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Abstract. This paper is the second part of our study on limiting behavior
of characters of wreath products &, (T) of compact group T as n — oo and its
connection with characters of G4 (7). Contrasted with the first part, which has a
representation-theoretical flavor, the approach of this paper is based on probabilistic
(or ergodic-theoretical) methods. We apply boundary theory for a fairly general
branching graph of infinite valencies to wreath products of an arbitrary compact
group T'. We show that any character of Goo(T') is captured as a limit of normalized
irreducible characters of &, (T") as n — oo along a path on the branching graph of
S0 (T'). This yields reconstruction of an explicit character formula for S (T).

Introduction.

In the present paper, we discuss the connection between limits of irreducible
characters of wreath products of a compact group with symmetric groups and
characters of its wreath product with the infinite symmetric group, taking an
alternative route of [8] (Part I).

Wreath product group &,,(T) of compact group 7" with the symmetric group
Gy, wheren € N ={1,2,...}, is defined as 6,(T) = D, (T)x&,,. Here D,,(T) =
T™ denotes the n-fold direct product of T. The action of ¢ € &,, on D, (T) is
defined by

o:d=(t;) — o(d) = (t,-133))-

Similarly, we consider G (T) = Doo(T) X S where
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Doo(T) ={d = (t;)ien | t; € T\ t; = er except for finite i’s},

S = {permutation o of N | o(i) =i except for finite ¢’s},

er being the identity element of T. & (T) is an inductive limit of &, (T).
Equipped with its inductive limit topology, & (7)) is a topological group, which
is no longer locally compact if T" is continuous.

A probabilistic or ergodic method for describing the characters of &, was first
developed by Vershik-Kerov [17]. The essential idea is to translate properties of
the characters into those of probability measures on the path space of the Young
graph, which is the branching graph of &.,. Developing this method due to
Vershik-Kerov to the wreath product group G (T') for any compact group T, we
show the following results in this paper.

e Every character of G (T) is described as a limit of normalized irreducible
characters of &,,(T') as n — cc.

e The classifying parameters for characters of & (T) are expressed by
rescaled limits of families of Young diagrams indexed by ¢ € T

e As a consequence we recapture the character formula for G (7).

We fully use structure of the branching graph of G (T). Reflecting the effect of
compact group 7', the graph naturally allows infinite valencies. We note that, for
finite group T, such a character theory for wreath product groups was developed
by Boyer [2].

This paper is organized as follows. In Section 1 we review fundamental facts
on irreducible representations and their characters of the wreath product &,,(7T),
including their branching rules. Section 2 and Section 3 are devoted to developing
some materials in boundary theory of a general branching graph. In Section 4,
applying these to our case of wreath product groups, we prove the above mentioned
results.

1. Irreducible representations and the branching rule for &,,(T).

In this section we briefly review the irreducible representations, the irreducible
characters and the branching rule for &,,(T).

1.1. Irreducible representations of &, (T).

Let T be an arbitrary compact group and T denote the set of equivalence
classes of continuous irreducible unitary representations (IURs). The equivalence
class of TUR ¢ of T is denoted by [(]. For simplicity, however, we often use the
notation like ¢ € T for TUR ¢. The equivalence classes of IURs of wreath product
Gy, = 6,(T) are parametrized by
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Y, (T) = {A = (Aeer [ A €Y, Y N = n} (1.1)

ceT

Here Y denotes the set of all Young diagrams. The size (i.e. the number of boxes)
of A € Y is denoted by |A|. Thus A € Y,,(T) is a map from T to Y which assigns
the empty diagram @¢ to almost all ¢ with finite exceptions. Construction of an
IUR corresponding to A € Y, (T) was given in [8, Section 3] (Part I), which we
recall below for the sake of convenience. For the case where T is a finite group,
see e.g. [11, Chapter 4].
Let A = ()\C)Cef"
{1,2,...,n} whose block structure agrees with {\Aﬂ}ce:;:

€ Y,(T) be arbitrarily given. Pick up a partition of

{1,27...,71}: |_|I7L,C7 ‘In7C|Z‘A<|
ceT

I, ¢ is empty except for finite numbers of (. According to this partition, we take
IUR 7 of D,, = D, (T) given as

n=N.ci(Mier, . G) = ¥eeq Rier, . G where (= (i € Ing).

Then the stationary subgroup Sp,; = {0 € &, | 7n = n} of [n] coincides with
[lce7 G151, Here 0 € &, acts onn € D, as

“n(d) =n(c™H(d), o7(d) = (te) (d=(ti)ieq1,2,...n} € Da)-
For ¢ € T, let p¢ be the IUR of &1, (T) = Dy, (T) x &y, . defined by

pc((d,0)) = (Rier,  Gi)(d)I(0)  (de Dy, (T), 0 €6y, )

where we set (; = ( for ¢ € I,, ¢ and

I(O’)Z ® V; —— ® ’Uofl(i)

i€1y ¢ i€l ¢

on Q;cr. . V(¢), V(&) = V(€) being the representation space of ITUR, ¢ of T for
1 € I ¢. These p¢’s yield an IUR of
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Hy, = D(T) % Spy = Dp(T) % [[ &1, = [[ &1...(T)

ceT ceT

as the outer tensor product p =&, _zpc on V(n) = Q.7 ®ieln,< V(¢).

Let m(A¢) be an IUR of &, . on V(m(A®)) corresponding to Young diagram
A¢. Take IUR ¢ = &Cefﬂ'()\@) of Sy = llee7 S1,c o0 VI(€) = Q et V(m(X\9)).
The normal subgroup D, (T) acting trivially, £ is regarded as a representation of
the semi-direct product group H,, = Dy (T) x Sp,.

Set nE = p¢E, which is an IUR of H,, on V(n)®V (€). The desired IUR II(A)
of G,, corresponding to A = (\¢) cel is thus given by the induced representation

I(A) = Indgrn G €.

1.2. Irreducible characters of &, (T).

We recall the description of the conjugacy classes of a wreath product group.
See [6] and also [8] (Part I). Every element g = (d,0) € G,, = 6,(T) admits a
standard decomposition

ngql "'gqrgl"'gm (1-2)

uniquely determined modulo orders of &,’s and of g;’s. Here each &, has the form
(tq:, (gi)) holding t,, € T at a certain position ¢; € {1,2,...,n}. The singleton
{¢:} is called the support of &,, and denoted by supp(,,). Each g; has the form
(dj,0;) where o, is a cycle permutation in &,, with length ¢(o;) > 2 and d; holds
an element of T at ecach position of supp(c;). Here the set of permuted letters
by T € &, is called the support of 7 and denoted by supp(r). All the supports
{¢1},--- ,{q - },supp(o1),-- - ,supp(o,,) are taken to be disjoint.

We use also supp(g;) instead of supp(c;). Note that o admits the cycle
decomposition oy - - - ,,. Each factor in (1.2), &, or g;, is called a basic element
of Gy,.

Let [t] denote the conjugacy class of t € T. When o; is expressed as o; =
(ij,l ij,g Z'jjj) with fj = K(O'j), we set for dj = (ti)iESupp(gj)

PUj (d]) = [tij,zj tij,éj—l T tij,J' (13)
The conjugacy class P,,(d;) in T' is well-defined since it does not depend on the

cyclic orders of the product. Using these notations, we know that the conjugacy
classes of G,, = 6,,(T") are parametrized by the data
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[te] (=1,...,7) and (P, (dy),€(c;)) (j=1,...,m)

under the standard decomposition (1.2). To visualize this parametrization, we
may assign a color to each conjugacy class of T, the identity element ey being
white (= non-colored). Then, a conjugacy class of &,,(T") is indicated by a family
of Young diagrams

P =(pg |0 : color (« conjugacy class of T)), Z lpo] = n,
0

by putting together the cycles of color 8 to form py.

EXAMPLE 1.1. Let
1 23456
o—_<4 63 1 2 5)_(14)(265)(3) € Gg,

d = (a1,b1,c1,a2,b2,b3) € Dg(T) and g = (d,0) € S¢(T). Then we have g =
&19192 where & = (¢1,(3)),01 = (d1,01),92 = (d2,02) with di = (a1,a2),d2 =
(b1,b2,b3),01 = (1 4),00 = (2 6 5). Here £(01) = 2, £(02) = 3. We have [¢],
P,,(d1) = [aza;1] and P,,(d3) = [babsb1] as colors.

ExAMPLE 1.2. Consider &4(T) where T = {z € C | |z] = 1} is a one-
dimensional torus. The set of colors is T itself. Moreover, the order of product
in (1.3) is meaningless. For g = (d,0) in Example 1.1, let ajas = ¢; = 1 and
b1bybs = /—1. Then, as its conjugacy class, we have a family of Young diagrams
P = (pg) where

P1= (1121)5 Py=1 = (31)7 and pp =9 (0 7é 17\/j1)

The character of an IUR of G,, corresponding to A € Y,,(T") described in
Subsection 1.1 were computed in [8, Section 4] (Part I) by using the induced
character formula. We review the result below. See [8, Theorem 4.5].

Let TI(A) = Indg:n J ¢ be the IUR of G,, corresponding to A = ()\C)Cef €
Y,,(T') as constructed in Subsection 1.1. The character of II(A) is denoted by xyy(a)
or simply x*. Then the normalized character is

~ _ oA _ XTI(A)
A =X = G TI(A)

Since II(A) is induced from a representation of H,,, we see x*(g) = 0if g € G,
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is not conjugate to an element of H,. Let us write down a formula for x*(g)
assuming that g = (d,0) € G,, is conjugate to an element of H,,. Take a standard
decomposition of g as in (1.2). Set @ = {q1,...,¢-} and J ={1,...,m}. We call
2 = (Q¢)eer and 7 = (J¢)scq partitions of @ and J respectively if they yield
disjoint unions

Q=|]Q and J=|]J.

ceT ceT

The common value of the character of IUR 7(\¢) of & I, on the conjugacy class
determined by partition (¢;) = (¢1,/s,...) is denoted by x(\, (¢;)). Similarly
X(AS, (¢;)) is the normalized one. Recall that ¢(c;) denotes the cardinality of
supp(o;) (i.e. the length of o;) for each j. Under these notations, we have

(n ZceTIQcI Ejes t07)!
A J
X (g) Z HCGT (| |Q(| Eje]< f( ]))'

« T {(am o)< 19 2 00 (T e ) ( TT vel (@)

ceT q€Q¢ jee

x x (X, (f(ffj))jeh)} (1.4)

where 2 = (Q¢).c7 and 7 = (J¢) 7 run over all the partitions of @ and J
respectively. Note also that we adopt the notational convention of 1/(—k)!(=
1/T(=k + 1)) = 0 for positive integer k. The normalized character x* is obtained
by dividing (1.4) by dim II(A):

XA(g) HC :| n{" H{ dlmC |I7z C|d1m)\<}X (15)

REMARK 1.3.  For IUR 7(\¢) of 6%4 and partition (¢;);eJ., X(A, (¢;)jes.)

may be expressed alternatively by X where we set n¢ = |1, ¢| = [A°| and

(, 1n¢— | \)7
7 is the Young diagram indicating (¢;) such that || = Z]EJ ¢;. Equation (1.4)
remains valid when @ or J is empty, in particular when g is the identity element.

In the case of J; is empty, we have

¢ .
X()\C, (E(Uj))je%) = XE\I”C) = dim \°.
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Here @€ is the empty diagram assigned to .

1.3. Branching rule for &,,(T)’s.

&, is embedded into &,,41 as the permutations fixing the letter n + 1, while
D, (T) is embedded into D,1(T) with er € T as the last entry. This yields
embedding G,, = &,(T) C Gpy1 = G,p1(T). For A = (A\¢ )eer € Yau(T) and
M= (”C)cef € Y,41(T), we use the notation A /' M if there exists ¢ € T such

that A ' u¢. Here the latter NE-arrow means that Young diagram pS is obtained
by adding one box to Young diagram A¢. This ¢ is uniquely determined for such
a pair (A, M) and hence denoted by ¢ wm.

PROPOSITION 1.4.  Let M € Y, 1(T'). Restricted on G,,, IUR II(M) of G 11
has irreducible decomposition

TI(M)

12

G, @ [dim Ca ] TI(A).

A€Y, AM

PRrOOF. Instead of looking into detailed structure of the irreducible decom-
position, we show the assertion by using the character formula in Subsection 1.2.
In other words, we just verify

XM

G, = Z (dim Ca ) X (1.6)
A€Y, (T);A /M
Equation (1.4) together with an obvious identity for multinomial coefficients:

P

n! (n—1)!
= f =
il Zn!--~(n;€—1)!--~np! or an n

k=1

yields the following. Let g € G,, have a standard decomposition as (1.2). We use
the notations in (1.2) and (1.4), setting further £(o;) = ¢; and Py, (d;) = P; for
simplicity. Let M = (Nc)cef € Y,+1(T). We have for (XM|G )(g) = xM(g),

9)
_ (n = Ceer 1l = Eyes b)!
2,7 ecr (el = 1Qcl = e 5. 4)!

" H{ el =1l =25e s b IT xcto) ] X((Pj)X(NCv(Ej)jGJC)}

CeET 9€Q¢ JE€J¢
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{Z (n_l_zneleN‘_Z]eJﬂ)! }
(lIﬂ C| -1- |QC| Z jEJ¢ ) He# (|In 9| |Q0‘ - Zje]e gj)!

ce
{ (dim §)! 171917 20e00 & TT o tg) T xo(P )JGJG)}

q€Qy j€Jo

|
M

(n -1- Znef [ Z]EJE')!
(|In C| -1- ‘QC| Z]GJC ) HQ;&( (|In ol — Qo — ZjeJe gj)!

H X@ ) H X@(P])) (dim()U"’C‘_‘Qd_zje‘jf er(u<7(éj)j€Jc>

(]

|

I
SM b m

¢e

/‘\ﬂ>

peT “49€Qo J€Je
x T {(dim ) Tmol =190l 2se0 Gy (40 (Ej)jEJe)}:|
0#¢
| (2~ 1~ Ser [Qul ~ Sy )
= d
2.0 ) PRESERES i s R e s

% H ( H Xo(t H xo (P ) H dlm@)lln’e‘ilQelizjng 1z

9eT “q€Qo j€Jy 0#£¢
. [Tn,cl=1-1Q¢|=> e, 4
x (dim )" "™ CTeaese J{ Z i)iede HX i)iede H
AGAC Al o<

SY Y @mo

CeT AC:IAC s

5 i (0= 1= 50er Qul = Xycs )
(Tl = 1= 10 = Sy 6) Ty (ool ~ 1Q0] = Sy, 6)

x (dim C)Mrn,clfl—leijeJ< 2 H(dim Q)UWHQGFZ].EJQ ¢

0#¢
X H ( H Xo(tq) H Xa(Pj)) i)ied HX i)ieds ]
0eT " 4a€Qo J€Jo 0£¢
= > (dimGa)x (9),
AAM

which completes the proof of (1.6). O
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2. Branching graph and central measures.

In this section, we prepare some notions of harmonic analysis on a general
branching graph along the lines of [12], [14], [1] and [13] in order to translate
analysis on groups into that on their dual objects. For our purpose, we cannot
help allowing infinite (even uncountable) valencies of the graph.

2.1. Branching graph.
DEFINITION 2.1. A branching graph consists of the stratified vertex sets

G = |_| G, (disjoint union)
n=0

and the edges satisfying the following conditions. We call G,, the vertices of the
nth level.

(1) Two vertices a, 8 € G can be adjacent only if they belong to two consecutive
levels. If a € G, and § € G, are adjacent, we express them as o ~ 3
and call (o, ) the ingoing [resp. outgoing] edge of 3 [resp. .

(2) Gy consists of the unique element @ that has no ingoing edges.

(3) For any vertex except @, its ingoing [resp. outgoing] edges form a nonempty
finite [resp. nonempty (possibly infinite)] set.

(4) If « / 8 holds, the edge (o, ) carries multiplicity &(«, 5) > 0.

For the sake of convenience we set x(«, 8) = 0 if & and /3 belong to two consecutive
levels but are not adjacent. The branching graph itself is also denoted by G for
simplicity of the notation.

REMARK 2.2.  What is primarily in our mind is the branching graph for the
wreath product groups &, (T"), namely

G,=6,(T=Y,(T) and k(A,M)=dim(ym

for A € G,,, M € G,,+1. The unique element of Gy = Yy(7T') is @ = (QC)CGT’
where each @¢ is the empty Young diagram. If T is a continuous compact group,
the number of outgoing edges of a vertex is necessarily infinite.

DEFINITION 2.3. A complex-valued function ¢ on G is usually said to be
harmonic if it satisfies

pla)= > &l B)e(), aeG. (2.1)
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Figure 1. Branching for &,(Z2), Weyl group of type B,/Cn; A = (A0, A1), ¢ = 1:
The integer associated with a pair indicates the dimension of the corresponding IUR.

The meaning of a boldface integer concerns restriction to the Weyl group of type D,,.
See Remark 4.10.

@t

—_
=W N W 00RO R OO0 W N R W

In this paper, however, we call ¢ a harmonic function on a branching graph G if
it is

nonnegative : pla) >0, a€qG, (2.2)
normalized : o(g) =1, (2.3)
countably supported : supp ¢ is an at most countable set, (2.4)

and satisfies (2.1). The meaning of the sum in (2.1) is now clear since supp ¢ is at
most countable.

Note that (2.1) and (2.2) imply that if & ¢ suppy and « G, then 3 ¢
supp ¢, in other words that:
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If B esuppy and « lies on a path terminating at 3, then « € suppp. (2.5)

Let ¥ = %(G) denote the set of all infinite paths on branching graph G
starting at @. A path ¢t € T is expressed as

E=(H0) /(1) /o S tn) )

where t(n) € G, is the nth level vertex of t. For any path ¢ € T, ¢(0) is always &.
Its truncated path up to the nth level is denoted by

tn = (£0) 7 t(1) /- /7 E(n)).

T = % (G) denotes the set of all finite paths up to the nth level. For finite path
u connecting a € G, and § € G,: a =u(m) -+ u(n) = G, its weight w, is
defined by

n—1

wy = [ wu(i), ui+1)). (2.6)

1=m

Summing up the weights over all paths connecting a to § as

d(aaﬁ) = Z W, (27)

path v:a - 73

we define the (combinatorial) dimension function d on branching graph G. If there
are no paths connecting « to 3, our convention yields that some edge multiplicity
in (2.6) vanishes and hence d(a, 5) = 0.

REMARK 2.4. In the case of G,, = Y,,(T), the value d(&, A) agrees with the
dimension of IUR II(A) of &,,(T) associated with A € Y,,(T'), which is readily seen
from Proposition 1.4.

DEFINITION 2.5. Consider a subset G° C G as a new vertex set and the
edges inherited from G. Let G° become a branching graph in the sense of Def-
inition 2.1. Furthermore assume that, for any 8 € G° and any finite path in G
connecting @ to 3, all the vertices lying on the path belong to G°. Then we call
GO a subgraph of branching graph G. If G is an at most countable set, we refer
to it as a countable subgraph.

REMARK 2.6. If GY is a subgraph of G, then we have for any o € G'NG,,,
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n=20,1,2,... that
{u e % (@) |uln) =a} ={ueZ,(G° |u(n) = a}.
Equation (2.5) shows that supp of a harmonic function on G is a countable
subgraph of G.
LEMMA 2.7.  Harmonic function ¢ on G satisfies

pla) = Y d(a.B)p(B) (2.8)

BEG,

for any m <n and a € G,,.

PROOF. Set G° = supp ¢, which is a countable subgraph of G. If 8 € G
and d(a, ) > 0, then o € GY,. Hence in the case of o ¢ G2, (2.8) holds trivially
as 0.

Let o € Gy, be taken. For 3, € GY, ,, we have

d(a, Bo) = > d(a,p1)d(Br, B2)

ﬁlec?ﬂ,+1

since 32 € GY, 5 and B1 /" B2 imply 1 € GY, ;. Then (2.8) is shown inductively
by iterating (2.1). O

2.2. Central measures.
For each u = (u(0) / -+ / u(n)) € T, = T, (G), we set

C,={teX|tk)=ulk), k=0,1,...,n}.

T = %(Q) is equipped with the topology in which each ¢ € T has {Cy, }n=0.1,2... as
its neighborhoods. Definition 2.1 yields that ¥ is totally disconnected under this
topology. For the branching graph of &, (T"), the set T can be identified with the
set T of all paths of the first level, and it is equipped with the discrete topology.
The Borel field of ¥ is denoted by B(%F).

DEFINITION 2.8. Probability M on measurable space (%,B(%)) is usually
said to be central if it satisfies

- (2.9)
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for all n and u,v € ¥,, which share a common terminating vertex. In this paper,
however, we call probability M on (%,%8(%)) to be central if M is supported by
the path space T(G) of some countable subgraph G° of G in addition that it
satisfies (2.9).

LEMMA 2.9.  There exists a bijective correspondence between the central prob-
abilities M on T = T(G) and the harmonic functions ¢ on G through

= ¢(a) (2.10)

forany a € G, and u € T,, = T, (G) such that u(n) =a (n=0,1,2,...).

Proor. If GY is a subgraph of G, we have
YG) = () {t € TG) [ 1(0),--- ,t(n) € G°}. (2.11)
n=0

In fact, the inclusion C is obvious. To show the converse inclusion D, note that
T(G) [resp. T(GY)] is identified with the projective limit of (T,,(G))n=0.1.... [resp.
(Tn(G))n=o1..]. Projection py, is defined by pmn(t.) = tm for m < n for
t € T(G) [resp. t € T(GY)]. The projective sequence corresponding to t € T(G)
is (to,t1,t2,--+). If ¢ belongs to the right hand side of (2.11), we have ¢, €
T,,(GY) for any n. This means that (f,),—0,1,... belongs to the projective limit of
( n(GO))nzo,l,..n

Let M be a central probability on T and G° an associated countable subgraph
of G such that M is supported by T(G°). Equation (2.9) for M assures that (2.10)
determines the function ¢ well. Then supp ¢ is included in G°, which is at most
countable. Harmonicity of ¢ follows from countable additivity of M.

Conversely, let ¢ be a harmonic function on G and set G = supp ¢. As noted
in Remark 2.6, G° is a countable subgraph of G. Equation (2.10) defines atomic
probability M,, on ¥,, = T,,(G) which is supported by an at most countable set.
Harmonicity of ¢ yields that ((%,,, M), (pmn)) is a consistent projective system.
This means that we have (pyn)« M, = M,, for m < n where , indicates a push-
forward. Then we obtain the unique probability M on ¥, which is the projective
limit of ¥,,, such that (p,).M = M, holds for any n where p, : T — ¥, is the
canonical projection. (See e.g. [18, Volume 1, Chapter 2] for a comprehensive ac-
count on extension theorems of measures. Our measure space (%, M,,) is almost
countably separated since M is supported by a countable set.) Centrality of M is
obvious from the definition of (2.10). Furthermore (2.11) implies
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M(Z(GY)) = lim M({t € T|#(0), - ,t(n) € G =1.

It is obvious that the above correspondences are mutually inverse. O

The centrality of a probability on the path space ¥ is rephrased as quasi-
invariance with respect to groups. For a € G, set

T(a) = {u € Th(G) | u(n) = a}.

() consists of all paths terminating at . It is a finite set by virtue of Defini-
tion 2.1 (3). The set of all permutations of T(«) is denoted by S<(,). We regard
any element 7 € &g (,) as a permutation of T by

b r(t) = 7(H0) /- S Hn) S tn+1) S, t(n) =,
1t t(n) # a.

We have then canonical inclusion
Gg(a) C Gg(/@) if « / / ﬂ (2.12)

If G° is a subgraph of G, T(G") is invariant under any Sg(4).

LEMMA 2.10. Let G° be a countable subgraph of G. Probability M supported
by T(GO) satisfies (2.9) if and only if

M(T_lB):/BWTt(t")M(dt), B € B(T(@)) (2.13)

holds for any a € G and any 7 € Sg(q)-

ProoOF. Note that the definition of a function f, on ¥

PeTro f(t) = W) (0) S S t) (2.14)

wt,,

for 7 € &g () is consistent with the inclusion (2.12).
Assume that M satisfies (2.9). Let 7 € &, be given for a € G,. Take a
finite path uw = (u(0) /" -+ / u(m)) € %,, and subset C, from B(T).

(i) CASE OF m = n. If u(m) = a, we have
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/ f(0)M(dt) = / W ) = YT 0 (0,) = Mr ().
Cu Cu

Wey Wey,

Otherwise the left side is M (C,) = M (77 1(C,)).

(i) CASE OF m < n. A path extending u to 8 € G° is denoted by u /" --- /'
0 € %,. Since

C, = Cur.. (M-null set)
. sers |

BEGO path: u 7 /3

holds, where the first is a countable disjoint union and the second is a finite one,
we have

/C RECLED VDS /C  goman

BEGO u(m) - /B

Wr—1(u,/ - Sax)
= Y PO Ny )

+ 0y > M(Cuppa)

BEGO:Brau/ /3
= M(t7HCy)).

(iii) CASE OF m > n. Independent of whether « lies in u or not, we have

/C F0M(dt) = T ar(c,) = M(rN(C)).

Wy

All cases summed up, (2.9) implies (2.13).
Conversely, following the above argument of (i), we see (2.13) implies (2.9).
]

Consider a random variable X,, : € — G, defined by X,,(t) = ¢(n). Here any
subset B C G,, is measurable by definition. Then B(%) is generated by random
variables X1, Xo,---. Let B,, be the sub-o-field generated by the X,,, X,,+1, -
and set the tail o-field as Bo, = [\, B,. Lemma 2.10 says that centrality of
M is equivalent to |J,cq ©(a)-quasi-invariance. Among such probabilities, an
extremal one is often said to be J,cq Sz (a)-ergodic.

LEMMA 2.11.  Let M be an extremal central probability on €. Then M is
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trivial on B, namely M(B) =0 or 1 for B € B, and hence a Bo.-measurable
function is constant M-a.s.

PROOF. The following argument is standard, as is seen in e.g. [18, Vol-
ume 2, Chapter 2]. Let E € B, satisty M(F) # 0, 1. Set

Mi(B) = i MENE),  Ma(B) =

M(BNE®), BeB(I).

Then M; and M are central probabilities. In fact, let @ € G and 7 € &5(4) be
taken arbitrarily. Noting that E € B, satisfies 7~1(E)=E, we have for B€B(%)

Mi(7(B) = 3 M (B0 E)

:W/Bfr(t)lE(t)M(dt)Z/Bfr(t)Ml(dt%

and similarly for Ms. Thus, using disjoint central probabilities M; and M, we
have a convex decomposition

M = M(E)M, + M(E)Ms,
which contradicts extremality of M. This completes the proof. O

3. Limit of Martin kernels on a branching graph.

In this section we continue working on a general branching graph to prove a
limit theorem for Martin kernels.

3.1. Martingales and convergence theorem.

We briefly summarize necessary notions of martingales and a convergence
theorem for them. See e.g. [3, Chapter 4].

As usual let (Q,5,P) be a probability space and E[X] = [, X (w)P(dw)
denote the expectation of real-valued random variable X on 2. For sub-o-field
¢ C § the conditional expectation of X with respect to € is denoted by E[X|€],
which is characterized as the &-measurable function such that

/E[X\@](w)P(dw):/X(w)P(dw), Ace.
A A

Let (§n)n=01,2,... be a decreasing sequence of sub-o-fields of §, i.e. §, D Fny1. A
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sequence of integrable random variables (X,,)n=0.12,... is called a backward (§y)-
martingale if it satisfies

E[Xy[8nt1] = Xny1  as, n=0,1,2,....

PROPOSITION 3.1.  Let (X, )n=01,2,... be a backward martingale with respect
to decreasing sub-o-fields (§,) as above. Then

Xoo = lim X,

n—oo

exists a.s. The convergence holds also in L*-topology. Clearly Xoc is ((reo Sn)-
measurable.

3.2. Martin kernels.

According to the common terminology of Markov chains, the ratio of Green
kernels (or potential kernels) G(z,y)/G(zo,y) is referred to as a Martin kernel,
where G(z,y) denotes the expected number for the chain starting at = to visit
y. Here z( is a fixed reference vertex. When we consider the simple random
walk on the Young graph, whose transitions are made from a vertex to another
lying in the adjacent upper level, and its long-time limiting behaviour, the ratio
of dimension functions plays the role of a Martin kernel. In our case where the set
G, of the nth level vertices may be infinite, we can no longer associate a simple
random walk with the branching graph G. Nevertheless, since the combinatorial
dimension function d(a, ) is well-defined by virtue of Definition 2.1 (3), we regard
the ratio

a,feG

as a Martin kernel on the branching graph G.

Let a central probability M be given on T = ¥(G). Take an associated
countable subgraph G° of G such that M is supported by T(GY). Then M can
be traced to probability M on sub-o-field

B0 = B(T)NT(G°) = {BNT(G°) | B B(T)}
which is defined well by

M°(BNgE(G®)) = M(B), B € B(%). (3.1)
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THEOREM 3.2. Assume that M is an extremal central probability on
(%,B(%)). Let ¢ be an extremal harmonic function on G associated with M which
is determined in Lemma 2.9. Then, for M-a.s. t € %,

lim d(a, t(n))

A G 1) = (), acG® (3.2)

holds.

PROOF.
Step 1: Recall the notations X,,, B, and B, in Subsection 2.2. For each
a € GY, and n > m, we consider random variables defined by

d(a, t(n)) _ d(e, Xa(t))

200 = Yot ~ d(B. Xu0)"

teT(GY) (3.3)

~

on probability space (T(G?),B°, M%) where M° comes from (3.1). Set B2 =
B, NT(GY) for n = 0,1,2,...,00. (BY),—012 . is a sequence of decreasing
sub-o-field of BO.

(Z,(La))n:m+17m+27m is a backward (BY)-martingale. In fact, we verify

/ Z) a0 = / 7 dam°,  Ae B, . (3.4)
A A
Since
B = 0[Xns1, Xoso, 0] = 0[ U olXnst, s X
r=1

(where all X;’s are restricted on T(G?)) holds, it suffices to show (3.4) for any set
having the form of

Az{tEfE(GO)|t(n+1):ﬂl,~-~,t(n+r):ﬁr}, ﬁieG?.
We have

MP(A) = > M°(Cu g, /- 5,)
uET,(GO) : u(n) /B

= > W, 8y 7 28, P(Br)
ueT, (GO) : u(n), "B

QD(/B’I")KJ(IB17 52) e KJ(/BTflu /Br)d(®7 51) (35)
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Using this we have

« d(av 51)
[ Zihant® = GEELNOA) = dlo i) ws s, 016
On the other hand, we have
/ Ot)dMO d ) Aﬁ)7
4 516/
where A is decomposed as
A= | A4s
BEG, : B,/ b1
Ag={teT(G% | t(n) = B,t(n+1) =B, - ,t(n+7) =B }.

Computing MY(Ap) similarly as (3.5), we have

/A Z@AM = S o(B,)d(c, BR(B,Br) - K (Brr, Br)

B:6.6
= ¢(Br) wg, ... 2, dc, B1).

This completes the proof of (3.4).

Step 2: The mean of Z,(La) is computed as follows. Set
Bg = {t(n) € T(G°) | t(n) = 5},  BeG,.

Using

M°(Bg) = > wap(B) = d(@, 8)e(8),

ueT, (GO) : u(n)zﬁ

and decomposing the whole space into Bjg’s, we have

7@ g 0 = t(n) MO _ d(e, )
/z(GO) M= 2 /B = Zo (2, )

BEGY BeEG

= > da,f)e(B) = pla)

BEGY,

n

M°(Bg)

1205
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by virtue of Lemma 2.7.

Step 3: Applying Proposition 3.1, from the backward martingale convergence
theorem, we conclude that

lim Z(® = z{®) (3.6)

oo
n—oo

exists M-a.s. as a B.-measurable function. Since M is extremal, Z§2‘> is M-a.s.
constant as is seen from Lemma 2.11. The convergence of (3.6) is valid also in
L'-topology. Hence the constant agrees with

E(Z] = lim E[Z™] = p(a).

n—oo

Finally we note that a just runs over countable set G and hence that the
exceptional subset of ¥ can be taken commonly. 0

4. Limit of irreducible characters of &, (T).

4.1. Branching graph and characters of S, (T).

In what follows, we consider the branching graph of a wreath product group.
Recalling notations, let 7' be an arbitrary compact group, G,, = &,,(T) its wreath
product with the symmetric group &, and Y, (T') as defined in (1.1), where
n=12,.... Set

Y(T) = | | V(D).
n=0

Here Yy (T') consists of the unique element @ = (@C)CGT, in which each @¢ is the
empty Young diagram. We equip Y (T) with the structure of a branching graph
induced by the branching rule for &,,(T)’s in Proposition 1.4. We use A, M, --- to
indicate vertices instead of «, 3,--- and put

K(A, M) = dim (a1,

with (s m in Subsection 1.3. It is obvious that Y (T') satisfies the conditions in
Definition 2.1.

Set G = 64 (T) for simplicity. E(G) denotes the set of extremal elements
among the continuous, positive definite, central and normalized functions on G.
An element of E(Q) is also called a character of G since it is essentially a normal-
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ized trace of a factor representation of finite type of G. Using the machinery of
Sections 2 and 3, we can transfer to Y (T) in investigating F(G) as below (Theo-
rem 4.2).

We begin with referring to a Bochner type theorem on a compact group.

PROPOSITION 4.1.  Let K be a compact group and g a complex-valued func-
tion on K. The following two statements for g are equivalent.

® g is a linear combination of continuous and positive definite functions.
o g belongs to L*(K) and admits an absolutely convergent Fourier series ex-
pansion.

In particular, g is continuous, positive definite and central if and only if g € L*(K)
and

g= Z CaXas Ca > 0, Z codima < oo (4.1)
ael? ael?

hold. Here x, denotes the (non-normalized) irreducible character associated with
ac K.

PROOF. See [4, Section 34], especially Equations (34.13) and (34.37). O

THEOREM 4.2.  For G = 6,(T), we have bijective correspondences between
the following three objects:

(1) E(G),
(2) the set of extremal harmonic functions on Y (T),
(3) the set of extremal central probabilities on T(Y (T)).

To be precise, f in (1) and ¢ in (2) are connected as

f

S (T) = Z @(A)XA (4.2)
A€EY,,(T)

while the bijection between (2) and (3) is described in Lemma 2.9.

PrROOF. Let f € E(G) be given. Restricted onto Gy, = &,(T), f specifies
countable subset Y,? of Y;,(T) for each n according to (4.2) as

o= 3 e (4.3)
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with Fourier coefficients ¢(A) > 0. Applying (4.3) for n + 1 together with (1.6),
we have

flew= > oMpMea, = > o) > (dimGm) X

MeY?, MeY? AEY, (T): A /M

= Z( Y (dim¢am) @(M)>XA7 (4.4)

AEY,90 “MeY?, :AM
where we set Y,0° = {A € Y,,(T) | A / M for some M € Y,?,;}. Each coefficient

of the rightmost hand is strictly positive for A € Y,°°. Hence comparing this with
(4.3), we have Y;? = Y,?° and

p(A)= > (dimGa)eM), A€V
MeY?, ;A M
Accordingly we see that Y0 = | |>2 Y, is a subgraph of Y (T) and that ¢ is a
harmonic function with supp ¢ = Y°.

Conversely, let ¢ in (2) be given. Set Y, = (supp p)NY,,(T). Then Y;? = Y,2°
holds. The same computation with (4.4) yields that (4.3) defines f € E(G) well,
namely fla, = (fla,.1)|a, is valid.

The above correspondences clearly give mutual inverses. O

4.2. Limit of irreducible characters of &, (T).
THEOREM 4.3. Let f € E(G(T)) be given and M the corresponding ex-
tremal central probability in Theorem 4.2. For M-a.s. path t € ¥, the convergence

lim '™ = f (4.5)

n—oo

holds uniformly on each Gy, = 6,(T), k € N.

ProoF.
Step 1: For t € ¥ and k < n, we have

n d(A,t(n)) A
AEYk(T)

by iterating (1.6). Indeed,
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X' G Z (dim Gt o)) X |G
MEY,,_1(T): M t(n)

= Z Z (dim Cu 4y dim Cnont) X |Gy

MEY,_1(T): M _t(n) NEY, _o(T): N /M

= Z d(Na t(n))XN|Gk == Z d(Aa t(n))XA-

NeY,,_2(T) A€Yy,(T)
Step 2: Under the correspondences of f < ¢ < M in Theorem 4.2, set

Y? = suppp. Then, M is supported by T(Y?). Theorem 3.2 tells us that we
have, for M-a.s. path t,

L dAt(n)
lim  CRO) o(A), AeY? (4.7)

Take a path t € T(Y) satisfying (4.7). We see
A €Y (T) and d(A,t(n)) >0 imply A€ Yi(T)° =Y (T)NY?® (4.8)
since Y is a subgraph. Set

d(A, t(n)) (4.9)
A) = —"—2d(Z, A

Q™) = G5 3y 42 )

for A € Y.(T). Clearly supp@Q C Y3(T)Y is countable. Also (4.8) yields
supp Q¢(n) C Y. (T)°. Furthermore, both are probabilities. In fact, it follows
from

> d(At(n)d(@,A) = > wy, = d(3,t(n)),
A€Y(T)0 ue%, (Y0): u(n)=t(n)
Y oed(@A) = > @A) > d(2, M) dim (i a
A€Y3,(T)O AEY3(T)O MEeYs_1(T)°: M, /A
S I (D SC N EIS)UERY
MEYs,_1(T)° “A€Y%(T)0: M, /A
= > e(Md@,M) = =p(2)=1.

MEkal(T)O
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Step 3: We estimate the difference of the following:

XN ae = > Q)X

AEYR(T)O
(4.10)
flaw =D, ex*= Y QWx*
AEY(T)° AEY,(T)°

where the first equality follows from (4.6) and (4.9). Take € > 0 arbitrarily. There
exists finite set F' C Y3 (T)° such that Q(F) > 1 — e. Equation (4.7) shows that,
for M-a.s. path t € T(Y?), sufficiently large n allows

|Qe(n) (F) — Q(F)| <¢,  and also
Qi) (F) <1 =Q(F) 4 |Qyn)(F) — Q(F)| < 2e.

Putting these into (4.10), we have for g € G,

X' (g) = £(9)|

< | 5 @iy () - Q(A))%A(g)‘ Y e
AEF AEYy(T)\F
NS Q(A)%A(Q)‘
AEY (T)\F

< Qi) (A) = QA + Qi) (Yi(T)° \ F) + Q(Yi(T)° \ F) < 4e.

AeF

We have thus obtained, for M-a.s. path ¢,
lim sup [X'"(g) — f(g)| = 0. O

n—00 ge G,

Theorem 4.3 enables us to determine an explicit form of character f in terms
of two sorts of parameters, one being the Fourier coefficients of f|r and the other
being families of asymptotic frequencies of Young diagrams. In this procedure,
asymptotics for irreducible characters of &,, play an essential role. Given Young
diagram A = (A1 > Ay > -+ ) as a sequence of row lengths, we set

a,-(/\):)\i—i, b1(>\)=/\;—2, i:1,2,...,d
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where ) is the transposed diagram and d = d, denotes the main diagonal length
of A\. These are called the Frobenius coordinates of \.

PROPOSITION 4.4.  The value of the irreducible character corresponding to
Young diagram X\ at k-cycle has an asymptotic expression

~ 1 1
X?k71\A\—k) = ka()‘) =+ O<)\|>7
dy (4.11)
pe(N) =Y (@) + (=) hi(V)F)
i=1

as the size of diagram |\| grows to infinity. Actually, the O-term in (4.11) is a
polynomial of pj(A), j =1,...,k — 1, of total degree < k — 1 divided by |\|*.

PROOF. We refer to [15, Chapter Five, Section 1] , [17] and [10]. O

THEOREM 4.5. Let f € E(6(T)) be given and M the corresponding ex-
tremal central probability in Theorem 4.2. Along M-a.s. path t = (¢(0) / --- /
t(n) /' --+) in Theorem 4.3 where t(n) = (t(n)C)CET € Y, (1), the following
limits exist:

. ON =
B:=1 T B, =1 4.12
¢ = lim ==, CeT, moreover EA ¢ , ( )
¢eT
7 t ¢ bz t ¢ ~
Q¢.0,0 = lim M, Qe 1, = lim M, c € T, 1€ N. (413)
n— oo n n— oo n

Since By = 0 implies o9 = a¢1,: =0 for any i € N, these are 0 except for at
most countable (’s.

Proor.

Step 1: Recall that every element of a wreath product group is factorized
into basic elements as (1.2). We write down the values of irreducible characters of
Gy, at two kinds of basic elements (s, (¢)) and (d, o).

Let A = O‘C)CET € Y, (T), n® = |\¢|, s € T, o a k-cycle and d € D(T) such
that suppd C suppo. Then (1.4) yields

nS
%A(S7 (q)) = Z 756((8% (4'14)

“n
CeT
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C(n¢—=1)---(n* —k+1) 1 ¢
P,(d)) X
Z 77,71 ('ﬂ*k‘i’l) (dlmc)kXC( ( )) X(k 1714 k)
€T
(4.15)
¢ .
Here we regard X?k,lnc*k) to be 0 if n¢ < k.
Step 2: We show (4.12). Proposition 4.1 ensures that
9)=>_ BeXc(s) with Bc>0, > Be=1 (4.16)

ceT ceT

since } .7 B¢ = f(e,(q)) = 1. Theorem 4.3 tells us that X! (s, (q)) converges
to f(s,(q)) uniformly in s € T. Combining these with (4.14) for \¢ = t(n)¢, we
obtain convergence of their Fourier coefficients, namely (4.12).

Step 3: We consider (4.13). Putting A = t(n) and d = (s,e,--- ,e) (k—1
times repetition of the identity element e of T') in (4.15), we have

>zt(n)((&e,... ’e)’g)

[t)C It (m)* = 1) - (jt(n)] — k +1) 1 g
N Z nn—1)-(n—k+1) (dim €)F—1 X(,11em¢ i~ k)XC( s)

(4.17)

CGT

as a function on 7. See Remark 1.3 for the notation of an irreducible charac-
ter. The k-cycles in &, is denoted by (k,1P=%). The left side converges to
f((s,e,--+ ,e),0) uniformly on T by virtue of Theorem 4.3. Hence the conver-
gence of the Fourier coefficients implies that

) tm)S|([t(n)S] = 1) - (Jt(n)S] =k + 1) _ym)c
HILH;O| ( ) |(|nin)_| 1))(n(l(]€_)~_|1) i )X(i:,l)\t(n)C\—k) (418)

exists for any ¢ € T.

Step 4: Equation (4.13) is deduced by using (4.18) through a compactness
argument, which is a repetition of the argument in [17, Section 5]. We state the
procedure, however, for reader’s convenience below.

It is obvious that (4.13) holds as totally 0 if B, = 0.

Let ¢ € T be such that B¢ > 0. It suffices to show that, for every ¢ € IV,
two sequences {a;(t(n)¢)/n}, and {b;(t(n)¢)/n}, have the unique limit points
respectively. Combining (4.18) with (4.11), we have the existence of
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i=1

f [resp. B = ,6’5] be a limit point of {a;(t(n)%)/n}, [resp.
{b;(t(n)¢)/n},]. Then, Lemma 4.6 below tells us that (4.19) agrees with

> (af + (=118 (4.20)

0
i=1

if k > 2. Hence (4.20) does not depend on the choice of limit points «; and (;.
However, (4.20) determines «; and f; uniquely since it holds that

exp { ,;2; (af—l—(—l)’f—lﬂf)ig} = exp {—z ;(ai—i—ﬁi)} 1;[1 %, zeC.

(Note that >~ (a; + 3;) < 1 follows from Fatou’s lemma.) These unique limit
points give (4.13). O

LEMMA 4.6.  Let {c;(n)}nyen> satisfy

c1(n) >ca(n)>--->0 for any n,
(oo}
Z ci(n) <n for any n,
i=1
lim ci(n) =¢ for any 1.

n—oo N

Then we have

5 (e

i=1

k oo
):Z& ke{2,3,.. .}
=1

The proof is elementary and omitted. We note, however, that it can fail to
hold for £k = 1.

REMARK 4.7. Along a path chosen in Theorem 4.5, we saw that ZCET B =
1 holds for B¢ defined in (4.12). It is possible to have the situation that 3.7 Be <
1 along other paths. In fact, this is the case where normalized irreducible characters
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of &,,(T) converge to a discontinuous function on G (T'). See [8, Section 6] for
more details.

THEOREM 4.8 (Recapturing the character formula for &..(T")). Let a char-
acter f € E(Gx(T)) be given. Take the corresponding extremal central probability
M on (Y (T)) in Theorem 4.2 and parameters o¢ i, B¢ in Theorem 4.5. Set

He = B — Z Z Q¢ eis Ce f (4.21)

i=1 ec{0,1}
Then f is completely characterized by these parameters
Oceis IS e f, ec€{0,1}, i e N

so that its values on the basic elements of G (T') are given by

@ =X (L ¥ %ty ), sen a)

ceT " =1e€f{0,1}

e Z{Z 2 (nt ”(ﬁi’é)k}x&%(d» (4.23)

ce? ©i=1eef0,1}

where 0 € G is a k-cycle, k > 2, and d € D(T) satisfies suppd C suppo. (P,(d)
is defined in (1.3).)

PrROOF. Equation (4.22) immediately follows from (4.16) and (4.21). Con-
sider the Fourier expansion

f((s e, ,6),0)226'4%((8), seT.

ceT

Since (4.17) converges uniformly to this, (4.11) yields

@S () = 1) - ()¢ — k+ 1 1 ot (m)C
Co = tim IHOCIIT = 1) (ft()°] )L
n—oo nn—1)---(n—k+1) (dim ¢) (k1 )

S X e

=1 e€{0,1}
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We hence obtain (4.23) for d = (s,e,--- ,e). Since f is a central function, we see
it is enough to take [s] = P,(d), recalling structure of the conjugacy classes of
Soo(T) described in Subsection 1.2.

Finally, we know that f € E(G) is completely determined by the values on
the basic elements since it is factorizable (see [6, Section 4]). O

REMARK 4.9. Let us consider a special situation where all a¢ ¢ ;’s are 0. In
the case of G, this condition means that we treat the regular character (= the
delta function at the identity element) of G, and the Plancherel measure on the
path space ¥ of the Young graph. It is well known that typical Young diagrams
in the Plancherel ensemble are balanced, i.e. row and column lengths of A\ € Y,
are proportional to y/n. Then, the quantities of (4.13) obviously vanish along
growing typical Young diagrams. The Plancherel measure is no longer captured
as a probability if T is a continuous group. For general T, the situation of all
ag¢eq’s being 0 and an associated growth process on the branching graph Y (T)
are described as follows. Let (B¢). 4 satisfy B¢ > 0 and 3.5 B¢ = 1 so that

it gives a probability on T with an at most countable support. Let ¢ be the
continuous positive-definite central normalized function on T which has Fourier
coefficients B¢:

P(t) = ——x¢(1), teT (4.24)

(see Proposition 4.1). We consider f € E(S(T')) determined by

f(t> (Q)) = 1/’@), teT,

(4.25)
fld,o) =0, if o is a nontrivial cycle of &,
at basic elements (¢, (¢)) and (d, o) respectively, and multiplicatively extended to
the whole 6. (T"). Then the extremal harmonic function ¢ on Y (T") corresponding
to f in (4.25) (see Theorem 4.2) is given by

B! dim A¢

p(A) = CHWHHC)I/\(, A=(\)cY(T).
eT

It can be seen that the corresponding central probability on the path space
T(Y (7)) induces a system of parallel Plancherel growth processes parametrized by
¢ € T for which the chain switches from one to another according to the probabil-
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ity (By¢) cet This growth process canonically associated with the wreath product
group G, (T") seems to be interesting and will be treated in separate papers.

REMARK 4.10. In this section we treated the branching graph Y (7T') to
obtain the characters of G = G,,(T). Let T be a compact abelian group and S
its subgroup. Set

G¥ = Doo(T)® X G, Duoo(T)° = {d = (ti)ien € Doo(T) \ [1t < s},
i€N

and call it a canonical subgroup of G. It is the inductive limit of
n
GY=D,(T)° x6&,, D,(T)° = {d = (ti)i=1,...n € Dn(T) ‘ I1¢ < S}
i=1

as n — o0o. The character formula for G is studied in [5], [6] and [8]. For IUR II
of G§+1, the branching rule of H|GS is described in [8, Section 8]. We thus

obtain the branching graph Y (T)° for G° by modifying Y (T). For example, let
T be Z5 and S its trivial subgroup. This describes the case of Weyl groups of type
B/Cand D. AnIUR of W, /¢, = &,,(Z3) corresponding to a pair (A\°, \'), where
IA| 4|\ = n, splits into two TURs of Wp, = &,,(Z2)1¢} if and only if A° coincides
with Al. Moreover, (A% A!) and (A', \°) correspond to equivalent TURs of Wp,
if \° # Al. In Figure 1, an IUR of Wg, /¢, which splits into two IURs of Wp,
is specified by using boldface for its dimension. Applying the general theory in
Section 2 and Section 3 to Y (7')°, we have a similar result to Theorem 4.3, namely,
any character of G is obtained as a limit of normalized irreducible characters of
G? as n — oo along some path on the branching graph Y (T)°. This fact was
proved in [8, Theorem 8.6] while we see here its probabilistic aspect.
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