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Abstract. We give the recursion formula of the Harish-Chandra C-function with

respect to the highest weight of the representations of K. Using this formula, we get the

explicit expressions of the Harish-Chandra C-functions for Spinðn; 1Þ and SUðn; 1Þ. As

an application, by using these expressions, we get the realizations of discrete series

representations of SUðn; 1Þ as subquotients of nonunitary principal series representations.

We shall also get the decompositions of holomorphic and antiholomorphic discrete series

when restricted to Uðnÿ 1; 1Þ. By using the structures of K-spectra of discrete series

representations, we can concretely construct the invariant subspaces of the representation

spaces of holomorphic and antiholomorphic discrete series.

1. Introduction.

The Harish-Chandra C-function plays a basic role in studying harmonic analysis

on semisimple Lie groups, because it closely relates to the Plancherel measure and

the reducibility of the principal series representations. Moreover, the location of the

singularities of the Harish-Chandra C-function is crucial for the proof of Paley-Wiener

type theorems or various Schwartz type theorems. After a time, many peoples studied

the Harish-Chandra C-function. However, even now, the explicit expressions of the

Harish-Chandra C-functions are not known except for a few semisimple Lie groups and

special cases, such as class one case or one dimensional K-type case.

The purpose of this paper is to give the explicit formulae of the Harish-Chandra

C-functions for Spinðn; 1Þ and SUðn; 1Þ. Here in order to describe the contents of this

paper, we shall use some notation explained in §2. By the product formula for the

Harish-Chandra C-function (cf. [4]), the problem of computing the Harish-Chandra C-

functions of semisimple Lie groups of general rank is reduced to the real rank one case.

For this reason, it is crucial to compute the Harish-Chandra C-function for Spinðn; 1Þ

and SUðn; 1Þ. For t A K̂K , the Harish-Chandra C-function is given by

CtðnÞ ¼

ð
N

eÿðnþrÞðHðnÞÞ
tðkðnÞÞÿ1

dn; ðn A a
�
c Þ:ð1:1Þ

The reason for restricting our attention to the cases Spinðn; 1Þ and SUðn; 1Þ is that no

multiple irreducible unitary representations of M occur in any irreducible unitary

representation of K. In these cases, there exists a meromorphic function Ctðs : nÞ such
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that

TCtðnÞ ¼ Ctðs : nÞT ; ðT A HomMðVt;HsÞÞ:ð1:2Þ

We obtain in this paper the explicit expressions of Ctðs : nÞ for Spinðn; 1Þ and SUðn; 1Þ.

These expressions give us the precise informations on the zeros and the poles of the

Harish-Chandra C-functions CtðnÞ. On the other hand, Cohn [1] showed that for any

semisimple Lie group G, there exist pi; j; qi; j A C ð1U iU r; 1U jU jiÞ and m1; . . . ; mr A

a
� such that

detCtðnÞ ¼
Y

r

i¼1

Y

ji

j¼1

G
ÿhn; aii

2hmi; aii
þ qi; j

� �

G
ÿhn; aii

2hmi; aii
þ pi; j

� � :ð1:3Þ

In [1], he conjectured that the constants pi; j and qi; j appearing in the above expression

are rational numbers and depend linearly on the highest weight of t. By using the

expression of Ctðs : nÞ together with Vt ¼
P

s A M̂M ½t : s�Hs, we can get the explicit formula

for detCtðnÞ and this shows that Cohn’s conjecture is true for Spinðn; 1Þ and SUðn; 1Þ.

Because the remaining rank one simple Lie groups Spðn; 1Þ and F4ðÿ20Þ have multiple

irreducible unitary representations of M, we shall need more complicated argument for

these groups and thus we will postpone the discussion for these groups to another paper.

This paper consists of two parts. The first part is devoted to the construction of

the recursion formula of the Harish-Chandra C-function. To accomplish this, we shall

use the formula of the infinitesimal operator of the principal series representation for

semisimple Lie groups of real rank one, which was proved by Thieleker [10]. In

this paper we will reform Thieleker’s formula in terms of the M-invariant di¤erential

operators. With the help of this formula, we can obtain the recursion formula of the

standard intertwining operator relative to DK . From the relationship between the

standard intertwining operator and the Harish-Chandra C-function, this formula leads

to the recursion formula of the Harish-Chandra C-function. By using this recursion

formula, for getting the expression of the Harish-Chandra C-function, it su‰ces to

consider the case when the dominant, analytically integral form on tc is minimal in the

sense of the betweenness condition of the Gel’fand-Tsetlin basis.

The second part is devoted to the calculation of integral in the definition of the

Harish-Chandra C-function for the case when the dominant, analytically integral form

on tc is minimal in the sense mentioned above. In order to carry out this integral, we

shall realize the fundamental representations of K in terms of the alternating tensor

products of C
n and compute the matrix element relative to a highest weight vector.

From this, with the help of the integration formulae of the hypergeometric function, we

can get the expression of the Harish-Chandra C-function associated with the above

irreducible unitary representation of K.

In §8 and §9, as an application, we shall show that the information on zeros of the

Harish-Chandra C-function can be used to get the realizations of discrete series rep-

resentations of SUðn; 1Þ as subquotients of nonunitary principal series representations.

We shall also get the decompositions of holomorphic and antiholomorphic discrete

series when restricted to Uðnÿ 1; 1Þ, which was proved in [8]. By using the structures
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of K-spectra of discrete series representations, we can concretely construct the invariant

subspaces of the representation spaces of holomorphic and antiholomorphic discrete

series. In the case of SUð2; 1Þ, these decompositions were obtained by J. Xie [14] and

our proof was inspired by his paper [14].

2. Notation and preliminaries.

The standard symbols Z, R and C shall be used for the integers, the real numbers

and the complex numbers. If x A C , Rv, Iv and x denote its real part, its imaginary

part and its complex conjugate, respectively. If x is a column vector, tx denotes its

transpose and x� ¼ tx. For EJR and p A Z>0, E
p
> denotes the subset of E p comprised

of all x¼ðx1; . . . ; xpÞ such that xj ÿ xjþ1 A ZV0 for 1U jU pÿ 1. If x¼ðx1; . . . ; xpÞ A
E

p and 1U qU p, we write jxj¼
Pp

j¼1 xj, xUq¼ðx1; . . . ; xqÞ A E
q and xVq¼ðxq; . . . ; xpÞ A

E
pÿqþ1. For x A E

pþ1
> and y A E

p
>, x > y means xj ÿ yj A ZV0 and yj ÿ xjþ1 A ZV0 for

1U jU p. For a finite set F, CardF denotes its cardinal number. If V is a vector

space over R, Vc, V
� and V �

c denote its complexification, its real dual and its complex

dual, respectively.

For a Lie group L, L̂L denotes the set of equivalence classes of irreducible unitary

representations of L. As usual, we shall use lower case German letters to denote the

corresponding Lie algebras and upper case German letters to denote their universal

enveloping algebras. As is well-known, the elements of L act on CyðLÞ, as di¤erential

operator, on both sides. Following Harish-Chandra, we shall write f ðD; x;EÞ for the

action of D;E A L on f A CyðLÞ at x A L.

Let G be a semisimple Lie group with finite center and K a maximal compact

subgroup of G and y the corresponding Cartan involution. Throughout this paper we

assume rankG ¼ 1. Let h�; �i denote the Killing form on g and define the inner

product h�; �iy on g by hX ;Yiy ¼ ÿhX ; yYi. Let g ¼ kþ p be the Cartan decom-

position of g corresponding to y. Choose a maximal abelian subspace a of p. Let h be

a y-stable Cartan subalgebra containing a and set hk ¼ hV k. Let t be the Cartan

subalgebra of k containing hk. Fix an ordering on
ffiffiffiffiffiffiffi

ÿ1
p

hk þ a that is compatible with

the one on a and fix the ordering on
ffiffiffiffiffiffiffi

ÿ1
p

t that is compatible with the one on
ffiffiffiffiffiffiffi

ÿ1
p

hk.

Let S denote the set of all nonzero roots of g with respect to a and Sþ the subset of

S consisting of all positive roots. For a A S, ga denotes the corresponding root subspace

of g and ma ¼ dim ga. Let n be the sum of all positive root subspaces. A and N denote

the analytic subgroups of G corresponding to a and n, respectively and N ¼ yN. Then

G ¼ KAN and g ¼ kþ aþ n are the Iwasawa decompositions of G and g, respectively.

For g A G, g decomposes under G ¼ KAN as g ¼ kðgÞ expHðgÞnðgÞ, where kðgÞ A K ,

HðgÞ A a and nðgÞ A N. Let M and M 0 denote the centralizer and the normalizer of a

in K, respectively. Then WðaÞ¼M 0=M is the Weyl group of G. For w AWðaÞ, s A M̂M
and n A a�

c , define wn A a�
c and ws A M̂M by wnðHÞ¼nðAdðwÞÿ1

HÞ and wsðmÞ¼sðwÿ1mwÞ.
Let DK be the set of roots of kc relative to tc and Dþ

K the subset of DK consisting of all

positive roots. Put r ¼ ð1=2Þ
P

a ASþ maa and dK ¼ ð1=2Þ
P

b ADþ
K
b.

Let DK and DM be the sets of dominant, analytically integral forms on tc and hkc,

respectively. If l A DK (resp. m A DM ), we write tl (resp. sm) for the element in K̂K

(resp. M̂M ) whose highest weight is equal to l (resp. m). For t A K̂K and s A M̂M, we denote
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by ½t : s� the multiplicity of s occurring in tjM and put K̂KðsÞ ¼ ft A K̂K : ½t : s�0 0g and

M̂MðtÞ ¼ fs A M̂M : ½t : s�0 0g. Similarly for l A DK and m A DM , we set DKðmÞ ¼
fl A DK : tl A K̂KðsmÞg and DMðlÞ ¼ fm A DM : sm A M̂MðtlÞg.

Finally let dk and dn be the Haar measures on K and N, respectively, normalized as
Ð

K
dk ¼ 1 and

Ð

N
expfÿ2rðHðnÞÞgdn ¼ 1.

3. Infinitesimal operator of the principal series.

In this section, we shall introduce the formula of the infinitesimal operator of the

principal series representation that was shown by Thieleker [10]. We shall reform

Thieleker’s formula for our convenience so that we can get the recursion formula of the

Harish-Chandra C-function. In the following discussion, for all t A K̂K (resp. s A M̂M), we

fix representatives of t (resp. s) and by abuse of notation, write t (resp. s) for it again.

We shall first review the compact picture of the principal series to explain the

notation and the parametrization. Let ðs;HsÞ A M̂M and n A a�
c . We set

Cy
s ðKÞ ¼ fj A CyðK ;HsÞ : jðkmÞ ¼ sðmÞÿ1

jðkÞg:ð3:1Þ
Let H

s; n denote the Hilbert space completion of Cy
s ðKÞ relative to the inner product

h f ; gi ¼
Ð

K
h f ðkÞ; gðkÞiHs

dk. Define the action ps; n of G on H
s; n by

ðps; nðgÞjÞðkÞ ¼ eÿðnþrÞðHðgÿ1kÞÞjðkðgÿ1kÞÞ; ðj A H
s; nÞ:ð3:2Þ

Then ðps; n;Hs; nÞ is a representation of G and is unitary for n A
ffiffiffiffiffiffiffi

ÿ1
p

a�. These are

called (nonunitary) principal series representations of G.

For j A H
s; n, we set jnðgÞ ¼ eÿðnþrÞðHðgÞÞjðkðgÞÞ. For t A K̂KðsÞ, Hs; nðtÞ denotes the

t-isotopic component of Hs; n. Then Frobenius reciprocity implies the following lemma.

Lemma 3.1. The correspondence T n v 7! fTnvðkÞ ¼ TðtðkÞÿ1
vÞ is a K-module

isomorphism of HomMðVt;HsÞnVt onto H
s; nðtÞ. Here Vt denotes the representation

space of t.

Hereafter we denote by a A Sþ the unique simple root and choose H A a so that

aðHÞ ¼ 1. Take fXa; j : 1U jUmag and fUj : 1U jUmg ðm ¼ dimmÞ to be ortho-

normal bases of ga and m, respectively and put Ya; i ¼ 2ÿ1=2ðXa; i þ yXa; iÞ and Za; i ¼
2ÿ1=2ðXa; i ÿ yXa; iÞ. We set oja ¼ ÿ

Pm ja

i¼1 Y
2
ja; i and ok ¼ ÿ

Pm
i¼1 U

2
i ÿ

P2
j¼1 oja. We

shall first prove the following lemma.

Lemma 3.2 (cf. [10, Lemma 1]). Let Z A pc and j A Cy
s ðKÞ. Then we have

ðps; nðZÞjÞðkÞ ¼ hn; ai

ha; ai
ðfZjÞðkÞ þ

1

2ha; ai
½ðfZjÞðk;okÞ ÿ fZðkÞjðk;okÞ�

ÿ 1

4ha; ai
½ðfZjÞðk;o2aÞ ÿ fZðkÞjðk;o2aÞ�:

Here fZðkÞ ¼ hAdðkÞÿ1
Z;Hi=hH;Hi.

Proof. We first note that

AdðkÞÿ1
Z ¼ hAdðkÞÿ1

Z;HiH

hH;Hi
þ
X

2

j¼1

X

m ja

i¼1

hAdðkÞÿ1
Z;Zja; iiZja; i:ð3:3Þ
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It follows from the definition of jn that

jnðk;HÞ ¼ ÿðnþ rÞðHÞjnðkÞ for H A a; k A K ;ð3:4Þ

jnðk;XÞ ¼ 0 for X A n; k A K :ð3:5Þ
Noting Zja; i ¼ ÿYja; i þ

ffiffiffi

2
p

Xja; i, we obtain

jnðk;Zja; iÞ ¼ ÿjnðk;Yja; iÞ ¼ ÿjðk;Yja; iÞ:ð3:6Þ

Taking into account (3.3) and (3.6), we have

ðps; nðZÞjÞðkÞ ¼ jnðÿZ; kÞ ¼ ÿjnðk;AdðkÞÿ1
ZÞð3:7Þ

¼ hnþ r; aihAdðkÞÿ1
Z;HijðkÞ

þ
X

2

j¼1

X

m ja

i¼1

hAdðkÞÿ1
Z;Zja; iijðk;Yja; iÞ:

A simple calculation yields that

½H;Yja; i� ¼ jZja; i; ½Yja; i;Zja; i� ¼ jha; aiH:ð3:8Þ

From (3.8), we obtain

fZðk;Yja; iÞ ¼
hadðÿYja; iÞAdðkÞÿ1

Z;Hi

hH;Hi
¼ ÿ jhAdðkÞÿ1

Z;Zja; ii

hH;Hi
:ð3:9Þ

Therefore, substituting (3.9) into (3.7), we obtain

ðps; nðZÞjÞðkÞ ¼ hnþ r; ai

ha; ai
ðfZjÞðkÞ ÿ

1

ha; ai

X

ma

i¼1

fZðk;Ya; iÞjðk;Ya; iÞð3:10Þ

ÿ 1

2ha; ai

X

m2a

i¼1

fZðk;Y2a; iÞjðk;Y2a; iÞ:

A simple calculation using (3.8) gives that

fZðk;UiÞ ¼ 0; fZðk;Y 2
ja; iÞ ¼ ÿj2ha; aifZðkÞ;ð3:11Þ

and hence

fZðk;ojaÞ ¼ j2mjaha; aifZðkÞ; fZðk;okÞ ¼ ðma þ 4m2aÞha; aifZðkÞ:ð3:12Þ

By using Leibniz’s formula, we have

ðfZjÞðk;ojaÞ ¼ fZðkÞjðk;ojaÞ þ fZðk;ojaÞjðkÞ ÿ 2
X

m ja

i¼1

fZðk;Yja; iÞjðk;Yja; iÞð3:13Þ

¼ fZðkÞjðk;ojaÞ þ j2mjaha; aifZðkÞjðkÞ

ÿ 2
X

m ja

i¼1

fZðk;Yja; iÞjðk;Yja; iÞ:
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Therefore

ÿ
X

m ja

i¼1

fZðk;Yja; iÞjðk;Yja; iÞð3:14Þ

¼
1

2
½ðfZjÞðk;ojaÞ ÿ fZðkÞjðk;ojaÞ ÿ j2mjaha; aiðfZjÞðkÞ�:

Substituting (3.14) into (3.10), we have

ðps; nðZÞfÞðkÞ ¼
hnþ r; ai

ha; ai
ðfZjÞðkÞð3:15Þ

þ
1

2ha; ai
½ðfZjÞðk;oaÞ ÿ fZðkÞjðk;oaÞ ÿmaha; aiðfZjÞðkÞ�

þ
1

4ha; ai
½ðfZjÞðk;o2aÞ ÿ fZðkÞjðk;o2aÞ ÿ 4m2aha; aiðfZjÞðkÞ�

¼
hn; ai

ha; ai
ðfZjÞðkÞþ

1

2ha; ai
½ðfZjÞðk;oaþo2aÞÿfZðkÞjðk;oaþo2aÞ�

ÿ
1

4ha; ai
½ðfZjÞðk;o2aÞ ÿ fZðkÞjðk;o2aÞ�:

Noting (3.11) and using Leibniz’s formula, we obtain

ðfZjÞðk;oa þ o2aÞ ¼ ðfZjÞðk;okÞ þ fZðkÞj k;
X

m

i¼1

U 2
i

 !

;ð3:16Þ

and hence

ðfZjÞðk;oa þ o2aÞ ÿ fZðkÞjðk;oa þ o2aÞ ¼ ðfZjÞðk;okÞ ÿ fZðkÞjðk;okÞ:ð3:17Þ

Substituting (3.17) into the last expression in (3.15), we get the assertion. r

4. Recursion formula for C-function.

We shall first summarize some known results on the relationship between the

standard intertwining operator and the Harish-Chandra C-function. In [6 ], Knapp and

Stein constructed the integral expression of the intertwining operator between the

principal series representations, which is called the standard intertwining operator. Let

ðs;HsÞ A M̂M and ðt;VtÞ A K̂KðsÞ. Let n A a�
c be such that Rhn; ai>0. Then the standard

intertwining operator is defined by

ðAðw; s; nÞjÞðkÞ ¼

ð

N

eÿðnþrÞðHðnÞÞjðkwkðnÞÞ dn; ðjðkÞ A Cy
s ðKÞÞ:ð4:1Þ

As indicated in [6 ], we know Aðw; s; nÞj A Cy
wsðKÞ and

Aðw; s; nÞps; nðgÞj ¼ pws;wnðgÞAðw; s; nÞj:ð4:2Þ
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Let T n v A HomMðVt;HsÞnVt. Then it follows from Wallach (cf. [13, p. 270]) that

ðAðw; s; nÞ fTnvÞðkÞ ¼ TðCtðnÞtðwÞ
ÿ1
tðkÞÿ1

vÞ;ð4:3Þ

where

CtðnÞ ¼

ð
N

eÿðnþrÞðHðnÞÞtðkðnÞÞÿ1
dn:ð4:4Þ

Looking upon CtðnÞ as a linear mapping of HomMðVt;HsÞ, we write Ctðs : nÞ for the

determinant of CtðnÞ. We call Ctðs : nÞ the Harish-Chandra C-function associated with

t and s. Our main concern in this paper is the case that dimHomMðVt;HsÞ ¼ 1. It is

known that if G ¼ Spinðn; 1Þ or G ¼ SUðn; 1Þ then this assumption holds for all t A K̂K

and s A M̂MðtÞ. Under this assumption, because TCtðnÞ ¼ Ctðs : nÞT , (4.3) can be written

as follows.

Lemma 4.1. Retain the above assumption. We have

Aðw; s; nÞ fTnv ¼ Ctðs : nÞ fRtðwÞðTnvÞ:

Here RtðwÞðT n vÞ ¼ TtðwÞÿ1
n v.

Remark. The function detCtðnÞ was first introduced by Cohn [1]. Later, Vogan

and Wallach [12] studied the function Ctðs : nÞ for reductive Lie groups of arbitrary

rank. In their paper, they proved that Ctðs : nÞ, as a function of n, has a meromorphic

extension on a�
c and it can be written as quotients of products of classical G functions.

We suppose the unitary representation ðAd; pcÞ of K has no multiple weights and

give a recursion formula of the Harish-Chandra C-function. Let Dp denote the set of

all weights of ðAd; pcÞ relative to tc. Under this assumption, the following lemma is

valid.

Lemma 4.2 ([5, p. 111]). Let l A DK . Then

Adn tl ¼
X
b ADp

mðlþ bÞtlþb;

where mðlþ bÞ ¼ 0 or 1.

In the following, Vl is an abbreviation of Vtl and when there is no possibility of

confusion, we shall use similar abbreviations. We write Elþb for the canonical pro-

jection of pc nVl into Vlþb given by the decomposition in Lemma 4.2. Let l A DK and

m A DMðlÞ. For T A HomMðVl;HmÞ, define ~TT A HomMðpc nVl;HmÞ by

~TTðZn vÞ ¼
hZ;Hi

hH;Hi
TðvÞ:ð4:5Þ

Define the linear mapping

MmðZ; lþ b; lÞ: HomMðVl;HmÞnVl ! HomMðVlþb;HmÞnVlþbð4:6Þ

by

MmðZ; lþ b; lÞðT n vÞ ¼ ~TTE �
lþb nElþbðZn vÞ:ð4:7Þ

We first prove the following lemma.
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Lemma 4.3. Retain the above notation and assumption. We have

fZ fTnv ¼
X

b ADp

mðlþ bÞ f
MmðZ;lþb;lÞðTnvÞ:

Proof. We compute

ðfZ fTnvÞðkÞ ¼
hAdðkÞÿ1

Z;Hi

hH;Hi
TðtlðkÞ

ÿ1
vÞ

¼ ~TTððAdn tlÞðkÞ
ÿ1ðZn vÞÞ

¼ ~TT ðAdn tlÞðkÞ
ÿ1

X

b ADp

E �
lþbElþbðZn vÞ

0

@

1

A

¼
X

b ADp

mðlþ bÞ ~TTðE �
lþbtlþbðkÞ

ÿ1
ElþbðZn vÞÞ

¼
X

b ADp

mðlþ bÞ f ~TTE �
lþb

nElþbðZnvÞðkÞ:

Therefore the assertion holds. r

The next lemma is an easy consequence of Lemma 4.3.

Lemma 4.4. If mðlþ bÞ0 0 then

RlþbðwÞMmðZ; lþ b; lÞ ¼ ÿMwmðZ; lþ b; lÞRlðwÞ:

Proof. We compute

ðRðwÞðfZ fTnvÞÞðkÞ ¼
hAdðkwÞÿ1

Z;Hi

hH;Hi
TðtlðkwÞ

ÿ1
vÞð4:8Þ

¼
hAdðkÞÿ1

Z;AdðwÞHi

hH;Hi
TtlðwÞ

ÿ1ðtlðkÞ
ÿ1
vÞ

¼ ÿðfZ fRlðwÞðTnvÞÞðkÞ:

Noting fMmðZ;lþb;lÞðTnvÞ A H
sm;nðtlþbÞ and fRlðwÞðTnvÞ A H

wsm;wnðtlÞ, we see that

RðwÞðfZ fTnvÞ ¼
X

b ADp

mðlþ bÞ fRlþbðwÞMmðZ;lþb;lÞðTnvÞ;ð4:9Þ

fZ fRlðwÞðTnvÞ ¼
X

b ADp

mðlþ bÞ f
MwmðZ;lþb;lÞRlðwÞðTnvÞ:

Substituting (4.9) into (4.8) and comparing side by side, we obtain the assertion. r

Combining Lemma 3.2 with Lemma 4.3, we have the following proposition.

Proposition 4.5. Let m A DM and l A DKðmÞ. Then there exists h
m
l ðo2aÞ A C such

that
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psm;nðZÞ fTnv ¼
X

b ADp

hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

�mðlþ bÞ f
MmðZ;lþb;lÞðTnvÞ;

pwsm;wnðZÞ fRlðwÞðTnvÞ ¼
X

b ADp

ÿ
hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

�mðlþ bÞ f
MwmðZ;lþb;lÞRlðwÞðTnvÞ:

Proof. We obtain from Lemma 4.3 that

ðfZ fTnvÞðk;okÞ ¼
X

b ADp

mðlþ bÞ fMmðZ;lþb;lÞðTnvÞðk;okÞ

¼
X

b ADp

ðhlþ b þ dK ; lþ b þ dKiÿ hdK ; dKiÞmðlþ bÞ f
MmðZ;lþb;lÞðTnvÞðkÞ;

fZðkÞ fTnvðk;okÞ ¼ ðhlþ dK ; lþ dKiÿ hdK ; dKiÞðfZ fTnvÞðkÞ

¼
X

b ADp

ðhlþ dK ; lþ dKiÿ hdK ; dKiÞmðlþ bÞ fMmðZ;lþb;lÞðTnvÞðkÞ:

Hence

ðfZ fTnvÞðk;okÞ ÿ fZðkÞ fTnvðk;okÞ

¼
X

b ADp

h2lþ 2dK þ b; bimðlþ bÞ f
MmðZ;lþb;lÞðTnvÞðkÞ:

On the other hand, under the assumption that dimHomMðVl;HmÞ ¼ 1, there exists

h
m
l ðo2aÞ A C such that

Ttlðo2aÞ ¼ h
m
l ðo2aÞT ;

and thus

fTnvðk;o2aÞ ¼ Ttlðo2aÞðtlðkÞ
ÿ1
vÞ ¼ h

m
l ðo2aÞ fTnvðkÞ:

Similarly we have

fMmðZ;lþb;lÞðTnvÞðk;o2aÞ ¼ h
m
lþbðo2aÞ fMmðZ;lþb;lÞðTnvÞðkÞ:

Consequently we obtain

ðfZ fTnvÞðk;o2aÞ ÿ fZðkÞ fTnvðk;o2aÞ

¼
X

b ADp

ðhm
lþbðo2aÞ ÿ h

m
l ðo2aÞÞmðlþ bÞ f

MmðZ;lþb;lÞðTnvÞðkÞ:

Noting
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f
TtlðwÞ

ÿ1
nv

ðk;o2aÞ ¼ TtlðwÞ
ÿ1
tlðo2aÞðtlðkÞ

ÿ1
vÞ

¼ Ttlðo2aÞtlðwÞ
ÿ1ðtlðkÞ

ÿ1
vÞ

¼ h
m
l ðo2aÞ fTtlðwÞ

ÿ1
nv

ðkÞ;

we can get immediately the second equation in Proposition 4.5. r

Combining Lemma 4.1 with Proposition 4.5, we can get the recursion formula of

Harish-Chandra C-function.

Theorem 4.6. Let m A DM , n A a
�
c and l A DKðmÞ. If mðlþ bÞ0 0 then

ÿ
hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

Ctlðsm : nÞ

¼ ÿ
hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

Ctlþb
ðsm : nÞ:

Proof. We first recall that

Aðw; sm; nÞpsm; nðZÞ fTnv ¼ pwsm;wnðZÞAðw; sm; nÞ fTnv:ð4:10Þ

Combining Proposition 4.5 with (4.10), we have

the right-hand side of ð4:10Þ

¼ Ctlðsm : nÞðpwsm;wnðZÞ fRlðwÞðTnvÞÞ

¼ Ctlðsm : nÞ
X

b ADp

ÿ
hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

�mðlþ bÞ f
MwmðZ;lþb;lÞRlðwÞðTnvÞ:

Similarly taking into account Lemma 4.4, we have

the left-hand side of ð4:10Þ

¼ Aðw; sm; nÞ

"

X

b ADp

hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

�mðlþ bÞ f
MmðZ;lþb;lÞðTnvÞ

#

¼
X

b ADp

hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )

� Ctlþb
ðsm : nÞmðlþ bÞ fRlþbðwÞMmðZ;lþb;lÞðTnvÞ
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¼
X

b ADp

ÿ
hn; ai

ha; ai
þ
h2lþ 2dK þ b; bi

2ha; ai
ÿ
h
m
lþbðo2aÞ ÿ h

m
l ðo2aÞ

4ha; ai

( )" #

� Ctlþb
ðsm : nÞmðlþ bÞ f

MwmðZ;lþb;lÞRlðwÞðTnvÞ:

Therefore we obtain the desired formula. r

5. Representations of K and M.

In the remainder of this paper, we shall confine our attention to the cases of

Spinðn; 1Þ and SUðn; 1Þ. As is well-known, in these cases, the irreducible unitary

representations of K and M are realized in terms of the Gel’fand–Tsetlin basis of uðnÞ

and oðnÞ. Later these realizations are used for getting the matrix element of the Harish-

Chandra C-function relative to the highest weight vector. We shall borrow the notation

from Knapp’s book [5, pp. 60–64] and Vilenkin–Klimyk’s book [11, pp. 361–365].

Let G ¼ SO0ðn; 1Þ, ðnV3Þ or G ¼ SUðn; 1Þ, ðnV2Þ. We set F ¼ R if G ¼ SO0ðn; 1Þ

or F ¼ C if G ¼ SUðn; 1Þ and F I ¼ fx A F : xþ x ¼ 0g. Then the Iwasawa decom-

position of G is given as follows:

K ¼

X

1

� �

: X A SOðnÞ

� �

; for G ¼ SO0ðn; 1Þ,

X

u

� �

: X A UðnÞ; u A Uð1Þ; u detX ¼ 1

� �

; for G ¼ SUðn; 1Þ:

8

>

>

<

>

>

:

ð5:1Þ

Let H ¼ En;nþ1 þ Enþ1;n A p and a ¼ RH, where Ep;q denotes the matrix unit whose

ðk; lÞ-component is equal to dp;k dq; l .

A ¼ at ¼

Inÿ1

cosh t sinh t

sinh t cosh t

0

B

@

1

C

A
: t A R

8

>

<

>

:

9

>

=

>

;

;ð5:2Þ

N ¼ nðz; uÞ ¼

Inÿ1 z ÿz

ÿz� 1ÿ o=2 o=2

ÿz� ÿo=2 1þ o=2

0

B

@

1

C

A
: z A F

nÿ1; u A F I ;o ¼ jzj2 ÿ 2u

8

>

<

>

:

9

>

=

>

;

;ð5:3Þ

N ¼ nðz; uÞ ¼

Inÿ1 ÿz ÿz

z� 1ÿ o=2 ÿo=2

ÿz� o=2 1þ o=2

0

B

@

1

C

A
: z A F

nÿ1; u A F I ;o ¼ jzj2 ÿ 2u

8

>

<

>

:

9

>

=

>

;

:ð5:4Þ

It is easy to prove the following lemma and hence we omit its proof.

Lemma 5.1. Let nðz; uÞ be as above. Then

Hðnðz; uÞÞ ¼ logj1þ ojH;

kðnðz; uÞÞ ¼

Inÿ1 ÿ
2zz�

1þ o

ÿ2z

j1þ oj
0

2z�

1þ o

1ÿ o

j1þ oj
0

0 0
1þ o

j1þ oj

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

:

The Harish-Chandra C-functions of Spinðn; 1Þ, SUðn; 1Þ 965



If EJR and p A Z>0, we denote by E
p
g the subset of E

p
> comprised of all x ¼

ðx1; . . . ; xpÞ such that xpÿ1V jxpj. If x A E
pþ1
g and y A E

p
>, we write xg y for x > y and

yp > jxpþ1j. If x A E
p
> and y A E

p
g, we write x >>> y for x > y

V2 and yg xV2. We

first compute the second term h2lþ 2dK þ b; bi=2ha; ai appeared in Theorem 4.6.

(1) Spinð2nþ 1; 1Þ-case. Let Hj ¼ E2jÿ1;2j ÿ E2j;2jÿ1 for 1U jU n and let fejg be the

dual basis of t�c relative to fHjg. Then we have

Dþ
K ¼ fei G ej ; ð1U i < jU nÞ; ei; ð1U iU nÞg;ð5:5Þ

Dp ¼ fGei; ð1U iU nÞ; 0g;ð5:6Þ

DK ¼ 1

2
ZV0

� �n

>

; DM ¼ 1

2
Z

� �n

g

:ð5:7Þ

It follows from [10] that ½tl : sm� ¼ 1 if and only if l >>> m. From these, we obtain

h2lþ 2dK þ ej; eji

2ha; ai
¼ lj þ nÿ j þ 1; ð1U jU nÞ:ð5:8Þ

(2) Spinð2nþ 2; 1Þ-case. Let Hj and ej be the same as in (1) for 1U jU nþ 1.

Then we have

Dþ
K ¼ fei G ej; ð1U i < jU nþ 1Þg;ð5:9Þ

Dp ¼ fGei; ð1U iU nþ 1Þg;ð5:10Þ

DK ¼ 1

2
Z

� �nþ1

g

; DM ¼ 1

2
ZV0

� �n

>

:ð5:11Þ

It follows from [10] that ½tl : sm� ¼ 1 if and only if lg m. From these, we obtain

h2lþ 2dK þ ej; eji

2ha; ai
¼ lj þ nÿ j þ 3

2
; ð1U jU nþ 1Þ:ð5:12Þ

(3) SUðn; 1Þ-case. Let Hj ¼
ffiffiffiffiffiffiffi

ÿ1
p

Ej; j for 1U jU nþ 1 and let fejg be the dual basis

of t�c relative to fHjg. Then we have

Dþ
K ¼ fei ÿ ej ; ð1U i < jU nÞg;ð5:13Þ

Dp ¼ fbj ¼ ej ÿ enþ1;ÿbj; ð1U jU nÞg;ð5:14Þ

DK ¼ 1

nþ 1
Z

� �n

>

; DM ¼ 1

nþ 1
Z

� �nÿ1

>

:ð5:15Þ

It follows from [7 ] that ½tl : sm� ¼ 1 if and only if l > m. From these, we obtain

h2lþ 2dK þ bj; bji

2ha; ai
¼ 2lj þ 2jtlj þ nÿ 2j þ 3; ð1U jU nÞ:ð5:16Þ

Here jtlj ¼ jlj ¼ Pn
p¼1 lp. In both Spinðn; 1Þ and SUðn; 1Þ cases, for l A DK and m A

DM , we shall write jtlj and jsmj instead of jlj and jmj, respectively.

We remark that if G ¼ Spinðn; 1Þ then h
m
l ðo2aÞ ¼ 0. In the case of SUðn; 1Þ, for

computing h
m
l ðo2aÞ, we need to construct the irreducible unitary representation ðtl;VlÞ
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and write down the action of tlðo2aÞ. As is well-known, these are realized in terms of

the Gel’fand–Tsetlin basis.

(1) K ¼ SpinðnÞ-case. Let M ¼ ðmn;mnÿ1; . . . ;m3;m2Þ be a sequence such that

m2pþ1 ¼ ðm1;2pþ1; . . . ;mp;2pþ1Þ A
1

2
ZV0

� �p

>

;ð5:17Þ

m2p ¼ ðm1;2p; . . . ;mp;2pÞ A
1

2
Z

� �p

g

:

The preceding sequence M is called a Gel’fand–Tsetlin data if m2pþ1 >>>m2p and

m2pþ2 gm2pþ1. For the Gel’fand-Tsetlin data M , we write vðMÞ for the corresponding

Gel’fand–Tsetlin basis. For l A DK , we denote by Vl the Hilbert space generated by

the orthonormal basis vðMÞ with mn ¼ l. We put Ip;q ¼ Ep;q ÿ Eq;p; ðp < qÞ. Then

there exists an irreducible unitary representation ðtl;VlÞ of K satisfying the following

conditions:

tlðI2p;2pþ1ÞvðMÞ ¼
X

p

j¼1

A
j
2pðMÞvðMþj

2p Þ ÿ
X

p

j¼1

A
j
2pðM

ÿj
2pÞvðM

ÿj
2pÞ;ð5:18Þ

tlðI2pþ1;2pþ2ÞvðMÞ ¼
X

p

j¼1

B
j
2pþ1ðMÞvðMþj

2pþ1Þ ÿ
X

p

j¼1

B
j
2pþ1ðM

ÿj
2pþ1ÞvðM

ÿj
2pþ1Þð5:19Þ

þ
ffiffiffiffiffiffiffi

ÿ1
p

C2pðMÞvðMÞ;

where M
Gj
2p is the Gel’fand-Tsetlin data obtained by replacing mj;2p with mj;2p G 1 in

m2p of M. For the explicit forms of A
j
2pðMÞ, B j

2pþ1ðMÞ and C2pðMÞ, see [11, p. 364].

For l A DK , define the Gel’fand-Tsetlin data Ml ¼ ðmn; . . . ;m1Þ by m2p ¼ m2pþ1 ¼ lU2p.

Then from (5.18), vðMlÞ is a highest weight vector of tl.

(2) K ¼ SðUðnÞ �Uð1ÞÞ-case. Let M ¼ ðmn; . . . ;m1Þ be a sequence such that

mp ¼ ðm1; p; . . . ;mp; pÞ A
1

nþ 1
Z

� �p

>

:ð5:20Þ

Then preceding sequence M is called a Gel’fand-Tsetlin data if mpþ1 > mp. For the

Gel’fand-Tsetlin data M, we write vðMÞ for the corresponding Gel’fand-Tsetlin basis.

For l A DK , we denote by Vl the Hilbert space generated by the orthonormal basis

vðMÞ with mn ¼ l. We put Xp ¼ Ep; pþ1, Yp ¼ Epþ1; p, Hp ¼
ffiffiffiffiffiffiffi

ÿ1
p

ðEp; p ÿ Epþ1; pþ1Þ and

H0 ¼
ffiffiffiffiffiffiffi

ÿ1
p

diagðÿ1; . . . ;ÿ1; nÞ. Then there exists an irreducible unitary representation

ðtl;VlÞ of K satisfying the following conditions:

tlðXpÞvðMÞ ¼
X

p

j¼1

A j
pðMÞvðMþj

p Þ;ð5:21Þ

tlðYpÞvðMÞ ¼
X

p

j¼1

B j
pðMÞvðMÿj

p Þ;ð5:22Þ
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tlðHpÞvðMÞ ¼ 2
Xp

j¼1

mj; p ÿ
Xpÿ1

j¼1

mj; pÿ1 ÿ
Xpþ1

j¼1

mj; pþ1

( )
ffiffiffiffiffiffiffi

ÿ1
p

vðMÞ;ð5:23Þ

tlðH0ÞvðMÞ ¼ ÿðnþ 1Þ
Xn

j¼1

mj;n

ffiffiffiffiffiffiffi

ÿ1
p

vðMÞ;ð5:24Þ

where M
Gj
p is the Gel’fand-Tsetlin data obtained by replacing mj; p with mj; p G 1 in

mp of M. For the explicit forms of A j
pðMÞ, B j

pðMÞ, see [11, p. 363]. For l A DK , let

Ml ¼ ðl; lUnÿ1; . . . ; lU1Þ. Then from (5.23) and (5.24), vðMlÞ is a highest weight vector

of tl.

We shall now compute h
m
l ðo2aÞ. For l A DK and m A DMðlÞ, define the Gel’fand-

Tsetlin data Ml;m by Ml;m ¼ ðl; m; m
Unÿ1; . . . ; mU1Þ. Then it is obvious that vðMl;mÞ A

VlðmÞ and vðMl;mÞ is a highest weight vector of the irreducible unitary representation

ðtljM ;VlðmÞÞ of M. Because

Y2a ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p diagð0; . . . ; 0
zfflfflfflffl}|fflfflfflffl{

nÿ1

; i;ÿiÞð5:25Þ

¼ ÿ1

2n
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p fH0 þH1 þ 2H2 þ � � � þ ðnÿ 1ÞHnÿ1g;

we have from (5.23) and (5.24) that

tlðY2aÞvðMl;mÞ ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p ð2jtlj ÿ jsmjÞ
ffiffiffiffiffiffiffi

ÿ1
p

vðMl;mÞ:ð5:26Þ

Since o2a ¼ ÿY 2
2a, it follows

tlðo2aÞvðMl;mÞ ¼
1

4ðnþ 1Þ ð2jtlj ÿ jsmjÞ2vðMl;mÞ:ð5:27Þ

Because Ttlðo2aÞ ¼ h
m
l ðo2aÞT for T A HomMðVl;HmÞ, we have

Ttlðo2aÞvðMl;mÞ ¼ h
m
l ðo2aÞTvðMl;mÞ:ð5:28Þ

Therefore, it follows from TvðMl;mÞ0 0 that

h
m
l ðo2aÞ ¼

1

4ðnþ 1Þ ð2jtlj ÿ jsmjÞ2:ð5:29Þ

Taking into account jtlþbj
j ¼ jtlj þ 1, we obtain

h
m
lþbj

ðo2aÞ ÿ h
m
l ðo2aÞ

4ha; ai
¼ 2jtlj ÿ jsmj þ 1:ð5:30Þ

6. Explicit expression of the recursion formula.

In this section we shall write down the recursion formula of the Harish-Chandra C-

function in the cases of Spinðn; 1Þ and SUðn; 1Þ. In these cases, because all noncompact

roots have same length, we see that for l A DK and m A DKðlÞ, mðlþ bÞ ¼ 1 if and only
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if ½tlþb : sm� ¼ 1. In the remainder of this paper, we simply write n instead of hn; ai=

ha; ai.

(1) Spinð2nþ 1; 1Þ-case. Let l ¼ ðl1; . . . ; lnÞ A DK and m ¼ ðm1; . . . ; mnÞ A DMðlÞ and

set lðmÞ ¼ ðm1; . . . ; mnÿ1; jmnjÞ A DKðmÞ. We obtain from (5.8) and Theorem 4.6 that if

½tlþej : sm� ¼ 1 then

ðÿnþ lj þ nÿ j þ 1ÞCtlðsm : nÞ ¼ ÿðnþ lj þ nÿ j þ 1ÞCtlþej
ðsm : nÞ:ð6:1Þ

Applying the preceding recursion formula and shifting the parameters as mj 7!

lj ð1U jU nÿ 1Þ and jmnj 7! ln, we can find

Ctlðsm : nÞ ¼ ðÿ1ÞjtljÿjtlðmÞjð6:2Þ

�
Ynÿ1

j¼1

ðÿnþ mj þ nÿ j þ 1Þljÿmj

ðnþ mj þ nÿ j þ 1Þljÿmj

ðÿnþ jmnj þ 1Þlnÿjmnj

ðnþ jmnj þ 1Þlnÿjmnj

CtlðmÞðsm : nÞ:

Here ðaÞn ¼ Gðaþ nÞ=GðaÞ.

By using the recursion formula (6.2), for getting the expression of Ctðs : nÞ, it

su‰ces to compute CtlðmÞðsm : nÞ. We remark that the Gel’fand-Tsetlin basis vðMlðmÞÞ

is a highest weight vector of ðtlðmÞjM ;VlðmÞðmÞÞ and if mnV 0 then vðMlðmÞÞ is a

highest weight vector of ðtlðmÞ;VlðmÞÞ. We first suppose mnV 0. Take T A

HomMðVlðmÞ;VlðmÞðmÞÞ to be a canonical projection. Noting TvðMlðmÞÞ ¼ vðMlðmÞÞ0 0

and TCtlðmÞðnÞ ¼ CtlðmÞðsm : nÞT , we have

CtlðmÞðsm : nÞ ¼ hTCtlðmÞðnÞvðMlðmÞÞ; vðMlðmÞÞið6:3Þ

¼ hCtlðmÞðnÞvðMlðmÞÞ; vðMlðmÞÞi

¼

ð
N

eÿðnþrÞðHðnÞÞhtlðmÞðkðnÞ
ÿ1ÞvðMlðmÞÞ; vðMlðmÞÞi dn:

Setting flðmÞðkÞ ¼ htlðmÞðkÞvðMlðmÞÞ; vðMlðmÞÞi, we obtain

CtlðmÞðsm : nÞ ¼

ð
N

eÿðnþrÞðHðnÞÞflðmÞðkðnÞ
ÿ1Þdn:ð6:4Þ

We shall next suppose mn < 0. Since w is represented as expðpI2n;2nþ1Þ, it follows from

(5.19) that wm ¼ ðm1; . . . ; mnÿ1;ÿmnÞ. Thus lðmÞ ¼ lðwmÞ and vðMlðwmÞÞ is a highest

weight vector of tlðmÞ. Take T A HomMðVlðmÞ;VlðmÞðwmÞÞ to be a canonical projection.

Noting TtlðmÞðwÞ
ÿ1

A HomMðVlðmÞ;VlðmÞðmÞÞ, we have

TðtlðmÞðwÞ
ÿ1
CtlðmÞðnÞtlðmÞðwÞÞvðMlðwmÞÞ ¼ CtlðmÞðsm : nÞTvðMlðwmÞÞ;ð6:5Þ

and hence

CtlðmÞðsm : nÞ ¼

ð
N

eÿðnþrÞðHðnÞÞhtlðmÞðw
ÿ1kðnÞÿ1

wÞvðMlðwmÞÞ; vðMlðwmÞÞi dnð6:6Þ

¼

ð
N

eÿðnþrÞðHðnÞÞflðmÞðw
ÿ1kðnÞÿ1

wÞdn:
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(2) Spinð2nþ 2; 1Þ-case. Let l ¼ ðl1; . . . ; lnþ1Þ A DK and m ¼ ðm1; . . . ; mnÞ A DMðlÞ.

We set lðmÞ ¼ ðm1; . . . ; mn; lnþ1Þ A DKðmÞ. We obtain from (5.12) and Theorem 4.6 that

if ½tlþej : sm� ¼ 1 then

ÿnþ lj þ nÿ j þ
3

2

� �

Ctlðsm : nÞ ¼ ÿ nþ lj þ nÿ j þ
3

2

� �

Ctlþej
ðsm : nÞ:ð6:7Þ

Consequently, using the preceding recursion formula and shifting the parameters as mj
7! lj ð1U jU nÞ, we can find

Ctlðsm : nÞ ¼ ðÿ1ÞjtljÿjtlðmÞj
Y

n

j¼1

ðÿnþ mj þ nÿ j þ 3
2Þljÿmj

ðnþ mj þ nÿ j þ 3
2Þljÿmj

CtlðmÞðsm : nÞ:ð6:8Þ

In this case, because vðMlðmÞÞ is a highest weight vector of both tlðmÞjM and tlðmÞ, we

obtain

CtlðmÞðsm : nÞ ¼

ð

N

eÿðnþrÞðHðnÞÞflðmÞðkðnÞ
ÿ1Þdn:ð6:9Þ

(3) SUðn; 1Þ-case. Let l ¼ ðl1; . . . ; lnÞ A DK and m ¼ ðm1; . . . ; mnÿ1Þ A DMðlÞ. We

set lðmÞ ¼ ðm1; . . . ; mnÿ1; mnÿ1Þ A DKðmÞ. We obtain from (5.16), (5.28) and Theorem 4.6

that if ½tlþbj
: sm� ¼ 1 then

ðÿnþ2ljþjsmjþnÿ2 jþ2ÞCtlðsm : nÞ ¼ ÿðnþ2ljþjsmjþnÿ2 jþ2ÞCtlþbj
ðsm : nÞ:ð6:10Þ

Consequently, using the preceding recursion formula and shifting the parameters as mj 7!

lj ð1U jU nÿ 1Þ and mnÿ1 7! ln, we can find

Ctlðsm : nÞ ¼ ðÿ1ÞjtljÿjtlðmÞjð6:11Þ

�
Y

nÿ1

j¼1

ÿnþnþjsmj

2
þ mj ÿ j þ 1

� �

ljÿmj

nþnþjsmj

2
þ mj ÿ j þ 1

� �

ljÿmj

ÿnþnÿjsmj

2
ÿ mnÿ1

� �

mnÿ1ÿln

nþ nÿjsmj

2
ÿ mnÿ1

� �

mnÿ1ÿln

� CtlðmÞðsm : nÞ:

In this case, because vðMlðmÞÞ is a highest weight vector of both tlðmÞjM and tlðmÞ, we

obtain

CtlðmÞðsm : nÞ ¼

ð

N

eÿðnþrÞðHðnÞÞflðmÞðkðnÞ
ÿ1Þdn:ð6:12Þ

7. Fundamental representations of K .

In this section we shall give the explicit formulae of flðmÞðkðnÞ
ÿ1Þ. We note that

since K is connected compact, tl can be extended to a holomorphic representation on

Kc, which is a matrix group whose Lie algebra is kc.

(1) Spinð2nþ 1; 1Þ-case. The fundamental representations are listed as follows:

op ¼ e1 þ � � � þ ep; ð1U pU nÿ 1Þ; on ¼
1

2
ðe1 þ � � � þ enÞ:ð7:1Þ
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Let ep be the standard basis for C
2nþ1 and set eþp ¼ 2ÿ1=2ðe2pÿ1 þ

ffiffiffiffiffiffiffi

ÿ1
p

e2pÞ and eÿp ¼
2ÿ1=2ðe2pÿ1 ÿ

ffiffiffiffiffiffiffi

ÿ1
p

e2pÞ for 1U pU n. Let ðF;C 2nþ1Þ be the usual representation of

SOð2nþ 1Þ and ðFr;5
r
C

2nþ1Þ the alternating tensor representation of ðF;C 2nþ1Þ.
Then Fr ð1U rU nÞ is irreducible with the highest weight Lr ¼ e1 þ � � � þ er and eþ1 5
� � �5 eþr is its highest weight vector. Let p: Spinð2nþ 1Þ ! SOð2nþ 1Þ denote the

covering mapping. Define the irreducible unitary representation of K by ~FFrðkÞ ¼
FrðpðkÞÞ. Then an easy computation yields that for 1U p, qU n,

hFðkðnðxÞÞÿ1Þeþp ; eþq i ¼ dp;q ÿ
ðx2pÿ1 þ

ffiffiffiffiffiffiffi

ÿ1
p

x2pÞðx2qÿ1 ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2qÞ
1þ o

:ð7:2Þ

Setting zp ¼ x2pÿ1 þ
ffiffiffiffiffiffiffi

ÿ1
p

x2p ð1U pU nÞ and z ¼ tðz1; . . . ; znÞ, we can write (7.2) as

hFðkðnðxÞÞÿ1Þeþp ; eþq i ¼ dp;q ÿ
zpzq

1þ o
and o ¼ jzj2 ¼

Xn

p¼1

jzpj2:ð7:3Þ

On the other hand, because w can be represented as diagð1; . . . ; 1
zfflfflfflffl}|fflfflfflffl{

2nÿ2

;ÿ1;ÿ1; 1Þ, we obtain

hFðwÿ1kðnðxÞÞÿ1
wÞeþp ; eþq i ¼ dp;q ÿ

z 0pz
0
q

1þ o
;ð7:4Þ

where z 0 ¼ tðz1; . . . ; znÿ1; znÞ. Therefore

fLr
ðkðnðxÞÞÿ1Þ ¼ hFrðkðnðxÞÞÿ1Þeþ1 5 � � �5 eþr ; e

þ
1 5 � � �5 eþr ið7:5Þ

¼ det dp;q ÿ
zpzq

1þ o

� �

1Up;qUr

¼ 1ÿ
Pr

p¼1 jzpj
2

1þ o
:

fLr
ðwÿ1kðnðxÞÞÿ1

wÞ ¼ fLr
ðkðnðxÞÞÿ1Þ ¼ 1ÿ

Pr
p¼1 jzpj

2

1þ o
:

We write kþ (resp. kÿ) for the sum of all positive root subspaces (resp. negative root

subspaces) relative to ðkc; tcÞ. Let Kþ and Kÿ denote the analytic subgroups of Kc

corresponding to kþ and kÿ, respectively. For l A DK , it follows from the definition of

fl that

flðk1 expHk2Þ ¼ flðexpHÞ ¼ elðHÞ; ðk1 A Kþ; k2 A Kÿ; H A tcÞ;ð7:6Þ

and thus we obtain fLn
ðk1 expHk2Þ ¼ fon

ðk1 expHk2Þ2. Noting that Kþ exp tcKÿ is

dense in Kc and fl is holomorphic, we see that fLn
ðkÞ ¼ fon

ðkÞ2 for any

k A Kc. Consequently we have

fon
ðkðnðxÞÞÿ1Þ2 ¼ fLn

ðkðnðxÞÞÿ1Þ ¼ 1

1þ o
:ð7:7Þ

Taking the branch of the square root so that fon
ðkðnð0ÞÞÿ1Þ ¼ 1, we see that

fon
ðkðnðxÞÞÿ1Þ ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ o

p :ð7:8Þ

Let m ¼ ðm1; . . . ; mnÞ A DM . Then noting lðmÞ¼
Pnÿ2

p¼1 ðmpÿmpþ1Þop þ ðmnÿ1ÿjmnjÞonÿ1 þ
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2jmnjon, we obtain

flðmÞðkÞ ¼
Y

nÿ1

p¼1

fop
ðkÞmpÿmpþ1fonÿ1

ðkÞmnÿ1ÿjmnjfon
ðkÞ2jmnj; for any k A Kc;

and thus

flðmÞðkðnðxÞÞÿ1Þð7:9Þ

¼
Y

nÿ1

p¼1

1ÿ
Pp

j¼1 jzj j
2

1þ o

 !mpÿmpþ1

1ÿ
Pnÿ1

j¼1 jzjj2

1þ o

 !mnÿ1ÿjmnj
1
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ o
p
� �2jmnj

¼ ð1þ oÞÿm1
Y

nÿ2

p¼1

1þ
X

n

j¼pþ1

jzjj2
 !mpÿmpþ1

ð1þ jznj2Þmnÿ1ÿjmnj
:

(2) Spinð2nþ 2; 1Þ-case. The fundamental representations are listed as follows:

op ¼ e1 þ � � � þ ep; ð1U pU nÿ 1Þ;ð7:10Þ

on ¼
1

2
ðe1 þ � � � þ en ÿ enþ1Þ;

onþ1 ¼
1

2
ðe1 þ � � � þ enþ1Þ:

Define C
2nþ2
þ and C

2nþ2
ÿ to be the subspaces of C

2nþ2 generated by feþ1 ; . . . ; eþnþ1g and

feÿ1 ; . . . ; eÿnþ1g, respectively. Then Fnþ1 is reducible and has two irreducible compo-

nents, which are 5n
C

2nþ25C
2nþ2
þ and 5n

C
2nþ25C

2nþ2
ÿ . We denote by Fþ

nþ1 and

Fÿ
nþ1 the irreducible unitary representations whose representation spaces are restricted

to 5n
C

2nþ25C
2nþ2
þ and 5n

C
2nþ25C

2nþ2
ÿ , respectively. Then the highest weight of

Fþ
nþ1 (resp. Fÿ

nþ1) is Lþ
nþ1 ¼ e1 þ � � � þ enþ1 (resp. Lÿ

nþ1 ¼ e1 þ � � � þ en ÿ enþ1) and eþ1 5
� � �5 eþnþ1 (resp. eþ1 5 � � �5 eþn 5 eÿnþ1) is its highest weight vector. A simple calculation

yields that for 1U p, qU n

hFðkðnðxÞÞÿ1Þeþp ; eþnþ1i ¼ ÿ zpznþ1

1þ o
; hFðkðnðxÞÞÿ1Þeþp ; eÿnþ1i ¼ ÿ zpznþ1

1þ o
;ð7:11Þ

hFðkðnðxÞÞÿ1Þeþnþ1; e
þ
q i ¼ ÿ znþ1zq

1þ o
; hFðkðnðxÞÞÿ1Þeÿnþ1; e

þ
q i ¼ ÿ znÿ1zq

1þ o
;

hFðkðnðxÞÞÿ1Þeþnþ1; e
þ
nþ1i ¼ ÿ z2nþ1

1þ o
; hFðkðnðxÞÞÿ1Þeÿnþ1; e

ÿ
nþ1i ¼ ÿ z2nÿ1

1þ o
;

where zp ¼ x2pÿ1 þ
ffiffiffiffiffiffiffi

ÿ1
p

x2p and znþ1 ¼ x2nþ1 þ
ffiffiffiffiffiffiffi

ÿ1
p

. Accordingly, by a computation

analogous to obtaining (7.4), we get

fLþ
nþ1
ðkðnðxÞÞÿ1Þ ¼ ÿ z2nþ1

1þ o
; fLÿ

nþ1
ðkðnðxÞÞÿ1Þ ¼ ÿ z2nþ1

1þ o
:ð7:12Þ

Taking the branch of the square root so that fon
ðkðnð0ÞÞÿ1Þ ¼ fonþ1

ðkðnð0ÞÞÿ1Þ ¼ 1, we

see that
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fon
ðkðnðxÞÞÿ1Þ ¼ 1þ

ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ o
p ; fonþ1

ðkðnðxÞÞÿ1Þ ¼ 1ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ o
p :ð7:13Þ

Take l ¼ ðl1; . . . ; lnþ1Þ A DK and m¼ðm1; . . . ; mnÞ A DMðlÞ. Noting lðmÞ ¼
Pnÿ1

p¼1 ðmp ÿ mpþ1Þop þ ðmn ÿ lnþ1Þon þ ðmn þ lnþ1Þonþ1, we see that

flðmÞðkðnðxÞÞÿ1Þ ¼ ð1þ oÞÿm1
Y

nÿ1

p¼1

1þ
X

n

j¼pþ1

jzjj2 þ x2
2nþ1

 !mpÿmpþ1

ð7:14Þ

� ð1þ x2
2nþ1Þ

mnð1þ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þÿlnþ1ð1ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þlnþ1 :

(3) SUðn; 1Þ-case. The fundamental representations are listed as follows:

op ¼ e1 þ � � � þ ep ÿ penþ1; ð1U pU nÿ 1Þ; o0 ¼ ÿenþ1:ð7:15Þ

Let ðF;C nÞ be the usual representation of K ¼ SðUðnÞ �Uð1ÞÞ, that is, for k ¼
X

u

� �

A K and z A C
n, FðkÞz ¼ uÿ1Xz and ðFr;5

r
C

nÞ the alternating tensor repre-

sentation of F. We denote by ðF0;C Þ the representation of K defined by F0ðkÞz ¼
uÿ1z. Then Fr ð1U rU nÿ 1Þ and F0 are irreducible with highest weights or and o0,

respectively and e15 � � �5 er and 1 are their highest weight vectors. An easy com-

putation yields that for 1U p, qU nÿ 1,

hFðkðnðz; uÞÞÿ1Þep; eqi ¼ 1þ o

j1þ oj dp;q ÿ
2zqzp
1þ o

� �

:ð7:16Þ

Therefore

fLr
ðkðnðz; uÞÞÿ1Þ ¼ 1þ o

j1þ oj

� �r

1ÿ
2
Pr

p¼1 jzpj
2

1þ o

 !

;ð7:17Þ

f0ðkðnðz; uÞÞÿ1Þ ¼ 1þ o

j1þ oj

� �ÿ1

:

Let m ¼ ðm1; . . . ; mnÿ1Þ A DM . Then lðmÞ ¼
Pnÿ2

p¼1 ðmp ÿ mpþ1Þop ÿ ðnþ 1Þmnenþ1. There-

fore by a calculation similar to that in (2) Spinð2nþ 2; 1Þ case, we have

flðmÞðkðnðz; uÞÞÿ1Þð7:18Þ

¼ ð1þ oÞðjsmjþ2mnÿ1Þ=2ð1þ oÞÿðjsmjþ2m1Þ=2
Y

nÿ2

p¼1

1þ oÿ 2
X

p

j¼1

jzjj2
 !mpÿmpþ1

:

8. Expressions of the Harish-Chandra C-functions.

Substituting the explicit expression of flðmÞðkðnÞÿ1Þ into the integral formula of

CtlðmÞðsm : nÞ and carrying out the integration, we can get the explicit expressions of

CtlðmÞðsm : nÞ. Combining the recursion formulae of the Harish-Chandra C-functions, we

can get the expressions of the Harish-Chandra C-functions Ctðs : nÞ.
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(1) Spinð2nþ 1; 1Þ-case. In this case, r ¼ n, NGR
2n and

ð

R
2n
ð1þ oÞÿ2n

dx ¼ pnðnÿ 1Þ!
ð2nÿ 1Þ! ð¼ cn; sayÞ:ð8:1Þ

Thus we have under the identification R
2n
GC

n that

ð8:2Þ

cnCtlðmÞðsm : nÞ ¼
ð

C
n

ð1þ oÞÿðnþnþm1Þ
Ynÿ2

p¼1

1þ
Xn

j¼pþ1

jzj j2
 !mpÿmpþ1

ð1þ jznj2Þmnÿ1ÿjmnj dzdz;

by changing the integration variables with zj ¼ rje
ffiffiffiffiffi
ÿ1

p
yj and r2j ¼ sj , we have

¼ pn

ð
y

0

� � �
ð
y

0

zfflfflfflfflfflffl}|fflfflfflfflfflffl{
n

ð1þ s1 þ � � � þ snÞÿðnþnþm1Þ
Ynÿ2

p¼1

ð1þ spþ1 þ � � � þ snÞmpÿmpþ1

� ð1þ snÞmnÿ1ÿjmnj ds1 . . . dsn

¼ pn

ð
y

0

ð1þ s1 þ � � � þ snÞÿðnþnþm1Þds1

�
ð
y

0

� � �
ð
y

0

zfflfflfflfflfflffl}|fflfflfflfflfflffl{
nÿ1

Ynÿ2

p¼1

ð1þ spþ1 þ � � � þ snÞmpÿmpþ1ð1þ snÞmnÿ1ÿjmnj ds2 . . . dsn

¼ pn

nþ nþ m1 ÿ 1

ð
y

0

� � �
ð
y

0

zfflfflfflfflfflffl}|fflfflfflfflfflffl{
nÿ1

ð1þ s2 þ � � � þ snÞÿðnþnþm1ÿ1Þ

�
Ynÿ2

p¼1

ð1þ spþ1 þ � � � þ snÞmpÿmpþ1ð1þ snÞmnÿ1ÿjmnj ds2 . . . dsn

¼ pn

nþ nþ m1 ÿ 1

ð
y

0

� � �
ð
y

0

zfflfflfflfflfflffl}|fflfflfflfflfflffl{
nÿ1

ð1þ s2 þ � � � þ snÞÿðnþnþm2ÿ1Þ

�
Ynÿ2

p¼2

ð1þ spþ1 þ � � � þ snÞmpÿmpþ1ð1þ snÞmnÿ1ÿjmnjds2 . . . dsn;

by continuing a similar calculation,

¼ pn
Ynÿ1

j¼1

1

nþ nþ mj ÿ j
� 1

nþ jmnj
:

Therefore taking into account (8.1), we have

CtlðmÞðsm : nÞ ¼
ð2nÿ 1Þ!
ðnÿ 1Þ!

Ynÿ1

j¼1

1

nþ nþ mj ÿ j
� 1

nþ jmnj
:ð8:3Þ
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(2) Spinð2nþ 2; 1Þ-case. In this case, r ¼ nþ 1=2, NGR
2nþ1 and

ð

R
2nþ1

ð1þ oÞÿ2nÿ1
dx ¼ pnþ1

22nn!
ð¼ cn; sayÞ:ð8:4Þ

Thus we have under the identification R
2nþ1

GC
n � R that

cnCtlðmÞðsm : nÞð8:5Þ

¼
ð

C
n�R

ð1þ oÞÿðnþnþð1=2Þþm1Þ
Ynÿ1

p¼1

1þ
Xn

j¼pþ1

jzjj2 þ x2
2nþ1

 !mpÿmpþ1

� ð1þ x2
2nþ1Þ

mnð1þ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þÿlnþ1ð1ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þlnþ1 dzdzdx2nþ1;

by changing the variables with zj ¼ rje
ffiffiffiffiffi
ÿ1

p
yj and r2j ¼ sj,

¼ pn

ð
y

0

� � �
ð
y

0

zfflfflfflfflfflffl}|fflfflfflfflfflffl{
n

ð
y

ÿy

ð1þ s1 þ � � � þ sn þ x2
2nþ1Þ

ÿðnþnþ1=2þm1Þ

�
Ynÿ1

p¼1

ð1þ spþ1 þ � � � þ sn þ x2
2nþ1Þ

mpÿmpþ1ð1þ x2
2nþ1Þ

mn

� ð1þ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þÿlnþ1ð1ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þlnþ1ds1 . . . dsndx2nþ1;

by carrying out a calculation similar to that in (8.2),

¼ pn
Yn

j¼1

1

nþ nþ mj ÿ j þ 1=2

ð
y

ÿy

ð1þ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þÿðnþlnþ1þ1=2Þ

� ð1ÿ
ffiffiffiffiffiffiffi

ÿ1
p

x2nþ1Þÿðnÿlnþ1þ1=2Þ
dx2nþ1:

Here in order to compute the last expression in (8.5), we need the following lemma.

Lemma 8.1 (cf. [3, 9]). Let nV 1, l A C , l A Z, qj A ZV0 ð1U jU nÿ 1Þ and F ¼
1þ ð1=2Þðjz1j2 þ � � � þ jznÿ1j2Þ þ

ffiffiffiffiffiffiffi

ÿ1
p

u. Then

ð

C
nÿ1�R

F
ðlþlÞ=2

F ðlÿlÞ=2
Ynÿ1

p¼1

F ÿ
Xp

j¼1

jzjj2
 !qp

dzdzdu

¼ ð2pÞn2lþnþq1þ���þqnÿ1Gðÿlÿ nÿq1ÿ� � �ÿqnÿ1Þ
Qnÿ1

j¼1

ÿ lþ l

2
ÿq1ÿ� � �ÿqjÿ1ÿ j

� �

G ÿ lþ l

2
ÿq1ÿ� � �ÿqnÿ1ÿnþ1

� �

G ÿ lÿ l

2

� � :

Taking into account (8.4), we obtain from Lemma 8.1 with n ¼ 1 that

CtlðmÞðsm : nÞ ¼
n!2ÿ2nþ2nþ1Gð2nÞ

Qn

j¼1

nþ nþ mj þ
1

2
ÿ j

� �

G nþ lnþ1 þ
1

2

� �

G nÿ lnþ1 þ
1

2

� � :ð8:6Þ
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(3) SUðn; 1Þ-case. In this case, r ¼ n and NGC
nÿ1 � R and

ð

C
nÿ1�R

j1þ ojÿ2n
dzdzdu ¼

pn

2nðnÿ 1Þ!
ð¼ cn, sayÞ:ð8:7Þ

Thus we have

cnCtlðmÞðsm : nÞ ¼

ð

C
nÿ1�R

ð1þ oÞÿðnþnÿjsmjÿ2mnÿ1Þ=2ð1þ oÞÿðnþnþjsmjþ2m1Þ=2ð8:8Þ

�
Y

nÿ2

p¼1

1þ oÿ 2
X

p

j¼1

jzjj
2

 !mpÿmpþ1

dzdzdu:

Taking into account (8.7), we obtain from Lemma 8.1 that

CtlðmÞðsm : nÞð8:9Þ

¼
ðnÿ 1Þ!2ÿnþnGðnÞ

Q

nÿ1

j¼1

nþnþjsmj

2
ÿ j þ mj

� �

G
nþnÿjsmj

2
ÿ mnÿ1

� �

G
nÿnþjsmj

2
þ 1þ mnÿ1

� � :

Combining the above expressions and the recursion formulae of the Harish-Chandra C-

function, we can get the explicit expressions of the Harish-Chandra C-functions for

Spinðn; 1Þ and SUðn; 1Þ.

Theorem 8.2. The Harish-Chandra C-functions Ctlðsm : nÞ for Spinðn; 1Þ and

SUðn; 1Þ associated with tl A K̂K and sm A M̂MðtlÞ are given as follows:

(1) Spinð2nþ 1; 1Þ-case.

Ctlðsm : nÞ ¼
ð2nÿ 1Þ!

ðnÿ 1Þ!

Q

n

j¼1

Gðnÿ nþ j ÿ mjÞ
Q

n

j¼1

Gðnþ nÿ j þ mjÞ

Q

n

j¼1

Gðnÿ nþ j ÿ ljÞ
Q

n

j¼1

Gðnþ nÿ j þ 1þ ljÞ

:

(2) Spinð2nþ 2; 1Þ-case.

Ctlðsm : nÞ ¼

n!2ÿ2nþ2nþ1Gð2nÞ
Q

n

j¼1

Gðnÿ nþ j ÿ 1
2 ÿ mjÞ

Q

n

j¼1

Gðnþ nÿ j þ 1
2 þ mjÞ

Q

nþ1

j¼1

Gðnÿ nþ j ÿ 1
2 ÿ ljÞ

Q

nþ1

j¼1

Gðnþ nÿ j þ 3
2 þ ljÞ

:

(3) SUðn; 1Þ-case.

Ctlðsm : nÞ

¼

ðnÿ 1Þ!2ÿnþnGðnÞ
Q

nÿ1

j¼1

G
nÿ nÿ jsmj

2
þ j ÿ mj

� �

Q

nÿ1

j¼1

G
nþ nþ jsmj

2
ÿ j þ mj

� �

Q

n

j¼1

G
nÿ nÿ jsmj

2
þ j ÿ lj

� �

Q

n

j¼1

G
nþ nþ jsmj

2
ÿ j þ 1þ lj

� � :
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We write detCtlðnÞ for the determinant of the linear endomorphism CtlðnÞ of Vl.

Taking into account Vl ¼
P

m ADM ðlÞ Hm, we see that

detCtlðnÞ ¼
Y

m ADM ðlÞ

Ctlðsm : nÞ
dimHm :ð8:10Þ

Thus, substituting the expression in Theorem 8.2 into (8.10), we obtain the explicit

formula of detCtlðnÞ. On the other hand, in [1], Cohn obtained the expression of

detCtðnÞ for any semisimple Lie group. He showed that there exist pi; j; qi; j A

C ð1U iU r; 1U jU jiÞ and m1; . . . ; mr A a
� such that

detCtðnÞ ¼
Y

r

i¼1

Y

ji

j¼1

G
ÿhn; aii

2hmi; aii
þ qi; j

� �

G
ÿhn; aii

2hmi; aii
þ pi; j

� � :ð8:11Þ

He conjectured in his paper [1] that the constants pi; j and qi; j appearing in the above

expression are rational numbers and depending linearly on the highest weight of t. We

can now concretely write the values of pi; j and qi; j and thus we obtain the following

corollary.

Corollary 8.3. Cohn’s conjecture is true for Spinðn; 1Þ and SUðn; 1Þ.

Applying Theorem 6(i) and Theorem 7(ii) in [7 ], we can concretely construct the

discrete series representations of SUðn; 1Þ as subquotients of the nonunitary principal

series representations. Because these computations can be carried out without any

di‰culty, we shall only write the conclusions. For m A DM , l A DKðmÞ and n A a
�, we

set

alðm; nÞ ¼
Y

nÿ1

j¼1

ðÿhj þ 1Þljÿmj

ðkj þ 1Þljÿmj

ðÿknÿ1 þ 1Þmnÿ1ÿln

ðhnÿ1 þ 1Þmnÿ1ÿln

;ð8:12Þ

where hj ¼ ðnÿ nÿ jsmjÞ=2þ j ÿ mj and kj ¼ ðnþ nþ jsmjÞ=2ÿ j þ mj . Let H
sm;nðKÞ

denote the set of K-finite elements in CsmðKÞ. For f ¼
P

fl; g ¼
P

gl A H
sm;nðKÞ,

we set h f ; gii ¼
P

halðm; nÞ fl; gli.

Corollary 8.4. Retain the above notation. For m ¼ ðm1; . . . ; mnÿ1Þ A DM , we set

m 0
p ¼ mp þ n=2ÿ p. Then the discrete series representations of SUðn; 1Þ are listed as

follows:

(1) The holomorphic discrete series. We choose m A DM and n A a
� so that hnÿ1U

ÿ1. Let

lm ¼ ðm1; . . . ; mnÿ1; mnÿ1 þ hnÿ1 þ 1Þ;

L ¼
X

nÿ1

p¼1

m 0
pep þ

nÿ jsmj

2
en ÿ

nþ jsmj

2
enþ1;

SL ¼ fl A DKðmÞ : mnÿ1V lnV mnÿ1 þ hnÿ1 þ 1g:
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Let VL be the Hilbert space completion of VLðKÞ ¼
P

l ASL
Vl relative to h�; �ii

and pLðgÞ ¼ psm;nðgÞjVL
. Then ðpL;VLÞ is a holomorphic discrete series with the

Harish-Chandra parameter L and the minimal K-type lm.

(2) The antiholomorphic discrete series. We choose m A DM and n A a
� so that k1U

ÿ1. Let

lm ¼ ðm1 ÿ k1 ÿ 1; m1; . . . ; mnÿ1Þ;

L ¼ ÿ
nþ jsmj

2
e1 þ

Xnÿ1

p¼1

m 0
pepþ1 þ

nÿ jsmj

2
enþ1;

SL ¼ fl A DKðmÞ : m1U l1U m1 ÿ k1 ÿ 1g:

Let VL be the Hilbert space completion of VLðKÞ ¼
P

l ASL
Vl relative to h�; �ii

and pLðgÞ ¼ psm;nðgÞjVL
. Then ðpL;VLÞ is an antiholomorphic discrete series

with the Harish-Chandra parameter L and the minimal K-type lm.

(3) The nonholomorphic discrete series. We choose m A DM and n A a
� so that haU

ÿ1, haþ1 > 0, kaþ2Uÿ1 and kaþ1 > 0 for some 0U aU nÿ 2. Let

lm ¼ ðm1; . . . ; ma; ma þ ha þ 1; maþ2 ÿ kaþ2 ÿ 1; maþ2; . . . ; mnÿ1Þ;

L ¼
Xa

p¼1

m 0
pep þ

nÿ jsmj

2
eaþ1 ÿ

nþ jsmj

2
eaþ2 þ

Xnÿ1

p¼aþ2

m 0
pepþ1 þ m 0

aþ1enþ1;

SL ¼ fl A DKðmÞ : maV laþ1V ma þ ha þ 1; maþ2U laþ2U maþ2 ÿ kaþ2 ÿ 1g:

If a < nÿ 2, let VL be the Hilbert space completion of VLðKÞ ¼
P

l ASL
Vl

relative to Gðÿhaþ1 þ 1Þh�; �ii. If a ¼ nÿ 2, let VL be the Hilbert space

completion of VLðKÞ relative to Gðÿhnÿ1 þ 1ÞGðÿknÿ1 þ 1Þh�; �ii. We put

pLðgÞ ¼ psm;nðgÞjVL
. Then ðpL;VLÞ is a nonholomorphic discrete series with the

Harish-Chandra parameter L and the minimal K-type lm.

9. Restriction of discrete series.

In this section we shall concretely construct the invariant subspaces of the rep-

resentation spaces of holomorphic and antiholomorphic discrete series of SUðn; 1Þ when

restricted to Uðnÿ 1; 1Þ.

Let us embed G1 ¼ Uðnÿ 1; 1Þ into G ¼ SUðn; 1Þ by g ¼
X v

w� u

� �

7!
X 0 v

0 a 0

w� 0 u

0

@

1

A, where a ¼ ðdet gÞÿ1
A Uð1Þ. Let

K1 ¼

X 0 0

0 a 0

0 0 u

0

B
@

1

C
A : X A Uðnÿ 1Þ; a; u A Uð1Þ; au detX ¼ 1

8

><

>:

9

>=

>;

;ð9:1Þ

Z ¼ fzðhÞ ¼ diagðh; . . . ; h
zfflfflfflffl}|fflfflfflffl{

nÿ1

; hÿn
; hÞ : h A Uð1Þg;

A1 ¼ expRH1;
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where H1 ¼ Enÿ1;nþ1 þ Enþ1;nÿ1. Then G1 ¼ K1A1K1 is a Cartan decomposition of G1.

For l A Z and m A DM , define the unitary representation ðwðl;mÞ;HmÞ of Z �M by

wðl;mÞðzðhÞ;mÞv ¼ hlsmðmÞv, ðm A M; v A HmÞ. Since K1 ¼ MZ, wðl;mÞ A K̂K1 if and only if

lþ ðnþ 1Þmnÿ1 A ðnþ 1ÞZ. For a A DK , it follows that

tajK1
¼

X

b<a

wðÿðnþ1ÞðjajÿjbjÞ;bÞ; Va ¼
X

b<a

VaðbÞ:ð9:2Þ

So when we look upon VaðbÞ as a representation space of K1, we write this repre-

sentation space as Vðÿðnþ1ÞðjajÿjbjÞ;bÞ. We shall first rewrite the results in Proposition

4.5 in terms of the Clebsch-Gordan coe‰cients. Fix an orthonormal basis

Ei ¼ Enþ1; i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

;Fi ¼ Ei;nþ1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

: 1U iU n
� 	

of pc. Then Ei and Fi

correspond to the Gel’fand-Tsetlin basis with data ð�11n; . . . ; �11i; 0iÿ1; . . . ; 01Þ and

ð1n; . . . ; 1i; 0iÿ1; . . . ; 01Þ respectively. Here 0i¼ð0; . . . ; 0
zfflfflfflffl}|fflfflfflffl{

i

Þ; 1i¼ð1; 0iÿ1Þ and �11i¼ð0iÿ1;ÿ1Þ.

Let ð�; � j �Þ denote the Clebsch-Gordan coe‰cients relative to the decomposition Vl n

Vl 0 ¼
P

l 00ADK
Vl 00 , that is, for vðMÞ A Vl, vðM 0Þ A Vl 0 and vðM 00Þ A Vl 00

ðvðMÞ; vðM 0Þ j vðM 00ÞÞ ¼ hEl 00ðvðMÞn vðM 0ÞÞ; vðM 00ÞiVl 00
:

Here El 00 denotes the canonical projection of Vl nVl 0 to Vl 00 . We use the following

fact concerning the Clebsch-Gordan coe‰cients of UðnÞ (cf. [11, p. 385]).

Lemma 9.1. For arbitrary Gel’fand-Tsetlin data M ¼ ðmn; . . . ;m1Þ, M
0 ¼

ðm 0
n; . . . ;m

0
1Þ, M

00 ¼ ðm 00
n ; . . . ;m

00
1 Þ, there exist

mj m 0
j m 00

j

mjÿ1 m 0
jÿ1 m 00

jÿ1

� �

A R ð2U jU nÞ

such that the Clebsch-Gordan coe‰cient ðvðMÞ; vðM 0Þ j ðvðM 00ÞÞ can be expressed as

follows:

ðvðMÞ; vðM 0Þ j vðM 00ÞÞ ¼
Yn

j¼2

mj m 0
j m 00

j

mjÿ1 m 0
jÿ1 m 00

jÿ1

� �

:

Moreover,
mj m 0

j m 00
j

mjÿ1 m 0
jÿ1 m 00

jÿ1

� �

has the following properties.

(1) If jmj j þ jm 0
j j0 jm 00

j j or jmjÿ1j þ jm 0
jÿ1j0 jm 00

jÿ1j, then

mj m 0
j m 00

j

mjÿ1 m 0
jÿ1 m 00

jÿ1

� �

¼ 0:

(2)
1 j mj m 0

j

1jÿ1 ðmjÞU jÿ1 ðm 0
j ÞU jÿ1

� �

¼
�11 j mj m 0

j
�11jÿ1 ðmjÞV2 ðm 0

j ÞV2

� �

¼ 1:

Remark.
mj m 0

j m 00
j

mjÿ1 m 0
jÿ1 m 00

jÿ1

� �

are called scalar factors of the Clebsch-Gordan

coe‰cients.

For each a A DKðmÞ and b A DMðaÞ, let T b
a be the canonical projection of Va into

VaðbÞ and write Pb
a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVa=dimVaðbÞ
p

T b
a . Throughout this section we shall identify

H
sm; nðtaÞ with Va and simply write v instead of f

P
b
anv

. In the following discussion, for
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x ¼ ðx1; . . . ; xnÞ A R
n and 1U jU n, we shall use the notation xG j to denote

ðx1; . . . ; xjÿ1; xj G 1; xjþ1; . . . ; xnÞ. A simple calculation implies that

~PPb
aE

�
aþj ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVaþj

dimVa

s

1n a aþj

0nÿ1 m m

 !

P
b

aþ j ;ð9:3Þ

~PPb
aE

�
aÿj ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVaÿj

dimVa

s

�11n a aÿj

0nÿ1 m m

 !

P
b

aÿj :

For a A DKðmÞ and b A DMðaÞ, we set Ma;b ¼ ða; b; b
V2; . . . ; bVnÿ1Þ and ~MMa;b ¼

ða; b; b
Unÿ2; . . . ; bU1Þ. Then for 1U iU nÿ 1, we have from Lemma 9.1 that

Fi n vð ~MMa;bÞ ¼
X

n

j¼1

X

i

k¼1

1n a aþj

1nÿ1 b bþk

 !

1i b
Ui bþk

Ui

0iÿ1 b
Uiÿ1 b

Uiÿ1

 !

vð ~MM
j;k
a;bÞ;ð9:4Þ

Ei n vðMa;bÞ ¼
X

n

j¼1

X

nÿ1

k¼nÿi

�11n a aÿj

0nÿ1 b bÿk

 !

�11i b
Vnÿi bÿkþnÿiÿ1

Vnÿi

0iÿ1 b
Vnÿiþ1 b

Vnÿiþ1

 !

vðM j;k
a;bÞ;

where

M
j;k
a;b ¼ ðaÿj; bÿk; bÿkþ1

V2 ; . . . ; bÿkþnÿiÿ1
Vnÿi ; b

Vnÿiþ1; . . . ; bVnÿ1Þ;

~MM
j;k
a;b ¼ ðaþj; bþk; bþk

Unÿ2; . . . ; b
þk
Ui ; bUiÿ1; . . . ; bU1Þ:

Remark. For the explicit forms of the scalar factors appeared in (9.3) and (9.4),

see [11, p. 385].

Substituting (9.3) and (9.4) into the expressions in Proposition 4.5, we obtain

psm;nðEi;nþ1Þvð ~MMa;bÞ ¼
X

n

j¼1

X

i

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVaþj

dimVa

s

kjðaÞ
1n a aþj

0nÿ1 m m

 !

1n a aþj

1nÿ1 b bþk

 !

ð9:5Þ

�
1i b

Ui bþk
Ui

0iÿ1 b
Uiÿ1 b

Uiÿ1

 !

vð ~MM
j;k
a;bÞ;

psm; nðEnþ1; iÞvðMa;bÞ ¼
X

n

j¼1

X

nÿ1

k¼nÿi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVaÿj

dimVa

s

hjðaÞ
�11n a aÿj

0nÿ1 m m

 !

�11n a aÿj

�11nÿ1 b bÿk

 !

�
�11i b

Vnÿi bÿkþnÿiÿ1
Vnÿi

0iÿ1 b
Vnÿiþ1 b

Vnÿiþ1

 !

vðM j;k
a;bÞ;

where hjðaÞ ¼ ðnÿnÿjsmjÞ=2þ j ÿ aj and kjðaÞ ¼ ðnþnþjsmjÞ=2ÿ j þ aj þ 1. For 1U

i < jU nÿ 1, it follows from (5.21) and (5.22) that

psm; nðEj; iÞvðMa;bÞ ¼ psm; nðEi; jÞvð ~MMa;bÞ ¼ 0:ð9:6Þ

Let o1 be the Casimir operator of G1, that is
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o1 ¼
1

2ðnþ 1Þ

X

1UiUnþ1
i0n

E2
i; i þ

1

nþ 1

X

1Ui<jUnÿ1

ðEj; iEi; j þ Ei; jEj; iÞð9:7Þ

þ 2
X

nÿ1

j¼1

ðFjEj þ EjFjÞ:

We shall first consider the case of holomorphic discrete series. Fix m A DM and n A

a
� so that the condition in Corollary 8.4(1) is fulfilled. For simplicity we set mn ¼

ðnþ nÿ jsmjÞ=2. Then it follows from Corollary 8.4(1) that

VLðKÞ ¼
X

a<ðy;lmÞ

Va ¼
X

a<ðy;lmÞ

X

b<a

VaðbÞ ¼
X

lÿmn AZV0

b AS

X

b<a<ðy;lmÞ
jajÿjbj¼l

VaðbÞ;ð9:8Þ

where S ¼ fb A DM : b1V m2; mjÿ1V bjV mjþ1; ð2U jU nÿ 1Þg. For our convenience,

we introduce the following notation:

Sm ¼ fb A S : b < lmg; Sc ¼ l A
1

nþ 1
Z : lÿ mn A ZV0

� �

;

Sþ
c ¼ fl A Sc : lÿ m1 A ZV0g; Sÿ

c ¼ ScnS
þ
c :

For a A DK and b A DMðaÞ, let

cða; j; kÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimVaÿj

dimVa

s

hjðaÞ
�11n a aÿj

0nÿ1 m m

 !

�11n a aÿj

�11nÿ1 b bÿk

 !

;

dðkÞ ¼
�11i b

Vnÿi bÿkþnÿiÿ1
Vnÿi

0iÿ1 b
Vnÿiþ1 b

Vnÿiþ1

 !

:

For b A Sm, let

ZðbÞ ¼ fk A Z>0 : 1U kU nÿ 1; bÿk
A Smg;

NlðbÞ ¼ fa A DK : b < a < ðy; lmÞ; jaj ÿ jbj ¼ lg; mðl; bÞ ¼ CardNlðbÞ;

VlðbÞ ¼
X

a ANlðbÞ

VaðbÞ:

For b A S, let

bf ¼ ðmaxðb2; m2Þ; . . . ;maxðbnÿ1; mnÿ1Þ; mnÞ;

b
l
¼ ðminðb1; m1Þ; . . . ;minðbnÿ1; mnÿ1ÞÞ:

Taking into account b
l
; bf A Sm; bf < ðb

l
;ÿyÞ and b

l
< ðb;ÿyÞ, we see that NlðbÞ

can be written as

NlðbÞ ¼ fa A DK : aV2 A Sm; bf < ðaV2;ÿyÞ; aV2 < ðbl;ÿyÞ;ð9:9Þ

jaV2jU jbj þ lÿmaxðb1; m1Þg:
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Taking into account ðb
l
Þ
l
¼ b

l
and ðb

l
Þf ¼ ðlmÞV2, we can easily see that mðl; bÞU

mðl; b
l
Þ. For this reason, we write (9.8) as the following form:

VLðKÞ ¼
X

l ASþ
c

b ASm

X

a ANlðbÞ

VaðbÞ þ
X

l ASþ
c

b BSm

X

a ANlðbÞ

VaðbÞð9:10Þ

þ
X

l ASÿ
c

b ASm

X

a ANlðbÞ

VaðbÞ þ
X

l ASÿ
c

b BSm

X

a ANlðbÞ

VaðbÞ:

We shall here get expressions of eigenvectors of o1. Assume that an eigenvector v

is represented as v ¼
P

a ANlðbÞ
cavðMa;bÞ, ðca A C Þ. Then it follows from (9.6) that

pLðEj; iÞv ¼ 0 for 1U i < jU nÿ 1. Thus for v being an eigenvector, it su‰ces to

determine ca such that pLðEnþ1; iÞv ¼ 0, ð1U iU nÿ 1Þ. It follows from (9.5) that

pLðEnþ1;iÞv ¼
X

a ANlðbÞ

ca
X

n

j¼1

X

nÿ1

k¼nÿi

cða; j; kÞdðkÞvðM j;k
a;bÞ

( )

:ð9:11Þ

Noting hjðaÞ < 0 ð1U j < nÞ, hnðaÞU 0 and hnðaÞ ¼ 0 if and only if an ¼ mn, we see

that cða; j; kÞ0 0 if and only if bÿk A Sm and aÿj A Nlðb
ÿkÞ. Letting Zðb; iÞ ¼ ZðbÞV

fnÿ i; . . . ; nÿ 1g and rewriting aÿj as a, we have from (9.11) that

pLðEnþ1; iÞv ¼
X

k AZðb; iÞ

X

a ANlðb
ÿkÞ

X

aþ jANlðbÞ

caþ jcðaþj
; j; kÞdðkÞvðM 0;k

a;b Þ:ð9:12Þ

Therefore pLðEnþ1; iÞv ¼ 0 implies that we have for k A Zðb; iÞ and a A Nlðb
ÿkÞ that

X

aþ jANlðbÞ

caþ jcðaþj
; j; kÞ ¼ 0:ð9:13Þ

From this, we see that it su‰ces to determine ca such that pLðEnþ1;nÿ1Þv ¼ 0. To

determine ca, we use arguments similar to those in [14, Theorem 3.1].

Lemma 9.2. Let l A Sc and b A Sm.

(1) If l A Sþ
c , then there exists v ¼

P

a ANlðbÞ
cavðMa;bÞ A VlðbÞ such that

pLðEnþ1;nÿ1Þv ¼ 0. Moreover, such a v is unique up to a scalar factor.

(2) If l A Sÿ
c and jbjV jlmj ÿ l, then there exists v ¼

P

a ANlðbÞ
cavðMa;bÞ A VlðbÞ

such that pLðEnþ1;nÿ1Þv ¼ 0. Moreover, such a v is unique up to a scalar factor.

Proof. (1) We obtain from (9.7) that

NlðbÞ ¼ fa A DK : aV2 A Sm; b < ag:ð9:14Þ

Then setting Nlðb; pÞ ¼ fa A NlðbÞ : a1 ¼ pg, we have

NlðbÞ ¼ 6
m1þlþjbjÿjlmjUpUl

Nlðb; pÞ:

We first remark the following fact. For l A Nlðb; pÞ, we put

Zðl; bÞ ¼ fk A Z>0 : k A ZðbÞ; lÿ1 A Nlðb
ÿkÞg:
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Then setting a ¼ lÿ1, we have from (9.13) that

clcðl; 1; kÞ þ
X

j AZðl;bÞ

caþ jþ1cðaþjþ1; j þ 1; kÞ ¼ 0; ðk A Zðl; bÞÞ:ð9:15Þ

By the orthogonality relations of the Clebsch-Gordan coe‰cients, it is easy to check that

cðaþjþ1; j þ 1; kÞ are linearly independent and thus we can get caþ jþ1 ð j A Zðl; bÞÞ from

the above simultaneous equations.

We can find the constants ca ða A NlðbÞÞ by induction on a1. Let a f ¼

ðm1þlþjbjÿjlmj; m2; . . . ; mnÞ. We first choose caf as an arbitrary nonzero real number.

Suppose that ca are determined for all a A Nlðb; pÞ. For a A Nlðb; pÿ 1Þ, we pick k A

Z>0 so that aÿk
V2 A Sm. Then setting l ¼ ðaþ1Þÿk

A Nlðb; pÞ, we can get ca from the

simultaneous equations (9.15). By the orthogonality relations of the Clebsch-Gordan

coe‰cients, it is easy to check that ca is independent of the choice of k.

(2) Because b A Sm and l A Sÿ
c , we have from (9.7) that

NlðbÞ ¼ fa A DK : aV2 A Sm; b < a; jaV2jU jbj þ lÿ m1g:ð9:16Þ

Thus NlðbÞ ¼ q if jbj < jlmj ÿ l. By a similar way to (1), we can also determine the

constants ca satisfying m1 þ lþ jbj ÿ jlmjU a1U m1. r

For l A Sc and b A Sm, we choose v as in Lemma 9.2. We denote by Vðl; bÞðKÞ

the pLðK1Þ-invariant subspace of VLðKÞ containing fpLðFnÿ1Þ
j
v : j A ZV0g. Then

pLðEnÿ1Þv ¼ 0 implies Vðl; bÞðKÞ ¼
P

b 0<ðb;ÿyÞ Vðÿðnþ1Þl;b 0Þ. Taking into account

mðl; bÞUmðl; blÞ for b B Sm, we obtain from (9.7) that

VLðKÞ ¼
X

l ASþ
c

b ASm

Vðl; bÞðKÞ þ
X

l ASÿ
c

b ASm

jbjVjlmjÿl

Vðl; bÞðKÞ:ð9:17Þ

We shall next consider the case of antiholomorphic discrete series. Fix m A DM

and n A a
� so that the condition indicated in Corollary 8.4(2) is fulfilled. For simplicity

we set m0 ¼ ÿðnþ nþ jsmjÞ=2. In this case, if a A SL, then kjðaÞ < 0 ð1 < jU nÞ,

hjðaÞ > 0 ð1U jU nÞ and k1ðaÞU 0. Moreover, k1ðaÞ ¼ 0 if and only if a1 ¼ m0. We

have from Corollary 8.4(2) that

VLðKÞ ¼
X

a<ðlm;ÿyÞ

Va ¼
X

a<ðlm;ÿyÞ

X

b<a

VaðbÞ ¼
X

l A ~SSc

b A ~SS

X

b<a<ðlm;ÿyÞ
jajÿjbj¼l

VaðbÞ;ð9:18Þ

where

~SS ¼ b A DM : mjÿ1V bjV mjþ1; ð1U jU nÿ 2Þ; mnÿ2V bnÿ1

n o

;

~SSc ¼ l A
1

nþ 1
ZV0 : m0 ÿ l A ZV0

� �

:

For our convenience, we introduce the following notation:

~SSm ¼ fb A ~SS : b < lmg;

~SSþ
c ¼ fl A ~SSc : lÿ m1 A ZV0g; ~SSÿ

c ¼ ~SScn ~SS
þ
c :
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For b A ~SSm, let

~ZZðbÞ ¼ fk A Z>0 : 1U kU nÿ 1; bÿk A ~SSmg;

~NNlðbÞ ¼ fa A DK : b < a < ðlm;ÿyÞ; jaj ÿ jbj ¼ lg; mðl; bÞ ¼ Card ~NNlðbÞ;

WlðbÞ ¼
X

a A ~NNlðbÞ

VaðbÞ:

For b A ~SS, let

bf ¼ ðmaxðb1; m1Þ; . . . ;maxðbnÿ1; mnÿ1ÞÞ;

bl ¼ ðm0;minðb1; m1Þ; . . . ;minðbnÿ2; mnÿ2ÞÞ:

By the same reason as in the case of holomorphic discrete series, we have

~NNlðbÞ ¼ fa A DK : aUnÿ2 A ~SSm; bf < ðaUnÿ2;ÿyÞ; aUnÿ2 < ðbl;ÿyÞ;ð9:19Þ

jaUnÿ2jU jbj þ lÿminðbnÿ1; mnÿ1Þg:

and thus mðl; bÞUmðl; blÞ. For this reason, we write (9.18) as follows:

VLðKÞ ¼
X

l A ~SSþ
c

b A ~SSm

WlðbÞ þ
X

l A ~SSþ
c

b B ~SSm

WlðbÞ þ
X

l A ~SSÿ
c

b A ~SSm

WlðbÞ þ
X

l A ~SSÿ
c

b B ~SSm

WlðbÞ:ð9:20Þ

Assume that an eigenvector v is represented as v ¼
P

a AMlðbÞ
cavð ~MMa;bÞ, (ca A C ). Then

by arguments similar to those in the case of holomorphic discrete series, for v being an

eigenvector, it su‰ces to determine ca such that pLðEnÿ1;nþ1Þv ¼ 0.

Lemma 9.3. Let l A ~SSc and b A ~SSm.

(1) If l A ~SSþ
c , then there exists v ¼

P
a A ~NNlðbÞ

cavð ~MMa;bÞ A WlðbÞ such that

pLðEnÿ1;nþ1Þv ¼ 0. Moreover, such a v is unique up to a scalar factor.

(2) If l A ~SSÿ
c and jbjV jlmj ÿ l, then there exists v ¼

P
a A ~NNlðbÞ

cavð ~MMa;bÞ A WlðbÞ

such that pLðEnÿ1;nþ1Þv ¼ 0. Moreover, such a v is unique up to a scalar factor.

For l A ~SSc and b A ~SSm, we choose v as in Lemma 9.3. We denote by Wðl; bÞðKÞ the

pLðK1Þ-invariant subspace of VLðKÞ containing fpLðEnÿ1Þ
j
v : j AZV0g. Then pLðFnÿ1Þv

¼ 0 implies Wðl; bÞðKÞ ¼
P

b<ðb 0
;ÿyÞVðÿðnþ1Þl;b 0Þ. Therefore we obtain from (9.19) that

VLðKÞ ¼
X

l A ~SSþ
c

b A ~SSm

Wðl; bÞðKÞ þ
X

l A ~SSÿ
c

b A ~SSm

jbjVjlmjÿl

Wðl; bÞðKÞ:ð9:21Þ

We summarize these into the following theorem.

Theorem 9.4. Let Vðl; bÞ and Wðl; bÞ denote the completions of Vðl; bÞðKÞ and

Wðl; bÞðKÞ relative to h�; �ii, respectively.

(1) The holomorphic discrete series ðpL;VLÞ is decomposed with no multiplicity as

follows:
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VL ¼
X

l ASþ
c

b ASm

Vðl; bÞ þ
X

l ASÿ
c

b ASm

jbjVjlmjÿl

Vðl; bÞ:

The Blattner parameter of Vðl; bÞ is ðÿðnþ 1Þl; bÞ.

(2) The antiholomorphic discrete series ðpL;VLÞ is decomposed with no multiplicity

as follows:

VL ¼
X

l A ~SSþ
c

b A ~SSm

Wðl; bÞ þ
X

l A ~SSÿ
c

b A ~SSm

jbjVjlmjÿl

Wðl; bÞ:

The Blattner parameter of Wðl; bÞ is ðÿðnþ 1Þl; bÞ.
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