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Abstract. We study the Oseen problem with rotational effect in exterior
three-dimensional domains. Using a variational approach we prove existence and
uniqueness theorems in anisotropically weighted Sobolev spaces in the whole
three-dimensional space. As the main tool we derive and apply an inequality of
the Friedrichs-Poincaré type and the theory of Calderon-Zygmund kernels in
weighted spaces. For the extension of results to the case of exterior domains we
use a localization procedure.

1. Introduction.

1.1. Formulation of the problem.

In a three-dimensional exterior domain Q C R?, the classical Oseen problem
[30] describes the velocity vector v and the associated pressure 7 by a linearized
version of the incompressible Navier-Stokes equations as a perturbation of v, the
velocity at infinity; v, is generally assumed to be constant in a fixed direction,
say the first axis, v, = |v|€1. In the next we denote |v,| by k, and we will write
the Oseen operator k 0;v. On the other hand it is known that for various flows past
a rotating obstacle, the Oseen operator appears with some concrete non-constant
coefficient functions, e.g. a(x) = w X x, where w is a given vector, see [17], [29]; in
view of industrial applications a(x) can also play the role of an “experimental”
known velocity field, see [20].

This paper is devoted to the study of the following problem in € for (non-
solenoidal) vector function u = u(x) and scalar function p = p():

—vAu+kdu— (wxz)-Vutwxu+Vp=f in Q (1.1)
divu=g in Q (1.2)

u—0 as |z|]— o0 (1.3)
u=(wxx)—ke on 99, (1.4)
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where w = (&,0,0) is a constant vector, v, k and & are some positive constants,
and f = f(x) a given vector function, g = g(x) a given scalar function.

We restrict ourselves to the assumption of compact support of g when {2 is an
exterior domain. The system arises from the Navier-Stokes system modelling
viscous fluid around a rotating body which is moving with a given non-zero
velocity in the direction of its axis of rotation. An appropriate coordinate
transform and a linearization yield in the stationary case equations (1.1) and
(1.2), for details see [3], [17]. The third term together with the fourth one (the
Coriolis force w x w) in (1.1) arise from the influence of rotation of the body.

Let us begin with some comments and relevant process of analysis of the
problem (1.1)—(1.4).

e The governing equations of fluid motion are stationary and linear, but in
unbounded domains the convective operators, kd; and (w x &) - V, cannot
be treated as perturbations of lower order of the Laplacian.

e The fundamental tensor (similarly as the fundamental tensor to the Oseen
problem) exhibits the anisotropic behavior in the three-dimensional space.
To reflect the decay properties near the infinity we introduce the following
weight functions:

n5(x) =03l (x) = (1+6r)*(1 +es)’,

with r=r(z) = |z| = (30, 2)'? s=s(@)=r—z, z€ R, £6>0,
a, 3 € R. Discussing the range of the exponents a and (3, the corresponding
weighted spaces LI(R?; ng) give the appropriate framework to test the
solutions to (1.1)—(1.3). This paper is concerned with ¢ = 2. Let us mention
also that Uk belongs to the Muckenhoupt class A, of weights in R® if
—l1<f<land -3<a+p(<3.

e In this paper we will prefer the wvariational approach. To avoid the
difficulties with the pressure part of the solution p we solve firstly the
problem in R3. Using the theory of Calderon-Zygmund integrals in
corresponding weighted spaces, we determine the pressure p of the problem
in R® to be from the same space as the right-hand side of (1.1). This first
step cannot be done directly in an exterior domain. Then we apply the
variational approach for the velocity part of the solution.

e For the extension of the results to the case of exterior domains we use the
localization procedure, see [22].
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1.2. Short bibliographical remarks.

The weighted estimates of the solution to the stationary classical Oseen
problem were firstly obtained by Finn in 1959, see [9]. The variational approach to
the model equation —v Au+ kOju = f in an exterior domain in anisotropically
weighted L%-spaces was applied by Farwig, see [1]. The same variational
viewpoint has been also applied in [27], [28] by Kra¢mar and Penel to solve the
generic scalar model equation —vAu+ kOju — a-Vu = f with a given non-
constant and, in general, non-solenoidal vector function a in an exterior domain.
Both model equations are assumed with boundary conditions u =0 on 992 and
u— 0 as |z| — oc.

Another common approach to study the asymptotic properties of the
solutions to the Dirichlet problem of the classical steady Oseen flow is the use of
the potential theory, i.e. convolutions with Oseen fundamental tensor and its first
and second gradients for the velocity (or with the fundamental solution of Laplace
equation for the pressure): the L2-estimates in anisotropically weighted Sobolev
spaces in R® were derived by Farwig [2], the Li-estimates in these spaces were
proved in R® and R" by Kraémar, Novotny and Pokorny in [25] and [26],
respectively. Different approach was used by Kobayashi and Shibata [21].

The fundamental solution to rotating Oseen problem in the time dependent
case is known due to Guenther and Thomann, see [32], but, unfortunately, the
respective stationary kernel does not seem to be of Calderon-Zygmund type. The
Littlewood-Paley decomposition technique offers another approach for an L%-anal-
ysis: Thus, Li-estimates in non-weighted spaces were derived for the rotating
Stokes problem by Hishida [17], by Farwig, Hishida, and Miiller [5], and for the
rotating Oseen problem in R® by Farwig [3], [4]. Li-estimates of the pressure and
the gradient of the velocity for the exterior Stokes flow around a rotating body
without translation were derived in [19]. Li-setting with non-integrable right-
hand side in non-homogeneous case was investigated by Kra¢mar, Necasova and
Penel in [24]. The Littlewood-Paley decomposition technique for L?%-weighted
estimates with anisotropic weight functions was used by Farwig, Krbec and
Necasova [7], [8].

Another approach based on the use of the non-stationary equations in both
the linear and also non-linear cases is proposed by Galdi and Silvestre in [11],
[12], [13], [14]. The last paper showed the existence of the wake region for the
Navier-Stokes flow for small data.

We would like also to mention that the problem was solved by the semigroup
theory in L2-setting in particular by Hishida [18], and then the respective results
were extended to L case by Geissert, Heck and Hieber [15].
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1.3. Basic notations and elementary properties.

Let us outline our notations. Let ./ be the space of the moderate
distributions in R®. Let  be an exterior domain with a boundary of the class
%2, and

W™9(Q) = {u e L. (Q): DueL{(Q), |l|=m}

with the seminorm [ul,, = (3, Jo [u|)Y. Tt is known that W™1(Q) is a

Banach space (and if ¢ = 2 the space f]m(ﬂ) = VIA/’”??(Q) a Hilbert space), provided

we identify two functions uy, us whenever |u; — uQ|mq =0, i.e. uy, up differ (at

most) on a polynomial of the degree m — 1. As usual, we denote by qu(Q) the
closure of C{°(12) in Wma(Q).

Let (L2(€; w))® be the set of measurable vector functions f = (f1, fo, f3) in Q
such that

We will use the notation LG () instead of (L*(; 7 ))? and || - ||2ad instead of
I N2, ) Let us define the weighted Sobolev space Hl(Q M3 ) as the set
of functlons u € L 5,(82) with the weak derivatives 0;u € La 5 (€2). The norm of
ue€ H' (Q My s 15 ) is given by

2 2(1]
Il )= ([P o [ 9y a )

As usual, H! (€% mg),m5), will be the closure of C°(€) in H' (O M5 ), where
Cr(Q) is (C(Q ))3, and H'(Q; 773“,775 ) will be the closure of C{°(€2) in
H'(Q; 13, 151).

For simplicity, we shall use the following abbreviations:

L’ ;()  instead of (L2 (Q 77(}) ) ’

[ [lo,03.0 instead of || ez ()
H}},(Q) instead of (Q n5- 1,7]5)
V.5(Q)  instead of 1( 5 ng)

Vos(Q) instead of ( 1, n3)-
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We shall use these last two Hilbert spaces for « >0, >0, a4+ < 3. If no
confusion can occur, we omit the domain in the notation of the norm || - I, , 5.
The notation H'(Q) and IOII(Q) mean, as usual, the non-weighted spaces
(H'(Q; 1, 1))* and (EII(Q; 1, 1)), respectively. As usual, omitting the domain Q
in the notation of spaces will indicate that Q = R?, so e.g. H' = H'(R?).

Concerning the weight functions 7§, we will use two notations ng(x) and
ngf(:ﬂ) taking the advantages of the following remark:

REMARK 1.1. Let us note that for ngjf and for any 61, 092,€1,€2 > 0 one has

@,b2

1
< Cmax * 77[37527

T

.0 .,
Cmin * 7737'5: < N3,

Cmin = min(1, (61/8)")min(1, (£1/€2)”),  Cmax = max(1, (6/8,)")-max(1, (e1/e2)").
The parameters 6 and e are useful to re-scale separately the isotropic and
anisotropic parts of the weight function 7j.

We also use the notation of sets Bp={x¢c R%|z|< R}, Bf=
{z € R%|z| > R}, Qp = BpnQ, Qf = BEnQ, B! = B N By, Q) = Bi! N,
for positive numbers R, Ry, Rs.

1.4. Main results.

In the first part of the paper (chapters 2—4) we study the problem in R®. Let
us assume for a moment that pressure p is known. In solving the problem (1.1)-
(1.3) with respect to u and p by means of a pure variational approach, we shall
deal with the following equation:

k
V/ |Vu|2wda:—|—z// (u-V)u-de:c——/ |u|*0w da
R 2 /p

R3

1
——/ ludiv(wlw x 2))dz= | f-uwde— [ Vp-uwwdz  (1.5)
2 R R R

as we get integrating formally the product of (1.1) by wu with w an appropriate
weight function. First, let us note that div(n§ [w x z]) equals zero for w = 73. The
left hand side can be estimated from below by:

1
K/ \Vu|2wda:+f/ |u|2(—1/|Vw|2/w—k81w>dm. (1.6)
2 R 2 R

Because the term —v|Vw|® /w — kdjw is known explicitly, we have the possibility
to evaluate it from below by a small negative quantity in the form —Cngj
without any constraint in s(-) (see Lemma 2.5).
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An improved weighted Friedrichs-Poincaré type inequality in Iofig is
necessary. The obtained inequality allows us to compensate by the viscous
Dirichlet integral the “small” negative contribution in the second integral of (1.6).
We finally prove the existence of a weak solution (1.1)—(1.3) in Vg by the Lax-
Milgram theorem.

The main results of the first part of the paper can be summarized in the
following theorems (parameters «, [, 8, € are specified in Section 1.3):

THEOREM 1.2.  Let 8 > 0. There are positive constants Ry, ¢y, ¢; depending
on «, B, 6, € (explicit expressions of these constants are given by Lemma 2.3,
essentially co = O(e™2 + §72) and ¢; = O(e7167Y) for § and e tending to zero) such
that for all v € H(lmg

1920 1 s 1< o / Vol de + o / Vol de. (1.7)
330 BRo

THEOREM 1.3 (Existence and uniqueness). Let 0< <1, 0<a<yf,
fe Liﬂ,ﬂ? g € Hj,, such that vVg —kge, + glw x @) € L2 5 y1 will be given in
Lemma 4.3. Then there exists a unique weak solution {u, p} of the problem (1.1)-
(1.3) such that we Vg, pe L} 5 1, Vp € L2, ; and

||IU‘H2,(171,[} + ”vu”Z,a,ﬂ + ”pHZ,a.ﬂfl + ||Vp||2,a+1,[3
< C (Iflaers + 10¥9 = kg er + 9w X @)l r1)-
In the second part of the paper (chapters 5, 6) we extend the results of the
first part onto exterior domains.

THEOREM 1.4. Let QC R® be an exterior domain and 0< (<1,
0<a<y By is given in Lemma 4.3, f € LiHﬂ(Q), g € H'(Q) with suppg =
K CcCQ and fﬂgdm = 0. Then there exists a weak solution {u,p} of the problem
(1.1)-(1.4) such that w € V,p5(Q), p€ L2 5 1(Q), Vp e L}, 4(Q) and

[ llnrs + 1Vl + [Bllsor + (9Pl s
< C(Hf||2,a+l,ﬁ +lg

|172+w2—|—w+k2+k>.

REMARK 1.5. Concerning dyu and Vwu, our analysis did not catch any
difference in the dependence of the parameters o and (3. The reason appears inside
the proofs of the Theorems 1.3 and 1.4 when we ask for the coercivity of the
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bilinear form @(, -), testing equation (4.20) by unf. On the other hand, we have
no heuristic argument for not expecting better decay behavior of 9y u like Vp as in
Farwig’s result, see [2].

REMARK 1.6. The important feature of the Friedrichs-Poincaré type
inequality is that we are able to evaluate its coefficients, precisely expressed in
Lemma 2.3 separately near the obstacle and far from the obstacle.

REMARK 1.7. For a > 0, using these coefficients, negative values of the
function F, g(-, -) defined by the formula (2.13) can be compensated by the viscous
Dirichlet integral; this analysis was not required in [2] because F, (-, -) is positive
when a < 0.

REMARK 1.8. The previous compensation cannot be associated with a large
interval of positive values for a: So, we receive the technical condition /8 < y;.
Using other type of weight functions characterized by some parameters, one can
get another technical condition on these parameters.

REMARK 1.9. We can improve the result from Theorem 1.4 removing the
assumptions on g relative to its compact support and to its zero mean value: This
will be the partial subject of a forthcoming paper. In the present paper, we have
decided to use simply the approach by Girault-Raviart (see Subsection 6.1) and
the standard Bogovski’s lemma in bounded domains, to get finally Corollary 6.7.

2. Friedrichs-Poincaré inequality.

In this section we derive an inequality of the Friedrichs-Poincaré type in
weighted Sobolev spaces. We also recall some necessary technical assertions, for
more details see Kra¢mar and Penel [27].

PROPOSITION 2.1.  For arbitrary o, 3> 0 and x € R®, x # 0O:
Anfj(z) > 2Bmin(1, B)e 613~ ().

PROOF.  We introduce 3* = min(f, 1) in an explicit expression of Ang:

1+es 1+es S
An% = 252 — ab? 2a36e -
s {(a 1+ ér @ 1+ 6r + aﬂsr

£s
1+es

+28(8 - 1)%(1 + 67)

1 €
+2a6%(1 +55)5+ (1- G + 828 - (1 +57")}77?_11,
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for r > 0. We denote the five terms in { } by T, Tb,...,T5, and overwrite the
previous relation as Anf = {[Tq + Tu] + T + [Tz + (1 — §)T5] + 8*T5} nfj~|. Ob-
serving that Ty > 28¢6, the proposition is trivial. O

PROPOSITION 2.2. Let « >0, >0, §>0, >0 and x> 1. Then for
rec R, |x|>[67" - (25)_1|(/<V - 1)_1:

V(@) < 2w (ot 7 (1 2@) 238)

Let >0, 3>0, >0, ¢ >0 and (3—)(26 — &) > 0. Then for x € R?,
x #0:

i) < (06 + 282 (- (@) (29)

PrROOF. If § =0 and a = 0 then both inequalities (2.8) and (2.9) are valid.
Let us concentrate on the nontrivial cases:

For r > 0, s € [0, 2r], we have that dg/ds > 0, where g is a function defined by
relations:

V@) = glst@).r(a) (113 )

1+es s 1+0r\ s
— 262 2_2

=6 2036 -+ 2 — | -.
9(s,7) =« (1+6r>+ af Er+ B (1+€S)T

So, g(s,r) is increasing as a function of s and

G(r) = max g(s,7) = g(2r,7)
s€[0,2r]
1+2 146
— 22T agse 44822 0T < on(a+ B (2.10)
r

146 14 2er =
for k> 1 and r > |61 — (2¢) '|(k — 1)~ ". So, inequality (2.8) is proved.

To justify the second inequality (2.9), we observe that for the given values of
a, B, 8, € and for r > 0, G(r) < G(0). O

. Next we derive an inequality of the Friedrichs-Poincaré type in the space
H}w It is necessary for our aim to get expressions of constants in this inequality.
It follows from Proposition 2.1.
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LEMMA 2.3.  Let a >0, >0, a+ <3, k>1. Let 6 and ¢ be arbitrary
positive constants, such that (8 — a)(2e — 6) > 0. Then for all u € H(lyﬁ

2 2 2
||u||2‘(171,;371 < CO||VU|BRo||2,a,ﬂ + Cl||vu|BRﬂ

||2’aﬁ7 (2.11)

where ¢y = [(ab+20e)/(B876)°, 1 = [(26)/(6¢)] - [(a + B8)/(B8")) and Ry >
671 — (2e) (k= 1)

REMARK 2.4. Let us observe that if additionally 6§ <2¢ and 1<k <
2e/6+6/(2e) — 1 then ¢y > ¢.

PROOF OF LEMMA 2.3.  Due to the density of C{° in Hiﬂ it is sufficient to

prove the inequality for all w € C7°. From Proposition 2.1 it follows that for
ve Cf

26ﬂ*65/ v dx < / 'vQAng dz
R\B, : R\B

P

:—2/ (v-V)v-Vngdw—k/ v’Vn§ - ndS
R3\B,, ' B ‘

9B,

7oz+1 dx

S,@ﬂ*ée/ vng Lz +
R:}\B

v|2‘V179

1
\Y%
BB be /R:}\Bﬂ|

+/ v* V- ndS.
9B, ‘
Hence, because the surface integral is a value of the order O(p?), we have:

65*65/:vn‘”1dm_ﬁﬂ* /|

By means of the Cauchy-Schwarz inequality and from Proposition 2.2 with Ry >
|671 = (2)7")/(k — 1) we finally get (2.11). O

—otl de. (2.12)

We will need some technical lemmas. Let us define F, g(s,r) by the relation:

Fop(s,r) -mj-l = — ‘vn o — kdy 1, (2.13)

The following lemma gives the evaluation of F, g(s,r) from below.

LEMMA 2.5. Let0<a<pf, k>1,0<e<(1/(2k)-(k/v)-((3 - a)/3%) and
6,v, k> 0. Then
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Fop(s,r) — (1= &) kée(B — a)s > —adk(l + vk~ asd) (2.14)

for all™ >0 and s € [0, 2r].

PROOF. Expressing the function Fy (s, r) explicitly we get:

1+es s 1+06r\s
Fo (s, ) = —va26? ~owapset — g (1) 2
8(s,7) v (1 —|—(5r) vaf e vBe o) 7

r—

— kad(l +es)

% kBe(1+6r)2.
r T
For convenient use we subtract (1 — k7 1)kée(8 — a)s from F, 5(s,r). We observe
(see Appendix A) that, for the given «, f, €, &, for all §, v, k> 0 and for r > 0,
Fop5(s,7) — (1 — k7Y kée(8 — a)s > F, 5(0,7), which immediately gives inequality
(2.14). O

3. Uniqueness in R®.

In this section, we will start with the question about the unique weak
solvability of the problem (1.1)~(1.3) in Q = R®. The presented approach will be
also used in the next section, in the proof of existence of a solution verifying
solenoidality of the constructed function w.

THEOREM 3.1 (Uniqueness in R®).  Let {u,p} be a distributional solution of
the problem (1.1)~(1.3) with f =0, g =0 such that w € Hy* and p € L3,,. Then

loc*

u =0 and p = const.

PROOF. From the condition u € /ﬁé’Q we get Vue L?, ue LS, ue. 7.
Because div((wx @) - Vu—wx u)=(wx z) -Vdivu=0, we have Ap=0.
Hence, applying Laplacian and the Fourier transform we get

A(—vAu+kdu— (wxz) - Vu+wxu)=0,
P (vIEPat ke~ (@x & Vaitwx ) =0 ..

Assuming the equation in cylindrical coordinates (&1,p,¢), and denoting
T(QO) U= a(éla P 90)7 where

1
T(e) = |0, cos(p), —sin(p) |,
0, sin(p), cos(p)
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we get
6P {~0,0+ [w/@) e + ilk/Der o} =0 in 7" (3.15)

We will show that from this equation it follows that supp@ C {0}, and due to the
definition of ¥ we will have also supp u C {0}. This means that w is a polynomial
of 21, o, 3. Because u € L° we get u = 0. Substituting into (1.1) we get Vp =0
and p = const.

So, we have to prove that for an arbitrary real vector function ¥ €
CY (R’ \ {0}) defined for [£1,&,&] € R® we have (v, V) =0. If for each V¥ €
CX(R?\ {0}) there is a function ® € C;°(R®\ {0}) such that

0, (Ie®@) + [(w/@lel +i (k/D)ei) (167°2) = v (3.16)

then from (3.15) it follows:

0= (IEP{-0,0+ [(v/D)I&]* + i (k/D)& o}, @)
= (B, 0,(1EP®) + [(v/D)IEP +1 (K/DE](€7D)) = (3, W),

Hence, the proof of supp@ C {0} is reduced to the solvability of (3.16). First we
note that it is sufficient to solve the equation

0:¢+ (/@) 6 +i (kD) &1 )¢ = W (3.17)

because the division on the expression |€ \2 defines the one-to-one correspondence
of the space C°(R*\ {0}) onto C°(R*\ {0}).

Let us analyze the equation (3.17) in cylindrical coordinates [¢1, p, ], where
p=(&+ 532,)1/2. For an arbitrary real vector function ¥ € C;°(R?\ {0}) defined
for [£1,6,&) € R® we define f(t) := (&, p cost, psint), a:= (v/D)E|* +
i(k/@)&, assuming @ > 0.

Now, we will use the following technical proposition about the existence of a
solution of an ordinary differential equation in a space of periodical functions (and
later also in the proof of existence of a solution of the problem for checking
solenoidality of a constructed solution, see the proof of Theorem 4.4):

PROPOSITION 3.2.  Leta€ C, Rea> 0. Let f € C*(R) be a 2w-periodical
complez function. Then there is unique 2m-periodical solution g € C*°(R) of the
equation
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/
gt+ag=f

and the solution g can be expressed in the following form:

9(p) = (¥ — 1)_1/% e flp+t)dt = e /W e f(t) dt.

0 —00

Proof of the proposition follows from standard computations.
Using the Proposition 3.2 we get the solution of (3.17) in the form

v k -1
(&, p,0) = {exp[2ﬂ<5 &P + 5)] - 1}
2T v 5 ' k )
: / exp[(; l€]” + i :£1>t] U(&, p cos(t + ), p sin(t + p)) dt.
0 w w

It is easy to see that function ¢ as the function of [£,&,&] is infinitely
differentiable with respect to these variables and ¢ € CJ°(R*\ {0}). Finally we

put & = ¢/|¢. 0

4. Existence of a solution in R®.
In this section we will construct a weak solution of the problem (1.1)—(1.3).

4.1. Existence of the pressure in R>.
If there exist distributions u, p satisfying

—vAu+kOu—(wxz) - Vutwxu+Vp=fFf inR®
divu=g in R?

then pressure p satisfies the equation
Ap=divF, where F=f+vVg—kge + glwx x), (4.18)

because div((w X ) - Vu —w X u) = (w x ) - Vdivu = div[g(w x x)].

Let & be the fundamental solution of the Laplace equation, i.e. & = —1/(4ar).
Assuming firstly F € C° we have p =& *divF and Vp = V& *divF and so,
p=VEx F and Vp=V2E« F. It is well known that both formulas can be
extended for F € Liﬂﬂ with 0 < f < 1and —2 < a4 8 < 2 (the last convolution
Vp = V2& x F due to the fact that V2& is the singular kernel of the Calderon-
Zygmund type and that ng“ belongs to the Muckenhoupt class of weights As), see
[2, Theorem 3.2, Theorem 5.5], [26, Theorem 4.4, Theorem 5.4], where the
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theorems are formulated for the pressure part & of the fundamental solution of
the classical Oseen problem, so & = V& and V& = V2£. For F € Liﬂﬁ we get
pE Li‘ﬁfl and Vp € Liﬂﬂ, and there are positive constants C, Cy such that the
following estimates are satisfied:

1Ploas-1 < CilFlloairg: IVPlzai1s < CollFllaain g (4.19)

REMARK. Another possibility of construction of the pressure is the use of
Hoérmander-Michlin multiplier theorem. Both techniques can be used in L?- as
well as in Li-framework to get an estimate of Vp.

4.2. The problem in Bg.
We will study in this section the existence of a weak solution of the following

problem in a bounded domain Bp, pressure p is assumed here to be known, the
right hand side f—Vp=f € L(QH»I,S:

—vAu+kOu— (wx @) - Vutwxu=f inBp (4.20)
u=0 on OBp. (4.21)

We show the existence of a weak solution up € H'(Bg). Following (1.5), (1.6)
again with w = 77%0, Bo € (0, 1], using notation (2.13), let us introduce a continuous

bilinear form Q(-,-) on IoIl(BR) X IOII(BR):

Q(u,v) =v Vu:V(v-n%U)da:—i—k/

Bgr Bg

+ /BR(w xz)-Vu (1}1720) dz + /BR(w X U) - (v7720> dz,

o - (WI%U) dx

Q(v,v) > 27y |Vv|2n%0 dx + 2’1/ v Fy (5,75 1/)773’01_1 de.  (4.22)
Br Bgr

LEMMA 4.1.  Let 0 < By < 1. Then, foroau} € L 4,(Br). e < (1/2) - (k/v) -

(1/Bo)s nf, =m0, » there exists unique up € H'(Bg) such that for all v € H'(Bg).

Q(ug,v) = / f "”7?90 de. (4.23)

PrOOF. Bilinear form @ is coercive, i.e. there exists a constant Cr > 0 such
that Q(v,v) > Cg ||v||*, where || - || is the norm in the space H '(Bg). Indeed, we
get
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/ |Vv| 77[,0 de+ — / szoﬁo(s,r) 17[_,0171 dx

Because gy < (1/2) - (k/v) - (1/0) there is a constant x satisfying all previous
conditions and additionally ey < (1/2k) - (k/v) - (1/8)). Because a = 0 we get from
Lemma 2.5

/ V2 Fy 5, (s,7) 173 ydz > (1- K*I)kegﬂg/ ”277501715 de,
Bg

1
/ |Vv| 77[}) dr + — (1 — E) kaoﬂo/B v%g{}_l(aos) de.
R

Using Lemma 2.3 and Remark 2.4 we derive:

C}(v,v) 1 ; |Vv\ ndu de + — Eoﬂo/ U2nﬁ—0171d:l:
R

1
+ 3 (1 — > ksoﬂo/ vzngol_l(eos) dx
K BR '
1\ v
> (1 — —) 4rmn{ 50507 2— BOEO}
(/ |Vv\2 0 d:z:+/ v 77501 dm) (4.24)

Q(v,v) ZCR( \V'u|2dm+/ v? dm) = Cglv|?, (4.25)
BR BR

where Cg = (v/4)- (1 —x7') -min{l, 232/4, 2(k/v)Beo} - (1 + &9 R). Using Lax-
Milgram theorem we get that there is wp € H'(Bg) such that (4.23) is
satisfied. 0

REMARK 4.2. An arbitrary function ® € IOII(BR) can be expressed in the
form ® = vngo, where v € H'(Bg). Therefore for all ® € H'(Bg)

Qlup, @) = /B 7 dr, (4.26)

where by the definition Q(ug, ®) = Q(ug, '077%0) = @(uR, v).
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4.3. Uniform estimates of ug in R3.

Our next aim is to prove that the weak solutions ug of (4.23) are uniformly
bounded in V, 3 as R — +oo.

Let y; be the unique real solution of the algebraic equation 4y + 8y® +
5y —1=0. It is easy to verify that y; € (0,1). We will explain later, why the
control of a/3 by y; is necessary.

LEMMA 4.3. Let0<f(<1,0<a< ylﬁ,} € Li+w. Then, as R — 400, the
weak solutions up of (4.23) given by Lemma 4.1 are uniformly bounded in V, g.
There is a constant ¢ > 0, which does not depend on R such that

/‘ apng” dm+/ Vg da:<c/ ‘f‘ ot da (4.27)
R

for all R greater than some Ry > 0, g being extension by zero of ug on R? \ Bg.

PROOF. First, we derive estimate of up on a bounded subdomain B, C Bg;
The choice of Ry will be given in the next part of the proof. Our aim is to get an
estimate with a constant not depending on R. Let us substitute v = up into
(4.23). Hence, we get from (4.24):

@(uR,uR):/ .;E’U'RU%O de > Cy (/ |VuR|277%D dm+/ “2R77§[)1 dm),
Br Br : Br :

with the constant Cy > 0 stated in (4.24). Let Ry be some fixed positive number
such that 0 < Ry < R. We get

/ |VuR| 3 d:z:+/ u%ng_l dwgCg/
Bg, Bg, Bpr

where the constant Cy = C7' (14 g Ro)*(1 + &0 2R0)|ﬂ7‘8“‘ depends on k, v, o, 3,
0o, €0, Ry, K, but does not depend on R.

Now, we are going to derive an estimate of up on domain Bp. Using the test
function ® = upnf = up(l+6r)*(1+ es)’ e Hl(BR) in (4.26) we get after
integration by parts:

ﬂ gl da, (4.28)

k
/ |VuR| 3 dw—i—u/ (uR-VuR)-Vngdw—i/B uéamg dz
R

Bgr

furngdz.
Br
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So, we get for some k > 1:

v 1 - ~
3 |VuR|2ng dx + 5/3 u?zFaﬁ(s, r)ngf% dx < / f‘|uR|77g dx.
R

Bpg Bp
Let Ry > 67" — (2¢) '|(k — 1)"". Using Lemma 2.5 (with 0 < a < 8, € < (1/(2k))

(k/v)((B — @)/3?)) and Lemma 2.3 (with § < 2¢), the second term in the previous
estimate can be evaluated from below:

/ 'Uz?:g Ey.ﬂ(sa 7"))77;:11 dx
Br

VK 2% (a+ 3)\? 2 o
> —aék(l—k?aé) 5_5< 55 ) /Bg,W“R' 1 de

i (1 _ n’l)kés(ﬁ — ) /R uizngjs dx — 204/ |v“R|277g dx.
BRU Br,

Denote Cs = adk(1 + vkad/k)(k/(5€))((a+ B)/(B67))%. Tt is clear that Cj <
v/(2r?) <v/(2k) if 1+ l/naé/k2§ k (le. 6 <(k/v)-((k—1))/(kB)) and «a <
(1/(264) - (v/8) - (88°) /(@ + B))’e. We have

v 1 1 _
%/B |VuR|2 nG dx + 3 (1 — E) kbée(B — a)/B u%ngf% sdx

_ C’G/ u%ngj dx — C’7/ |VuR|277§ dx < /
Bg, Bg, Br

We use now relation (4.28) in order to estimate the integrals computed on the
domain Bp,. Before using the mentioned inequality we should re-scale it with
respect to new values €,6, see Remark 1.1. The new constant in (4.28) after
rescaling we denote Cf.

ﬂ\ung dx.

v ~
z WUR|277,§ dz + kbe (0 — ) / uQRng:lls dx < Cg / ’f’|uR|ng dx,
R Br Bgr Br

where Cg = {1+ Cymax(Cs, Cr)}-2- (1 —x")"". We use Lemma 2.3 and Re-
mark 2.4. So, if 6§ < 2e and 1 < kK < 2e¢/6+6/(2¢) — 1 we get

v [ BB36e \* - v )
— | —— Crde < — \Y >d
2K (oz6+ 2,36) /BR YR Np-1 0% = 2K /BR| ual Chat
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v Bpée 2 a-1
— \Y 3 de + — 51 d
2K /BR| UR| v + <O{6 + 256) AR URn371 v

+k6€(ﬁ*0&)/ uRnﬁ 1sd.'1:<C'g/
Br Br

7|l da.

So we get

/ [Vaug|*n dm+2/ wp 1dm+25/ wpn_ysde
Bg

*dx,

= / |V’U,R|27’]g dx + 2/ u??ngfl de < CIO f
Bg Bgr

Bp

Cy = min(v/(2x), (v/(2k)) (B6*6c/(ab + 28¢))?, k&6(8— )/2) and Cyy = Cs/Cy.
We have also:

~ t
/ “dmg—/ uRnglder— +1da:
Br 2 Br
So, if we choose t = 2 - Cfol then we get:
12

Vug|*n® de + wrnt tdz <c ot .
| "3 R M3

Bg Bg ‘ R ‘

It can be easily shown that the all conditions on «, 3, 6, €, k used in the proof are
compatible if 0 < a < y1, see Appendix B. (]

4.4. The problem in R3.
Let y; be the same as in Lemma 4.3.

THEOREM 4.4 (Existence and uniqueness in R3). Let 0< <1, 0<a<
B, felLl,, g€ H,, such that vWg—kge +g(wx z) € L%, 5 Then there
exists a unique weak solution {u, p} of the problem

—vAu+kdu— (wxz) - Vutwxu+Vp=Ff in R (4.29)
divu=g in R® (4.30)

such that w € Vg, p € Liﬁ_l, Vp e L?Hl,ﬂ and

||u||2‘a'—l.ﬂ + ”Vu“Q,a,ﬂ + ||p||2,a.ﬂ—1 + ||VP||2,a+1,;3
< C(Iflsaers + Vg —kger + 9w x @)lrs).  (431)
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PROOF. The uniqueness of the solution follows from Theorem 3.1, and we
now justify the existence. Let p be the same as in Subsection 4.1. Let {R,} be a
sequence of positive real numbers, converging to +o0o. Let up, be the weak
solution of (4.20), (4.21) on Bp,. Extending ug, by zero on R\ Bp, to a function
Un € Vo we get a bounded sequence {u,} in V,, g. Thus, there is a subsequence
Up, of U, with a weak limit w in V, 3. Obviously, u is a weak solution of (4.29)
and

v+ 190 < gt ([ gt o [ Va i ao)
ceN r R3

<c

~12
7 it de = c/.} f = VplP g da.
.

Taking into account also relation (4.19) we get (4.31).

Let us also check that for u the equation (4.30) is satisfied. Let us mention
that u € H%OC because f — Vp € LZ+1,[}' So, computing the divergence of (4.29), we
get

—vA(divu) + ko (divu) — (wx @) - V(divu) =divf — Ap (4.32)
in the distributional sense. From (4.18) we have

—VvAy+ kv — (wxx)-Vy=0

fory=divu—g¢€ LZ,B C L?. Using Fourier transform we get

(VW +ik§1)?— (Wx&)-Vey=0 ins"

Assuming 7 in cylindrical coordinates [£1, p, @], p = (&5 + 53)1/2

the equation in the form:

, We can overwrite

—0A+ |(v/@) 1] + i (k/@) & |7 = 0.

Using the same approach as in the proof of the uniqueness Theorem 3.1 we
prove that suppd C {0}. The proof of this fact is reduced to the solvability of the
equation (3.17) which was proved for arbitrary ¥ € C3°(R?*\ {0}) in the proof of
Theorem 3.1. So, by the same procedure we derive that 7 is a polynomial in R
and because v € L? we get v = 0, i.e. (4.30). O
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5. Uniqueness in an exterior domain Q C R3.

The last two sections are devoted to the problem in an exterior domain. We
start with the question of uniqueness. The uniqueness theorem proved in this
section together with the uniqueness theorem in R* from Section 3 will be used in
the next section in the proof of the existence of a solution in an exterior domain, in
the localization procedure. The homogenous Dirichlet boundary condition on 052
for w in the next theorem follows from the assumption u € V().

THEOREM 5.1.  Let {u,p} be a distributional solution of the problem (1.1)—
(1.3) with f =0 and g =0 such that w € Voo(Q) and p € L? | ((Q). Then u=0
and p = 0.

PROOF. Let ® = ®(z) € C7°((0,4+00)) be a non-increasing cut-off function
such that ®(z) =1 for 2<1/2 and ®(2)=0 for z>1. Let || <3. Let
dp = p(z) = ®(|z|/R). We have |V®g| < 3/R and |0,®z| < 3/R for x € R?,
R/2 < |z| < R. Let {R;} € R be an increasing sequence of radii with the limit

+00. So we have that u; = u-®p, € H'(Q2), and {u;} is a sequence of functions
with limit w in the space V(). Using the (non-solenoidal) test functions

p=1u <I>12qj = u; Pp, € H'(Q) for equation (1.1) we get:
v Vu:V(u <I>2R,>da:+k: ou-u d% dx
Q ! Q i

+/(wx:c)-Vu~u@%jdw—&-/Vp-uq)%jda::O. (5.33)
0 : 0 :

Using in (5.33) relation Vu: V(u @%}) = |Vuj|2 — Vg, - Vo, lul?, integrating
by parts, we get after some evident rearrangements

1
V/|VUj|2 dw——/div(wx w)|uj|2dw
Q 2Ja
k 2 5 52 1 2 2
—3 Q|'u| 81<I>Rjdw—§ Q|u| (wx z) VO dx

—1//|V<I)Rj‘2 u)? dm—/pu-V(@%) de = 0.
Q Q

1//|Vu]-’2 de < C / )Pt da:Jr/ |pl|lulrtdz |.
Q oy A

ue L, )(Q), pe L2, ((Q), pu e L, (). So, for j — oo we get [, Vul|* dz < 0.
Hence, the function Vu = 0 a.e. in 2, and this means u is a constant a.e. in Q.
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From u € L? | () it follows that u = 0 a.e. in Q. Using now an arbitrary test
function ¢ for equation (1.1), we get [, Vp@dax = 0. So, the function Vp =0 a.e.
in €2, and this means p is a constant a.e. in ). From p € L%LO(Q) it follows that
p =20 a.e. in ), and the uniqueness is proved. (I

6. Existence of solution in exterior domains.

In this section we assume problem (1.1)—(1.4) in an exterior domain €. First
we assume the case of the homogenous Dirichlet boundary condition on 0f.

6.1. Homogenous Dirichlet boundary conditions.
Function g is assumed to be zero, and f = div F with F € Cgo(ﬂ)g. We will
prove that the problem has a weak solution {u,p} € H}(Q) x L? (Q). So we

loc
assume the following sequence of problems on domains Qr = B N Q:

—vAugp+kdup+ (wxx) - Vup—wx ug+Vpr=DivF in Qr (6.34)
div ur = 0 in QR (635)
UR = 0 on 893 (636)

Following Girault-Raviart [16], we formulate each problem in the following mixed
variational form: To find {ug,pr} € Wg x Ig, such that for all v € W, m € lg:

a(ug, v) + b(v, pr) = (Div F, v) (6.37)
b(up, ) =0, (6.38)

where Wp = /ﬁé(QR), Iy = {71' € L*(Qp); Jo, mdz = O} with usual norms
[16llw;, = IVl 7|, = llwlly, and

a(q’),w)zy/ﬂ v¢-v¢dm+k/9 O - b da
+/ [(wx z) - Vo—wx¢|-de
Qr
b(o, 7r):—/ wdiv ¢ de.
Qg

These bilinear forms are continuous on Wr x Wx and Wy X Ilg, respectively. It
is easy to see that a(¢, ¢) > v qu||2WR, and it is known that

(7, divv)
sup ——=

2 C() m
s or— 2 Cillrl,
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for some Cy = Cy(R) > 0. Hence, there exists a weak solution {ug,pr} of the
problem and [|ug||y, + |IPrlly, < C1[|Div F||_; for some C; = C1(R) > 0. Testing
now (6.37) by v = up we get:

y/ \WRde:/ (DivF)-updx= | F:Vugdz<|F|,|Vuz|,
Qr Qr

Qn

IVur],< v Fl,. (6.39)

Since the a priori estimate (6.39) is available, where ug is understood as its
extension by setting zero in Q\ Qp, there exists u € ﬁ(l)(Q) and a sequence
{R,} — o0 so that up, — u weakly in H}() as n — oo.

Let us show that divu =0 in L?*(Q). From the same inequality follows the
weak convergence of divug, in L*(2). From (6.38) we get divup, = C, on Qp, for
some real constant C,, depending on n. In spite of (6.39) we get that the weak limit
of div ug, is zero in L*(Q).

Finally, for all ¢ € C°(Q) with div¢ = 0 we have from (6.37) after R,, — o0

(Lu — Div F, ¢) = 0,
Lu= —vAu+kdu+ (wxz) - Vu—wX u.

By a result of de Rham, there is a distribution p such that —Vp = Lu — Div F in
2'(Q2). Because the right-hand side belongs to H*(Qp) for every sufficiently large
R > 0 we have that p € L*(Qg) and so, p € L2 .(Q).

Now we use the following

LEMMA 6.1 (Kozono and Sohr [22, Lemma 2.2, Corollary 2.3]). Let Q C
R"(n>2) be any domain and let 1 < q<oo. For all g€ W=4(Q), there is
G € LYQ)" such that

divG =y, ||G||q,sz < C||9||71.,q,sz

with some C > 0. As a result, the space {divG; G € C*(2)"} is dense in
w-t(Q).

Hence, we get the existence of solution {u,p} € ﬁé(Q) x L7 (Q) for an arbitrary
function f € /I-T’l(Q).

For the extension of Theorem 4.4 to the case of an exterior domain we use the
localization procedure, see [22]. Let now f € Liﬂﬂ(ﬁ). We define for an arbitrary
R>0:
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f, x € Qg
fr=
0, $€Q\QR.

It can be shown that f belongs to /ﬁ’l(Q) N Li+1.ﬂ(Q)' By use of cut-off function
¥ we decompose the solution {w,p} of the problem (1.1)—(1.4) (with the
homogenous Dirichlet boundary condition) on the solution of a problem in R? and
the solution of a Stokes problem in a bounded domain:

u=U+V where U=(1-9)u, V=0Uu
p=oc+T where o= (1-U)p, 7= Up,

where ¥ € Cf°, supp ¥ CC B,, such that ¥ =1 on B,, 0 < py < p1 < p so that
R*\ QC B,. We get that {U,o} is a weak solution of the modified Oseen

problem in R?

—vAU+kE0OU—-(wxz) - VU+wx U+Vo=2; (6.40)
divU=-V¥ -u  (6.41)

and { V, 7} is weak solution of the Stokes problem in a bounded domain Q,

v AV +Vr=2) in Q, (6.42)
divV=V¥.u in Q, (6.43)

where the right-hand sides are given by Z; and Z,.

Zy =2VU -Vu+u AV — k1 Pu+ (V¥ (wxz)u—VIp

+(1_\II)fRa
Zy=-2VU - Vu—u AV + k01 Vu+V[(wxz) Vu—wX u
+VUp+ U fp.

Let us mention that Z; € LiHﬁ(Q). To solve the Stokes problem on the bounded
domain we use the following lemma, see [22]:

LEMMA 6.2 (The Stokes problem on a bounded domain). Let Q be a
bounded domain of R", n > 2, of class C"™*2, m > 0. For any

fewni(Q),  gew™luQ), v e W),
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Y.

1 < q < oo, with

/ v, - ndS:/gd:c, (6.45)
o0 0

there exists one and only one solution { V, 7} to the Stokes system

—AV4+Vr=Ff in Q
divV=g in
V=v. on 090

such that V.€ W™4(Q), 7 € Wh4(Q) and

|| V||m+2,q + ||T - ?Herl‘q < C(Hf”mq + H’U*Hm+27l/q,q + ||g||m+l,q>7 (646)

where 7 = Q™" [, Tdx and ¢ = c(m,n, q,Q).

Furthermore, for Q0 of class C?, for every
.f S W(;Lq(Q)’ g (= LQ(Q), v, € Wl—l/q7q<89)7

1 < g < 00, with (6.45) there exists one and only one g-generalized solution { V', 7}
to the Stokes system such that V.€ WH(Q), 7 € LY(Q) and the estimate (6.46) is
valid with m = —1.

From the results about the existence and uniqueness of solutions of the Oseen
problem in R?® (6.40), (6.41), i.e. from Theorem 4.4 and Theorem 3.1 it follows,
that a solution { U, o} is subject of the estimate (4.31), with f and g replaced by
Z; and —VV - u, respectively. Using also the respective results in a bounded
domain for (6.42)-(6.44), see Lemma 6.2 with m = 0 and bounded domain €2, we
get the following lemma for an exterior domain:

LEMMA 6.3. Let Q C R® be an exterior domain and 0 < 0<1,0<a<y -
B; y1 is given in Lemma 4.3. Then there exists a weak solution {u, p} of the problem
(1.1)—(1.3) with the homogenous Dirichlet boundary condition, f := fr and g =0,
such that w € Vo 3(), p€ L2 5 1(Q), Vp € L, 4(Q) and

lullon-15 + IVUllans + 1Ploas + [IVPlont1s

< C(Ifallsarrs + Nellio s, + IPlozi, ) (6.47)

where A, := B, \ B,/», and constant Cy does not depend on R.
’ P p/



262 S. KRACMAR, S. NECASOVA and P. PENEL

Now, we would like to show that the preceding estimate is valid (with
another constant) also if we add to the left-hand side the L?-norm of second
gradient of u on some compact subset of 2. Taking into account the assertion of
Lemma 6.2 for m =0, we get that u € W?Oz(Q), pE Wi)f(Q) Multiplying the
relation (1.1)—(1.4) in an exterior domain €2 (with ¢ =0 and the homogenous
Dirichlet boundary condition on 9€) by Aw and integrating over the compact set

K, with A, C K; C Q, we get

lAully i, < Co(lllo, + IVl + Il + 192, + Il ). (6:48)

Using (6.47), (6.48) and the known relation
IVl < e(1Aullpk, + Vel

with 4, C K C K, we get

COROLLARY 6.4. In conditions of Lemma 6.3 the following estimate is valid
and constant C' does not depend on R:

lully o1 + Vullyys + ||V2u||2;140 + Ipll20 -1 T 1VPl2041,8

< C(Ifallzasrs + Iulliza, + 1P, )- (6.49)
Now, we will prove that the estimate (6.49) is valid without the right-hand
side terms containing w and p with constant ¢ which does not depend on R, i.e. we

will prove:

[

a1 T IVullyy s + HV2UH2;Aﬂ + Iplla0p-1 + IVPlloaiis
< C||fR||2,a+LB (6.50)

Let us define the norms:

(0, Dl 1) = lolly 2.4, + llallo 20,
[ (v, Q)||(2) = vllya15+ IVOlly0s+ HVQ'”HQ,Aﬂ
+ lallea -1 + 1Vallonr1 s

For the corresponding Hilbert spaces Hy, Hs, we have Hy << H;. Let us assume
that the estimate (6.50) is not true. This means that there is a sequence of
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. > . . .
functions 1 fp/ with Ry — 400, a sequence of corresponding solutions
J k=1
{(ug, p) }re; and a sequence of constants {c;},-, — oo such that:

1= [luillyas+ 1VERll00 + 1Vl + 1PRl20,5-10 + [ VPR2041.5

k
= (Pl > i | 715

2.a+1,8

So we get {Hf%? poi ﬂ}k — 0. The sequence {(ug, py) } oy is bounded in the norm

II - H(Q), so there is a subsequence of this sequence (we will denote this subsequence

using the same notation) with the weak limit (u,p) in the corresponding Hilbert
space Hj. So, (u,p) is a solution of the problem with the zero right-hand side. Due
to uniqueness given by Theorem 5.1 we conclude that ||(u,p)|,) = 0. Because

Hy —<— H, we have [[(u — ug,p — pi)||(1;) — 0. From Corollary 6.4 we also get

H(u — U, P — pk)”(Q) — 0,

i.e. {(ur,pr)}y, converges strongly in Hy. Because ||(ug, pr)|| o) =1 for k € N, so
we also get ||(u,p)l|z) = 1. This is the contradiction.

So, we proved the following

THEOREM 6.5. Let Q C R® be an exterior domain and 0 < <1, 0<a <
y1 - B y1 is given in Lemma 4.3, f € Li+1,ﬂ(9)~ Then there exists a weak solution
{u,p} of the problem (1.1)—(1.3) with the homogenous Dirichlet boundary
condition on 9, g = 0, such that w € V,5(Q),p € L, ; ,(Q), Vp € LZH’@(Q) and

||u||2,a—1,ﬂ + ||VU||2,a,J{3 + HPHQ,a,ﬂ—l + ||VPH2A,(¥+1,[3 < C||f||2.a+1,/3-

REMARK 6.6. The used contradiction argument is based on a subtle choice
of the sequence {f%?}k with Rj; — 4+o00. We cannot construct a contradiction

separately for fp with fixed R because then the constant ¢ in (6.50) may depend
on R.

6.2. Non-homogenous cases.

In this subsection we take into account the non-homogenous Dirichlet
boundary condition and the non-homogenous continuity equation.

We can prove the following extension of Theorem 6.5 for the case g # 0:

COROLLARY 6.7. Let QC R® be an esterior domain and 0< 3<1,
0<a<uy - B;y is given in Lemma 4.3, f € LiHﬁ(Q), g€ WOI’Q(Q), with supp g =
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K CcCcQ and fﬂgdm = 0. Then there exists a weak solution {u,p} of the problem

(1.1)—(1.3) with the homogenous boundary condition on dQ such that u € V, (€2),
pel’, (), Vpe LiHﬂ(Q) and

[[ul

2015 T IVullyus + [IPlloas 1 + IVPloniis < C(||f||2,a+1,ﬂ + H9||12>

First of all let us recall the lemma which will be used for the extension of our
results to the case with nonzero divergence:

LEMMA 6.8 (M. E. Bogovski, G. P. Galdi, H. Sohr). LetQ C R",n>2,bea
bounded Lipschitz domain, and 1 < ¢ < oo, n € N. Then for each g € Wé“q(Q) with

Jogdx =0, there exists G € (ng“”((l)) satisfying
diV G =g, || G”(I/VS'H.()(Q))W, S CHg”VV[})‘q(Q)

with some constant C' = C(q, k, Q) > 0.
For the proof and further references see e.g. [31, Lemma 2.3.1].

PROOF OF COROLLARY 6.7. Using Lemma 6.8 we find G e W2°(Q),
supp G C %, where # is a bounded Lipschitz domain being contained in
e-neighbourhood 7. of compact set K for an arbitrary ¢ >0, divG =g,
[Gllyo < Cllgll;5- We choose & such that . C Q. Let us assume the following
problem

—VvAU+ kO U—-(wxa) - VU+wx U+Vp=F in{
divU=0 1inQ

with the homogenous Dirichlet boundary condition for U, where U = u — G,
F=f+vAG—-k0,G+ (wxz) - VG —wx G. The assertion of Corollary 6.7
follows from Theorem 6.5. (]

Now we justify our third main theorem.

THEOREM 6.9. Let QC R® be an esterior domain and 0< <1,
0 < a<uy-B;y is given in Lemma 4.3, f € L?HW(Q), g€ WOLQ(Q), with supp g =
K ccQ and ngd:c = 0. Then there exists a weak solution {u,p} of the problem
(1.1)~(1.4) such that w € V,5(Q), p€ L2 5 ,(Q), Vp € L., 5(Q) and
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HuHQ-a'fl,ﬁ + ”VUHQ,Q,B + ||p||2,cz,ﬂ71 + ||Vp||2,a+l.ﬂ
< C(Ifllyasrs + lgllo + &* +w + B + k).

PROOF. Let p > 0 be such that R* \ B,j» C Q. Let ® = ®(z) € C({0, +00))
be a non-increasing cut-off function such that ®(z) =1 for z < 1/2 and ®(z) =0
for z>1. Let [®'| <3. Let ®,= ®,(x) = ®(|z|/p). We have |V®,| <3/p and
01®,| <3/p for z€ R, p/2 < |z| <p. Let us define u=u—[(wx x)— ke -
®,(x). Then function (u, p) satisfies to (1.1)—(1.3) with the homogenous Dirichlet
boundary condition, where f € LZer(Q) is replaced by some another function
fe LiHﬁ(Q), and g by another function ge C°(R2) with suppg= KUA,,

A, = B,\ B, CCQ and
/ gdx = 0.
Q

So, using now Corollary 6.7 we get the assertion of Theorem 6.9. O

Appendix A.

Relation (2.14) follows from an estimate of the derivative of Fj:

%Fl(s,r) = % {F.5(s,m) — (1 — k") kée(B — a)s}

1+ 6r 1
r (1+es)?

1
= —val6%e — 2uafde — — w322
r

1+ 6r
— kade + kaé1 (14 2es) + kBe(1 + 6r) !
—(1- n*l)kéz(ﬂ - a) '
> 5s{r*1 [k(a/z + B/6) — va® — 2vaB — 2v3e/6]
+ [~2fe+ k(B - a)/n] } 2 0.
The last inequality follows from the fact that we have ka/e >va?+2vaf,
kB/8 > 2v B/, k(B — a)/k > 20 if e < (1/(2k))(k/v)((B — a)/3?). Hence, if

the last inequality (which is included in the conditions of Lemma 2.5) is satisfied
then (0/0s)Fi(s,r) > 0. So, we get immediately:

Fi(s,r) > Fi(0,r) = —kad — va’8* (1 + 6r) "> —adk(1 + vk~ ad).
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Appendix B.

Let us show that all conditions on «, 3, 9, €, k used in the proof of Lemma 4.3
are compatible if 0 < <1, 0<a<y . Let us collect these assumptions:
0<6<2e, 1<Kk<2/6+6/(2e)—1,0<a< B, e<(1/(26%) - (k/v)-((B—a)/
57, 8 < (k/v) - (k= D/(rB), a < (1/(2")) - (k/v) - (B8 /(a + ).

From o< (1/(2&Y)-(k/v)- (B8 /(a+0))%, and &< (1/(2x2))- (k/v)-
(B—a)/f) we get a < (1/(4x%)- (3 (B—a)/(a+ B> So we get (x> 1,
B<1): /B < (1/(4%))(1 —a/B)/(1 4 a/B)?. By substitution y = o/3 we get the
inequality

4y + 82 +4y+ kw0 (y—1) <0. (6.51)

Taking into account the condition 0 < « < 3 we seek for solutions from [0, 1).
It is clear that the equation 4y° 4+ 83> +y -+~ %(y—1) =0 has a unique real
solution y, € (0,1) for k > 1. It is also clear that arbitrary y € [0,y,) solves (6.51).
The value y, as a function of x is decreasing. For kK — 1 we get the inequality
492 + 8y + 5y —1 < 0. This respective equation has a unique solution
y1 = (V13/(6v/6) + 53/216)" + (1/30)(v/13/(6v/6) + 53/216) /*. Approximate-
ly, with an error less than 10~® we have y; = 0.1582981, (y; > 1/7). If 0 < a < 41 8
then there is k > 1 sufficiently close to number 1, such that 0 < a < y,,0, so the
relation o < (1/(4k°)) - (8)*(8 — @)/(a + B)* is satisfied. Then we can define
e=1/(2k%) - (k/v)-((B—a)/(8%). The relation &< (1/(2x))- (k/v)-(1/8) is
satisfied. Then we take sufficiently small § >0 such that 0 < é < 2e and
1<k <2e/6+6/(2¢) — 1. Hence, all conditions which we assume in the proof
of Lemma 4.3 are satisfied.
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