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Abstract. In this paper, we investigate the asymptotic behavior of regular
ends of flat surfaces in the hyperbolic 3-space H®. Galvez, Martinez and Mildn
showed that when the singular set does not accumulate at an end, the end is
asymptotic to a rotationally symmetric flat surface. As a refinement of their
result, we show that the asymptotic order (called pitch p) of the end determines
the limiting shape, even when the singular set does accumulate at the end. If the
singular set is bounded away from the end, we have —1 < p < 0. If the singular set
accumulates at the end, the pitch p is a positive rational number not equal to 1.
Choosing appropriate positive integers n and m so that p = n/m, suitable slices of
the end by horospheres are asymptotic to d-coverings (d-times wrapped cover-
ings) of epicycloids or d-coverings of hypocycloids with 2ng cusps and whose
normal directions have winding number mg, where n = ngd, m = mod (ng, mo are
integers or half-integers) and d is the greatest common divisor of m —n and
m + n. Furthermore, it is known that the caustics of flat surfaces are also flat. So,
as an application, we give a useful explicit formula for the pitch of ends of caustics
of complete flat fronts.

Introduction.

Let f:D* — H?® be an immersion of the unit punctured disc D* = {z €
C;0< |z <1} into the hyperbolic 3-space H®. Then f is called flat if the
Gaussian curvature vanishes everywhere, and assuming this is the case, we call f
an end of a flat surface. Since any flat surface is orientable [KRUY], this is the
general setup for “ends” of flat surfaces. Moreover, f is called a complete end if f is
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complete at the origin z = 0 with respect to the Riemannian metric induced by f.
Then the two hyperbolic Gauss maps G, G, : D* — 0H? = C U {cc} are defined
on D* [GMM]. If both G(z) and G.(z) can be extended smoothly across z = 0, f is
called a regular end, and otherwise f is called an irregular end.

Let v be the unit normal vector field to f, and set

Ji:D* 3 z— fi(2) = Expy(,) (tv(2)) € H?

for each real number ¢, where “Exp” denotes the exponential map of the
hyperbolic 3-space H? (see (1.8) in the next section for a more explicit description
of f;). This surface f; is called a parallel surface of f. A parallel surface f; may
have singular points, but it will be considered here as a (wave) front, i.e., a surface
which admits certain kinds of singularities (see [GMM], [KUY2]). Moreover,
any parallel surface f;, away from singular points, is flat if f is flat. It is often
reasonable to begin arguments under the assumption that the flat surface is a
front. When we wish to emphasize that assumption, we speak of it as a flat front
instead of a flat surface.

From now on, we assume f : D* — H? is a flat front such that f;, is complete
for some t, € R. Even if fis a complete end, f; might not be complete at the origin
in general, that is, it can happen that the singular points of f; accumulate at the
origin. However, each f;, including f = fj, is weakly complete and of finite type in
the sense of [KRUY] (see Definition 1.5). Moreover, for each non-umbilic point
z € D*, there is a unique t(z) € R so that f;.) is not an immersion at z, i.e., zis a
singular point of fy.). Then the singular locus (or equivalently, the set of focal
points) is the image of the map

Cy: D"\ {umbilic points} > z — fy.) € H?,

which is called the caustic (or focal surface) of f. Note that caustics can be defined
not only for ends but globally for non-totally umbilic flat fronts. Roitman [R]
proved that C; is flat (in fact, it is locally a flat front, see [KRSUY] and
[KRUY]), and gave a holomorphic representation formula for such caustics.

A caustic can have more symmetry than the original surface: Figure 1 shows
a symmetric four-noid and its caustic. The caustic of the four-noid as in Figure 1
(right) has octahedral symmetry, though the original surface has only dihedral
symmetry. This shows that an end of a caustic coming from an umbilic point of
the original surface can be congruent to another of the caustic’s ends coming from
an end of the original surface.
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a four-noid its caustic

Figure 1. A flat four-noid and its caustic.

As seen in Figure 1, the ends of caustics are typically highly acute, and the
singular sets accumulate at the ends, even though non-cylindrical complete ends
are tangent to the ideal boundary (see also Figure 6 in Section 4). Prompted by
Roitman’s work, the authors numerically examined such incomplete ends on
several caustics and were surprised at their acuteness and at the additional
symmetry as mentioned above, and so wished to analyze their behavior precisely.
This is the central motivation of this paper, which is a sequel of the previous paper
[KRUY].

As an analogue of a result in [UY 1] for constant mean curvature one surfaces
(CMC-1 surfaces) in H? [GMM] showed that a complete regular end is
asymptotic to the m-fold cover of one of the rotationally symmetric flat surfaces,
and that m = 1 implies proper embeddedness of the end. In order to state both
this result and other new results, we fix the setting as follows: Let f : D* — H? be
a weakly complete end of finite type, which we abbreviate as “ WCF-end” (Weak
completeness and finiteness were defined in [KRUY], and are also defined just
before Fact 1.4).

Moreover, we assume the WCF-end f is regular. (The regularity for WCF-
ends is defined in the same way as for complete ends.) Denoting by 7 : H® — Ri
the projection of H?® to the Poincaré upper half-space model Ri =
{(¢,h) € C x R; h >0}, we discuss the asymptotic behavior of regular WCF-
ends in terms of wo f.

Note that WCF-ends are generalizations of complete ends. Moreover, all ends
of caustics of complete regular-ended flat fronts are regular WCF-ends (see
[KRUY, Theorems 7.4 and 7.6]).
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Gélvez, Martinez and Milan [GMM] proved that each complete regular end
is asymptotic to a finite covering of a rotationally symmetric end. The following
proposition is essentially the same as their result, but now stated in terms of a
geometric quantity we call the pitch (see Proposition A and Theorem B), and also
in terms of the ratio of the Gauss maps (see [KRUY] or (1.26) for a definition):

PROPOSITION A.  Suppose that the flat surface f is a complete reqular end.
Then for a sufficiently small € > 0, the image wo f(Df) (Df={z€ C|0< |z| <
e}) is congruent to a portion of the image of [0,2m) x (0,ho) > (¢, h) — (pn(t),h) €
R with

SOh(t) _ Ceimthl-&-p + O(hH-p)7 (1)

for a non-zero constant ¢, a nonpositive constant p, and a positive integer m. Here,
m is the multiplicity of the end as in (1.25), o(h'*P) denotes terms of order higher
than h**? as h — 0, and the exponent p (called the pitch of f) is related to the ratio
a of the Gauss maps by

1+«
p=-—"e(-1,0.
2
In particular, the pitch of each parallel surface f; is also equal to p whenever f; is
complete.

Later, we shall give a refinement of this assertion, that is, we shall compute
the second term of the expansion in (1) (Theorems3.1 and 3.5).

A description of the asymptotic behavior of CMC-1 surfaces in H? was first
given in [UY1], and refinements were given by Sa Earp and Toubiana [ET] and
Daniel [D]. In particular, Daniel’s refinement gives relationships between the flux
and asymptotic behavior of complete regular ends of CMC-1 surfaces. To prove
Proposition A and its refinements (Theorems 3.1 and 3.5), we define an analogue
of the flux matrix as in [RUY]. In this sense, Theorems 3.1, 3.5 and Theorem B
below are an analogue of Daniel’s line of investigation.

On the other hand, the asymptotic behavior of an incomplete end, as in
Theorem B below, has clearly not been analyzed in the case of CMC-1 surfaces, for
the obvious reason that those surfaces do not have singularities. Analysis of the
incomplete end case leads to a mysterious connection between flat surfaces and
cycloid curves: A cycloid is the image of the map

1 . )
Iyn(t) = p” (m+ n)e’(mfn)t + (m— n)el(mm)t )
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<3

(m n) (1,2) =(1,3) (m,n)=(1,4)

(mo,n0)= (1,2 (mo-,no =(53) (mo,no)=(1,4)
d=1 d= 2 d=1

Hypocycloids

(m,n)=(2,1) (m,n)=(3,1) (m,n)=(5,3)

(mo,no)= (2,1) (mo,no)= (3, 3) (mo,m0)= (3, 3)
d=1 d= 2 d=2

Epicycloids

Figure 2. Cycloids.

Let d be the greatest common divisor of m +n and m —n and set m = myd,
n=mnod (mg,ng € (1/2)Z). Then the image of I, is determined by the pair
(mag, ng) satisfying mg,ng € (1/2)Z, mg £ ng € Z and GCD[myg + ng, my — ng) = 1.
Since such a pair (mg,ng) corresponds bijectively to a rational number
no/mo € Q; \ {1}, we denote the image of I'y,,, by ¢p/m(= nyjm,), and is called
an epicycloid if n/m < 1 and a hypocycloid if n/m > 1. It is well-known that c,,
is created by the trace of a point on a circle of signed radius 1 — p rolled along
another circle of radius 2p = 2n/m = 2ny/m without slippage, and has no self-
intersections if and only if |ng —mg| = 1. Cycloids admit (3/2)-cusps, at which
their unit normal vectors are well-defined smooth vector fields. The number my
takes a value in (1/2)Z, and is called the winding number of the cycloid ¢/,
which is the number of times that the unit normal vector to the cycloid winds
around S* as the cycloid is traversed once. The map I, , represents a d-covering
of the cycloid c,, (see Figure 2).

In order to describe our main results, we give an integer 2n, which will
correspond both to the number of singularities of a cycloid and to the number of
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connected components of cuspidal edges appearing in an incomplete WCF-end.
The canonical forms 6 and w associated to a flat front will be defined in Section 1.
Note that incomplete regular WCF-ends are all cylindrical. If a regular WCF-end
f:D* — H? is cylindrical, then p(z) = 0/w (given in (1.12)) is a nonvanishing
holomorphic function when taking a suitable local coordinate z around the origin.
Moreover if f is incomplete, then |p(0)| =1 (see Lemma 1.20), and whenever p is
non-constant, the ramification order n of p is computed as

d d
n:1+ord0—p, _p:(
p p

é/ & el Q" G+
0 w

T Tyl T ) gy (2
G G/+ GG*> z, (2)
where w=&dz, 0 =0dz, ' = d/dz (see Section 1 and [KRSUY, (3-15)]), and
ordgw = k for a given meromorphic 1-form w if it is written as @ = 2y (z) dz

(¢(0) # 0).

THEOREM B. Suppose that the flat front f is an incomplete but weakly
complete regular end of finite type (i.e., an incomplete regular WCF-end), which is
not contained in a geodesic line in H®. Then for a sufficiently small € > 0, the
image wo f(D%) is congruent to a portion of the image of [0,2m) x (0,hy) >

(t,h) = (pn(t), h) € RY, with
onlt) = WL, (0 + o), p="" € (0,1)0(1,00) 3)

Here, m is the ramification order of the hyperbolic Gauss map G(z) at z = 0 (which
coincides with that of the other hyperbolic Gauss map Gy(z)), and n (£ m) is the
ramification order of the function p = 0/w at z = 0. The set of singular points of f
consists only of cuspidal edges, corresponding to the cusps on the slices @p(t)
created by cutting with h = constant. Here, the exponent p is again called the pitch
of f. In particular, f has no self-intersections outside of a sufficiently large
geodesic ball in H® if and only if d = 1 and |mg — no| = 1, where mg,ng and d are
the numbers determined by the map Iy, .

It should be remarked that a surface given by
LO.R) = (bR ) € B (p>0, p# 1)

is asymptotically flat with respect to the Poincaré metric of constant curvature
—1 as h — +0 if and only if
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(pQ _ 1)% :p2 4 (p2 4 1)u2 _'_u47
dy
where u = dlogr/d¥. The general solution of this ordinary differential equation
for p =n/m characterizes the cycloids c,/n,, which removes the mystery why
cycloids appear in the asymptotic behavior of ends of flat surfaces (see
Appendix B).

Theorem B implies that the pitch of any incomplete WCF-end is a positive
rational number not equal to 1, so let us use the following terminology: an
incomplete WCF-end is of hypocycloid-type if the pitch is greater than 1, or of
epicycloid-type if the pitch is less than 1, respectively.

Theorem B is particularly useful for studying caustics of complete flat fronts
in H?, as those caustics have incomplete ends in general. The pitch of each end of
the caustic can be computed using just the pair of hyperbolic Gauss maps for the
original flat front as described in Theorem 4.2 in the final section, and it then tells
us the asymptotic behavior of the end of the caustic.

Even if we do not know a priori whether the end is complete, any regular
WCF-end is asymptotic to either (1) in Proposition A or (3) in Theorem B. Thus
the pitch p is a single entity that encompasses both cases (1) and (3). As a
corollary of Proposition A, Theorem B and [KRUY, Propositions 3.1 and 7.3], we
have:

COROLLARY C. The pitch p of a complete regular end takes its value in
(—1,0], and the pitch p of an incomplete reqular WCF-end takes its value in
Q. \ {1}, where Q. is the set of positive rational numbers. Moreover, a regular
WCF-end is

e a snowman-type end if and only if —1 <p < —1/2,

a horospherical end if and only if p = —1/2,

an hourglass-type end if and only if —1/2 < p <0,

a complete cylindrical end if and only if p =0,

an end of epicycloid-type with 2n cusps and winding number m if and only if

p=n/m € (0,1),

e an end of hypocycloid-type with 2n cusps and winding number m if and only
if p=n/m € (1,00).

Snowman-type ends, horospherical ends, hourglass-type ends and cylindrical
ends were defined in [KRUY] using properties of the canonical 1-forms and the
Hopf differential (see Definition 1.16), and asymptotic behavior was not estab-
lished there. But as a consequence of Proposition A and Corollary C, snowman-
type ends, horospherical ends, hourglass-type ends and complete cylindrical ends
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are now known to be asymptotic to the finite covering of a snowman, the
horosphere, an hourglass and a cylinder, respectively (see Figure 3).

horosphere cylinder snowman hourglass

Figure 3. Flat fronts of revolution, shown in the Poincaré ball model for H?.

We will see that any WCF-end of epicycloid-type or hypocycloid-type is
necessarily a cylindrical end, but it is not complete (see Lemma 1.20).

Corollary C means that the shape of any end tells us what its pitch p is, and
vice versa. For example, Figure 1 (right) indicates the caustic of a flat front of
genus 0 with 4 ends (Figure 1 left). The central end (converging to the north pole
in OH?) shown there has four cuspidal edges. Since the winding number of slices of
the end in this case is 1, we can conclude that the pitch of the end is p = 2 (cf.
Example 4.4 in Section 4).

ACKNOWLEDGEMENTS.  The third and fourth authors would like to thank
Jose Antonio Galvez and Antonio Martinez for fruitful discussions during their
stay at Granada. The authors also thank the referee for comments that
significantly improved the results here.

1. Fundamental properties of regular ends of flat fronts.

In this section, we shall describe fundamental properties of flat fronts in the
hyperbolic 3-space. See [KUY1], [KUY2], [KRUY] for precise arguments and
proofs.

The hyperbolic space. The hyperbolic 3-space H? of constant sectional
curvature —1 is realized as the upper half component of the hyperboloid of the
Minkowski 4-space L' with inner product ( , ) of signature (—, 4, 4, +):

0 = {z = (xg, 21, 2,23) € L*: (x,x) = —1,29 > 0}. (1.1)

Identifying L* with the set Herm(2) of 2 x 2 Hermitian matrices as
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T1 — 1Ty Ty — T3

o+ T3 T +1iT
L4 > (xo,I1,$27$3)<—>< ’ ’ ' 2) (Z =V _1)7 (12)

we can write

H? = {X € Herm(2) ; det X = 1, trace X > 0} (1.3)
= {wu" |u € SL(2,C)} = SL(2, C)/SU(2) (u* = "a).

The complex Lie group SL(2, C) acts isometrically on H? by
L H* > X — uXu* € H (ue SL(2, C)). (1.4)
In fact, the identity component of the isometry group of H? is identified with
PSL(2,C) = SL(2, C)/{£1}.
We consider the projection

1

Lo — I3

7 H? 3 (20,21, 2, 23) — (21 +iz0,1) € B2, (1.5)

where R} := {((,h) € C x R; h > 0}. The map 7 is an isometry from H* to the
Poincaré upper half-space model

|d¢|? + dh?
(Ri,T) (1.6)

Under the parametrization as in (1.3), we can write

U U + Ui2lUg, 1 U u
w(uu*):( 11U21 12U22, )’ where 1w — ( 11 12

U1 U21 + U22U22

) € SL(2,C). (1.7)

Ul U2
The ideal boundary 9H? is identified with C U {oo} as in (A.1) in Appendix A.

Flat fronts. A smooth map f : M? — H? from a 2-manifold into the hyperbolic 3-
space is called a front if there exists a Legendrian immersion Ly : M* — T} H? into
the unit cotangent bundle of H? whose projection is f. Identifying T} H? with the
unit tangent bundle TyH®, Ly corresponds to the unit normal vector field v :
M? — L* of f, that is, the immersion (f,v): M? — Ty H? satisfies (v,v) = 1 and
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(v,df) = 0. A point z € M?* where rank(df), < 2 is called a singularity or singular
point.

The parallel front fi of a front f at distance t is given by fi(x)=
Expy(y) (ty(a:)), where “Exp” denotes the exponential map of H3. In the model
for H? as in (1.1), we can write

fi = (cosht) f + (sinht)v, v = (cosht)v + (sinht)f, (1.8)

where v is the unit normal vector field of f;.

Based on the fact that any parallel surface of a flat surface is also flat at
regular points (i.e., non-singular points), we define flat fronts as follows: A front
f: M?* — H3is called a flat front if, for each = € M?, there exists t € R such that
the parallel front f; is a flat immersion at z. By definition, { f;} forms a family of
flat fronts. We assume this is the case. As in (1.3), the hyperbolic 3-space H* can
be considered as a subset of SL(2, C), and there exist a complex structure on M?
and a holomorphic Legendrian immersion

&r: M? — SL(2, C)

such that f = éaféa;i- and v= é”fegé”}‘- (63 = ((1) _2)), (1.9)

where M? is the universal cover of M? (see [GMM] and [KUY1]). We call &y the
holomorphic Legendrian lift of the flat front f. Here, &y being a holomorphic
Legendrian map means that the sl(2, C)-valued 1-form (g’;ld(g’f is off-diagonal,

where s((2, C) is the Lie algebra of SL(2, C) (see [GMM], [KUY1], [KUYZ2|,
[KRUY]). So, we can write

&1dEy = 09 (1.10)
f I w 0)’ '

for holomorphic 1-forms w and 6 on M?. We call w and 6 the canonical forms.
The first and second fundamental forms ds® = (df,df) and I = —(df,dv) are
given by
ds* = |w+ 0" = Q + Q + (Jw* + 16", Q = wo,

(1.11)
I =16 - |w|*.

Note that |w|* and |6]* are well-defined on M? itself, though w and 6 are generally



Asymptotic behavior of flat surfaces 809

only defined on M?2. The holomorphic 2-differential @ appearing in the (2, 0)-part
of ds? is defined on M?, and is called the Hopf differential of f. By definition, the
umbilic points of f equal the zeros of Q. Defining a meromorphic function on M?
by

p=—, (1.12)
w

then |p| : M? — [0, +00] is well-defined on M?, and z € M? is a singular point of f
if and only if |p(z)| = 1.
We note that the (1,1)-part of the first fundamental form

ds}, = |w* + [0] (1.13)

is positive definite on M? because it is the pull-back of the canonical Hermitian
metric of SL(2, C) by the immersion & ;. Moreover, 2d5§71 coincides with the pull-
back of the canonical metric on the unit cotangent bundle T7H® by the
Legendrian lift Ly of f (which is the sum of the first and third fundamental forms,
see [KUY2, Section 2] for details). The complex structure on M? is compatible
with the conformal metric dsil. Note that any flat front is orientable ([KRUY,
Theorem B]). Throughout this paper, we always consider M? as a Riemann
surface with this complex structure, for each flat front f: M? — H3.
The two hyperbolic Gauss maps are defined as

_En G — Ens

G__7 ¥ T 5
By Ey

where & = (Ej;).

It can be shown that the hyperbolic Gauss maps are well-defined as meromorphic
functions on M?. In fact, geometrically, G and G, represent the intersection
points in the ideal boundary 9H* = C U {oo} of H? of the two oppositely-oriented
normal geodesics emanating from f in the v and —v directions, respectively (see
Proposition A.2 in Appendix A). In particular, parallel fronts have the same
hyperbolic Gauss maps. For u € SL(2, C), the change &y +— ué’y corresponds to
the rigid motion f+ ¢, 0 f=ufu* in H® as in (1.4). Under this change, the
hyperbolic Gauss maps change by the Moébius transformation:

u1G +u u1Gy +u
GHU*G:M, G*Hu*G*:u, (1.14)
U1 G + U2 U1 Gy + U2
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where u = (u;;), in contrast to the canonical forms w, # which are unchanged. The
canonical forms, the hyperbolic Gauss maps and the Hopf differential are related
as follows: Let g and g. be holomorphic functions on the universal cover M? of M?
such that dg = w and dg, = 6. Then it holds that

S(g) - S(G) = S(9.) - S(G.) =2Q,  S(h) = {(’;—)—; (%)}d (1.15)

where z is a local complex coordinate and ' = d/dz, that is, S(-) denotes the
Schwarzian derivative with respect to z. The relations in (1.15) suggest us that G,
G., w and 6 can be considered as pairs (G,w) and (G., 0). In fact, as we shall see in
(1.18), the front f can be represented via the pair (G,w) or (G.,6).

DEFINITION 1.1.  The canonical form w (resp. 6) is said to be associated with
G (resp. G.).

The holomorphic Legendrian lift &, has a U(1)-ambiguity, that is,

61"1'/2 0
E =8 €ER
e PR (T € R)

is also a holomorphic Legendrian lift of f. Under this transformation, the
canonical forms and the function p change as

—2iT

Wi ew, 0— e 70, pr—e p, (1.16)

in contrast to the hyperbolic Gauss maps G, G, which are unchanged. On the

other hand, the projection of
P (1.17)
RSN '

is also the same front f, but the unit normal & €3 (gh) = —v is reversed, where v
is the unit normal in (1.9). We call é’n the dual of £’f (see [KRUY, Remark 2.1]).

The hyperbolic Gauss maps G, Gt the canonical forms w', 6§ and the Hopf
differential Q% are related to the orlgmal data by

(G ) =(G.0), (GLH)=(Gw), Q=Q.
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A holomorphic Legendrian lift &; can be expressed by the pair (G,w) of the
hyperbolic Gauss map G and the canonical form w, as in [KUY1]:

[ GC d(GO)/w e
Er = < o 1C ), where C—z\/;. (1.18)

We use the above formula in what follows, but, using the duality (1.17), we could
express &'y in terms of the pair (G.,0) as well. The fact that we have these two
different expressions for & will play a crucial role in our investigation of the
asymptotic behavior of WCF-ends.

Another representation formula for & in terms of the hyperbolic Gauss maps
is given in [KUY1]:

_(G/g GG -G - B
e (1/5 ¢/(G—-G.) ) (5—56XP . G_G), (1.19)

where 29 € M? is a base point and § € C'\ {0} is a constant. Note that the choice
on § corresponds to the U(1)-ambiguity, as well as to the family of parallel fronts.
The canonical form w and the Hopf differential () are expressed as

dG dG dG,
W _ Q=—-——"5. (1.20)
(G-G.)

REMARK 1.2 (Flat surfaces in de Sitter 3-space). We set

S3 = {X € Herm(2); det X = —1}

1 0
= {uegu”; u € SL(2, C)} = SL(2, C)/SU(1,1) <63 = (0 1)),
which gives a Lorentzian space form of positive curvature called de Sitter 3-space.
A smooth map f : M? — 5% is called a spacelike front if its unit normal vector field
v is globally defined on M? and gives a front in H3. The unit normal vector field v
of flat fronts in H® gives spacelike flat fronts in de Sitter 3-space S?, and vice
versa.

REMARK 1.3 (A characterization of the horosphere). If either G or G, is
constant, the Hopf differential @) vanishes everywhere because of (1.20). Then the
surface lies in a horosphere.
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Ends of flat fronts. Let f : M? — H? be a flat front. If M? is homeomorphic to a
compact Riemann surface a excluding a finite number of points py, ..., p,, each
point p; represents an end of f. Moreover, if a neighborhood of p; is biholomorphic
to the punctured disc D* = {z € C; 0 < |2| < 1}, then p; is called a puncture-type
end. We often refer to the restriction of f to a neighborhood D* as the end, as well.

Puncture-type ends can appear in a flat front with some kinds of “complete-
ness” properties: A flat front f: M? — H?® is called complete if there exists a
symmetric 2-tensor T such that 7" = 0 outside a compact set C C M? and ds?> + T
is a complete metric of M?2. In other words, the set of singular points of f is
compact and each divergent path has infinite length (see Definition 1.5 below). On
the other hand, f is called weakly complete (resp. of finite type) if the metric ds%1
as in (1.13) is complete (resp. of finite total curvature). The following fact is
fundamental:

FACT 1.4 ([KRUY, Proposition 3.2]).  Ifa flat front f : M?* — H? is weakly
complete and of finite type, then there exist a compact Riemann surface M and a
finite set of points {p1,...,pn} such that M? is biholomorphic to M \{p1,-- .00}

We can also define completeness of an end itself:

DEFINITION 1.5. Anend f:D* — H?is

e complete if f is complete at the origin, that is, the set of singular points
does not accumulate at the origin and any path in D* approaching the
origin has infinite length, or

e incomplete WCF if dsil in (1.13) is complete at the origin, the total
curvature of ds%1 on a neighborhood of the origin is finite, and f is
incomplete at the origin.

Namely, an incomplete WCF-end is an “incomplete, Weakly Complete end of
Finite type”.

Fact 1.6 ((KUY2], [KRUY, Proposition 3.1]). A complete end is a
WCF-end. Conversely, a WCF-end f: D* — H? is complete if the singular set
does not accumulate at the origin.

The weak completeness and the finite-type property of a complete end are
shown in [KUY2, Corollary 3.4] and [KRUY, Proposition 3.1] respectively. The
second assertion of Fact 1.6 follows from [KRUY, Theorem 3.3].

Facr 1.7 ([GMM], [KUY2], [KRUY, Proposition 3.2]). Let f:D* —
H3 be a WCOF-end of a flat front. Then the canonical forms w and 6 are expressed
as
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w= 2w (2) dz, 0= 2"0,(2)dz (i, o € Ryp+ iy € Z),

where wy and 01 are holomorphic functions in z which do not vanish at the origin.
In particular, the function |p|: D* — [0,+00] as in (1.12) can be extended across
the end 0.

Here |w|® and |0]> are considered as conformal flat metrics on D: for
sufficiently small € > 0. The real numbers p and pu, are the orders of the metrics
lw|* and |6]* at the origin respectively, that is,

1 = ordolw]?, fie = ordo|6]*. (1.21)
Since dsi1 = |w|* +16)* in (1.13) is complete at the origin, it holds that
min{pu, p.} = min{ord0|w|2,ord0|0|2} < -1 (1.22)
for a WCF-end. By (1.11), the order of the Hopf differential is
ordpQ = i + pt. = ordg|w|” + ordg |, (1.23)

where ordy@ = m if Q@ = 2" (a + o(1))dz* holds for some a # 0.
The following assertion is essentially shown in the proof of [KRUY,
Theorem 3.4]. However, for the sake of convenience we give a proof here.

PROPOSITION 1.8. Let f: D* — H? be a complete end of a flat front. Then
the parallel front fi asin (1.8) is a WCF-end. Conversely, for an incomplete WCF-
end f: D* — H3 of a flat front, f, is a complete end for any t # 0.

PROOF. The canonical forms of the parallel front f; are expressed by those
of f as

w; = elw, 6, =e'0, o= e’%p.

By (1.22), the completeness of ds%1 is preserved by taking parallel fronts. On the
other hand, it follows from [KRUY, (3.2)] that the finiteness of total curvature of
ds? | for f, is equivalent to the finiteness of orders of |w;|* and |6,|* at the end z = 0.
This implies that the finiteness of the total curvature of ds%~1 is also preserved by
taking parallel fronts. By Fact 1.6, if f is complete, it is a Wéakly complete end of
finite type. Hence so is f;, that is, f; is WCF. Conversely, if f is incomplete WCF,
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then |p(0)| = 1 (cf. Lemma 1.20) and |p;(0)] = e %|p(0)| = e # 1 for t # 0. Since
the singular point z € D* of f; is characterized by |p;(z)| = 1, the singular set of f;
(t #0) does not accumulate at the end. Hence f; (t# 0) is complete at the
origin. O

Behavior of regular ends.
FacT 1.9 ([GMM], [KUY2|). The hyperbolic Gauss maps G, G, of a
weakly complete end f : D* — H? of a flat front satisfy either
e both G and G, have at most pole singularities at the origin, and have the
same value at the end, or
e both G and G, have essential singularities at the origin.

We call the end regular if both G and G, have at most poles, and irregular
otherwise. The following lemma is well known:

LEMMA 1.10 ([GMM], [KUY2|). A WCF-end f: D* — H? of a flat front
is regular if and only if the Hopf differential has a pole of order at most 2 at 0, that
is, ordgQ) > —2 holds.

PROPOSITION 1.11.  Let f : D* — H? be a regular weakly complete end, and
denote its hyperbolic Gauss maps by G and G,. Then

lim7o f(z) = (G(0),0) = (G.(0),0)

z—0

holds if G(0) # oo, where : H® — R3 is the projection as in (1.5).

PROOF. The proof of [KUY2, Lemma 3.10] applies to weakly complete
ends as well. So we have G(0) = G.(0)(= a), where a € C U {oc}. By a suitable
rigid motion in H?, we may assume a # oco. In this case, we can write

G=a+¥(2), G.=a+1.(2), (¥(0) = 1.(0) = 0),

where 9)(z), ¥.(z) are holomorphic functions defined on a sufficiently small closed
disc {|]z| < e}. We write mo f = (¢, h). Then by (1.19), we have

L S
|G =GP TG - Gyl

1
n = | Ea[* + | Ena|” = too (2= 0).

In particular, h — 0 as z — 0. On the other hand, we have
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_ EuBy + EnEyn  G|En|’ + Gi|Exl

¢ = _
|Ea|? + | ol |Ea|? + | Bl
_ (et Y(2)| En|” + (a+ s (2))| Baol . ()| Baa|” + 1. (2)| Baa*
| Ea|* + | Es|? |Eo|* + | Easl®

Thus we have
I(—al < Ilgl‘g{lzb(@l, [ (2)}-

The right-hand side tends to zero as € — 0, hence the left-hand side |( — q
converges to zero as z — 0. This completes the proof. O

From now on, we consider a regular WCF-end f : D* — H? of a flat front. By
a rigid motion, we may assume G(0)(= G.(0)) # oco. In the case where G and G,
are both non-constant (cf. Remark 1.3), we have the expressions

G(Z) a —|— (‘)] A U - ()(Zml )7 ( ( ) G ( ) \ {0}) ( 4)
= + A 2 m. * O I b 7b € (: I:Z
G*(Z) a b2 mes + O(Z 2)7 1 2

on a neighborhood of z = 0. We set
m = min{m;, my} = min{ordy G'(2), ordy G_.(2)} + 1, (1.25)

which is called the multiplicity of the end f. In the case where one of G, G, is
constant, the multiplicity of the end is defined to be the ramification order of
whichever of G or G, is nonconstant. The multiplicity m of the end has the
following important property.

FacT 1.12 ([GMM] and [KUY?2]). Let f: D* — H? be a complete regular
end. Then the multiplicity m of f is equal to 1 if and only if f(DY) is properly
embedded for a sufficiently small € > 0.

Recall that (see [KRUY, (7.1)]) the constant

(1.26)

_ { (dG./dG)(0) (if [(dG./dG)(0)| < 1),
(dG/dG,)(0)  (if |(dG./dG)(0)] > 1)

is called the ratio of the Gauss maps. As seen in [KRUY, Propositions 3.1 and
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7.3], a is a real number which is not equal to 1, so o € [—1,1).

In particular, if @ # 0, the ramification orders of G and G, coincide, and are
equal to the multiplicity of the end.

To fix the expression of the ratio of Gauss maps uniquely, we wish to
distinguish the pairs (G,w) and (G4, 0) of f (given just before Definition 1.1) as
follows:

DEFINITION 1.13.  The pair (G,w) (resp. (G,0)) is a dominant pair with
respect to the regular end z =0 if |(dG./dG)(0)| <1 (resp. |(dG./dG)(0)| > 1).
Moreover, (G,w) (resp. (G,,0)) is called the strictly dominant pair if
[(dG./dG)(0)| < 1 (resp. |(dG./dG)(0)] > 1).

REMARK 1.14. For a regular WCF-end, (G,w) and (G.,0) are both
dominant if and only if a = —1, which corresponds to a regular cylindrical end
(see Definition1.16 and Proposition 1.17 below). If (G,,0) is strictly dominant,
(G, w) is not strictly dominant. In this case, by taking the dual as in (1.17), we can
exchange the roles of (G,w) and (G, ). Thus, we may always assume that (G, w)
is a dominant pair. Then it holds that

a = (dG,/dG)(0), m=m;. (1.27)
In particular, we have the expressions

G(z) =a+cz" + o(z"),

c#0). 1.28
G.(2) =a+ ac?™ +o(Z"), ( ) (1.28)

We shall use frequently these expressions, or more normalized forms of them.
The following assertion holds:

PROPOSITION 1.15.  Let (G,w) be a dominant pair. Then the ratio of Gauss
maps o and the multiplicity m of the end satisfy the following identity

1 14+ p+
W= —ﬂm—l(g -1), that is, a=_THTT

= , (1.29)
1l-«a 14+p—m

where pu = ordo|w|®. In particular, p, = ordo|6|* satisfies

pAt e > =2, pe> -1, (p<-1). (1.30)
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PROOF. Substituting (1.28) into (1.19) and (1.20), and noticing that o # 1,
we have (1.29). The second assertion follows from (1.23) and Lemma 1.10. O

Since the Hopf differential @ is written as in (1.20), it has the following
expansion

1 2
QZ?(( ma”(’(l))sz’

1—a)

where o(1) is a term having order higher than 1 as z — 0. The term

—m2oz

1=ap (1.31)

q—2 =

is called the top-term coefficient of Q.

DEFINITION 1.16 (cf. [KRUY, Definition 7.1]). A regular WCF-end
f: D" — H3 of a flat front is called
1) horospherical if g_o = 0, that is, ordg@ > —1,
2) of snowman-type if g_o < 0,
3) of hourglass-type if q_» > 0 and ordg|w|* # ordy|d]*, or
4) eylindrical if ordg|w|® = ordo|d|*. (In this case, g_ is positive. See
Corollary 1.18 below.)

These types of ends are characterized as follows:

PROPOSITION 1.17.  Let f: D* — H? be a reqular WCF-end of a flat front
and (G,w) a dominant pair. Then the end is

(1) horospherical if and only if a = 0, that is, p = —m — 1,

(2) snowman-type if and only if 0 < a < 1, that is, p < —m — 1,

(3) hourglass-type if and only if —1 < a <0, that is, —m — 1 < p < —1, and

(4) cylindrical if and only if « = —1, that is, p = —1.

PROOF. If a # 0, ordy@ = —2 because of (1.31), and

a+1
a—1

ordo|f]P = =2 —ordp|w|* = -2 — p = — m—1, (1.32)

because of (1.23) and (1.29). Then the conclusion follows. O

COROLLARY 1.18.  If a regular WCF-end of a flat front is cylindrical, then it
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holds that
g—2 >0, and ordg|w|® = ordg|f]* = —1.

PROOF. Substitute & = —1 into (1.31) and (1.32). O

EXAMPLE 1.19 (Flat fronts of revolution). Take a positive integer m and
a€[-1,1), and set (G,G,) = (2™, @z™). Then by (1.19), we have a flat front
f:C\ {0} — H? whose canonical forms are given by

6 1
w:—mz“dz, 0:&2[2_“(&2 u:ﬂm—l ,
& (1-a) a—1

where 6 is a constant as in (1.19). The front f is the m-fold cover of the hourglass
(resp. the snowman) if —1 < a <0 (resp. 0 < a <1). When oo =0, f gives the
horosphere (resp. the m-fold branched cover of the horosphere with branch point
z=o00)if m =1 (resp. m > 2). In the case of « = —1, f gives the m-fold cover of a
cylinderif |6|* # 2. When o = —1 and |6|* = 2, all points are singularities of f, and
the image f(C \ {0}) is the geodesic joining 0 and co. Here, we identify H® with
C U {oo} as in (A.1) in Appendix A. In all cases, f is a flat front of revolution
whose axis is the geodesic joining 0 and co € 9H?, see Figure 3 in the introduction.

Conversely, any flat front of revolution whose axis is the geodesic joining 0
and co € OH? is obtained in such a way. In particular, one can choose the complex
coordinate z such that G = 2™, and the canonical form w = cz" dz, where c is a
non-zero constant.

Behavior of singular points on a regular WCF-end.

LEMMA 1.20. A WCF-end f: D* — H?3 of a flat front is cylindrical if and
only if p(z) = 0/w as in (1.12) is a nonvanishing holomorphic function near z = 0.
On the other hand, a regular WCF-end f is incomplete if and only if it is
cylindrical and |p(0)] = 1.

PROOF. Note that this lemma holds not only for regular ends but for WCF-
ends. The first assertion is obvious. In particular, if the end is not cylindrical,
i # p in (1.21) and then

lir%|p(z)|:0 or +oo.

This implies that the singular set {|p| = 1} does not accumulate at the origin.
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Thus incomplete ends are all cylindrical. Moreover, if the singular set
accumulates at the origin, then |p(0)| = 1. Conversely, assume that f is cylindrical
and |p(0)] = 1. By the U(1)-ambiguity as in (1.16), one can assume p(0) =1
without loss of generality. If p is constant, all points are singular, and then the end
is incomplete. Otherwise, p can be expanded as p(z) =1+ bz" + o(2") (b #0),
where n is the ramification order of p. Hence one can take a complex coordinate w
(w(0) = 0) such that

log p = w". (1.33)

Then the singular set
{lol =1} = {w; Re(w") = 0} (1.34)
accumulates at the origin. O

PROPOSITION 1.21.  Let f: D* — H? be an incomplete regular WCF-end of
a flat front, whose image is not contained in a geodesic line in H>. Then, for a
sufficiently smalle > 0, only cuspidal edge singularities appear in the image f(D¥),
and the set of cuspidal edges has 2n components, where n is the ramification order
of p(z) at z= 0.

PROOF. By Lemma 1.20, |p| is a well-defined function on a neighborhood of
the origin satisfying |p(0)] = 1. By the U(1)-ambiguity as in (1.16), we may
assume p(0) = 1 without loss of generality. If p is identically 1, then [KRSUY,
Proposition 4.7] yields that f is rotationally symmetric, and then, the image of f
is a geodesic line. Thus p is not identically 1, and then we can take a complex local
coordinate w around the origin as in (1.33). Hence the set of singularities is
expressed as in (1.34), which consists of 2n rays starting at the origin in the
w-plane.

By Proposition1.17 and Lemma1.20, we have a = —1. Thus the Hopf
differential @ expands as

m2
T 422

Q (140(1)) dz?, (1.35)

where m is the multiplicity of the end. On the other hand, a singular point which
is not a cuspidal edge point must be a zero of the imaginary part of the function

_ d(logp)
\/Zl: - \/@ )
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(see [KRSUY, Proposition 4.7]), and we have the following expansion

C(w) = 2—nw"(l + 0(1))7

m

where w is the local coordinate near the origin given in (1.33). Then the singular
set is given by {Re(w") = 0}, and the zeros of the imaginary part of /(. are
approximated by {Im(w") = 0}. Since the two sets {Re(w") = 0} and {Im(w") =
0} are disjoint near w = 0, there are no singular points other than cuspidal edge
points near z = 0. O

2. Flux and axes of ends.

The flux matrix. Let f : D* — H? be an end of a flat front such that the complex
structure of D* is compatible with the metric (1.13). Regarding H* C SL(2, C) as
n (1.3), the fluz matriz of f is defined by

)

dr=— [(0f)f ' esl(2,C), (2.1)

:277 5

where s[(2, C) is the Lie algebra of SL(2, C) and + is an arbitrary loop in D* going
around the origin in the counterclockwise direction. Here, df is the (1,0)-part of
df, that is, df = f, dz for a complex coordinate z.

We first show the following:

PROPOSITION 2.1.  Let Ey: D* — SL(2, C) be a holomorphic Legendrian lift
of f, where D* is the universal cover of D*. Then the following formula holds:
1 ~G.dG — GdG, G*dG + G?dG,
ONf ' =deE = ——s ) . (2.2)
(G- Gy) —dG — dG, G.dG + GdG,

where G and G, are the hyperbolic Gauss maps. In particular, the s1(2, C)-valued
1-form (8f) f~" is holomorphic, and common to the parallel family { fi},c g, that is,
O = (0f)f;" holds.

PROOF. Since &y is holomorphic, (9f)f~!= dé"fé‘);l follows from f =
& &% Then by (1.19), we have the conclusion. O

As defined in [KRUY], a smooth map f: M?> — H? on a 2-manifold M? is
called a flat p-front if for each x € M?, there exists a neighborhood U of = such
that the restriction of f to U is a flat front. Roughly speaking, a p-front is locally a
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front, but its unit normal vector field v may not be globally single-valued. The
caustics (i.e., focal surfaces) of flat fronts are also flat, but in general they are not
fronts but only p-fronts. So if we wish to analyze the asymptotic behavior of ends
of caustics, we must work in the category of p-fronts. A p-front is called non-co-
orientable if it is not a front.

We now assume f : M? — H? is a weakly complete flat p-front of finite type.
Since Fact 1.4 holds also for flat p-fronts (see [KRUY, Proposition 5.4]), there
exist a compact Riemann surface M and a finite set of points {pi,...,pn} such
that M? is biholomorphic to i \{p1,...,pn}. Though G and G. may have
essential singularities at p;, the holomorphic form (9f)f~! is a globally defined
sl(2, C)-valued 1-form on M2, Thus the total sum of the residues at py,...,p,
vanishes:

COROLLARY 2.2 (The balancing formula). Let f: M? — H? be a weakly
complete flat p-front of finite type. Then the sum of flux matrices over its ends
vanishes.

This suggests that the flux matrices just defined might be useful for the global
study of flat fronts, like as for the cases of CMC surfaces in R* (cf. [KKS]) and
CMC-1 surfaces in H? (cf. [RUY]).

By definition, the flux matrices are meaningful not only for regular ends but
also irregular ends for which the hyperbolic Gauss maps have essentially
singularities at the end. However we shall treat only regular ends in this paper.

On the other hand, if the end is not a front but a p-front, by taking the double
cover, it becomes a front (see [KRUY, Corollary 5.2]). So, from now on, we shall
usually work in the category of fronts.

Next, we shall define a projection:

H:C2\{<8>}9(§>'—>§€P1(C):Cu{oo}. (2.3)

Since, for the Poincaré upper half-space model Ri, the ideal boundary OH? can be
identified with C' U {oco} (see (A.1) in Appendix A), the image of IT is contained in
OH?3.

THEOREM 2.3. Let a flat front f: D* — H? be a regular WCF-end. Then
there exists an eigenvector v of the flur matriz ®; such that the projection II(v) €
C U {00} equals the limiting value of the end, that is,

II(v) = lim ¢(2) = G(0) = G«(0)

z—0
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where o f(z) = (((2),h(z)). Moreover, the flur matriz ®; is a lower triangular
matriz if G(0) = 0.

PROOF. An isometric action ¢, (u € SL(2, C)), as in (1.4), induces a flat
front ufu* congruent to f, and the flux matrix of ufu* is given by u®u~'. This
implies that an eigenvector of ®,,» must be uv. On the other hand, the isometric
action induces a transformation of the ideal boundary so that

u11¢ + U2

OH? = CU{c0} 3¢ ux(=
U1 ¢ + ug2

€ CU{oo} =0H> (u=(uy)).

Thus we have

II(uv) = u* [1(v) <v€ CZ\{<8>})

which implies that the map II is equivariant. So to prove the assertion, we may
assume that G(0) = G.(0) =0, replacing f by ufu* for a suitable isometry
u € SL(2, C) if necessary. Without loss of generality, we may assume that (G, w)
is a dominant pair (see Remark1.14). Then the hyperbolic Gauss maps are
written as in (1.28) for a = G(0) = 0. Thus, we have

GG + G*dG, = (mPa(a+ 1) +o(z" ")) dz, (2.4)

(G —G.)" = A1 — )22 + (™). (2.5)

Since the ratio a of the Gauss maps is not equal to 1, (G2dG + G2dG.) /(G — G.)*
is a holomorphic 1-form at z=0. In particular, it follows from (2.1), (2.2)
that the flux matrix ®; is a lower triangular matrix, and v = <(1)> is one of the

eigenvectors. Then we have II(v) =0=G(0) = G.(0) which proves the
assertion. O

The eigenvalues of the flux matrix are related to the ratio of the Gauss maps:

THEOREM 2.4.  The eigenvalues of the flux matriz ®; of a regular WCF-end
f:D* — H? of a flat front are

L 2ma (_:F2q2)
G—af\" " m )
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where m is the multiplicity of the end (cf. (1.28)), « is the ratio of the Gauss maps
(1.26), and q_o is the top-term coefficient of the Hopf differential (1.31). In
particular, if a # 0 (that is, if f is not horospherical), then ®; is diagonalizable.

PROOF. Let us take the same notation as in the proof of Theorem 2.3. Then
the diagonal components are just the eigenvalues of ®; since ®; is a triangular
matrix. We have G.dG + GdG, = (2mc2az*1 + o(z*"1))dz, and by (2.5), we
have

G.dG + GdG, 1 ( 2ma

G-G)? 2 \(0-a?

+ o(l)) dz.
It follows from (2.1), (2.2) that the eigenvalues of ®y are +2ma/(1 — @)?, which
are equal to F2¢_o/m by (1.31). O

By Theorem 2.4, ®; is diagonalizable if o # 0. In this case, the flux matrix has
two linearly independent eigenvectors vy, vo. Then there exists a unique geodesic
line in H?® connecting I1(v;) and II(vy) = G(0) € OH?, which is called the azis of
the flur matriz ®;. We denote this geodesic by o1, 7. By Theorem 2.3, one
endpoint of the axis is just the limit point of f.

We finish this subsection with some lemmas concerning the axis, which will
be needed in the following sections.

LEMMA 2.5. Let f: D* — H? be a reqular WCF-end of a flat front. Then the
flux matriz ®; is diagonal if and only if the axis is the geodesic joining the origin
and infinity, i.e., the h-coordinate axis {(¢,h); ¢ = 0} in the upper half-space model

3
R

PROOF. If ®; is a diagonal matrix, the eigenvectors are v, = (é) and

vy = ((1)), and vice versa. In this case, II(v;) = oo and II(v,) = 0. O

LEMMA 2.6. Let f: D* — H? be a regular WCF-end of a flat front. Assume
that ® ¢ has the axis v, 3. Let f be an end congruent to f, that is, f = ufu* for
some u € SL(2, C). Then the axis of the flux matrix ®; is given by uvy, uv;.

PROOF. As we have already noted in the proof of Theorem 2.3, if v is an
eigenvector of @, then uv is an eigenvector of <I>/;. (I

LEMMA 2.7. Let f: D* — H? be a reqular WCF-end of a flat front. If the
ratio a of the Gauss maps is not zero, then there exists an orientation preserving
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isometry v of H® such that the azis of the flur matriz ®,o¢ coincides with the
geodesic joining oo and 0, that is, the h-coordinate axis in Ri.

PROOF. As we have seen, ®; is diagonalizable if a # 0. Hence this lemma is
a direct consequence of the two lemmas above. O

The indentation number. In this subsection, we introduce the mazimum
indentation number n of a regular WCF-end, which is a positive integer. Firstly,
we will define a positive integer [, called the indentation number, determined by
the choice of geodesic v asymptotic to the point G(0) = G.(0) € OH? of f. Then n
is the maximum of [, for such geodesics:

Let f:D* — H?® be a regular WCF-end of a flat front and take a (para-
metrized) geodesic v(s) (s € R) in H® whose endpoint

y(4o0) = lir+n v(s) € 0H® = C U {00}
coincides with G(0) = G.(0) € OH?. Here, we identify OH® with C U {cc} as in
(A.1) in Appendix A. Then there exists a rigid motion ¢, in H® (u € SL(2, C))
such that

Ly © y(—00) = o0, Ly © y(+00) = ux G(0) = 0. (2.6)

Note that such a u € SL(2, C) is unique up to the change

6 0
U —> u 6e C\{0}). 2.7
( 0 51) ( \ {0}) (2.7)
We may assume that the pair (G, w) is a dominant pair, and define a meromorphic
function

4, = duxG) (2.8)
dluxG)

which does not depend on the ambiguity as in (2.7), that is, depends only on ~.

When A,(z) is not a constant function, the ramification order I(=1,) of the

meromorphic function A,(z) at z=0 is called the indentation number with

respect to the geodesic 7. On the other hand, if A,(z) is constant, we set

l, = oc. (2.9)
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This exceptional case corresponds exactly to the case that f is rotationally
symmetric with respect to the axis v (see Example 1.19).

Since (G,w) is dominant, the ramification number of G at 0 is equal to the
multiplicity m of the end. Then, replacing f by ¢, o f for a suitable u € SL(2, C),
there exists a complex coordinate z on a neighborhood of the origin such that

G(z) = 2". (2.10)
Unless A,(z) is constant, the other hyperbolic Gauss map G.(z) can be written as
G.(2) = az™ + 2™ 4 o(2™), (q #0, I=1)), (2.11)

where « is the ratio of the Gauss maps (see Remark 1.14).
We denote by [7] the image of the geodesic 7.

LEMMA 2.8. Let f:D* — H? be a regular WCF-end of a flat front with
multiplicity m. Then one of the following three cases occurs:

(1) The end f is horospherical, and the indentation numberl, does not depend
on the choice of geodesic .

(2) The end f is not horospherical, and the indentation number 1, does not
depend on the choice of geodesic y. Moreover, l, < m holds.

(3) The end f is not horospherical, and there exists a unique geodesic o
satisfying o(4+00) = G(0) such that

>m (] = [o])

holds for each geodesic v satisfying v(+o00) = G(0).

PROOF. Without loss of generality, we may assume that G(0) = G.(0) =0
by replacing (G,G,) with (uxG,uxG,) (u € SL(2, C)) if necessary. We fix a
geodesic vy such that

N(+00) =0, Y(-00) =00

and let [ =1,

Firstly, we consider the case l,, < co. Then we may assume that G(z) and
G.(z) satisfy (2.10) and (2.11) respectively. We now take another geodesic v such
that

be the indentation number with respect to .
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Y(+00) =0,  (a=)y(—o0) € C\ {0},
and set
1 0
u(= (uy)) = (_a_1 1)
Then
Ly 0 y(4+00) =0 and Lty 0oy(—00) = 0
hold. Here,
A= duxG.) _ (u21G + Uz >2dG* _ (—ala + 1>2d_G*.
dluxG) U Gy + uge ) dG —-a G, +1/) dG

By (2.10) and (2.11), we get

A(z) = (1 _2 (1— )"+ o(z"”)) <a + (m+ Do + o(zl))

[¢ m

(2.12)

(2.13)

(2.14)

If £ is horospherical, that is, a = 0, then the first non-vanishing term of A (z) is 2/,

and we have [, = [. This implies that the indentation number [, does not depend

on 7, that is, (1) holds.
Next, we consider the case that f is not horospherical, that is, o # 0.

CASE A: Suppose that | < m, then

l
A(2) = a+ le +o(2),
m

which implies I, = I. Therefore (2) holds.

CASE B: Suppose that [ > m, then we have

A(z) = a<1 2 a)my o(zm)).

a

Since o # 1, we have I, = m. Thus we have

(2.15)
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by=1>m=1, (7] # [n).
This is case (3).

CASE C: Suppose that [ = m. Then it holds that
2 ,
A(z) =a+ <2a1 ——(1- a)a) 2" 4+ o(2™).
a

Then [, = m holds, unless

This exceptional value a determines the image [v] of the geodesic v uniquely.

Denoting this geodesic v by o, we fall into case (3).

Finally, we consider the case l,, = oo, which implies that dG./dG is constant.
If f is horospherical, it is an m-fold cover of the end of the horosphere (see
Example 1.19). Then G, vanishes identically, and d(u * G,)/d(u = G) vanishes for
all v € SL(2, C). This implies (1). On the other hand, if f is not horospherical,
that is, a # 0, then we have an expression

G(z)=2", G.(2) = a2,

which gives an m-fold cover of a flat front of revolution whose rotational axis is -y
(see Example1.19). Take a geodesic v ([7] # [v]) and a matrix u € SL(2, C)
satisfying (2.12) and (2.13). Then by (2.14), we have (2.15), since dG,/dG = a.
This implies [, = m. Therefore (3) holds. O

DEFINITION 2.9. Let f be as above. According to Lemma 2.8, we call f a
centerless end, if it satisfies (1) or (2). On the other hand, f is called a centered
end if it satisfies (3). When f is a centered end, the unique geodesic o is called the
principal axis of the end f. The maximum of the numbers [,, that is,

n = max{l, ; v is a geodesic such that vy(+o0) = G(0)}

is called the mazimum indentation number of the end f. If f is a centered end,
then n = [, holds for the principal axis o.

REMARK 2.10. Suppose that a regular WCF-end f is non-horospherical and
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embedded. The embeddedness implies that f is complete (i.e., free of singular-
ities) and has multiplicity m = 1. Hence only the case (3) in Lemma 2.8 occurs for
f. In other words, an embedded, non-horospherical, regular WCF-end must be
centered.

The flux axis and the principal axis. Definition 2.9 of the principal axis for a
centered end looks rather technical. However, it is nothing but the axis of the flux
matrix. In this subsection, we assume that the end is not horospherical. In fact, for
a horospherical end, the only eigenvalue of the flux matrix ®; is 0 and hence the
axis of the flux matrix cannot be defined.

THEOREM 2.11. Let f: D* — H? be a centered regular WCF-end of a flat
front in the sense of Definition2.9. Then the principal azis coincides with the axis
of the flux matriz ®;.

PrROOF. Without loss of generality, we may assume that (G,w) is a
dominant pair, G(0) = 0 and the principal axis o is the geodesic joining co and 0.
Then by Lemma 2.5, the axis of the flux matrix ®; coincides with ¢ if and only if
®/ is diagonal. Moreover, by Theorem 2.3, ® is a lower triangular matrix because
G(0) = 0. Then it is sufficient to show the lower-left component of the flux matrix
vanishes.

If the end is rotationally symmetric, the assertion is obvious, since the axis of
the flux matrix is the rotation axis. So we assume that the end is not rotationally
symmetric. In this case, we may assume (2.10), (2.11), and

a#0,1, m <l,=1< o0,

where [ is the maximum indentation number. (Here, o # 0 because the end is not
horospherical, « # 1 because the end is of finite type, and [, > m because the end
is centered.)

Substituting these into (2.2), the lower-left component of (9f)f~! is
computed as

dG + dG. m(1+ )z + (m + D) 2"+ o(2m ) p
_ - _ »
(G -G’ (1 = @)2m — ay 2+ 4 o(zm+))*

Since I > m(> 1), the residue of this form at the origin vanishes. This completes
the proof. O
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Normalization of dominant pairs. To prove the main theorems, we introduce
the normalized form of the canonical form w:

LEMMA 2.12. Let f: D* — H? be a reqular WCF-end of a flat front with
G(0) =0, and | = L, the indentation number with respect to the geodesic ~y joining
oo and 0. Assume l, < 0o, that is, f is not rotationally symmetric with respect to -y
(see (2.9)). Suppose that (G,w) is a dominant pair (see Remark1.14). Then there

exist a (unique) local complex coordinate z around the origin and a diagonal matrix
u € SL(2, C) such that

(i) if the end is not cylindrical,
uxG=2" and w= —mz"(l—&-bzl—i-o(zl))de (< -1, b€ Ry), (2.16)
(ii) if the end is cylindrical,

uxG=2" and w=-Ar'(1+2+ o(zl))2 dz AeRy), (2.17)

where m is the multiplicity of the end; moreover, the end is incomplete if and only if
A=m/2.

PROOF. We can take a coordinate z such that G and G, are written as
(2.10) and (2.11), respectively. Substituting these into (1.19) and (1.20), a direct
calculation verifies that w has the following expression:

w=co2" (1 + b + o(zl))2 dz (2.18)

where ¢y and by are non-zero constants which can be computed explicitly, and u is
given by the relation (1.29) in Proposition 1.15. Moreover, by Proposition1.15,
< —1 holds. Note that by # 0 because f is not rotationally symmetric with
respect to 7.

(i) First, we assume that the end is non-cylindrical, that is, p < —1 holds. Let k be
a non-zero constant and take a new coordinate w as z = kw. Then w is written as

w = cohwh (1 + Kbow' + o(wl))2 dw.
Here, choose k so that

1
v m |t arg by
k= ke, where k= —

Co
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Then we have

w=—mew'(1+ bwl—i—o(wl))2 dw,
where b=r'|bg| € Ry, T=argcy+ B(u+1)+m
Using the U(1)-ambiguity as in (1.16), we can write w as

2

w = —mw" (1 + bw' + o(w'))” dw.

On the other hand, G is written as G = 2" = k" w™. Let

k20
= e SL(2, C). 2.19
u o (2,0) (2.19)

Then ux G = w™ and the isometry ¢, of H? preserves 0 and oc in 0H?. Finally, we
need only to recall that w is unchanged when f changes to ¢, o f.

(ii) If the end is cylindrical, 4 = —1 holds. Take a coordinate w as z = kw for a
non-zero constant k. Then w in (2.18) is written as

w=cow " (1 + Kbgw' + o(wl))2 dw.
In this case, if we set k= bgl/l, we have
w=—Xe"w (1 +uw + o(wl))2 dw (A =eo|, 7 =argey + ).

Then again using the U(1)-ambiguity and the matrix u in (2.19), we have (2.17).
Now, we shall prove the last assertion: By (1.31) and (2.17), p is expanded as

0 6w Q m?
P= L= e o),

Since A € R;, Lemma1.20 implies that the end is incomplete if and only if
A=m/2. O

3. Asymptotic behavior of regular WCF-ends.

In this section, we shall state and prove refinements of Proposition A in the
introduction. We also give a proof of Theorem B here.
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0H?3 h
R} =C xR,
.
(0, 5)
¢0=(0,1)
v(s) = (0,e™%)
(0, 5)
OR?.

Figure 4. A family of horospheres.

Notations—A family of horospheres. To state the results, we prepare
notations: Let v be an oriented geodesic in H? and fix a point o € . Parametrize y
by the arclength parameter s such that v(0) = 0. For each s € R, we denote by
(0, s) the horosphere which meets OH? at y(—oc) and intersects v perpendic-
ularly at the point 7(s), see Figure 4, left. Since each % (o, s) is isometric to the
Euclidean plane, one can introduce a canonical coordinate system on (o, s)
such that «(s) corresponds to the origin of the Euclidean plane as follows (see
(3.2)): We wish to work in the upper half-space model R? of H® as in (1.5) and
(1.6). We always project H* to R? so that +y is mapped to the downward oriented
h-axis (vertical axis) and o is mapped to (0,1) € C x Ry = R%. Then

H(0,5) ={(¢,e™*)|¢€ C}C Cx Ry = RY. (3.1)

In this case, the isometry between 2, (o, s) C H? and the Euclidean plane is given
by

7t H(0,8) 3 ((h) = (¢ e7°) —

% =e'(e C=F, (3.2)

because of (1.6), where E? denotes the Euclidean plane (R?;z,y) with the
canonical metric dz? + dy®. See Figure 4, right.

Statements of the theorems. First, we consider non-cylindrical regular WCF-
ends. In this case, they are complete regular ends by Lemma 1.20.

THEOREM 3.1 (Non-cylindrical case). Let f: D* — H? be a non-cylindrical
complete regular end of a flat front with multiplicity m, and let v be a geodesic in
H? with y(+00) = G(0) € OH?, where G is the hyperbolic Gauss map. Then there
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exists a unique point o € v such that, for s large enough, f(D*)N . (o,s) is
identified with a curve in C = E? parametrized by t as

14+«

eimthp(l + R’Y(h’t)> (p = - S (_1,0)> (33)

using 7 in (3.2), where « is the ratio of the Gauss maps (1.26), h =e"*, and R, is a
complex-valued function of two real variables (h,t) such that

li =0.
iz,iTOR’(h’t) 0

Moreover, assume the indentation number I, with respect to v is finite (see (2.9)).
Then, setting

1
Nysm(ht) = {2(p+ 1) cos jt}h?, where 8= By jm = > 1+p)
m
(3.4)
S,(h) = L
T A+

for positive integers j, m and a real number p € (—=1,0), we have
(i) If f is a centerless end, then for any geodesic v with y(+o00) = G(0), there
exists b € R, (when b is used) such that

pr‘n.Jn,(h'a t) + O(hﬂ) (Zf n(l +p) < 72pm),
R(ht) = § bNppn(hst) + Sp(h) + o(h?)  (if n(14p) = —2pm), (3.5)
Sp(h) + o(h™*) (if n(1+4p) > —2pm),

where n is the mazimum indentation number, and 8 = By,m as in (3.4).

(ii) If f is a centered end, then for the principal axis o, there exists b € R
such that Ry(h,t) is written as in (3.5), where n(>m) is the mazimum
indentation number.

Figure 5 shows the end with G = 2, w = —27% exp(22%) dz in the upper half-
space model (left) and the view of it from the bottom (right). In each of two
figures, the end point corresponds to the center of the figure.

REMARK 3.2. For a centered end f as in Theorem 3.1, take a geodesic =y
with y(+00) = G(0) which does not coincide with the principal axis. Then there
exists a unique b, € R, (when b, is used) such that
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Figure 5. A centered end with m =1, n =3 and p = —0.8.

1
by Nyn (s 1) + o(A1*7) (if epe 3),
1
Roht) = 8 0Ny (00) + 50 +002%) (9 =3, (36)
31 3
1
S, (h) + o(h~?) (if —<p< o).

This formula can be proved similarly to the proof of Theorem3.1. Although a
geometric interpretation of the bifurcation at p = —1/3 will not be provided here,
we remark that this bifurcation again appears, also at —1/3, even if we instead
were to use the height functions induced by slicing with the family of horospheres
which meet the end at infinity.

REMARK 3.3. When m = 1, that is, the case of an embedded end, only the
case (ii) occurs.

REMARK 3.4. If f is rotationally symmetric, n = oo by definition and the
end is of centered type. In this case, n = co implies n(1 + p) > —2pm occurs, and
then the third equation of (3.5) holds for the principal axis and (3.6) holds for non-
principal axes.

THEOREM 3.5 (Cylindrical case). Let f: D* — H? be a cylindrical regular
WCF-end of a flat front with multiplicity m, and let n be its mazimum indentation
number. Take a geodesic v in H® with y(+o00) = G(0) € OH?, where G is the
hyperbolic Gauss map. We set
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4¢2 4+ m? lfm m2 ml
Vinge(t) = | ——— 2 c+— ) coslt —i—sinlt|,
" dem 4c c

imt

1 i .
= € V., m(t)=— [(m + l)ez(mfl)t + (m— l)ez(m+l)t] )
m "2 m

We remark that Iy, (t) represents a cycloid as in Theorem B in the introduction.
Then we have:
(i) If f is a centerless end, that is, n < m, then for any geodesic v with
v(+00) = G(0), there exist A € R, and a unique point o €  such that, for
s large enough, fr(f(D*) N, (o, s)) is a curve in C = E* parametrized by
t as

1
m 4\

. 7n2
emt [(A - > + Vi ()R + o(h%) |,

where (= ﬁ, and h=e"  (3.8)
m

In particular, if f is incomplete, then A = m/2 and fr(f(D*) N, o, s)) 18
parametrized as
Lm0 + o(h?), where (= iy (3.9)
m

(ii) If f is a centered end which is not rotationally symmetric, that is,
m < n <400, (3.8) or (3.9) holds when ~y coincides with the principal azxis
.

REMARK 3.6. For a centered end f as in Theorem 3.5, take a geodesic =y
with v(+00) = G(0) which does not coincide with the principal axis. Then there
exists a unique point o € vy such that the intersection #(f(D*) N (o,s)) is
parametrized as

%emt [()\ - %2) +Vima®h +o(h)|  (h=e""). (3.10)

In particular, when f is incomplete, we have A =m/2. Then (3.10) yields that
#(f(D*) N (0,s)) is parametrized as 2k + o(h).

REMARK 3.7. If one chooses another point o' on the geodesic «, the
asymptotic behavior changes as follows: Under the situations of Theorems 3.1 or
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3.5, take a point o' on the geodesic v such that the signed distance between o
(which is uniquely determined) and o is 7, that is, (0, s) = (0, s + 7). We
have the following:

e When the end is non-cylindrical, #(f(D*) N J%,(0', s)) is parametrized as

e e R (1 + 0(1)) (h=e""),

where o(1) denotes a higher order term in h.
e In the case of a complete cylindrical end, #(f(D*)N (0, s)) is para-
metrized as

1 imt m2 -7 B —5
Ee )\—K + e PVuna ()R + o(h) (h=¢e7%),

under the assumption that (3.8) holds.
e In the case of an incomplete cylindrical end, 7#(f(D*)NJZ(d,s)) is
parametrized as

e P R +o(h?)  (h=¢e?)
under the assumption that (3.9) holds.

First, we prove Proposition A and Theorem B in the introduction as
corollaries of Theorems 3.1 and 3.5. After that their proofs are given.

PROOF OF PROPOSITION A.  Take a geodesic y with y(+o0) = G(0). Then by
taking the first terms of (3.3) and (3.8) with X\ # m/2, #(f(D*) N4 (o,s)) is

parametrized as
"R (1 + o(1)) if the end is not cylindrical,

1 2\
Rl e (1+o0(1)) if the end is cylindrical.
m 4\

Hence by the correspondence (3.2), we have Proposition A. O

PROOF OF THEOREM B. Take a geodesic v with v(+o00) = G(0) arbitrarily
when the end is centerless. If the end is centered, we take 7y to be the principal
axis. Then by (3.9) and (3.2), we get (3) of Theorem B, where n is the maximum
indentation number. Finally, applying Proposition 1.21 we can conclude that n is
the ramification order of p, since the map I, ,(¢) has 2n cusps in [0, 27). O
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COROLLARY 3.8. Let f: D* — H3 be an incomplete regular WCF-end.

(1) The mazimum indentation number of f coincides with the ramification
order of p at z= 0.

(2) f is epicycloid-type (or hypocycloid-type) if and only if it is centerless (or
centered).

PROOF.

(1) We have already seen this in the proof of Theorem B.

(2) Recall that the multiplicity m of the end and the ramification order n of p
determine which type the end f is, in such a way that it is epicycloid-type
if n < m and is hypocycloid-type if n > m. Since n equals the indentation
number, the condition n < m or n > m implies that the end f is centerless
or centered, respectively. O

REMARK 3.9. Here we provide another proof of Corollary 3.8 (1): Take a
geodesic v with v(4+00) = G(0) arbitrarily when the end is centerless, and to be
principal when the end is centered. Then the indentation number [, equals the
maximum indentation number n, which is not equal to the multiplicity m of the
end (see Lemma 2.8 (2), (3));

I, =n#m. (3.11)

On the other hand, the formula (2) in the introduction with expansions (2.10),
(2.11) gives

d
°_ {ﬂ (m + 1) (m — D)2 +o(z“)}dz, (1=1). (3.12)
m
It follows from (3.11), (3.12) that the ramification order of p equals n, the
maximum indentation number.

Proofs of Theorems 3.1 and 3.5.

PROOF OF THEOREM 3.1. By Lemma2.12, there exist a unique isometry
u € SL(2, C) and a complex coordinate z such that (2.16) holds. Then ¢, o v is the
geodesic joining oo and 0, that is, the h-axis of the upper half-space model Ri in
(1.5), and we write G instead of ux G.

Replacing f by ¢, o f, we assume -y itself is the geodesic joining co and 0.

We set 0o =(0,1) in Ri, which is a point on the geodesic 7. In this case, the
family of horospheres is written as in (3.1). So, by (3.2), if the image of wo f is
parametrized as (C(h, t), h)7 the image under 7 of the intersection f(D*) N 4% (o, s)
is parametrized as t — ((h,t)/h € C = E*, where h =e*. Thus, to prove the
theorem, it is sufficient to compute ¢/h in terms of h.
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According to (1.7), we have (/h = Ey1FEy + E19E»» and 1/h = Ey Ey +
FEa9E. Hence we start with calculations of E;;. Substituting (2.16) into (1.18), we
obtain

Ell — _Z(1+/z+m)/2(1 +bzl —‘rO(Zl) ,

)
By = R o~ (p=m)/2 [(L+p+m)+b20— (L+p+m))Z +o()],
)

2m
Eyy = —Z\IHn-m)/2 (1 + b2 + 0(2))),
1
Ey = o 7~ (Trptm) /2 [(L+p—m)+b(20— (14 p—m)) +o()].
m

Thus,

EyEy = r%(l + 2br! cos It + o(rl)),

—2mp

1 =—m 1 —2mp
E22E22 = —rltp r +p + 0(7« 1+p ) ,

4 (1+p)°
. (3.13)
E 1 Fy = ™trTep (1 + 20r! cos It + o(rl)),

- 1 ., m(—(2 1) =2mp —2mp
EyoEy = — Mt T1p (pi_‘_g r 1 4 0(7’ T+p ) ,
4 (1+p)

where z = re’. Here, we used the relation

l+a 1+p
2 l+pu-—m

p= € (_170)5

see Proposition1.15. Change the coordinate re to ne’ so that n= r™/(14p),
Then

Ey By =1t (1 + (2bcoslt)n” + 0(77*/’)),

1 1
EyEy=-n" 0 +o(n )|,
47 \(1+p) (

EyEy = eimtn”(l + (2bcos lt)n‘g + 0(775)),

[ —(2p+1) _ B
EoFEy = Zelmtﬁp <()77 * 4+ o(n 2p)>7

(3.14)
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where 8 = 8,., as in (3.4).

The case (1 + p)l < —2pm: In this case, § < —2p holds. Then by (3.14), we
have

1 S — 1
E = E21E21 + EQQEQQ = - (1 + (2b COS lt)’l]ﬂ + O(Hﬂ)),
n

h= 7](1 — (2bcos It)n® + O(Tiﬁ))a
n= h(l + (2bcoslt)h” + 0(h6)>o

Thus, #(f(D*) N (0, s)) is parametrized as

% = E11Ey + E12Ey = ™1 (14 (2bcos it)n” + o(n’)) (3.15)

= ™R (1 +bNpym(h,t) +o(h%)  (h=e"").

The case (1 + p)l > —2pm: In this case, 8 > —2p holds. Then by (3.14), we
have

Y BB+ EnFr = (14— Lol ™)),
h n 4(1 +p)

1
h=n(1-—=n%+0n?) ]|,
n( 4(1+p)2n (n ))

1
=hl1+————n2 4ok .
K ( 4(1 4—p)2 ( )>

Thus, #(f(D*) N #,(0,s)) is parametrized as

2p+1
4(1+p)?

. 1
_ 1mthp <1 _ h72p 4 h72p >
‘ Ap+1) o)

= "™ (14 S,(h) + o(h™)).

C T T im — —
ho E11Ey + EigEyy =™ [ 1 — 0+ o(n~*") (3.16)

The case (14 p)l = —2pm: In this case, § = —2p holds, and by a similar
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calculation, the intersection #(f(D*) N2 (o, s)) is parametrized as

% = eim”h”(l + ONp (B, t) + S,(R) + o(h_gp)). (3.17)
The case of centerless end: In this case, [ in (2.16) is always equal to the

maximum indentation number n because of (1) and (2) in Lemma 2.8. Substitut-
ing I = n into (3.15), (3.16) and (3.17), we have (3.5).

The case of centered end: If the geodesic y coincides with the principal axis o, [
in (2.16) equals the maximum indentation number n. Then (ii) holds. We also
explain Remark 3.2 here. If the geodesic v is not a principal axis, [ equals m.
Substituting [ = m into (3.15), (3.16) and (3.17), we have (3.6). O

PROOF OF THEOREM 3.5. By Lemma2.12, we normalize as in (2.17). Then
by (1.18), we have

E11 = — —Z% (1 + Zl + O(Zl)),

-3

Epp = 27 (m+ (20— m)z + o(zl))7

ﬁ
S

_m

—zz(1+ 2 +o(¢)),

S
|
|

~ 33

7 (=m+ 2L+ m)Z + o()).

|
ﬁ
3

Hence, we successively have

' Bt BB (A (14 0(1))
p b 22522 = I r o )
4 m m
" <4A2+m2)r (1-+o1))
o™ T (22 ™ costt — i ™ sinit ) + ot
- = - — — — ¢ —sin
h m I X COS 2 h\ S r or 5

m

where z = re'l. Setting ™ = n, we have
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4 m
h=|—— 1 1
(4)\2 +m2)”( +o(),
C eimt m2
A A - —
h m 4\ +

4m -# m? ml . B 3
(m) (2 ()\ + K) COS lt — 1 T Sin lt) h + O(h ) s
where §=1/m.

If the end is centered and + is not principal, then | = m and we have (3.10). In
all other cases, [ equals the maximum indentation number n, and (3.8) holds.

When the end is incomplete, A = m/2 holds because of Lemma 2.12. Then the
first term of (3.8) vanishes, and we have (3.9). O

REMARK 3.10 (Behavior of the singular curvature). In [SUY], the notion
of singular curvature for cuspidal edges of fronts was introduced. It was seen there
that the singular curvature of a cuspidal edge is negative, (resp. positive) if and
only if the cuspidal edge curves outward, (resp. curves inward) with respect to the
location of the surface. (For representative figures, see [SUY].) Let f : D* — H?
be a regular incomplete WCF-end. Since f is flat in H?, the extrinsic curvature
Koy is identically 1. Then the singular curvature k; of cuspidal edges on f is
negative, by [SUY, Theorem 3.1]. Let (w,f) be the canonical forms associated
with f, and set p = §/w. Here, we take a complex coordinate z = x + iy so that the
image of the z-axis is a cuspidal edge and z = 0 corresponds to the incomplete end.
Then we can write

p(z) =1+ipi2" +o(2")  (p1 € R\ {0}).

A somewhat lengthy but straightforward calculation gives the following explicit
formula for the singular curvature on the z-axis:

n
_ 2|T79112| 2+ o(a"),

s =

where m is the multiplicity of the end. This implies that the singular curvature is
always negative, and hence that the cuspidal edges always curve outward with
respect to the surface. Moreover, the limiting value of the singular curvature is
zero at the end, in accordance with the fact that the cuspidal edges become
asymptotically straight as they extend out to the end.
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4. The pitch of caustics.

As pointed out in the introduction, the caustic C of a flat front gives locally a
flat front. In this section, we give a useful formula for the pitch of an end of C'y. We
suppose that the flat front f: M? — H® is weakly complete and of finite type.
Then there exist a compact Riemann surface M and finitely many points
Dy Pn € M so that M? =171 \{p1,...,pn}. Moreover, we assume the
restriction of f to a neighborhood of any p; corresponds to a regular WCF-end.
So we call each p; a regular WCF-end of f. On the other hand, let

qis---,qm € M?

be all of the umbilics of f. Then it is known that the caustic

—2
CfM \{p17~-«7pn7q17~~~;Qm}—>H3

is a weakly complete flat p-front of finite type, and {p1,...,pn, @1, -.,qn} are all
regular ends. In particular, the number of ends of Cy is m + n. The ends p1,...,p,
of C'y come from the ends of f, so they are called E-ends. The ends g1, ..., ¢n of Cy
come from the umbilics of f, so they are called U-ends. (See [KRUY].) Even
when C} is not a front but only a p-front, by taking its double cover, we may
consider it as a front.

From now on, we fix a point

e=p; or q G=1,....,n, k=1,...,m)

and denote by
C:D*=D\{e} — H®

a restriction of C'y around a neighborhood D(C M2) of the end e of Cf, which is a
regular WCF-end of a p-front. If the unit normal vector field of C is globally
defined on D* (namely C'is a front), the end C'is called co-orientable. (In this case,
C itself is a regular WCF-end of a front.) Otherwise, C'is called non-co-orientable.
If C is non-co-orientable, it is not a front, but taking the double cover
7: D* — D*, then C o is a regular WCF-end of a front.

ProOPOSITION 4.1 ((KRUY, Theorems 7.4 and 7.6]). All of the U-ends
q1, - - -, qm are incomplete regular WCF-ends of the p-front Cy. Each E-end p; is an
incomplete regular WCF-end of Cy, unless pj is a snowman-type end of f.
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If p; is a snowman-type end of f, then C's has a complete cylindrical end at p;,
and the pitch is equal to 0. So to give a formula for the pitch of the ends of Cf, we
may assume that p; is not a snowman-type end of f. We can prove the following:

THEOREM 4.2. Let C : D* — H? be a regular WCF p-front end, which is the
restriction of the caustic Cy around an E-end z = p; or a U-end z = qi. The end is
incomplete if and only if z = q;;, or z = p; and p; is not a snowman-type end of f. In
this case, for a sufficiently small € > 0, the image of C in R3 ts congruent to a
portion of the image of [0,27) x (0,hg) 3 (¢, h) — (pn(t),h) € R3 , with

on(t) = KT, o (8) + o(h1*7), p="%€(0,1)U(1,00), (4.1)

m,

for the map I'y,, . of a cycloid, and for

ne = %ord Q +ord (S(G.) - 5(G))+3,

1
§ordQ+mj+1 (if z=p;)

%ordQ (if 2= qx),

where m; is the multiplicity of the end p; of f. In particular, the pitch p = n./m. of
C is a rational number. (In fact, if p; is a snowman-type end of f, it is a complete
cylindrical end of Cy, and its pitch vanishes.)

PROOF. The multiplicity m,. of the end p; or ¢; of C; has been computed in
[KRUY, Theorems 7.4 and 7.6]. So we consider only the formula for n.. The
canonical forms (w,, 6.) of C; are given by (see [KRUY, (6.5)])

_ iy 4 Mosp) logp iy 4 2osp) logp

where p=0/w, Q = wd and (w,0) = (&dz, 0dz) is a pair of canonical forms of f.
(The meaning of the square root /@ is explained in [KRUY].) Then the Hopf
differential Q). of C is given by

d(log p)) 2.

Qc:wcec:Q+< 4
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We set p. = 6. /w,.. By a straightforward calculation, we have

1 A
d(log p.) = o (@b, — &

\/@ é/ ’ é/ N A
S @56 - ) () e
_ ivQ _ ivQ

2Q. 2Q.

{20+ 8(6.) - 20+ 5(6))} = 22 (s(6.) - 5(6)

where ' = d/dz and S(-) denotes the Schwarzian derivative as in (1.15). Since
z = pj or z = qy is incomplete, it must be cylindrical and the order of @), at the end
equals —2 (i.e., a pole of order 2). The singular set of Cy is represented as
{|p(‘| = 1} Then

n. = ord (d(log p)) + 1

= %ord(Q) —ord(Q,.) + ord (S(G.) — S(G)) +1

= %ord(Q) + ord (S(G.) — S(G)) + 3.

If ord @ at the end is even, C' is a front, and the assertion follows directly from
Theorem B. On the other hand, if ord @ is odd, then C'is non-co-orientable. In this
case, we get the assertion by applying Theorem B to the double cover of
C. O

We shall now compute the pitches of ends of some complete flat fronts and
their caustics, showing that a variety of cases do indeed occur on global examples.

ExAMPLE 4.3 (Flat fronts of revolution). Recall the flat fronts of revolution
as in Example 1.19. The caustic of the horosphere is the empty set because the
horosphere is totally umbilic, and the caustic of a hyperbolic cylinder is a geodesic
line. The caustic of an hourglass is a geodesic, which can be considered as a
parallel surface of the hyperbolic cylinder, regardable as a regular incomplete
cylindrical end with pitch p = co. The caustic of the snowman is congruent to a
hyperbolic cylinder.

EXAMPLE 4.4. The third and the fourth authors [UY2] constructed
constant mean curvature one surfaces in H® from a given hyperbolic Gauss
map and a polyhedron of constant Gaussian curvature 1. Here, we explain the
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canonical symmetric flat k-noid via a construction similar to that one. We
consider a domain Dy, in C bounded by a regular k-polygon Pj. Consider a pair of
Dy, and glue them along P,. Then we get an abstract flat surface with k conical
singularities, up to a homothety, which gives a flat symmetric conformal metric
lw]* on §2 = C U {oo}, that is,

w=c(—1)""dz (k> 3).

We set G = z. By [KRUY, Theorem 4.1], the pair (G,w) gives a flat symmetric
k-noid

f:CU{cc}\ {F =1} — H?
whose Hopf differential @) and other hyperbolic Gauss map G, are given by

(k—1)z+2

d?, G, =77~
(¢ —1)°

Q=

In particular, z = 0,00 are umbilics. Since lim,_;(z — 1)°Q/dz2 = (k—1)/k* > 0
and the ends of f are congruent to each other, the ends of f are all of hourglass
type, and they are embedded, as G does not branch at the ends. Moreover, their
pitch is given by

k=2 -0
P= "ok —2
Next, we consider the caustic Cy. The points z = 0,00 are ends coming from the
umbilics of f. Since @ has order k — 2 at those two points, we have m. = (k — 2)/2.
Since G.(z) = 2!7*, S(G,) has order —2 at z = 0, 00. Thus

1
N :§OrdQ+OrdS(G*)+3 =—

and n./m.=k/(k—2)>1 gives the pitch of the end z=0,00. They are
hypocycloid-type ends.

On the other hand, the other remaining ends of C; are all congruent. By a
similar computation, we have m,. = 1 and n. = 2, and thus the pitch is equal to 2,
namely, these ends are of hypocycloid-type. In particular, the case of k=4
(Figure 1 in the introduction) is very interesting. As pointed out in the
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introduction, the caustic C; has octahedral symmetry. In this case, one can easily
get n. = 2 from the picture since the four cuspidal edges accumulate at each end.

EXAMPLE 4.5. We consider a cone Cy(C R*) over the domain Dy in C
bounded by a regular d-polygon P;, which gives a polyhedron whose sides consist
of d regular triangles. Consider a pair of Cy and glue them along Dy. Then we get
an abstract flat surface with (d + 2)-conical singularities, which gives a flat
symmetric conformal metric |w]|* on S2 = C' U {oo}. We set G = zF. Then the pair
(G,w) gives a flat front with d + 2 ends and dihedral symmetry

f:C\ ({O}U{zdzl}) — H3,
whose Hopf differential @) and other hyperbolic Gauss map G, are given by

0=_ k(k + d)z?—2 52 Q. — .
(21 —1)° ,

In particular, f has no umbilics. The ends z = 0,00 are ends of multiplicity k
(embedded if and only if £k =1) and with pitch p = —1/2, that is, they are
horospherical. On the other hand, the other d ends are all mutually congruent,
and they are embedded snowman-type ends with pitch p=—(2k+d)/
(2k + 2d) < —1/2.

Next, we consider the caustic Cy. Since f has no umbilics, the ends of C; are
the same as those of f. The ends z = 0, 0o of C satisfy m. = k + d/2 and n. = d/2.
So the pitch is equal to p. = d/(2k + d), and thus they are epicycloid-type. The
other ends of Cy are mutually congruent. Since they are caustics of snowman-type
ends, they are regular complete cylindrical ends (i.e., p. = 0). See Figure 6.

Appendix A. The hyperbolic Gauss maps

In this appendix, we show that the hyperbolic Gauss maps defined as limits of
the normal geodesic of the flat front coincide with G and G, defined in Section 1.

Let L' be the Minkowski 4-space with the Lorentzian metric (, ) and consider
the hyperbolic 3-space H® as the hyperboloid as in (1.1). We denote the cone of
future pointing light-like vectors by L :

L+ = {n = (n07nlan2,n3) € L47 <n7n> = 07”0 > 0}

The multiplicative group R, acts on L, by scalar multiplication. The ideal
boundary of H? is defined as
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Figure 6. One of three congruent portions of the front with data G = 2* and G, = 2

and one of three congruent portions of its caustic, for (k,d) = (1, 3).
OH*=L./R,.

This is also considered as the asymptotic classes of geodesics. In fact, if we denote
by 7., the geodesic starting at z with velocity v (Jv] = 1),

the asymptotic class of v, ,(s) = (cosh s)z + (sinh s)v
o [o+v] € OH* = L, /R.
1

- (w0 + o) — (23 + v3) (@1 + 1) (22 +v2)) € CU{oo}

(A1)

are one-to-one correspondences, where x = (xg, 21, Z2,x3), v = (vg, v1, V9, V3).
Now, identify L* with the set of 2 x 2 hermitian matrices Herm(2) as in (1.2):

o+ T3 21+ ix —
L43($0,$1,$2,$3)<—>( ’ ’ ' 2) (Z: _1)

xr1 — ixQ o — T3

Then the Lorentzian inner product ( , ) is represented by
1 _
(X,Y)=-— §traceXY,

where Y is the cofactor matrix of Y, that is, YY =YY = (detY)id holds. In



Asymptotic behavior of flat surfaces 847
particular, (X, X) = — det X. Here, we can write
H? = {r € Herm(2) ; detz = 1, tracex > 0} = {aa*|a € SL(2, C)}. (A.2)

We write

. 0 1 0 i 1 0 (43)
€y = 1d, el = s €y = s €3 = . .
’ o) P =i0) T o 1

Let z € H® and X,Y € T,H®. The tangent space T,H? is identified with the
orthogonal compliment of the position vector  in L* = Herm(2). Then we define a
skew-symmetric bilinear form

T,H*xT,H*> X, Y —» X xY =— (Xa7'Y =Yz 'X) e T,H®, (AA4)

| =

called the exterior product, where x € H? is considered as a matrix in SL(2, C),
and products of the right-hand side are matrix multiplications. Then one can
show the following:

e X x Y is perpendicular to both X and Y.

e If 1 is an orientation preserving isometry of H?, 1, X x .Y = 1,(X x Y). In
particular, e; X e3 = ez holds for matrices as in (A.3), where e; (j =1, 2,3)
are considered as vectors in T, H>.

e (z,X,Y,X xY) is a positively oriented basis of L*.

Let f: D* — H? be a complete regular end as in Section 1, v the unit normal

vector field and &'y its holomorphic Legendrian lift. Then we have:

PROPOSITION A.1. At each regular point of f,

A u X Ju
v = sign(|0 — |of?) LT

|fU X fU|

holds. That is, v is compatible to the orientation of D* if and only zf|0A|2 — |(IJ|2 >0,
where z = u + iv is the complex coordinate and w = wdz, § = 0dz.

PROOF. By (1.10), we have

0 0 0 «
fz:éa *, fg:(ga - *.
Ne o) \g o/)!
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Thus, using (A.4), we have
. 1 0
_ 9 - 2 62 *
fux fu==2if. % f: = (10F — |4 )&(0 _1>£f-

Then we have the conclusion. O

Now, we define
Gi=[f+v]: D" — OH,
where [ | denotes the equivalence class in 90H®* = L, /R,

PROPOSITION A.2. Let & = (Ej;) be the holomorphic Legendrian lift of f.
Then under the identification as in (A.1), it holds that

Ei Ep
G.—G="1 g —qg =22
+ By Ey

PROOF. We denote f+ v = (ng,n1,n9,n3), and consider L' as Herm(2).
Then

( ng+ng N+ ine

ny— iy Mg — N3

1 0
) =f+1/=<o@fé”}+za@feg<o@}:2@@f<0 O) ;
_2<E11E_11 E11E_21>
EnEy EynEy
By (A.1), the map [f + v] is identified with

ny + ing _EllE—m_@_G
ng—ny  EnEy FEy ‘

On the other hand, since

f—u=25f<0 0>8?=—2<E“§ E”%)
0 -1 EyFEiy  EypFE)
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[f — 1] is identified with

EwnEy En

— = — =(,.
EypFEy  Eix

This concludes the proof. O
Appendix B. A differential equation of cycloids

We will show that the plane curve I' : ¥ — r()e’ determined by a general
solution r of

dlogr
= U
v
" (B.1)
(p{"—l)%=p2+(p2+1)u2+u4 (p>0, p#1)

is a hypo-/epi-cycloid if p = n/m.
Integrating the second equation of (B.1), we have

1 U
arctanu — —arctan— = 9 + C. (B.2)
p p

Without loss of generality, we take the arbitrary constant Cy in (B.2) to be zero,
because the constant C; can be cancelled by a change of the parameter of the
curve I'. From now on, we let u = u(d) be the implicit function determined by
(B.2) with C; = 0.

We introduce a new parameter s(= s(¢)) by

s =18 — arctan u(¥). (B.3)

Note that s is monotone in 9 because ds/d¥ = (1 +u?)/(1 — p?) # 0.
It follows from (B.2) and (B.3) that

1 v
— —arctan uv) =s, (B.4)
p b

that is,

u(¥) = —ptan(ps). (B.4")
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It follows from (B.3) and (B.4’) that
¥ = s — arctan(p tan(ps)). (B.5)

Next, we rewrite the first equation of (B.1) in terms of s instead of 9. Since
the first equation of (B.1) is equivalent to

dlogr ds dlogr di
— = ie. =u— B.6
as av " Tas T Mas (B.6)
we first calculate di/ds. In fact, differentiating (B.5), we have
dy 1 —p? 2
(- p)eodn) -
ds  cos?(ps) + p?sin®(ps)
Substituting (B.4’) and (B.7) into (B.6), we have
dlogr p(1 — p?) sin(2ps)
=- . (B.8)
ds (1+p?) + (1 = p?) cos(2ps)
It implies that
r? = Co{(1+p®) + (1 — p®) cos(2ps)}, (B.9)

where C5 is an arbitrary non-zero constant.
On the other hand, let us also describe €*” in terms of s. In fact, it follows
from (B.5) that

e’ = €" exp(—iarctan(ptan(ps)))

= e"*{cos(arctan(ptan(ps))) — i sin(arctan(ptan(ps)))}

_ s 1 ) ptan(ps)

Vi et i+ ran(s)?

Hence, we have
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. 1 —2iptan(ps) — p? tan?(ps
627,19 — 627,:, p (p ) 2p (p ) (BIO)
1+ p? tan®(ps)
ois (1 —p%) + (1 + p?) cos2ps — 2ipsin 2ps
e .

(1+p?) + (1 —p?)cos2ps

It follows from (B.9) and (B.10) that

(re)? = CLe**{(1 — p?) + (1 + p?) cos 2ps — 2ipsin 2ps}

_ 72624.5{(1 . p)ezp,s + (1 _i_p)e—tpb}Q.

Hence, we can conclude that
re” = 03{(1 —p)e!*Ps 4 (1 +p)ei<1’p>5}

for arbitrary non-zero constant Cs.
In the case of p = n/m, using a new parameter t = s/m, we have

I:re — C’{(m _ n)ei(m+n)t + (m+ n)ei(m—n)t} (: C. Fmﬂ(t)) (B.11)

for arbitrary non-zero constant C. The equation (B.11) proves that the solutions
of (B.1) give hypo-/epi-cycloids.
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