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Teichmiiller spaces for pointed Fuchsian groups

and their modular groups

By Yuliang SHEN
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Abstract. It is known that the modular group Mod(X) acts discontinuously
(but not freely) on the Teichmiiller space T'(X) for a finite type Riemann surface X,
while it does not necessarily act discontinuously on T'(X) when X is of infinite type.
The primary purpose of the paper is to discuss those subgroups of Mod(X) acting
discontinuously and freely on T'(X) and to discuss the properties of the correspond-
ing quotient complex manifolds as well. Actually, we will discuss some generalized
Teichmiiller spaces, the Teichmiiller spaces for pointed Riemann surfaces and pointed
Fuchsian groups, and their modular groups, generalizing and completing some results
of Bers [Bel], Kra [Krl] and Nag ([Nal], [Na3], [Na4]).

1. Introduction.

A Dbasic question in the theory of Riemann surfaces is to investigate the moduli
spaces of the complex structures on a Riemann surface. The Teichmiiller space T'(X) of
a Riemann surface X is the biggest of such spaces. It is a contractible complex manifold
and is also a branched covering of the classical Riemann moduli space R(X) when the
surface X is of finite type. Actually, when the surface X is of finite type, that is, X is
a compact surface with at most finitely many points removed, the Teichmiiller modular
group Mod(X) acts discontinuously on T'(X) as a group of biholomorphic automorphisms
and gives R(X) as the quotient space, namely, R(X) = T(X)/Mod(X). However, this
action is not fixed point free and so the Riemann space R(X) is a normal complex space
but in general not a complex manifold. Now, as pointed out by Nag (see [Na4, p. 167]),
it is an important problem to classify all the subgroups of the modular group Mod(X)
acting freely on T'(X), and correspondingly all the complex quotient manifolds which are
intermediate moduli spaces between the Teichmiiller space T'(X) and the Riemann space
R(X). Both Kra [Kr1]| and Nag ([Nal], [Na3], [Na4|) have introduced some classes of
such subgroups and discussed the corresponding quotient manifolds.

When the Riemann surface X is of infinite type, the Teichmiiller modular group
Mod(X) does not necessarily act discontinuously on T'(X) (see [Ful], [Fu2|, [FST]).
Thus, in this case it is a much complicated problem to classify the intermediate complex
manifolds between the Teichmiiller space T'(X) and the Riemann space R(X). We need to
find the subgroups of the Teichmiiller modular group Mod(X) which act discontinuously
and freely on the Teichmiiller space T'(X). The primary purpose of this paper is to
investigate such a problem for all Riemann surfaces, not necessarily of finite type. In fact,
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we will discuss a somewhat general problem in the setting of Fuchsian groups. Actually,
Kra [Krl] (see also [Bel], [Nal], [Na3], [Na4]) has introduced and discussed some
moduli spaces of deformations of Fuchsian groups. He outlined his approach without
proofs for Fuchsian groups of finite type. We will investigate these spaces and complete
the proofs for general Fuchsian groups, not necessarily of finite type, along the lines of
Kra [Krl].

2. Preliminaries.

In this section, we shall review some basic definitions, notations and fundamental
results from Teichmiiller theory. For references, see the papers [Be2|, [Be3], [Be4| and
the books [Gal], [Le], [Na4].

2.1. Teichmiiller spaces for Fuchsian groups.

Let G be a Fuchsian group acting on the upper half plane H and also on the lower
half plane L in the complex plane C, and Hg be H with all of the fixed points of elliptic
elements of G removed. Then G is finitely generated and of the first kind if and only if
H¢ /G is of finite type, namely, it is a compact Riemann surface with at most finitely
many points removed. G is of type (g,n) if Hg/G is a compact surface of genus g with
n points removed. G is said to be exceptional if it has type (g,n) with 2g +n < 4.

Let L°°(G) denote the set of all Beltrami differentials for G on the upper half plane
H, namely,

L®(G)={pneL>(H): (nog)d /g =n, forall geG}. (2.1)

The open unit ball M(G) of L*(G) is the set of all Beltrami coefficients for G. The
Teichmiiller distance between two points py and ps in M(G) is defined as

1 H B1—H2 H
1 + 17y po

oG(p, p2) = W (2.2)

1=y po

For any u € M(QG), let w* denote the unique quasiconformal mapping of the plane C
onto itself which fixes 0, 1 and oo, is conformal in L, and satisfies the Beltrami equation
Ozw = pd,w in H. Two elements p and v in M (G) are said to be equivalent if w* and
w” coincide on the real axis R. [u] will denote the equivalence class of p.

The Teichmiiller space T'(G) is the set of all the equivalence classes [u] of the Beltrami
coefficients p in M(G). T(G) is finite dimensional if and only if G is of finite type. We let
O denote the natural projection of M(G) onto T(G), so that & (p) is the equivalence
class of . The Teichmiiller distance between two points [p1] and [u2] in T(G) is defined
as

7a([p1l, [p2]) = inf{oc(v1,12) : [1] = [11], [ve] = [p2]}- (2.3)

Since it is an open set in the complex Banach space L*°(G), M(G) is a complex
manifold, and the Teichmiiller distance is precisely the Kobayashi distance on M(G).
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Fundamental work of Ahlfors and Bers shows that T(G) is also a complex manifold.
Precisely, T(G) has a unique complex manifold structure so that the natural projection
®; : M(G) — T(G) is a holomorphic split submersion. It is also known that the Teich-
miiller distance is precisely the Kobayashi distance on the Teichmiiller space T(G).

2.2. Allowable mappings and modular groups for Fuchsian groups.

For any Fuchsian group G, let Q(G) denote the set of all quasiconformal mappings
w of H onto itself such that wGw™' is again a Fuchsian group. Two elements w; and
wy are said to be equivalent if they coincide on the real line R. The equivalence class of
w will be denoted by [w]. Let ¥(G) denote the set of all quasiconformal self-mappings
of H which are equivalent to the identity mapping.

For any p € M(G), let w, denote the unique quasiconformal mapping of H onto
itself which fixes 0, 1 and oo, and satisfies the Beltrami equation d;w = pd,w. Then
w,, and w, are equivalent if and only if [] = [v]. The point [u] will also be denoted by
[w,] later. For any p € M(G), we denote G, = quw/j1 = {9 = wugw;1 1 g € G},
Gt = wrGw*) ! = {g* = wrg(w") ' i g € G}. Then G, is again a Fuchsian group,
while G* is a quasi-Fuchsian group.

Let w € Q(G) be given. We consider the mapping

w*(w,) = aow, ow !, (2.4)

where p € M(G), v is a Mébius transformation of H onto itself such that cow,ow™ fixes
0, 1 and oco. Since [w*(w,,)] depends only on [w] and [w,], w* induces a biholomorphic
isomorphism y([w]) between T(G) and T(wGw™1!).

For each p € M(G), the domain w# (L), hence also w*(H ), depends only on @ ().
We may form the Bers fiber space

F(G) = {(®6(1),() € T(G) x C: p € M(G), € w'(H)}. (2.5)

It is known that F(G) is a complex manifold. Now x([w]) can be extended to a biholo-
morphic isomorphism between the fiber spaces F(G) and F(wGw™!):

p([w)([wpl, 2) = ([wn],w” owo (w*)~!(2)), (2.6)

where v € M(wGw™!) satisfies w*(w,,) = w,. x([w]) : T(G) = T(wGw™!) and p([w]) :
F(G) — F(wGw™1) are called allowable mappings.

Let X(G) denote the set of all mappings w in Q(G) such that wGw™' = G. The
extended modular group mod(G) = X(G)/E0(G) for G is the set of all equivalence classes
[w] of all elements w in 3(G). Then each element [w] in mod(G) acts on F'(G) by p([w])
as a biholomorphic fiber-preserving automorphism, and the action of mod(G) on F(G) is
always effective. The normal subgroup G of 3(G) can be considered as a normal subgroup
of mod(G). Since the action x([g]) on T(G) is trivial for each g € G, we define naturally
the modular group Mod(G) = mod(G)/G for G. The element of Mod(G) induced by
w € (G) will be denoted by (w). Then each element (w) of Mod(G) acts on T(G) by
X({(w)) as a biholomorphic automorphism. However, the action of Mod(G) on T'(G) is
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not always effective. Mod(G) acts on T(G) non-effectively if and only if G is exceptional
(see [EGL], [Epl], [Mat]).

2.3. Teichmiiller spaces and modular groups for Riemann surfaces.

Let X be a Riemann surface with possibly empty ideal boundary dX. We denote
by Q(X) the set of all quasiconformal mappings defined on X. Two mappings f and
g from X to Y are said to be homotopic (rel 9X) if there exists a homotopy f; : (X U
0X) x[0,1] = Y UJY between f and g such that f; = f = g at each point of 90X for all
t € [0,1]. The homotopy class of a mapping f is denoted by (f). Now let (X)) denote
the set of all quasiconformal self-mappings of X, and ¥ (X) the set of all quasiconformal
self-mappings of X homotopic to the identity rel 9X. Then, Mod(X) = X(X)/Xo(X),
which is the group of homotopy classes of all quasiconformal self-mappings of X, is known
as the modular group of X.

Two mappings f and g are said to be equivalent if there exists a conformal mapping
c from f(X) onto g(X) such that g~ oco f € 3g(X). The Teichmiiller space T'(X) of X
is the set of all equivalence classes [f] of all mappings f on X. The Teichmiiller distance
between two points [f1] and [f2] in T(X) is defined as

(AL D) = {Glog KA1 757 o 7 o f € 5a(3) (2.7

where K|[f] is the maximal dilatation of a mapping f from f1(X) onto fo(X).

Now let X be a Riemann surface of hyperbolic type, namely, there exists a torsion
free Fuchsian group G such that H/G = X. Let 7 : H — X denote the natural
projection. It is known that f € ¥(X) if and only if there exists some w € ¥¢(G) such
that mow = fom, which implies that Mod(X) is isomorphic to Mod(G). It is also known
that T'(X) has a natural complex manifold structure so that T'(X) is biholomorphically
and isometrically equivalent to T(G).

A homotopy class (g) of a mapping g : X — Y induces a biholomorphic isomorphism
x({g)) sending [f] to [f o g~!] from T(X) onto T(Y). In particular, an element (g) of
the modular group Mod(X) induces a biholomorphic automorphism x({g)) of T(X). An
important fact is that except in some special cases the converse is also true. This is a
combination of results in a series of papers (see [EG], [EK1], [EMa], [La], [Mar], [Ro]).
We state it in the setting of Fuchsian groups. Recall that the classical Riemann moduli
space is R(X) = T(X)/ Mod(X).

THEOREM A. Let G and G’ be two Fuchsian groups, each of which is torsion free
and not exceptional, and F : T(G) — T(G') be a biholomorphic isomorphism. Then
there exists some w € Q(Q) such that G' = wGw™! and F = x([w]). Particularly, each
biholomorphic automorphism of T(G) is induced by an element of the modular group.

3. Subgroups of modular groups.

In this section, we will introduce some classes of subgroups of modular groups which
act freely and discontinuously on corresponding Teichmiiller spaces. The corresponding
quotient manifolds will be discussed and be generalized to the setting of Fuchsian groups
in the following sections.
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We first recall some basic definitions and facts on the action of a group on some
metric space. Suppose H acts on a metric space S as a group of isometric homeomor-
phisms. H is said to act freely on S if for any p € S, H, = {h € H : h(p) = p} consists
only of the identity element. H is said to act discontinuously on S if for any p € S,
there exists some 7 > 0 such that the set {h € H : h(B(p,r)) N B(p,r) # &} consists of
only finitely many elements, where B(p,r) is the open ball centered at p with radius 7.
Now a classical result of Cartan [Ca] says that if H acts discontinuously on a complex
manifold S as a group of biholomorphic automorphisms, then S/H is a normal complex
space; furthermore, if H also acts freely on S, then S/H is a complex manifold with S
as a normal covering space.

Now let X be a hyperbolic Riemann surface, and x1, z2, ..., 2, be n (n > 1) distinct
pointson X. Set X,, = X—{z; : 1 <i < n}. Weintroduce three classes of quasiconformal
mappings of X, onto itself:

31(X,,) is the set of restrictions to X, of all quasiconformal mappings f of X which
are homotopic (rel 9X) to the identity map by a homotopy f; : (XUIX)x[0,1] — XUOX
such that fi(z;) = z; for all t € [0,1] and 1 < i < n;

Y2(X,,) is the set of restrictions to X, of all quasiconformal mappings f of X which
are homotopic (rel 9X) to the identity map such that f(z;) = z; for all 1 <i < n;

¥3(X,) is the set of restrictions to X, of all quasiconformal mappings f of X
which are homotopic (rel 0X) to the identity map such that f keep the set of points
{z; 1 <i<n} fixed.

Clearly, ¥o(X,,) C X1(X,) C Xo(X,) C E3(X,) C X(X,). For j = 1,2,3, set
Mod;(X,) = 3;(X,)/20(X,,), then Mod; (X,,) C Modz(X,,) C Mod3(X,,) C Mod(X,,).
Recall that %1 (X,,) has been introduced and investigated by Kra [Kr1] and Nag [Na3]
when X is of finite type. Note also that when n = 1, a well known result of Epstein
[Ep2] implies that ¥1(X;) = Xo(X1) and so Mod;(X7) is the trivial group, while it
trivially holds that ¥5(X7) = ¥3(X1) and so Moda(X7) = Mods(X7). We will show that
each subgroup Mod;(X,,) of Mod(X,,) acts freely and discontinuously on the Teichmiiller
space T'(X,,).

LEMMA 3.1.  Each group Mod;(X,) (j =1,2,3) acts freely on T'(X,,).

ProoF. It is sufficient to show that if x((¢))([f]) = [f o g~ '] = [f] for some
(g9) € Mod3(X,,) and [f] € T(X,,), then (g) = id. In fact, from [fog~!] = [f] we conclude
that there exists some conformal map ¢ from f(X,,) onto itself such that f~tocofog=! €
Yo(X5). Since g € ¥3(X,,), g keeps the set of points {x; : 1 < i < n} fixed. Thus ¢ keeps
the set of points {f(x;) : 1 < i < n} fixed and can be extended to a conformal mapping
of f(X) onto itself, and f~'oco fog™! € Xy(X). Since g € X3(X,,), so g € Bo(X), we
obtain that f~!'oco f € ¥p(X) and consequently that ¢ € Xo(f(X)), which implies that
¢ =id. Comnsequently, g € Xo(X,,), that is, (g) = id. O

In order to prove the discontinuity of the groups Mod;(X,,) on T'(X,,), we will make
use of an isomorphism theorem of Bers [Be3]. Bers isomorphism theorem establishes
biholomorphic isomorphisms between the Bers fiber spaces and Teichmiiller spaces for
torsion free Fuchsian groups. Let G and T' be torsion free Fuchsian groups such that
H/G=X H/T =X, =X —{x1}, 7: H— H/G and my : H — H/T the natural
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projections. Choose z; € H with m(z1) = 21 and a universal covering mapping h :
H — H — 77 Y(z;) with 711 = 7 o h. Then h induces a norm-preserving isomorphism
h*: M(T) — M(G) by

(h*p) o h = ph' /W, e M(T). (3.1)

h* : M(T) — M(G) induces a biholomorphic isomorphism between T'(T') and F(G)
sending ®r(u) to (®g(h*p),w" #(z1)), known as the Bers isomorphism. We denote by
B the Bers isomorphism.

Bers isomorphism establishes a biholomorphic isomorphism between T'(I") and F(G),
meanwhile it conjugates the action of mod G on F(G) to (a subgroup of) Mod(T") on T'(T").
Precisely, we denote by (T, z1) the class of all mappings w € X(T") whose projections to
X, can be completed to quasiconformal self-mappings f of X, or equivalently, w can be
projected to a mapping w, : H—m"1(x1) — H—m"1(x1) such that how = w,oh. We also
denote by ¥(I', z1) the class of all mappings w € X(I', z1) such that f are homotopic
to the identity rel 0X, that is, f € ¥a(X1). Set Modo(T', z1) = (2o(T, 21)/20(I")) /T,
Mod(T', z1) = (B(T, 21)/20(I"))/T. Clearly, Modo(T', z1) ~ Modz(X;). Then there is
an isomorphism I from mod(G) onto Mod(T', z1) such that for any [w] € mod(G), B o
x(I([w])) = p(Jw]) o B, and I(G) = Mody(T', z1). For more details, see [Be3], [Kr3],
[Ri] and [Sh1]. Since T'(X;) is biholomorphically equivalent to T'(T"), Bers isomorphism
implies that F(G) is also biholomorphically equivalent to T'(X;). We denote by B the
isomorphism from T'(X;) to F(G). Then there is an isomorphism I from mod(G) into
Mod(X;) such that for any [w] € mod(G), B o x(I([w])) = p([w]) o B, and I(G) =
MOdQ (Xl)

LEMMA 3.2. Mods(X1) acts freely and discontinuously on the Teichmdller space
T(X1).

ProoOF. It is well known that G acts freely and discontinuously on the Bers fiber
space F(G). Since the Bers isomorphism B conjugates the action of Mody(X;) on the
Teichmiiller space T'(X7) to the action of G on F(G), we conclude that Mods(X7) acts
freely and discontinuously on the Teichmiiller space T'(X7). O

Now we can prove our main result in this section. It will play an important role in
our later discussion.

THEOREM 3.1.  Each group Mod;(Xy,) (j = 1,2,3) acts freely and discontinuously
on the Teichmiiller space T(X,,).

PrROOF. By Lemma 3.1, we only need to show that Mod;(X,,) acts discontinuously
on T(X,). Noting that Mod; (X,,) C Moda(X,,) C Mods(X,,), and Mods(X,,) is a sub-
group of Mods(X,,) with index n!, we need to show that Mods(X,,) acts discontinuously
on T(X,,). By definition, we need to show that for any point p € T(X,,), there exists
some r > 0 such that the set {(f) € Moda2(X,,) : x({f))(B(p,r)) N B(p,r) # &} consists
of only finitely many elements, where B(p,r) is the open ball centered at p with radius
T

Suppose to the contrary that for some point [f] € T(X,,) and for any r > 0 the
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set {{g) € Moda(X,) : x({g)(B([f],r)) N B([f],r) # &} consists of infinitely many
elements. Then there exists some sequence of quasiconformal mappings f; (j > 1)
such that f; € Xo(X), fj(xz;) = x; (1 < i < n), f; represent distinct elements (f;)
in Moda(X,), and 7x, ([f o f;l],[f]) — 0 as j — oo. Now for 1 < i < n, f; also
represent a sequence of elements (f;) in Moda(X;), f represents a point [f] in T'(X;),
and 7, ([f o £; '], [f]) < 7, ([f o £; 11, [f]) — 0 as j — oc,

By Lemma 3.2, Modz(X7) acts freely and discontinuously on the Teichmiiller space
T(X;). With ¢ = 1 we conclude that when j is sufficiently large all mappings f; represent
the same identity element in Moda(X7), that is, f; € £o(X1). Repeating this procedure
n times, we conclude that when j is sufficiently large all mappings f; represent the same
identity element in Mody(X,,). This is a contradiction, however. o

An immediate consequence of Theorem 3.1 is

COROLLARY 3.1.  Each quotient space T(X,)/Mod;(X,) is a complex manifold
with T(X,,) as a universal covering space.

Now we point out that the quotient manifolds T'(X,,)/ Mod;(X,,) (j = 1,2) can be
identified with the Teichmiiller spaces of pointed Riemann surfaces in the sense of Kra
[Kr1]. Recall that for a hyperbolic Riemann surface X and n (n > 1) distinct points
X1,T9y ..., xpon X, Xy = X —{x; : 1 <i<n} Wesay 2 = {X;21,...,2,} is an
n-pointed Riemann surface. Two quasiconformal mappings f and g on X are respectively
said to be Teichmiiller equivalent, weakly Teichmiiller equivalent and most weakly Teich-
miiller equivalent if there exists some conformal mapping ¢ from f(X,) to g(X,) such
that g7 toco f € ¥1(X,), g toco f € 3a(X,) or g7t oco f € ¥3(X,). We denote
respectively by T1(27), T2(2") and T5(.2Z") to be the set of Teichmiiller equivalence classes
[f]1, weakly Teichmiiller equivalence classes [f]2 or most weakly Teichmiiller equivalence
classes [f]3 of quasiconformal mappings f of X. Kra [Kr1] called T} (Z") and T5(Z") the
Teichmiiller space and the weak Teichmiiller space of the n-pointed Riemann surface 2",
respectively. We can define the Teichmiiller distance on T;(%£") in a way similar to (2.7).
Namely, for any two points [f1]; and [f2]; in T;(2Z"), the Teichmiiller distance between
them is

o ([l L) = nt { S0g KA = Fi(Xa) = foXo). S5 o f o i € 55X | (32)

On the other hand, the Kobayashi-Teichmiiller distance 7x, on T(X,,) induces the quo-
tient metric on T'(X,)/ Mod;(Xy), which is precisely its Kobayashi metric. We have the
following obvious result.

PROPOSITION 3.1.  For 1 < j <3, T;(Z) is isometrically isomorphic to the quo-
tient manifold T'(X,)/ Mod;(X,) and thus is a complex manifold.
4. Teichmiiller spaces and modular groups for pointed Fuchsian groups.

In a fundamental paper [Kr1], Kra introduced and discussed some some new kinds of
Teichmiiller spaces for Fuchsian groups of finite type, the Teichmiiller spaces for pointed
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Fuchsian groups. In the rest part of the paper, we will continue to discuss these Teich-
miiller spaces for general Fuchsian groups, not necessarily of finite type. As will be
seen, these Teichmiiller spaces contain as specific examples the complex manifolds we
discussed in section 3, and Theorem 3.1 in the last section will play an important role in
our discussion. For completeness, in this section we recall the basic definitions of these
Teichmiiller spaces and their modular groups following Kra [Krl]. However, we will
define the modular groups in a different manner from Kra’s paper.

We say that 4 = {G; 21, ..., 2,} is an n-pointed Fuchsian group, if G is a Fuchsian
group acting on the upper half plane H and z1, ..., 2z, are n-inequivalent points of H¢,
n>1 Let Hy = {z € Hg : z # g(z),9 € G,1 < i <n}. We say that two n-pointed
Fuchsian groups ¢ = {G;z1,...,2,} and 4’ = {G’; 2], ..., 2]} conjugate if there exist
some MGobius transformation a of H onto itself and some permutation o of {1,...,n}
such that G’ = aGa™?, and for 1 <i < n, 2} = a(giz,(;)) for some g; € G.

Let K be a normal subgroup of G. Two elements p and v in M(G) are said to
be (¢, K)-equivalent if they are equivalent (in M(G)) and for each ¢ = 1,...,n there
exists some k; € K such that w*(z;) = w”(ki(z;)). Of course, the pair (¢, {id}) will
be abbreviated as 4. The set of all (¢, K)-equivalence classes [u]g x of elements p of
M (G) is called the Teichmiiller space of ¢4 modulo K, T'(¥, K). We denote by ®¢ x the
natural projection from M(G) to T(¥, K). Note that if 4 and ¢4’ conjugate with o = id,
then two pairs (¢, K) and (¢, K) give the same Teichmiiller space (¥, K) = T(¥', K).
Clearly, we have the natural projections:

M(G) = T(¥%) —» T(9,K) — T(4,G) — T(G). (4.1)

The Teichmiiller distance between two points [u1]e, x and [pe]g x in T(¥, K) is defined
as

79 ik ([1]e 1, [po)w. k) = inf {oc(v1,v2) : Wily k = [Wile ki =1,2}. (4.2)

Two elements w; and wy in Q(G) are said to be (¢, K)-equivalent if they coincide
on the real line R, and for each i = 1, ..., n there exists some k; € K such that wq(z;) =
wa(ki(2)). The (¢, K)-equivalence class of w will be denoted by [w]y . Let 3¢(¥, K)
denote the set of all quasiconformal self-mappings of H which are (¢, K)-equivalent to
the identity mapping. It is not difficult to see that two elements p and v in M(G) are
(¢4, K )-equivalent if and only if w, and w, are (¥, K)-equivalent. The point ®¢ (1)
will also be denoted by [w,]« x later.

Let w € Q(G) be given. Then w induces an isometric isomorphism w* by (2.4).
For 4 = {G; 21,..., 20}, set wGw™! = {wGw 1 w(z1),...,w(z,)}. It is not difficult to
prove that [w*(wy)]wgw-1 wikw-1 depends only on [w]y x and [w,]¢ k. So w* induces an
isometric isomorphism x([w]g, i) between T'(¥4, K) and T(w%w™  wKw™). x([w]e k)
are called allowable mappings.

Let ¥(¢,K) denote the set of all elements w € %(G) such that wKw™! = K,
w(Hg) = Hy. Mod(¥9,K) = (2(49,K)/30(¥,K))/G is called the modular group of
(¢, K). The element of Mod(¥, K) induced by w will be denoted by (w)« x. For each
w € X(¥, K), the pairs (¢,K) and (w%w ', wKw™!) determine the same Teichmiiller
space, so w* induces a self-mapping x({(w)g k) of the Teichmiiller space T(¥, K).
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Finally, we point out that the (weak) Teichmiiller spaces for pointed Riemann
surfaces are special kinds of Teichmiiller spaces for pointed Fuchsian groups. Let
4 ={G;z1,...,2,} be an n-pointed Fuchsian group with G torsion free. Let 7 : H —
X = H/G be the natural projection. Set x; = m(z;) (1 <i<n), X, =X —{z1,...,2,},
and 2 ={X;z1,...,2,}.

PROPOSITION 4.1. Ti(Z) is isometrically isomorphic to T(4), and To(Z") is
isometrically isomorphic to T(¥,G).

Proposition 4.1 follows immediately from the following lemma.

LEMMA 4.1. Let f € X(X). Then f € X1(X,,) if and only if there exists some
w € Lo(¥) with mow = fom; f € 3a(X,,) if and only if there exists some w € Xo(¥,G)
with mow = fo.

PROOF. Let f € ¥1(X,,). Then there exists some homotopy f; : (XUOX)x[0,1] —
X UOJX between f; = f and fp = id such that fi(x;) = x; forallt € [0,1] and 1 < i < n.
Lifting the homotopy f; to H to obtain a homotopy w; with wy = id and Tow; = from.
It is easy to see that w = w; € 3¢(¥). Conversely, let w € 3¢(¥) with row = fo .
Consider the Ahlfors homotopy w; between w; = w and wy = id (see [Ah]). Then w,
can be projected to a homotopy f; between f; = f and fy = id. For each 1 < i < n,
since wy(z;) = z;, fi(x;) = x;. Thus f € E1(X,,).

The second assertion follows from the facts that f € £o(X) if and only if there exists
some w € Xo(G) such that mow = f o, and that f(z;) = z; if and only if there exists
some g; € G such that w(z;) = gi(2;). O

REMARK 4.1. Propositions 3.1 and 4.1 imply that both T'(¢) and T(¥4,G) are
complex manifolds when G is torsion free. In the following sections, we will show that
T(¥9,K) is always a complex manifold for every Fuchsian group G and every normal
subgroup K.

5. Complex structures on Teichmiiller spaces for pointed Fuchsian
groups: I.

In this section, we will prove the following theorem, which says that for any n-
pointed Fuchsian group ¢ = {G; z1, .. ., 2, }, the Teichmiiller space T'(¥¢) carries a natural
complex structure.

THEOREM 5.1.  For any n-pointed Fuchsian group ¥ = {G; z1,. .., zn}, there exists
a unique complex manifold structure on the Teichmiller space T(¥) so that the natural
projection ®g : M(G) — T(¥) is a holomorphic split submersion.

PROOF. Choose some torsion free Fuchsian group I' such that H/T' = Hy /G. Let
m:H — H/G and m : H — H /T be the natural projections. Then there exists some
holomorphic universal covering mapping h : H — Hg such that m; = mo h. Hence there
exists some homomorphism 6 : I' — G such that

hoy=60(y)oh, ~eT. (5.1)
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LEMMA 5.1. 6:T — G is surjective.

PROOF. Any g € G fixes Hy and so g| Hy can be lifted to a Mobius transformation
~v: H — H, that is, ho~y = g o h. Thus we obtain g = 0(~). O

Using h, we may define the norm-preserving isomorphism h* : M (T") — M(G) by
(h*p) o h = ph' /W, e M(). (5.2)

We will show that h* can project to a mapping from T'(I") onto T(¥).
A direct computation will show

LEMMA 5.2. Let p € M) and 0 € M(G). Then o = h*(n) if and only if
there exists some holomorphic universal covering mapping h : H — wy,(Hg) such that
wg oh =how,.

For € M(T) and ¢ = h*(u), set hy, = w, 0 how, . Lemma 5.2 implies that h, is

a holomorphic universal covering mapping from H to w,(Hg).

LEMMA 5.3.  For any w € 3o(T"), there is a unique map w. € Lo(¥) such that
wxoh=how.

PRrOOF. For any Fuchsian group T', let A(T") denote the limit set of T', and D(T") =
R—A(T). Since w € Xy(I), it can be projected to a quasiconformal mapping w, : Hy —
H via the universal covering h : H — Hg such that w, is homotopy to the identity rel
the ideal boundary 0Hy = D(G). w, can be completed to a mapping by the identity
on H — Hy, which is still denoted by w, : H — H, such that w, o h = h ow and w, is
identity on Hy and D(G). We need to show that w, € Xo(G). It is sufficient to show
that w, 0o g = gow, for all g € G, which will imply that w, is also the identity on A(G).

Since w € Xg(T), woy=~yow for all y € T. So

wyoB(y)oh=w,ohoy=howoy=hoyow=0(y)ohow=~0(y)ow,oh.

Since 0 : ' — G is surjective, we conclude that w, o g = g ow, for all g € G. g

COROLLARY 5.1.  If u and v are equivalent in M(T), then o = h*(u) and 7 = h*(v)
are 4 -equivalent in M(G).

PRrROOF. Since p and v are equivalent in M (T"), there exists some w € ¥y(I") such
that w, = w, ow. By Lemma 5.3, there exists some w, € ¥¢(¥) such that w,oh = how.
1is a holomorphic universal

Since o = h*(p1), Lemma 5.2 implies that h, = w, o h ow,

covering mapping from H to wy(Hg). Since
hyow, =hyow,ow=w,ohow=ws,ow,oh,

we conclude by Lemma 5.2 that w, = w, o ws, s0 0 = hy(u) and 7 = h,(v) are ¥-
equivalent in M (G). We also obtain
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h, =w; oho(w,) ' =w,ow,ohow o (w,) ' =w, 0ho(w,) " =h,. O

Corollary 5.1 implies that h* : M(T') — M(G) can project to a mapping from T'(T")
to T(%), which is denoted by P. Then ®y o h* = P o ®r, so P is continuous and
surjective. Next we will show that P is a universal covering mapping. To do so, we
denote by Xo(I',¥) the set of all quasiconformal mappings w in X(I") such that there
exists some quasiconformal mapping w, € ¥¢(¥) with how = w,oh. Lemma 5.3 implies
that Xo(T") C Xo(T',¥). Set Modo(T',¥4) = (Xo(I',¥)/%0(T))/T. Then we have

LEMMA 5.4. P(®r(p1)) = P(®r(uz2)) if and only if there exists some (w) €
Modo(T',94) such that x({w))(®r(p1)) = Pr(pz).

PROOF. Suppose P(®r(u1)) = P(Pr(p2)), then @y o h*(u1) = Py 0 h*(u1). So
there exists some w, € £¢(¥) such that wy, = wy, © ws, where o; = h*(;) (i = 1,2).
w, can be lifted to a mapping w € ¥o(I',¥) such that h o w = w, o h. Thus, ws, o h =
We, O Wy © b = Wy, © h o w, which implies that h,, o w,, = hy, ow,, ocw. Comparing
the Beltrami coefficients of both sides of the equation, we conclude that w,, = w*(w,,),

that is, x((w))(®r(uz2)) = Pr(u1).
Reversing the procedure above we can obtain the proof of the other direction. [

Now let P; denote the natural projection from T'(T") to T'(I')/ Mody(T',¥). Lemma
5.4 implies that P : T(I') — T(¥) can project to a mapping from 7'(T")/ Mody(T',¥) to
T(¥). We denote this map by P, then P = P 0 P;.

LEMMA 5.5. Pp:T(I')/Modo(T',¥4) — T(¥Y) is a homeomorphism.

PrOOF. Lemma 5.4 implies that P; is injective. Since P, o P, = P is continuous
and surjective, P, is continuous and surjective. Since PQ_1 oby = PLodro h*1is
continuous, Py ! is continuous. So Py : T(I")/ Modo(T',¥) — T(%) is a homeomorphism.

O

Now we consider the action of the subgroup Mody(T',¥) of Mod(T") on the Teich-
miiller space T(T'). Set X¢ = Hg/G, X9 = Hy/G = H/T, z; = 7(z;) (1 < i < n).
Then Xg = X¢g — {z1,...,z,}, or under the notations in section 3, X¢ = (Xg)n.
Let w € Xo(I',¥4). Then there exists some quasiconformal mapping w, € ¥¢(¥) with
how = w, o h. Now w, can be restricted to a self-mapping of Hy and then projects
to a quasiconformal mapping f of X¢ onto itself under the covering 7 : Hy — Xg.
It is easy to see that f is also the projection of w under the covering mapping mp :
H — H/T. w, € 9(¥¢) implies that w.(z;) = z;, which implies that f(z;) = =;.
wx € Yo(¥) also implies that w, € ¥¢(G). Now an important result in Teichmiil-
ler theory, known as Bers-Greenberg Theorem (see [BG], [EK1], [EMc], [Ga2], [HS],
[Kr1], [Ma]), implies that f € ¥g(X¢). Consequently, under the notations in section
3, f € X2((X@)n). Now, since I is torsion free, T'(T") is biholomorphically equivalent to
T(Xg) = T((Xg)n), and Mod(T") is isomorphic to Mod(Xg) = Mod((X¢g)n). We have
already obtained that Mody(T",¥) is isomorphic to some subgroup of Mods((X¢),). By
Theorem 3.1, Moda((X¢a)n) acts freely and discontinuously on T'((X¢),). We conclude
that Modo(T',¥) acts freely and discontinuously on T'(I'). We state this as a lemma.
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LEMMA 5.6. Modo(T',9) acts freely and discontinuously on T(T).
An immediate consequence of Lemma 5.6 is

COROLLARY 5.2. T(T)/Modo(T',¥) is a complex manifold, and the natural pro-
jection Py : T(T') — T(T')/ Modo (T, ¥) is a holomorphic universal covering.

COROLLARY 5.3.  T(¥Y) has a complex structure such that Py : T(T")/ Modo(T',¥4) —
T(Y) is a biholomorphic homeomorphism, and P : T(I') — T(¥) is a holomorphic
universal covering with covering group x(Modo(T',¥)).

PROOF. We can push the complex structure on T'(T")/ Mody(T', %) by the homeo-
morphism P» to obtain a complex structure on T(¢). The rest of the Corollary follows
immediately. O

LEMMA 5.7.  Under the complex structure of T(¥) obtained in Corollary 5.3, ®g :
M(G) — T(¥) is a holomorphic split submersion.

PrOOF.  Under the complex structure of 7'(¥¢) in Corollary 5.3, P : T(T") — T(¥) is
a holomorphic universal covering. Since h* : M (T") — M (G) is an isometric isomorphism,
and ®r : M(T') — T(T) is a holomorphic split submersion, ®¢ = P o &p o h* ! is also a
holomorphic split submersion. O

Finally, Lemma 5.7 says that there exists some complex manifold structure on the
Teichmiiller space T'(¥¢) so that the natural projection &y : M(G) — T(¥) is a holo-
morphic split submersion. The uniqueness of such a complex structure is obvious. This
completes the proof of Theorem 5.1. O

In order to give a good description of T'(¢), we introduce some fiber spaces. First
note that the natural projections ®y : M(G) — T(¥4) and ¢ : M(G) — T(G) induce
a natural projection ® : T(¥) — T(G). Since ® o Py = P is a holomorphic split
submersion, ® : T(¢) — T(G) is also a holomorphic split submersion. We state this as

PROPOSITION 5.1. & : T(¥) — T(G) is a holomorphic split submersion so that
T(9) is a holomorphic fiber space over T(G).

Now we introduce some fiber space over T'(G) which can be identified with T(9).
Let

F(G) = {(6(1),0) € T(G) x C" : i€ M(G).C = (G- Go) € (wH(H))"}, (5.3)
and

FHG) = {(®a(p),¢) € F*(G): ¢ = (C1,- .-, ¢n) € (w'(Hg))", ¢ # 9"(¢),i # 5 }-
(5.4)

Clearly, both F"(G) and FJ(G) are complex manifolds. Let ¥ : F"(G) — T(G),
U(Pe(p), () = Pe(p), be the natural projection. It is clear that ¥ is a holomorphic
split submersion.
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For an n-pointed Fuchsian group ¥ = {G;z1,...,2,} and for any p € M(G), set
R(p) = (Pg(u), (w*(z1),...,w"(2,))). Then R is a holomorphic mapping from M (G) to
F3(G). It is not difficult to verify that R is a surjective mapping. Since &g : M(G) —
T(G) is a holomorphic split submersion, it is easy to see that R is also a holomorphic
split submersion.

By definition of T(¢) and R we conclude that ®g (1) = Py (uz2) if and only if
R(p1) = R(pz2). So R can project to an isomorphism from T(¢) onto F§'(G), which is
denoted by @. Then R = @ o ®. Thus @ is an injective holomorphic split submersion
and consequently a biholomorphic isomorphism. We have proved

THEOREM 5.2. Q :T(¥9) — F}(G), Q(Py(n) = (Pa(p), (wH(z1),...,w"*(zn))),
is a biholomorphic isomorphism.

REMARK 5.1.  Without knowing the existence of a complex structure on T(¥), we
conclude from the above discussion that there exists a unique complex manifold structure
on the Teichmiiller space T'(¢) so that the natural projection & : M(G) — T(¥) is a
holomorphic split submersion. Actually, we have proved that there exists an isomorphism
Q:T(9) — F}(G) such that R = Q o ®g. Since R is a holomorphic split submersion, @
is continuous with local continuous sections, which implies that @) is a homeomorphism.
We can pull back the complex structure on Fj'(G) by @ to obtain a complex structure
on T(%4). Then @ becomes a biholomorphic isomorphism, and ®¢ = Q~! o R becomes a
holomorphic split submersion. This gives an alternative approach of the proof of Theorem
5.1.

An immediate consequence of Corollary 5.3 and Theorem 5.2 is

COROLLARY 5.4. Qo P : T(I') — FJ(G) is a universal covering mapping with
covering group x(Mody(T',9)).

REMARK 5.2.  Corollaries 5.3 and 5.4 imply that P : T(I') — T(¥) and Qo P :
T(T') — F§(G) are biholomorphic isomorphisms if and only if T(¥) = Fj(G) is simply
connected, which happens precisely when ¢ is a 1-pointed Fuchsian group (Gj;z;) with
G torsion free. When ¢ is actually a 1-pointed Fuchsian group (G;z;) with G torsion
free, F§(G) = F'(G) is precisely the Bers fiber space F(G), and the biholomorphic
isomorphism @ o P is precisely the Bers isomorphism B : T(I") — F(G), which we have
introduced in section 3. In this case, Mody(I',¥) is the trivial group, which is precisely
Epstein’s result ([Ep2]) we stated before Lemma 3.1.

6. Complex structures on Teichmiiller spaces for pointed Fuchsian
groups: II.

In the last section, we showed that for any pointed Fuchsian group ¢ the Teichmiiller
space T(¥) is a complex manifold. Now we show that for any pointed Fuchsian group ¢
and any normal subgroup K of G the Teichmiiller space T(¥¢, K) is a complex manifold.

We begin with the isomorphism @ : T(¥9) — FJ(G). Recall that each (w)g €
Mod(¥) acts on T(¥) by the biholomorphic isomorphism

X(W)g)([wpler) = [ (w)] gy (6.1)
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By the isomorphism @ we consider the action of Mod(¥) on F§'(G) by defining
p((w)g) = Q o x((w)g) 0 Q. (6.2)

First we determine the precise expression of p((w)e). We let w™(2;) = gi(2o-1(:)).
where o is a permutation of {1,2,...,n}, g; € G for 1 < ¢ < n. This follows from
the condition w(Hy) = Hg. Now for any point (Pg(u),(), ¢ = (¢1,82,-.-,Cn), in
FU(G), ¢ = w'(z). Then, with w, = w*(w,) = aow, ow !, p((w)g)(Pa(p),() =
(Pa(v), (WY (z1),w"(22),...,w"(2,))). Now

w” (z;) = w” ow, t owy(z) =w’ ow,  oaow, 0w (z)
=w”ow, oaowy,ogi(z,-13:)
—w¥ 0w oaow, o (W) owt 0g,(5 1)
=w” ow, oaow,o(w) togho wh(z5-1(33)
—w¥owy oo w, o (W) o gl (G
H

Cafl(i))'

W owo g0 (wh)
Consequently, when w=!(z;) = 9i(20-1(3)),

p((w)g) (Pa(p), (Gii<icn) = (Pa(v), (W ow o g;o (W) H((o-1(1)))1<i<n).  (6.3)

We consider several special cases. Firstly, when w(z;) = z; for all i, we have

p((w)e)(Pc (1), ¢) = (P (v), w” owo (w")7H(()). (6.4)

Secondly, when w € X¢(G), then w, = w, ow™!, w” = w" ow™!, so with w™(z;) =
gi(zo—l(i))a

p((w)g)(@c (), (Gi)i<i<n) = (Pa(h), (9F (Co-1()))1<i<n)- (6.5)

Especially, if w satisfies the further condition that w™1(z;) = gi(z;) for some g; € G,
1 <1 < n, then

p((w)g)(@c(p), (Ghi<i<n) = (Pa(h), (gf (C)1<i<n)- (6.6)

Now G™ may be considered as a subgroup of Mod(¥). Actually, for any element
g=1(91,92,--,9n) € G", choose w € ¥y(G) such that w(z;) = g; *(2;), or equivalently,
w™(2) = gi(zi), 1 <i < n. Then the mapping ¢ — (w)g determines a well-defined
and injective homomorphism from G™ into Mod(¥¢). The action of G™ on F'(G) is
determined by (6.6). More generally, let P, denote the permutation group on n letters,
and G(n) the twisted product of P, and G", where for o, 7 € P, and g = (¢1,92,---,9n),
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¥ = (71,72, --+7n) in G™ we define

(05915922 9n) - (T571,725 -+ ) = (07391 0 Vom1(1) - -+ Gn © Vo=1(n))-

G™ may be consider as a subgroup of G(n) via the inclusion sending g € G™ to (1,g)
in G(n). Now G(n) may also be considered as a subgroup of Mod(¥). In fact, for
any (0;91,92,---,9n) € G(n), choose w € Yo(G) such that w(z;) = g;(li)(zc,(i)), or
equivalently, w™1(z;) = 9i(26-13)), 1 < i < n. Then the mapping (0,9) — (w)w
determines a well-defined and injective homomorphism from G(n) into Mod(¥). The
action of G(n) on FJ(G) is determined by (6.5).

An immediate consequence of the expression (6.3) is the following result.

PROPOSITION 6.1. Mod(¥) acts effectively on T(¥4) and F§(G).

PROOF. We only need to show that Mod(¥) acts effectively on FJ'(G). Let w €
3(9) satisfy p((w)e) = id. Then, with w™'(2;) = gi(25-1(:)),

(P (v), (w” owo g;o (W) (Co1()))1<icn) = (Pa(k), (&i)1<i<n)- (6.7)

In particular, for any u € M(G), [w,] = [0 0w, o w™!'] = [w,]. Letting u = 0 we get
[ap ow™!] = [id]. Thus [w,] = [@ow, oay'] = [w,]. On the other hand, (6.7) also
implies that w” ow o g; o (W*)~((y-1(s)) = ¢ for 1 < i < n. Letting 1 = 0 again we get
that v = 0 and so w o g;({,-1(;)) = G, 1 <i<n. So o =id, wog; = id. Consequently,
w =y =g; " is the same element in G, that is, (w)e = id. O

Next we discuss the discontinuity on T(¥) and F§'(G) of G(n) as a subgroup of
Mod(%¢). To do so, set

(Hg)o = {C=(C1, ¢, Gu) € (Ha)" : G #9(¢) forallgeGi#j}.  (6.8)

G(n) acts on (H)o as a group of biholomorphic automorphisms by

(0-5917927 ) 79n)(§17 CQ? ceey Cn) = (gl (CJ’1(1)>792(C0'*1(2))7 s >gn(Co*1(n)))- (69)

Clearly, the action is free and discontinuous.

Since ¢ : M (G) — T(G) is a holomorphic split submersion, for any point ®¢(u) €
T(G) there is a holomorphic map ¢ from a neighborhood U of ®¢(u) to M (G) such that
®; 0 ¢ =id. Consider the mapping

P(u,¢) = (w,w?™ (), (u,¢) €U x (H&)o (6.10)

from U x (HZ)o to ¥~1(U). Recall ¥ : F(G) — T(G) is the natural projection.
Clearly, ¢ : U x (HZ%)o — ¥~1(U) is a bijective mapping. From the well known results
of Ahlfors-Bers [AB], ¢ is continuous and is holomorphic for u for fixed ¢. It is also a
homeomorphism for ¢ for fixed u. Consequently, 1 is a homeomorphism.



316 Y. SHEN

Now we consider the action of G(n) on (Hp)o and the one on F§'(G) as a subgroup
of Mod(¥). Let (0,9) = (6;91,92,---,9n) € G(n) correspond to (w)y € Mod(¥¢). For
any (u,) € U x (HZ)o, from (6.5), (6.9) and (6.10) we get

p((w)g) (W (1, ) = p({w)g) (w0, w? D (C)) = (u, g7 (WP (1))

(1w (gi (Co-1(0)))) = (1w ™ ((0,9)(C)) = ¥(u, (0, 9)(C))-
(6.11)

Since G(n) acts freely and discontinuously on (HE)o, we conclude from (6.11) that G(n)
also acts freely and discontinuously on F{'(G). We state it as

PROPOSITION 6.2.  G(n) acts freely and discontinuously on T(9) and Fj(G).

REMARK 6.1. Proposition 6.2 implies that T(¢)/G(n) is a complex manifold.
Let 4 = {G;z1,...,2,} be an n-pointed Fuchsian group with G torsion free. Let
7 : H — X = H/G be the natural projection. Set x; = m(z) (1 < i < n),
X, =X —{z1,...,2,}, and 2 = {X;z1,...,2,}. Then, under the notations in sec-
tion 3, T'(¢)/G(n) is biholomorphically isomorphic to T3(Z2") ~ T(X,,)/ Mods(X,,), a
supplement to Propositions 3.1 and 4.1.

Now we can prove

THEOREM 6.1.  For any pointed Fuchsian group 4 = {G;z1,22,...,2,} and any
normal subgroup K of G, the Teichmiiller space T(9, K) has a unique complex manifold
structure such that the natural projection ®g i : M(G) — T(¥,K) is a holomorphic
split submersion. Furthermore, under this natural complex structure, T(¥, K) is biholo-
morphically isomorphic to T(4)/K™.

PROOF. As a subgroup of G™, K" is also a subgroup of G(n). Proposition 6.2
implies that K™ acts freely and discontinuously on T'(¢) so that T(¢)/K™ is a complex
manifold, and T(¢) — T(¢4)/K™ is a holomorphic covering. We denote this covering by
(1)1.

By definition, it is obvious that there is a bijective map from T(¥¢, K) to T(¥4)/K™,
say @2, such that &1 0 gy = @3 0 Dy k. Since Py : M(G) — T(¥) is a holomorphic
split submersion, ®5 is a homeomorphism. Now we can pull back the complex structure
on T(¢)/K™ by ®5 to obtain a complex structure on T(¥,K). Then ®; becomes a
biholomorphic isomorphism, and ®¢ x becomes a holomorphic split submersion. O

REMARK 6.2. We also have T(¥,K) ~ F}'(G)/K"™. When ¢ = {G;z} is a 1-
pointed Fuchsian group, T(¥) ~ F3(G) is the punctured fiber space Fy(G) of G, and
T(9,G) ~ F}(G)/G is the punctured Teichmiiller curve Fy(G)/G = Vo(G). If G is
also torsion free, T(¥) ~ Fy(G) is the Bers fiber space F(G), and T(¥4,G) ~ Vu(G) is
the Teichmiiller curve V(G). These spaces are very important in the moduli theory of
Riemann surfaces and in the theory of holomorphic families of Riemann surfaces. They
have been much investigated in the literature (see [Be3], [CS], [EF], [EK1], [EK2],
[Gr], [HS], [Kr2], [Kr3], [Na2], [Ri], [Sh1], [Sh2], [Zh]).
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REMARK 6.3. As usual, let T; denote the Teichmiiller space of marked closed
Riemann surfaces of genus g, g > 2, and T, , the Teichmiiller space of marked closed
Riemann surfaces of genus g with n points removed. In a fundamental paper [Bel], Bers
introduced two other spaces of Riemann surfaces, one is Tén), the space of marked closed
Riemann surfaces of genus g on each of which one has distinguished an ordered n-tuple of
points, another is Tg(n), the set of points of Té") corresponding to the choice of n distinct
points on a surface. He also proved, among other things, T}, is the universal covering
of Tg(n) We have generalized these spaces and results in our discussion. Actually, let
4 ={G;z1,...,2,} be an n-pointed Fuchsian group with G torsion free such that H/G
is a closed Riemann surface of genus g > 2. Choose I' as before such that H/T' =
Hy/G. It is known that Ty = T(G), Ty, = T(I'). We also have Tg(n) = F"(G)/G™,
Tg(") ~ F(G)/G™ =2 T(¥4,G). Note that we have proved in the last section that P :
T(T) — T(¥) is a universal covering mapping. From the proof of Theorem 6.1 we find
that ®;' o ®; 0 P: T(T') — T(¥,G) is a universal covering mapping.

7. Modular groups for pointed Fuchsian groups.

We have obtained that T'(T") is a universal covering of T'(¢), while T'(¢) is a holomor-
phic fiber space over T(G). In this section, we will discuss the modular group Mod(¥)
and show how it is related to the modular groups Mod(I") and Mod(G).

To show how Mod(¥) is related to Mod(T"), we consider the set 3(T",%) consisting
of all mappings w € 3(I'") for which there exist w, € (%) such that how = w, o h.
Recall P : T(T") — T(¥) is the universal covering mapping.

LEMMA 7.1.  Pox({w)) = x({(wi)g) o P.

ProoOF. For any p € M(T), let 0 = h*(n), v € M(T") be such that w, = w*(w,),

and 7 € M(G) be such that w, = w}(w,). Then h, o w, = wy o h, w, = awow, ow™!,

and w,; = S ow, ow, !, where a and 3 are Mobius transformations of H onto itself. So
w,oh=fBow,ow, ' oh=Fow,ohow ' =poh,ocw,ocw ' =Foh,0oatow,.
Lemma 5.2 implies that 7 = h*(v). Then,

Pox((w))(@r(p)) = Po®r(v) = Oy o h(v) = Py(r)
= x(wa)e) (P (0)) = x((w)e) (Peg (1" (1))
= x((ws)g) o P(@r(p))-

Consequently, P o x({(w)) = x({w.)g) o P. O

Now the mapping w — w, related by how = w,oh determines a surjective homomor-
phism from X(T",4) to X(¥). If (w) = (id), Lemma 7.1 implies that x ((w.)«) = id. Since
Mod(%) acts effectively on T(¥), (w.)g = (id)¢. Set Mod(I',¥4) = (X(I',9) /Zo(I")) /T.
Then, we have a well-defined surjective homomorphism from Mod(I',¥) to Mod(¥),
which we denote by ©1, such that Pox({(w)) = x(01({w))) o P for any (w) € Mod(I",¥).
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Clearly, the kernel of the homomorphism ©; is precisely the subgroup Mody (I, %), which
plays an important role in section 5. We state these as the following theorem.

THEOREM 7.1.  There is a surjective homomorphism ©1 : Mod(I',¥9) — Mod(¥)
with kernel Modo(I',¥) such that for any (w) € Mod(T",¥), Pox({w)) = x(01({w)))o P.

We also have the following counterpart of Theorem 7.1.

THEOREM 7.2.  For the surjective homomorphism ©1 : Mod(I',¥4) — Mod(¥) and
for any (w) € Mod(T,9), Qo P o x({w)) = p(O1({))) 0 Qo P.

REMARK 7.1. ©; : Mod(T',¥4) — Mod(¥) is injective if and only if Mody(T',¥) is
the trivial group, which happens precisely when ¢ is a 1-pointed Fuchsian group (G; z1)
with G torsion free. When ¢ is actually a 1-pointed Fuchsian group (Gj z1) with G torsion
free, Fj (G) = F1(G) = F(G), Qo P = B : T(I') — F(G) is the Bers isomorphism. In
this case, Mod(T',¥) is the group Mod(T', z;) which we introduced in section 3. Now
there is an isomorphism I’ : mod(G) — Mod(%) such that ©7" o I’ is the isomorphism
I : mod(G) — Mod(T', z1), which we also introduced in section 3.

We proceed to discuss the relation between Mod(¥) and Mod(G). There is a natural
mapping from Mod(¥) to Mod(G) sending (w) to (w). The mapping is surjective, since
for any w € ¥(G) there is some @ € ¥(G) such that [@] = [w], and w(z;) = 2, 1 < i < n.
Consequently, we have a surjective homeomorphism 05 : Mod(¥) — Mod(G). Clearly,
the kernel of O3 is precisely G(n) as a subgroup of Mod(¥).

We consider the natural projection ® : T(¥¢) — T(G). For any &y (u) € T(¥), with
w, = w*(wy,),

P o x((w)g)(Py (n)) = @ 0 Py (v) = Pa(v) = x((w)) 0 Pa(p) = x((w)) 0 P o Dy ().

Thus, ® o x({w)w) = x({w)) o . We have proved

THEOREM 7.3.  There is a surjective homomorphism Oz : Mod(¥) — Mod(G) with
kernel G(n) such that for any (w)g € Mod(¥), ® o x({w)g) = x(O2((w)g)) o .

Similarly, we can prove the following result. We omit the details here.

THEOREM 7.4.  There exists a surjective homomorphism O3 : (X(¥4,K)/%0(9))/G
— Mod(¥, K) with kernel K™ such that 5" o®;0x((w)y) = x(03({w)g)) o ®; Lo ®; for
any (W)y € (X(Y,K)/20(9))/G. In particular, when K = G, O3 is a homomorphism
from Mod(¥4) to Mod(¥4, G) with kernel G™.

8. Kobayashi metric on T(¥4, K).

In this last section, we point out that the Kobayashi metric and the Teichmiiller
metric coincide on the Teichmiiller space T(¥¢, K), as it should. We give a complete
proof for completeness.

THEOREM 8.1. The Kobayashi metric and the Teichmiller metric coincide on the
Teichmiiller space T'(¥, K).
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PROOF. Let kpq), kr(e) and kg x denote the Kobayashi distance on M(G),
T(G) and T(¥, K), respectively. Then kyq) = 0g, kr(g) = 7a. Since &y x : M(G) —
T(¥4, K) is holomorphic, for any o, 7 € M(G) we have

kg k([0lg.x, [Tle k) < kye(o,7) = 0g(o,7),
which implies

kg i ([0l9,k, 7)o, i) < nf{oc(o’,7")  [0'lgx = [o]ox, [T']9.x = [T)9.x }

=19 k([0ly.K, [T]9.K)-

On the other hand, since ® = &, o®, 0 P : T(T') — T(¥, K) is a universal covering
map, and ® o &r = Py x o h*, we obtain

ko (0} s (7l 1) = inf Loy ([u. 7)) = $((]) = ol xe0 B()) = 7)o}
— inf {7r((ul, ) : [0l = (o), WVl = [P}
= inf { inf{or (], [/]) : (0] = [0, 1) = [} < sl = ol s (V)i = [l i)
> inf {or (W], W) : [0* Wi = lolgser 07V )a i = [Tl xc)
— inf {oa ("), ) : [0 1) i = [ohaies [0V g = [Pl i)

=719,k ([0]9 .k, [T]9 k)

Consequently, kg i ([0]9.k,[T)9. k) = 79k ([0l9 Kk, [T]9 K)- O
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