami(g) C My | g € G}, we define a equivalent relation ~ on G
as follows:
g1 ~ g2 < there exist k1 € K1, ko € K5 such that go = k‘gglkfl.
Since

g1 ~ g2 & Komi(g2) = Kami(g1),

we can regard Ko\G/K; as Ks-orbit space. The following mapping is a bijection:
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Ko\G/K1 = Ki\G/Ka;[g) < [97'].
Define a closed subgroup G12 in G by
G2 ={g € G |0:(g9) = b2(9)}-

Consider an involutive automorphism 6 = 6; = 03 on G12. Define a closed sub-
group Ko of the identity component (G12)o of G12 by

K1z ={g € (G12)0 | 0(9) = g}

Then ((G12)0, K12) is a compact symmetric pair. The canonical decomposition of
the Lie algebra g1z of G2 is given by

g12 = (& NE) & (my Nmy).

Take a maximal abelian subspace a of m; N'my. Then expa is closed in (G12)o,
hence a toral subgroup. The isometric action of Ko on M; is hyperpolar, whose
section is my (exp a). The cohomogeneity is equal to dima ([4])0 In oder to study
K-orbit space, we define a group J by

J= {([s],Y) € Nk, (a)/Zk,nK,(a) x a | exp(=Y)s € K1 }.
The centralizer Zg, (a) is a normal subgroup of the normalizer N, (a). We denote
by Wi(a) the quotient group N, (a)/Z, (a) for i = 1,2. Denote by ¢, the natural
homomorphism from Nk, (a)/Zk,nk,(a) onto Wa(a). The group J naturally acts
on a by the following:
([, Y)Z = Ad(p2(s))Z + Y.

Based on the above, we set [s] = Ad(p2(s)).

PROPOSITION 4.1 ([16]). K2\G/K;, =a/J.

LEMMA 4.2.  The Lie algebras of Zk,(a) and Nk, (a) are given as follows:

Lie(Zx, (a)) = Lie(Ni, () = {X € & | [X,a] = {0}}.

In particular, the group W;(a) is finite.
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PRrROOF. Lie(Ng,(A)) is given by
Lie(Ng, (A)) ={X €& | Ad(exptX)Y €a (t € R, Y €a)}
={X et |[X,a Ca}.
Let X € Lie(Ng, (A)), then [H, X] € a for each H € a, so [H, [H, X]] = 0. Hence
IlH, X]||I* = —(H, [H,[H,X]]) =0,

which implies that [H, X] = 0. O

We denote by ¥ the restricted root system of (gi2,€ N €2) with respect to
a. Since the Weyl group Ng,nk, (0)/Zk, Kk, (a) of (G12, K1 N K3) is generated by
{sx | A € }, we denote it by W(X): W(X) = Nk, nk,(0)/Zk,nKk,(a). We can
regard W(X) as a subgroup of Wi (a) N Wa(a). For A € X, we define subspaces mj
in my Nmy and €y in & N &y as follows:

my = {X €em; Nmy | [H> [HaX]] = _<)‘5H>2X (H € Cl)},

bhh={Xetnt|[H[HX]=—\H?X (Heca)}.
Denote by II a fundamental system of X, and by X% the set of positive roots with
respect to II. Take a maximal abelian subalgebra t in g;5 containing a. Denote by
R the root system of gi» with respect to t. Let t — a; H — H be the orthogonal
projection and set Ryg = {a € R | @ = 0}. Define a subalgebra £, in £ N & by

ty = {X et Ne, | [a,X] = {0}}

Take a compatible ordering of t, then we have the following.

LEMMA 4.3 ([18, p. 89, Lemma 1]).

(1) We have orthogonal direct sum decompositions:

ElﬁEQZEo@ZE,\, mlﬁmQZa@Zm,\.
rext Aext

(2) For each « € R — Rq there exist So € & Nty and T,, € my Nms such that

{Sa|laeRT,a=2}, {T.|aeR"a=\}
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are respectively orthonormal bases of €y and my and for H € a

[Ha Sa] = <Oé,H>T0” [H7 Ta] = —<Oé,H>SO” [SOUTa] = 6&,
Ad(exp H)S,, = cos{a, H)S,, + sin{a, H)T,,
Ad(exp H)T, = —sin{o, H) Sy, + cos(o, H)Ty,.

LEMMA 4.4.  (sy, (2n7/|A|?)A) € J for A€ X and n € Z.

ProOOF. By (2) of Lemma 4.3, sy = Ad(exp(n/[|A||)Sa) where
exp(m/||A]])Sa € K1NK,. Hence it is sufficient to prove that exp(2m/[|A||*)\ € K.
Select Y € a such that (Y, \) =7 and set a = expY € A. Since

a~Lexp (— |7)T\|Sa>a = exp (— ”W)\'Ad(exp(—Y))Sa)
—oxp (= i (cost(a. V)8, sin((a. V)T

s
= exp (n ||S°“> €1,

we get

K> (exp |7)T\|S’a>a_1 exp ( — ”7;”5'&)@ =exp(—s\Y)expY

=exp(Y —s,Y)

2w
f— . D
=P (IA2A>

LEMMA 4.5. For A € X, set m(\) = dimmy, then we have:

(1) m(A) =m(=A).
(2) m(suA) =m(A) for pe X.

PrOOF.

(1) Since my = m_j, we have m(\) = m(=\).

(2) Take a € R such that @ = p, then s, = Ad(exp(n/||u])Sa). Hence
we can regard s, as an inner automorphism of g. Since s, my = m,, x, we have

m(suA) = m(A). O

Let g be in G. Since
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d
9 Ty (g) (K2mi(9)) = {dtm(exp tAd(g™ )X )= | X € ?2}
= (Ad(g_l)e2)m1v

we have
95 ' T () (K2mi(g)) = {X € my | Ad(g) X € mo},
which is a Lie triple system in my. The isotropy subgroup at m1(g) of Ks-action
is given by
(K2)n () = {k € K2 | g 'kg € K1}.
LEMMA 4.6.  The slice representation of Kom1(g) at w1(g) is equivalent to the

adjoint representation of (K1), g1y to the Lie triple system {X € my | Ad(g)X €
mg}.

PrROOF. We can identify the normal space T#‘l(g)(K}m (9)) with {X € my |
Ad(g)X € my} through g.. Then, for k € (K1)

ma(g—1) and X € m; with Ad(g)X S
mo,
E-X =g 'k.0g.X
_4 kg (exptX)
= dtg gm1(eXp [t=0
d -1

:am(exptAd(g kg)X)|i=o

= Ad(g™'kg) X,
where

97 (K2)m (99 = {k € K1 | gkg™" € Ko} = (K1)my(g-1)-

Hence we get the assertion. O

Denote by 7, the inner automorphism of G defined by « € G. Let p be in
Aut(G). The isometry on G defined by G — G; g+ p(g)z~! induces an isometry
between two compact symmetric spaces G/K; and G/7,p(K1):

G/Ky — G/1op(K1); gKy = p(g)a™ mup(K1).
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Denote by 7, : G — G/7,p(K1) the natural projection, then Ks-orbit Kom(g)
maps to p(Kz)-orbit p(K2)m,(p(g)x~!) by the isometry defined above. Hence we
can identify Ky\G/K; with p(K2)\G/Tzp(K1). If K; = Gy,, then

p(K2) = Gpgzp—l, sz(Kl) = G‘rwpt?lp’l‘rm_l'

Based on the above, Matsuki introduced the following equivalent relation.

DEFINITION 4.7 ([17]). Let (61,602) and (01,6}) be two pairs of two in-
volutive automorphisms of G. Then (01,05) ~ (01,65) means that there exist
p € Aut(G) and x € G such that 0] = 7.pb1p 11,1, 04 = phap?.

Since 71 (exp a) is a section of Ky-action on M, in order to consider the orbit

Komi(g), we may assume g = exp H for some H € a. Then, since

™

g*_lTll(g)(Kgm(g)) ={X €my | Ad(exp H)X € my},
a is a maximal abelian subspace of g; T Trll(q)(KQm (g9)). Moreover
Ad((Kl)ﬂ.Q(g—l))Cl = {X cmy | Ad(g)X S mz}. (45)

DEFINITION 4.8. Let M be a submanifold of a Riemannian manifold M. We
denote the shape operator of M by A. Then M is called an austere submanifold
if for each normal vector & € T;- M, the set of eigenvalues with their multiplicities
of A¢ is invariant under the multiplication by —1. It is obvious that an austere
submanifold is a minimal submanifold.

The notion of austere submanifold was first given by Harvey-Lawson [5]. By
(4.5), we have the following.

LEMMA 4.9. The orbit Komi(g) C My is austere if and only if the set of
eigenvalues of the shape operator Ay ¢ with multiplicities is invariant under the
multiplication by —1 for each £ € a.

Since (& + £2)+ = m; Nmy, we have
g=(t1 +£) @ (my Nmy). (4.6)
For a € a, we define a subspace g(a, @) in the complexification g© of g by

g(a,0) = {X €¢° | [H,X]=V-1{a, H)X (H € a)}
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and set
Y ={aca—{0}g(aa)#{0}},
then
g€ = g(a,0) @ Z g(a, ). (4.7)
aes

Denote by ~ the complex conjugation of g€ with respect to g. Since g(a,a) =
g(a,—a), if @« € ¥ then —a € 3.

LEMMA 4.10 ([16]).

(1) [s(a,a),9(a,B)] C gla,a+f).
(2) frg(0,0) = oa —a) fori = 1,2
(3) g(a, @) is invariant under 6102 and 620 .

The absolute value of the eigenvalues of 6165 on g€ is equal to 1. For ¢ € U(1),
define a subspace g(a, o, €) of g(a, ) by
g(a,a,e) = {X S g(a,a) ‘ 010X = GX},

then, by (3) of Lemma 4.10, we have

gla,a) = Z g(a, a, ).

ecU(1)

LEMMA 4.11 ([16]).

(1) 61g(a,a,\) = g(a, —a, A7 1).
(2) g(a,a,\) = g(a, —a, \71).
(3) [g9(a,, \), g(a, B, )] C g(a, o+ B, Apw).

LEMMA 4.12. X is a root system of aN3t, where 3 is the center of g.

PROOF. It is known that % satisfies (2) and (3) of Definition 2.1 by [16,
p. 60, Proposition 1]. We shall prove Y satisfies (1) of Definition 2.1. If H € a
satisfies the condition that (o, H) = 0 for any a € X. Then H is in 3 by (4.7).
Since the converse is true, for H € a, (o, H) = 0 for any a € Y if and only if
H € 3. Hence span(X) = anjt. O
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We will close this subsection by explaining the covariant derivatives on M;.
For X € g we define a Killing vector field X+ on M; by

d
(XT)g = 7 SPLX =0 € Ty (My).

By a formula of Koszul ([6, p.48, (2)]), we have the following.

LEMMA 4.13.  Denote by V the Levi-Civita connection on M;.

(1) Forge G and X,Y € g,
9.V x+Y T = Viaagx)+ (Ad(g)Y)T.
(2) For X,Y €y,

—[X, Y], (X €emy),

S +\
(VX+Y )o— {0 (XEEI)
(3) Forp=m(g) € M,

(Vx+ Y1)y = —g. [(Ad(g™) X )m,, Ad(g7H)Y]

ml.

4.2. When CN;' is semisimple and 6,05 = 656:
Since 3 = {0}, X is a root system of a by Lemma 4.12. Since

b+ 8= (8 NE) D (B Nmy) & (my N ),
we have, by (4.6),
g= (b1 NE) D (& Nmy) B (mg NE) D (M Nmy).
Since a C m; Nmy, we have
[0, 8 Nmy] Cmy Nk, [a,my NE] C 8 Nmo.

Since

Zg(a,a,l): <ZEA€BZmA>C,

aes AEX YN
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we get
S={ae]g(aa,1)#{0}}.
For A € X,
g(a, X, 1) @ g(a, =\, 1) = (8 & my)C.
Define subspaces of £; N my and my N &5 respectively by

V(E1 ﬁmg) = {X €t Nmy | [Ck,X] = 0},
V(imine)={X em Nt |[a,X] =0}

Since g(a,0) is §;-invariant,
9(0,0) = (a D b ® V(£ Nma) @ V(my NEy))C.
Define subspaces of £; N'my and my N &5 respectively by

Vi nmy) ={X ct;Nmy | X L V(& Nmy)},

Vimine)={Xcmnt|X LV(mNt)},
then we have the following orthogonal decompositions:
BNmy =V Nmy) @V Nmy), myNk =V(m Ne)®VE(mNey).
LEMMA 4.14.
[a, VI Nma)] C VA Nmy), [0, VE(e2nmy)] C V5l Nmy).
PrOOF. Since
[a, V(8 Nmy)] C [, 8 Nma] C &2 Nmy

and

<V(E2 N ml), [Cl, VL(El n mg)]> = <[V(E2 N ml), Cl], VL(El n m2)> = {0},



The geometry of symmetric triad and Hermann actions 115

we have [a, VL(€; Nmy)] € VE(ka N'my). Similarly we get [a, V(& Nmy)] C
VJ' (El N mz). O

Define a subspace V of g by

V=gn> glaa-1)=V"(tNmy) & V(2 nmy),
aei)

then V is a representation space of the torus expa by Lemma 4.14. For o € a
define a subspace V(a) of V€ by

V(a) ={X e VY| (adH)X = V-1{a, H)X (H €a)},

then there exists a finite subset W C a — {0} such that

VC = Z g(aaaa _1) = Z V(OZ),

=) aceW

since any complex irreducible representation of a torus is one dimensional. Denote
by X the complex conjugation of X € V€ with respect to V, then V(a) = V(—a).
Hence, if « € W then —a € W. Since

Vie)®V(—a)={X e V| (adH)*X = —(a, H)*X (H € a)},
we have
V()@ V(-a)NV ={X €V | (adH)>X = —(a, H)?’X (H €a)}.
Define subspaces V' (£; N'my) and V(€2 N'my) by

V(e Nnmy) = (V) ® V(—a)) N V(e Nmy),
Vi nm) = (V(a)®V(—a)) NVt Nnmy),

then
Vi nm) =VE (B Nmy), Vi(anm)=V™E (b nmy).

Moreover
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W={aeZ|glaa-1)#{0}}, S=TUW. (4.8)
For a € W, we have

g(a7 «, _1) D g(a? —Q, _1) = (Val(el N m2) D VQL(E2 n ml))c

Set n(a) = dime g(a, o, —1) for a« € W.
LEMMA 4.15. n(a) =n(—a) and n(sa) = n(a) fora € W,s € W(X)O

ProOOF. By Lemma 4.11, n(a) = n(—«). Since there exists k € K; N Ko
such that s = Ad(k) on a, we can regard s as an inner automorphism of g€. Since
s maps g(a, o, —1) onto g(a, sa, —1), we have n(sa) = n(a)0 O

Since ¥ is a root system of a by Lemma 4.12, we can take a fundamental
system II of £. We denote by $* the set of positive roots in & with respect to II.
Set Xt =X NI+t and Wt = W NS+, Denote by II the set of simple roots of .
Then we have

V (Elﬂmg Z VJ' Elme) V Egﬂml Z V Egﬂml
acW+ acEW+

LEMMA 4.16.

(1) For any a € WT,
[a, Val(gl N mg)] = Val(ml N Eg), [Cl, ‘/vaL (m1 N Eg)] = Val(gl N mg).

(2) There exist orthonormal bases {Xa,it1<i<n(a) and {Ya,it1<i<n(a) Of V(N
my) and V- (my NEy) respectively such that, for any H € a,
[H? Xa,i] = <G{, H>Yot,i; [H7 Yogi} = _<Oé, H>Xot,i7 [Xot,h Yogi} =«
Ad(exp H)X i = cos({o, H))Xq,i +sin({o, H))Yq 4,
Ad(exp H)Y, ; = —sin({a, H))Xq,; + cos({o, H)) Y, ;

(3) For H € a set g =exp H, then

Ad(g De)m, = Y. maV(enm)s > Vi(enm).

rest pewt
(\HYERZ (B,HYgm /247 Z
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(4) Put g=expH for H € a. For § € ¥ with (3,H) ¢ nZ,

1 +
5

9T =~y

)Wl(g)'
For o e W with (o, H) ¢ 1/2+ 7 Z,

1

- - At
cos({a, H)) (Yas)

g*Ya,i - m1(g)"

Y+

m1(g

)= g.Y forY € V(t2 Nmy).

Proor.
(1) By Lemma 4.14,

[a, VQL(El N mg)] C [CL, Vl({fl n mg)] C Vl(ml n Eg)
For any H,H' € a and X € V- (€ N'my),
(adH'Y[H, X] = [H, (ad H'2X] = — (o, H')?[H, X].

Hence [a, V- (£, N'mg)] C Vi (my NEy). Conversely, for any X € V.M (my NEy),

SR

Since [—a/|al/*, X] € V- (€, N'my), we have
[a, VOCJ' (El n mg)] = V(j(ml N Ez)

Similarly we have [a, V1 (my N€y)] = V5E (€ Nmy).
(2) By polarization,

Vib(x) = {X € V(%) | [Hy, [Ha, X]] = —(a, H1){c, Ho) X (Hy, Hs € a)},

where * = m; M€y or x = € Nmy. Denote by { X4 i}1<i<n(a) an orthonormal basis
of V- (8 Nmy) and set

1
o, = Why?Xaﬂ] S VQL(EQ ﬂml)
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Then

1

<Ya,iaYa, > =~ 1
! [Jeel|*

<Xa,i; [av [avon,i]D = <Xa,i; Xa,j> = 61]

Hence {Y4,i}1<i<n(a) is an orthonormal basis of V- (€ Nmy) by (1). Since

1
[lex]|

for any H € a, we have X, ; = —(1/||a||?)[, Ya,i]. Hence [H, X, ;] = (o, H)Y, ;
Remark that

[H, Yy, = [H, [0, Xo,il] = —(a, H) X4 i

[Xa,i; Ya,i] < [?1 Nmo, my N EQ} Cm; Nms.

By the Jacobi identity, for any H € a, we have [H,[X44, Yai]] = 0. Hence
[Xa,i) Yoi] € a by the maximality of a. Since (H,[X,;,Ya;]) = (o, H), we have
[Xoc,ivYOz,i] = Q.

(3) We decompose £ as follows:

ty = (32 n El) D (EQ n ml)

=pe Y beVenm)e Y Vi(nm)

Aext BEW+
According to the above decomposition, we decompose X € £, as follows:
n(B)
X=Xo+ Y Y waSatXit Y Y ysiVai
Aex+t a=A BeWw+ i=1

Then we have

Ad(exp(—H)X = Xo+ Y > zqlcos((a, H))Sy — sin({a, H))T,)

At a=A

n(B)
+ X1+ Y Y ysalsin((B, H)) X + cos((8, H))Yp.0),

BeWw+ i=1

which implies that
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(Ad(exp(—H))X)m,

n(B)
= — Z sin((\, H) ZwaT + X + Z Zygzcos (B, H))Yg,;.
Aex+ Bew+ i=1

Hence we get the assertion.
(4) By the definition of S;, we have

d
(S;)m(g) dt exp tSﬁﬂ'l( )\t:o

g*%m(exp Ad(exp(—H))Sp)t=0
g 5 (Ad(exp(~H)S3)m,
— go(cos((8. H))S — sin( (3. H)) ),

= —sin((3, H))g.Tp.

Similarly we have

(Yomi)+

1y = 9 (Ad(CD(~ )Y = cos({5, H))g. Yoo
Since [a, V(e2 N my)] = 0, we have Y. = g.Y. a

COROLLARY 4.17. s, € Wa(a) N Wi(a) for each o € X.

PROOF. We already proved that s, € Wa(a) N Wiy(a) for o € ¥. Assume
that « € W. By (2) of Lemma 4.16, for each H € qa,

Ad(exptY,)H = H + fa. ﬁ? (cos(t||la]]) = 1) + W sin(t]|a||) X,

Select t € R such that cos(t||«||) = —1, then Ad(exptY, )H = sqo(H). Hence
Sq € Wa(a). Similarly there exists ¢ € R such that Ad(exptXa;)H = sqo(H).
Hence s, € Wi(a). O

Corollary 4.18 follows from (3) of Lemma 4.16.

COROLLARY 4.18 ([3, Corollary 5.2]). Set g = expH for H € a, then
Komi(g) is a regular orbit if and only if (\, H) & wZ for any A\ € ¥ and {8, H) ¢
w/2+7Z for any B € W.
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Corollary 4.19 follows from Corollary 4.18.

COROLLARY 4.19. Let g € G, Kami(g) is regular if and only if Kima(g~1)
1s reqular.

LEMMA 4.20.  n(A) +m()\) = n(oX) + m(o)) for A\ € S and o € W(2).

PROOF.  Since W (X) is generated by s, (1 € ¥) and s, (a € W), we can
regard o as an inner automorphism of g€ by Corollary 4.17. Then o maps g(a, \)
onto g(a,cA)0 Hence

m(A) + n(A) = dimg(a, A) = dimg(a, o)) = n(cA) + m(oA). O
Define an open subset a,. in a by
a, = {H € a| Komi(exp H) is a regular orbit}.

Each connected component of a, is called a cell. Each cell is a bounded convex
open subset of a. The action of .J induces a transformation on the set of cells.

LEMMA 4.21. (84, ((2n 4 )/||a]?)a) € J fora € W and n € Z.

PrROOF. Since s, = Ad(exp(7/|a||)Ya,;) where exp(n/|a|)Ya,: € Nk,(a),
it is sufficient to show that exp(—((2n + 1)7/|||?)a) exp((n/||c||)Yai) € Ki.
Hence it is sufficient to prove that

exp (e ) e () =ew (0 pEa) 69)

Take H € a such that 2{(a, H) = (2n + 1) and set a = exp H. We calculate
exp((m/]|a])Ya.i)a™t exp(—(m/||ct]|)Ya,i)a in the following two ways. The first way

is
T
exp Yoila~ exp ——Y,i|a
|| | [l

exp(H Y >exp< ”ZHAd(exp(—H))Ya,O

=exp (s e (-0 )

The second is
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exp iYc”- a texp —LY(“- a =exp(—sqoH)exp H
el el

=exp(H — s, H)
((Qn + 1)7ra)
=exp | ——5— |-
[lee]
Hence we get (4.9). O

Denote by W (X, %, W) the subgroup of J generated by

2 2 1
{(SA,H)\T';)\) |)\EE,nEZ}U{(Sa,(T|;r”2)Wa> |oz€W,n€Z},

then W(f}, 3, W) acts transitively on the set of cells. This is obtained in the same
way of the proof of Proposition 2.10. In the same way of the proof of Corollary 2.11,
we get the following: Select and fix any cell Py, then a = {J,cyy(s 5w sPy. Hence
any Ks-orbit in M; can be expressed as Kom(exp H) for H € P,. By Proposition
4.1, we can identify the orbit space K»\G/K; with Py/{c € J | oPy = Pp}.
From now on we use P, as a substitute for the orbit space. It is known that
J= W(i, %, W) when G is simply connected ([17, Proposition 3.1]). Set Py as in
(2.2), then Py is a cell ([13]). This is obtained from Corollary 4.18.

LEMMA 4.22.  Set g = exp H for H € a. Denote by h the second fundamental
form of Komy(g) in My, then we have:

(1) g;lh(g*ng*Tg) = COt(<6’H>)[Tavsﬁ}J— for a, B € ¥ with (o, H), (8, H) ¢
nZ.

(2) 97 0(giYai9:Y5) = —tan((B, H))[Yai, Xp ;)" for a and B in W with
(a0, HY, (B, H) &€ /2+7Z.

(3) h(g:+Yp,9:+Y1) =0 for Yo, Y1 € V(€3 Nmy).

(4) WgsTn,9:Y) =0 for o € ¥ with (o, H) ¢ 7Z and Y € V(t2 Nmy).

(5) h(9sYuirg:Y) =0 for a € W with (o, H) € 7/2+7Z and Y € V1 (kg Nmy).

(6) Forae X, 3 €W with (o, H)y ¢ nZ, (8, H) ¢ 7 /2 + 7,

9+ (g Ta, 92 Y5,0) = tan((B, H))[Ta, Xp,i]*-

PROOF. (1) By (4) of Lemma 4.16, (3) of Lemma 4.13 and (2) of Lemma
4.30
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WguTw, 9:Tp) = Sin((a,H))lsin«ﬁ,H>)h((s;r)m(g), (5 )m ()
~ sin((a H>_)gs?n(<5 ) [(Ad(g™")Sa)m,. Ad(g~)S5] ;.

= cot((B, H))g.[Ta, Sp]*-

(2) By (4) of Lemma 4.16 and (3) of Lemma 4.130 we have

1 At ATt
cos({a, HY) cos({$3, H)) h((Ya’l)m(g)’ (Yﬁﬂ)m(g))

—9x [(Ad(g_l)ya,i)fm ) Ad(g_l)yﬁ’j]#l
cos({a, H)) cos((3, H))

—g«[Yaisin((8, H)) X ; + cos((8, H))Y5 i,
cos((6, H))

= — tan((ﬁ, H>)g*[Yoz,i7Xﬁyj]L‘

h(9+Ya,i, 9+Y5,5) =

(3) By (4) of Lemma 4.16 and (3) of Lemma 4.13,

h(g*Y07g*Y1) = h(Y0+7Y1+) _g*[YE]uYI]L

m1(9) - mi?

where [Yp, Y1] € €3 N ¥y since Yy, Y1 € V(82 Nmy) C €2 Nmy. Hence [Yp, Yi]m, = 0.
(4) By (4) of Lemma 4.16 and (3) of Lemma 4.130 we have

1
- - + +

h(g*Ta,g*Y) = sin(<0¢,H>)h<Sa Y )7"1(9)
_ -1 "
= st & (A )Se)m VT,
= —gu[To,Y]s, = 0.

(5) By (4) of Lemma 4.16 and (3) of Lemma 4.130

_ 1 P
h(g*Ya,i7g*Y) - mh(ymi,}/ )7T1(g)
1 ) N
=~ costla gy o (Al Yaim, Y],

= _g*[Yaf“Y]lj‘l;l = 0
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(6) By (4) of Lemma 4.16 and (3) of Lemma 4.130 we have
1
sin({a, H)) cos((3, H))

 [(Ad(g) S0 Ad(g )Y
sin({a, HY) cos({3, H))

9+[To, —sin((8, H)) Xg,i + cos((8, H))Yp,ilm,
cos((6, HY)

— tan((8, H))g.[Tu, X5 O

hMgiTw, 9+Y5:) = h(SE, Y5

a? 5’i)7f1(9)

COROLLARY 4.23. Set g =exp H for H in a. The mean curvature vector of
Komi(g) in My is given by

g M) = — E m(A) cot((A, H))A + g n(a) tan({a, HY)a.
xext aewt
(\HYETZ (a,H)E(m/2)+mZ

PROOF. By (1), (2) and (3) of Lemma 4.22, we have

g;lmm(g) =— Zcot((a, H))a — Z tan({c, H))[Yai, Xa,i]L

acewt
(a, HYE(7/2)+7Z

=— Y m\)cot((A H)A =Y tan((a, H))[Ya.i, Xail*

Aext
(N HYgrZ
=— Z m(A) cot((A, H)A + Z n(a) tan({a, H))a. O
rext acwt
(\HYZTZ (a,H)&(m/2)+7Z

In [10, Corollary 2.8], we showed that the mean curvature vector of Komi(g)
in M is parallel with respect to the normal connection. The following corollary
is a generalization of a result in [7].

COROLLARY 4.24.  Set g = exp H for H in a. The orbit Komi(g) in My is
totally geodesic if and only if (\, H) € (7/2)Z for any A\ € ©+.

Proor. It is sufficient to prove that Ko (g) is totally geodesic if and only
if the following conditions (1) and (2) hold:

(1) For A € ©F with (\,H) ¢ 72,
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cot({\, H)) = 0, that is, (\, H) € g +7nZ.

In other words (\, H) € (7/2)Z for any A € XT.
(2) For « € Wt with (o, H) & (7/2) + 72,

tan({(o, H)) = 0, that is, (o, H) € 7Z.

In other words (a, H) € (7/2)Z for any a € WT.

By Lemma 4.22, Kom(g) is totally geodesic if and only if the following three
conditions (A), (B) and (C) hold:

(A) cot((3, H))[Tw,Ss)* =0 for a, 3 € X with (o, H),(3,H) ¢ nZ.

(B) tan((3, H))[Ya,i, Xg;]* =0 for o, 3 € W with (o, H), (8, H) ¢ 7/2+ 7 Z.

(C) tan((8, H))[Tw, Xpt = 0 for « € X, € W with (o, H) & 7Z,(3,H) ¢
w/2+7Z.

In this case, set 8 = a in (A), then
0 = cot({a, H)) [T, Sa]* = — cot({a, H))a,

which implies (1). Conversely (1) implies (A). Set § = «,j = ¢ in (B), then, by
(2) of Lemma 4.16,

0= tan((oz,H))[Ya7i,Xa7i]J‘ = —tan({a, H)),

which implies (2). Conversely (2) implies (B) and (C). O

COROLLARY 4.25. Kom(e) is a totally geodesic submanifiold in My. There
exists a totally geodesic submanifold through m(e) whose tangent space is T#}(e)

(Kami(e)).

ProOOF. By Corollary 4.24, Ko7 (e) is a totally geodesic submanifold in M.

: 1
Since Tm(e)

assertion followsO O

(Kami(e)) = mg Nmy, this is a Lie triple system in my. Hence the last

We recall the definition of reflective submanifold given by Leung [15]. Let M
be a complete Riemannian manifold. A connected component of the fixed point
set of an involutive isometry of M is called a reflective submanifold.

REMARK 4.26. Ky (e) is a reflective submanifold of M;.
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PROOF. Since 6105 = 050, K; is fs-invariant. Hence 05 induces an involu-
tive isometry 6 on M;:

O : My — My; 9Ky — 02(9) K.

Then 6, is identity on Kom(e) and —1 on T (71 (K3)) = my N my0 d

A reflective submanifold is totally geodesic ([12]). In the case where the orbit
of a Hermann action, the converse is true in the following sense.

PROPOSITION 4.27.  If Komi(g) C M is totally geodesic then it is a reflective
submanifold.

PROOF. We may assume that g = exp H for some H € a. Define an involu-
tive automorphism 65 on G by

04 : G — G;x— exp(—2H)0(z) exp(2H),
then the fixed point set K} of 65 is given by
K} = exp(—H)Ks exp H.
Hence g_lngrl (9) = Kimi(e). Since Kam(g) is totally geodesic, (\,4H) € 2nZ
for any A € ¥ by Corollary 4.24. Hence Ad(exp4H) = 1 by Lemma 4.16. Thus

exp4H is in the center of G. Hence 6,6}, = 046, since 6105 = 0560;. By Remark
4.26, Kom1(g) is a reflective submanifold. O

COROLLARY 4.28 ([3, Theorem 5.3]). Set g =exp H for H in a. For§ € a,
the set of eigenvalues of the shape operator A9¢ of Kom(g) C M is given by

{—(&, ) cot((\, H)) (multiplicity = m(\)) | A € S, (\, H) ¢ ©Z}
U {<a,g> tan((c, H)) (multiplicity = n(a)) | a € W+, (o, H) ¢ g + wz}
U {0 (multiplicity = dim(V (& N my)))}.
PROOF. By Lemma 4.22, we have

Ag*gg*Ta = _<a7 £> COt(<a7 H>)g*TOé7

Ag*Eg*Yayi = (a, &) tan({ev, H)) 9+ Ya i,
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A%CqY =0 for Y € V(&2 Nmy),

which implies the assertion. O

We showed the following in [11, p.459]. Let A be a finite subset of a finite
dimensional vector space a with an inner product (, ). We consider a condition
that, for any £ € a, the set {(a,&) | a € A} with multiplicity is invariant under
the multiplication by —1. This condition is equivalent to a condition that A is
invariant under the multiplication by —1. By Lemma 4.9, Corollary 4.28 and the
mentioned above, we have the following.

COROLLARY 4.29. Set g =exp H for H € a, then Kam1(g) C My is austere
if and only if the finite subset of a defined by

{=Xcot((\, H)) (multiplicity = m(\)) | X € 2T, (\,H) ¢ nZ}

U {atan((a,H>) (multiplicity = n(a)) |a € W, (o, H) & g + WZ}

1s invariant under the multiplication by —1 with multiplicities.
By Corollaries 4.23, 4.24 and 4.29, we have the following.

COROLLARY 4.30. Let g be in G. Then Kom1(g) C My is minimal, austere,
and totally geodesic if and only if K1m2(g~t) C My is minimal, austere, and totally
geodesic, respectively.

THEOREM 4.31. Let (G, K) be a compact symmetric pair. If the orbit Kp in
the compact Riemannian symmetric space M = G/ K s austere, then it is totally
geodesic.

PROOF. Put #; = 65, then we can apply a setup prepared until now. We
may assume that p = m(exp H) for some H € a. Since Kp in M is austere, the
finite subset {—Acot((\,H)) | A € ¥T,(\,H) € wZ} of a with multiplicities is
invariant under the multiplication by —1 by Corollary 4.29. Hence for any A € T
with (\, H) € nZ, there exists yu € ¥F with (u, H) ¢ wZ such that

—Neot((A H)) = prcot((u, H)).
If cot({\,H)) # 0 or cot({u, H)) # 0, then ¥ would be of type BC. Moreover

=2\, m(A) =m(2X\) or A = 2, m(p) = m(2u), which would be a contradiction,
since m(2A) < m(\) by Lemma 4.32. Hence cot({\, H)) = 0 for any A € X1 with
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(\,H) & mZ. By Corollary 4.24, Kp is totally geodesic. O

LEMMA 4.32.  Let ¥ be the restricted root system of a compact symmetric
pair (G, K). Assume that there exists A € 3 such that 2)\ € X, then m(\) > m(2X).

PROOF. We extend the invariant inner product ( , ) on g to a complex
symmetric bilinear form on g€, which is also denoted by (, ). Define a subspace
g(a,A) of g by

0@ ) ={X € g9 | [H,X] =vV-1(a, H)X (H €a)},

then dime g(a, \) = m(\) since g(a, ) @ g(a, —A\) = (£x ® m,)¢. Take and fix
X € g(a,A\) — {0} with X = X, and define a subspace g(a, \)’ of g(a, \) by

g9(a, ) ={Y €g(a,)) | (¥, X) =0}

Then dime g(a, \) < m(A) since X ¢ g(a,A)’. It is sufficient to show that the
linear mapping adX : g(a, \)’ — g(a, 2)\) is surjective. For Z € g(a,2)), set

1 _
Y=-————[0X,7] €g(a,\) where [X]|*=(X,X).
2[| AP lX1?
Then Y € g(a, ) since (Y, X) = (Y,0X) = 0. By the Jacobi identity and 3\ ¢ %,
we have
1 —1

W[[x, 0X], 2] = ————[\, Z] = Z.

= AP

Hence we get the assertion. O
The totally geodesic submanifolds mentioned in Theorem 4.31 were classified
in [7].
4.3. When G is simple and 0,05, = 050+:

A main purpose of this subsection is to give a proof of the following theorem.

THEOREM 4.33.

(1) Let (G,K1,Ks) be a compact symmetric triad. Assume that G is simple,
01605 = 0201 and 61 £ 05. Denote by (ENI,Z,W) the triple constructed from
(G, K1, K3) in the previous subsection, then (27 ¥, W) is a symmetric triad of
a. For A€ ¥ and o € W, set
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m(A\) = dimg(a, A\, 1), n(a)=dimg(a,\, —1),

then m(X) and n(a) satisfy the conditions (1), (2), (3) and (4) of Definition
2.13.

(2) Let (G, Ky, Ks3) and (G, K1, K}) be two compact symmetric triads. Assume
t@at G is simplei 0105 = 0261,01 £ 05,0105 = 0507 and 67 £ 05. Denote by
(X,5,W) and (X', X", W’) the corresponding symmetric triads. If (61,62) ~
(01,05), then (3,5, W) ~ (X, X, W").

LEMMA 4.34. X is an irreducible root system of a.

PrROOF. It is already proved that ¥ is a root system of a. If ¥ were to be
reducible, there would exist non empty subsets ¥; and Y9 such that

=N, (disjoint union), ¥ LS.

Denote by g& the subalgebra of g€ generated by > wcs, 8(a,a) (# {0}). Since

of Co(a,0)@ > g(a,a),
aeil

we would have g # g€. Since

EECHIEIFTUED SFTSED SIS pE]

aEs, aEe aEXy e,

C Z (g(a7a) + [g(av a),g(a, 70‘)}) - g?a
aeill

g¢ would be a non trivial ideal of g€. Since g€ is simple, this would be a contra-
diction. Hence ¥ is an irreducible root system of a. O

LEMMA 4.35.  Let > be an irreducible root system of a. Set | = max{||a]| |
a € X}. For any 8 € X with ||B|| <, there exists v € ¥ with ||v|| =1 such that

o {8:7)

- =1.
[e1lE

PRrOOF. First we assume that ||3|| < and ||v|| = IO Since the Weyl group
maps 7 to the highest root, we have, by [19],
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0 (BL)
—2<ﬂ’”72> ={+2 (B=F) (4.10)
7 +1 (otherwise)

Since span{y € X | ||| = I} = a, if it were not to exist such v satisfying the above
condition, then 8 = 0, which would be a contradiction. O

It is necessary to recall the finite dimensional complex irreducible representa-
tions of su(2) and sl(2,C) = su(2)€. We choose a basis of su(2) as follows:

_1( 0 V-1 S 1/0 -1 1 V-1 0
=9\ 0 ) e2_2<1 0)’ “=9l o —yII)-

LEMMA 4.36 ([9, Lemma 5.1]).  Let (p, V) be a finite dimensional complex
irreducible representation of su(2), then there exists a basis { fxYo<k<n of V such
that

ples)fi = YL (on 20
p(el)fk:E{\/(n_k)(k+1)fk+l+\/k(n—k'i‘l)fkfl}v
{ Vn=k)k+ 1) e+ VEk(n—k+ 1) fr1}

In order to state the finite dimensional complex irreducible representations of
sl(2,C), set

X=e—V-leg = F(?) (1))65[(2,0)

and denote by ~the complex conjugation of sl(2, C') with respect to the compact
real form su(2), then

X = \/—1 (? g) = €1 —|—\/—1€2.

Put
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then {X, X, H} is a basis of s[(2,C). Lemma 4.37 immediately follows from the
lemma above.

LEMMA 4.37.  Let (p,V) be a finite dimensional complex irreducible repre-
sentation of sl(2,C), then there exists a basis { fx}o<k<n of V such that

p(X) fe = V=1V (n — k) (k + 1) fri1,
p(X) fr = V=1Vk(n—k+1)fr_1,

p(H) fr = (n — 2k) fi

LEMMA 4.38 (Matsuki). Take X € g(a,a,€) — {0} such that ;X = X,
€= =£1.

(1) I=CX®CX aC[X,X]=sl(2,C) as Lie algebras.
(2) When {a, 3) <0, then ||B|| > ||+ B|| and the mapping

(adX)™ : g(a, 5) — 0(a, sa/9)
is a linear isomorphism, where we set m = —2(a, 3)/||a||* € N. In particular

the linear mapping adX : g(a, 8) — g(a, 8+ «) is injective.
(3) WhenXNW =0,a,8,a+ B €3, then

g(a,a+B) =g(a,a+ B, e162),

where we set g(a, o) = g(a,a,€1), g(a, 5) = g(a, 3, €2).

Proor. For (1), we refer to [16, p.61].
(2) Since [|8]1> — [la+B|* = [|la]|*(m—1) > 0, we have ||3]| > |la+3]|. Denote
by 8+ na (p <n < q) the a-series containing 3, then p + ¢ = m and

1
(o B+ na) = —Zllal*(p+q-2n) (p<n<q)
Taking this into account, we decompose
Onezd(a, 8 +na) =L _ 8(a, 8+ na)

into [-irreducible representations. Then Lemma 4.37 implies the assertion.
(3) When («, ) < 0, then we have, by (2),
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0# [X,g(a,8,e1)] Cgla,a+ B3, e1€2).
Since XN W =, we have
gla,a+ 3) = gla,a+ B, €1€2).
When (a, ) > 0, then
(o, —(a+B)) = ~lla]* = (e, 8) < ~]lal* < 0.
Since
g(a, —(a+0)) = g(a, —(a + ), 1) (p = =£1),
we have, by (2),
07 [X,g(a, —(a+5),p)] Coa, =5, e1p).
Hence
g(a,=f) = g(a, =5, €2) = g(a, =f, e1p1).
Thus p = €1€3, which implies that
gla,a+ 3) = g(a,a+ 5, €1€2). O

PROPOSITION 4.39 (Matsuki).  The following four conditions are equivalent.

(1) The involutive automorphisms 61 and 05 of g cannot transform each other by
any inner automorphism of g.

(2) TNW #0.

(3) SNW NI #0.

(4) Setl = max{|jal| |« € ENW}, then ENW = {B e X | ||8] <}

PROOF. First we shall prove that the negative of (1) implies the negative
of (2). Assume that 6; and 6 transforms each other by an inner automorphism
of g. Since G = K;AK», there exists a € A such that 6; = Ad(a)fAd(a™1).
Then, for any z € G, we have 6201 (r) = a=2xa® and 0105(z) = a®za~2. Since
0102 = 0201, a* is in Z(G), the center of G. Select H € a such that a = exp H,

then 4(a, H) € 2nZ for any a € X. Hence, for o € ¥ and X € g(a,a), we have
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0105(X) = Ad(a®)X = > x = V=T x — 4 X

which implies that X N W = 0.
Second we shall prove that the negative of (2) implies the negative of (1).
Assume that XNW = ), then, for a € 3, there exists €, = +1 such that g(a, o) =

g(a, a, €,). Hence 6102 = ¢, on g(a,a). Select H € a as follows: For o € I,

0 (en=1),
7 (ea = —1).

2{a, H) = {
Set a = exp H, then for any X € g(a,a) with a € TI, we have Ad(a®)X = €, X.
Hence, by Lemma 4.38, 616, = Ad(a?) on > aes 8(a, ). The subalgebra generated
by Y aes (@) (# {0}) is an ideal of g©. Hence it coincides with g© since g€ is
simple. Hence 6160y = Ad(a?), which implies that 6; = Ad(a)fAd(a™!).
Hence the conditions (1) and (2) are equivalent. It is sufficient to prove that
(2) = (3) = (4) since (4) = (2) is trivial. We shall prove that (2) implies (3).
Let o be in £t N W+, We will show that there exists 8 € II such that (a,3) > 0
when o ¢ II. We were to assume that (a, By < 0 for any § € II. Express a as
a=> scqmpB (mg > 0), then

lal* =" msla, B) < 0.

BeIl

Hence we would have « = 0, which would be a contradiction. Thus when « & f[,
there exists 3 € II such that (a, 8) > 0. Then a — 3 € $*. We will show that
a—peXtNWTt. Since a € X NWT, we have g(a, o, £1) # {0}. We can
take X € g(a,—f3,1) — {0} such that ;X = X by Lemma 4.11. Since adX :
g(a,a, £1) — g(a,« — 8, +1) is injective by (2) of Lemma 4.38, g(a,a — 8, £1) #
{0}. Hence o — 8 € £ N W*0 By iteration, we have X+ N W+ N1II # 0.

Last we will show (3) = (4). When the lengths of elements of % are a
constant, then ¥ = ¥ and W(X) acts transitively on W. Hence Y =%=W.
Thus SNW =% = {3 € ¥ | |8 <1}. Hence we assume that the lengths
of elements of ¥ are not a constant. Take 3 € ¥ such that ||8]] = I. We will
show that # € ¥ N W. By the definition of [ there exists « € ¥ N W such that
18]l = |l||. Since ¥ is an irreducible root system of a by Lemma 4.34, there exists
s € W(X) such that 8 = sa. Since {s, | v € X} generates W (%), it is sufficient
to prove § € ¥ NW when § = syo. We may assume that («,7) # 0, and 7 is
not proportional to o. We may assume that (a,y) < 0 since s_, = s,. Take
X € g(a,v,€) — {0} with 0; X = X, e = £1 then
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(adX)™ : g(a, @) — g(a, B)

is a linear isomorphism by (2) of Lemma 4.38. Since @« € W N X we have § €
YNWOThus {8 € X ||| =1} € ENW. When [ = min{|ja|| | @ € ¥}, then
SNW ={8eX|||f|| <I}. Hence we may assume that [ > min{||la|| | a € X}.
We consider the case where 3 is not of type BC,. Then | = max{[ja| | a € X}.
Take y in ¥ such that ||y < I. We will show that + is in X N W. By Lemma 4.35
there exists 4 in ¥ with ||8]| = I such that —2(3,~)/||3]|> = 1. Then 3 + v is in
¥, Since —2((—4, 8+ 7)/| — B]|?) = 1 we have

dimg(a,v,1) =dimg(a, 5 +7,1) (0# X €g(a,53,1))
:dlmg(aar}/?il) (O%X/ Gg(av 7ﬁ771))a

which implies that v € XNW. When Y is of type BC,., then the assertion reduces
to the case when X is of type B,. O

PROOF OF (1) oF THEOREM 4.33. We have already proved the condition
(1) of Definition 2.2 by Lemma 4.34. We shall prove (2) of Definition 2.2. By (4)
of Proposition 4.39, we have span(X N W) = a. Hence span(X) = a and ¥ is a
root system of a. We have already proved (3) of Definition 2.2. The condition
(4) of Definition 2.2 follows from (4) of Proposition 4.39. The conditions (1) and
(2) of Definition 2.13 was proved in Lemmas 4.5 and 4.15. The condition (3) of
Definition 2.13 was proved in Lemma 4.20. We shall prove (5) and (6) of Definition
2.2 and (4) of Definition 2.13. Let a € W and X € ¥, then set m = —2(a, \)/||a||2.
We can take X € g(a,a,—1) — {0} such that ;X = X0OIn order to prove the
assertion, we may assume that (a, \) < 0. By Lemma 4.38,

(adX)™ : g(a,A) — g(a, 501)
is a linear isomorphism. Let A be in (X — W)U (W — X). When m is even, then

(adX)™ : g(a, A\, 1) — g(a,so4,1)  (HfAe X —W),
(adX)™ : g(a, A, —1) — g(a, 504, —1) (HAreW -%)

is a linear isomorphism. When m is odd, then

(adX)™ : g(a, A\, 1) — g(a,soA, —1) (HAeX-W),
(adX)™ : g(a, A, —1) — g(a,50,A,1) (HAeW -%)
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is a linear isomorphism. Hence (5) and (6) of Definition 2.2 hold. Thus (X, %, W)
is a symmetric triad of a. We shall show (4) of Definition 2.13. When m is even,
then

(adX)™ : g(a, A\, 1) — g(a, saA, 1)
is a linear isomorphism. When m is odd, then
(adX)m : g(av >‘a 1) - g(aa SaA, 71)

is a linear isomorphism. Hence we get the assertion. O

PROOF OF (2) oF THEOREM 4.33.  Since (01, 63) ~ (0], 605), there exist = €
G and p € Aut(G) such that

01 = Tapbrp 7, 05 = pbap .
Then
0, = plp~'mep)0r(p~ 7, p)p "
Since p~!7,p is an inner automorphism of G, there exists y € G such that p~'7,p =

7y. Then 0] = pTyﬁlTy_lp_l
0> commute each other. In order to give the proof, we may assume that p is the
identity transformation. Since G = Ks(expa)K, there exist k; € K; and Y € a

such that y = ke exp Hk;. Since 7y, 91-71;_1 = #;, we have

. Since 0] and 6 commute each other, 7,6,7, ! and

/ -1 _-1 / —1
0, = Tszexpy917'eprTk2 , Oy = %92% .

Since 6102 = 0201 and 0105, = 040], exp4Y is in the center of GO Thus
Ad(exp4Y) = 1, which implies that ¥ € I'O To complete the proof, we may
assume that ko is the identity element. Define a subspace m} of g by

my ={X € g0 (X)=-X},

then m}{ = Ad(expY)m;. Hence a is a maximal abelian subspace of m} N ms.
Hence ¥’ = ¥. For any o € ¥ and X € g(a, a, €),

005X = Ad(exp2Y)610,X = eV 1Y) X (= +eX).
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Hence (2.1) holds when we put f = 1. We have (X,%, W) ~ (X, %/, W’) and the
proof is completed. O

Let H € a. Then Kymi(exp H) is a regular orbit, totally geodesic orbit,

austere orbit, and minimal orbit if and only if H is a regular point, totally geodesic

point, austere point and minimal point, respectively. By Theorem 2.24, for any
A C TTU {a}, there exists a unique element H € P& such that Kym(exp H) is
a minimal orbit in M;. Using the results in Section 3, we can classify the totally
geodesic Ky-orbits and the austere Ks-orbits in Mj.
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