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Abstract. We define a Rohlin property for Z
2-actions on UHF algebras and show a

non-commutative Rohlin type theorem. Among those actions with the Rohlin property,

we classify product type actions up to outer conjugacy. We consider two classes of UHF

algebras. For UHF algebras in one class including the CAR algebra, there is one and

only one outer conjugacy class of product type actions and for UHF algebras in the other

class, contrary to the case of Z-actions, there are infinitely many outer conjugacy classes

of product type actions.

1. Introduction.

A non-commutative Rohlin property was introduced by A. Connes for classification

of (single) automorphisms of von Neumann algebras ([3], [4]), and this property was

generalized for example by A. Ocneanu ([20], [21]) to systems of commuting auto-

morphisms and further to actions of discrete amenable groups. On the other hand, this

notion has also proved useful in the framework of C �-algebras ([1], [6], [7], [12], [13],

[15], [16]), and in [15], [16] Kishimoto established a non-commutative Rohlin type

theorem for automorphisms of UHF algebras (and some AF algebras) and classified

automorphisms (i.e., Z-actions) with the Rohlin property up to outer conjugacy.

The purpose of the paper is to extend Kishimoto’s work to Z
2-actions. Motivated

by [15], [16], in Section 2 we introduce notions of Rohlin property and uniform outerness

of ZN -actions on unital C �-algebras. In the UHF algebra case and N ¼ 1, the uniform

outerness was shown to be the same as the ordinary outerness of the relevant auto-

morphism on the GNS von Neumann algebra obtained via the trace ([15]). Our main

theorem here says that for Z
2-actions on UHF algebras the Rohlin property char-

acterizes the uniform outerness. The main idea of the proof is similar to the one in

[16], but to avoid additional technical problems we make use of the stability i.e., the

vanishing of 1-cohomology obtained in [12].

In Section 3 we introduce three notions of conjugacy to Z
2-actions, i.e., ap-

proximate conjugacy, cocycle conjugacy, and outer conjugacy. Using the generalized

determinant introduced by P. de la Harpe and G. Skandalis ([14]), we show that

approximate conjugacy implies cocycle conjugacy when a (unital) C �-algebra is simple

and possesses a unique trace.

In Section 4 we consider product type Z
2-actions on UHF algebras, i.e., pairs ða; bÞ

of commuting automorphisms
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aG 1
y

k¼1

Ad uk; bG 1
y

k¼1

Ad vk:

Considering the case when the nk � nk matrices uk, vk commute at first, we show that the

Rohlin property in this case is characterized by the property of uniform distribution of

the joint spectral set Spð1n

k¼m
uk;1

n

k¼m
vkÞ ðmU nÞ. From this we show that any such

pairs are approximately conjugate.

We then investigate two special classes of UHF algebras. The first one is of

the form 1y

k¼1Mp
ik
k

, where pk ðk A NÞ are primes and non-negative (finite) integers

ikðk A NÞ satisfy
P

y

k¼1 ik ¼ y. The second one is of the form 1
k AK

Mqy
k

with primes

qkðk A KÞ (where aKUy) and Mqy
k

means the infinite tensor product of Mqk . For

algebras in the first class we construct infinitely many non-cocycle conjugate product

type Z
2-actions with the Rohlin property. We would like to emphasize that for

Z-actions this phenomenon does not occur. On the other hand, for algebras in the

second class we show that all the product type Z
2-actions with the Rohlin property

are mutually approximately conjugate. Combining these results we get the classification

of product type Z
2-actions with the Rohlin property on UHF algebras up to outer

conjugacy.

2. Rohlin type theorem.

Let N be a positive integer. We first define the Rohlin property for Z
N -actions on

unital C �-algebras. As mentioned above this is a simple generalization of that in the

case of N ¼ 1 [15]. Let x1; . . . ; xN be the canonical basis of Z
N i.e.,

xi ¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ;

where 1 is in the i-th component, and let I ¼ ð1; . . . ; 1Þ throughout this section. For

m ¼ ðm1; . . . ;mNÞ and n ¼ ðn1; . . . ; nNÞ A Z
N , mU n means mi U ni for each i ¼ 1; . . . ;

N. We define

mZ
N ¼ fðm1n1; . . . ;mNnNÞ j ðn1; . . . ; nNÞ A Z

Ng

for m ¼ ðm1; . . . ;mNÞ A Z
N and let Z

N act on Z
N=mZ

N by addition modulo mZ
N .

Definition 1. Let a be a Z
N -action on a unital C �-algebra A i.e., a is a group

homomorphism from Z
N into the automorphisms AutðAÞ of A. Then a is said to have

the Rohlin property if for any m A N
N there exist R A N and mð1Þ; . . . ;mðRÞ

A N
N with

mð1Þ; . . . ;mðRÞ Vm and which satisfy the following condition: For any e > 0 and finite

subset F of A, there exist projections

eðrÞg ðr ¼ 1; . . . ;R; g A Z
N=mðrÞ

Z
NÞ

in A satisfying

XR

r¼1

X

g AZN=mðrÞZ
N

eðrÞg ¼ 1; k½x; eðrÞg �k < e; kaxiðe
ðrÞ
g Þ ÿ e

ðrÞ
xiþgk < e ð1Þ

for any x A F ; r ¼ 1; . . . ;R; i ¼ 1; . . . ;N and g A Z
N=mðrÞ

Z
N .
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Remark 2. When A is a UHF algebra, using Christensen’s perturbation argument

([5, Theorem 5.3.]), we can restate the definition of the Rohlin property as follows. For

any n;m A N with 1U nUN there exist R A N and positive integers mð1Þ; . . . ;mðRÞ
Vm

which satisfy the following condition: For any e > 0 and finite subset F of A there exist

projections

e
ðrÞ
0 ; . . . ; e

ðrÞ

mðrÞÿ1
ðr ¼ 1; . . . ;RÞ

in A satisfying

XR

r¼1

XmðrÞÿ1

j¼0

e
ðrÞ
j ¼ 1; k½x; e

ðrÞ
j �k < e

for each r ¼ 1; . . . ;R; j ¼ 0; . . . ;mðrÞ ÿ 1 and x A F , and

kaxnðe
ðrÞ
j Þ ÿ e

ðrÞ
jþ1k < e; kaxn 0 ðe

ðrÞ
j Þ ÿ e

ðrÞ
j k < e

for each n 0 ¼ 1; . . . ;N with n 0
0 n, r ¼ 1; . . . ;R and j ¼ 0; . . . ;mðrÞ ÿ 1, where e

ðrÞ

mðrÞ 1 e
ðrÞ
0 .

For automorphisms of C �-algebras a notion of uniform outerness was introduced in

[15]. That is, an automorphism a of a unital C �-algebra A is said to be uniformly outer

if for any a A A, any nonzero projection p A A and any e > 0, there exist projections

p1; . . . ; pn in A such that

p ¼
Xn

i¼1

pi; kpiaaðpiÞk < e ði ¼ 1; . . . ; nÞ:

It was shown that this notion for automorphisms of UHF algebras is equivalent to the

usual outerness for the automorphisms of the von Neumann algebras obtained through

the GNS representations associated with the traces ([15, Theorem 4.5]). Based on this

fact and the Rohlin type theorem for automorphisms of von Neumann algebras due to

A. Connes ([4, Theorem 1.2.5]), a C �-algebraic version of the theorem (for the UHF

algebras) was shown by A. Kishimoto ([16, Theorem 1.3]). We extend Kishimoto’s

work to Z
2-actions.

Theorem 3. Let a be a Z
2-action on a UHF algebra A. Then the following

conditions are equivalent:

(1) a has the Rohlin property.

(2) ag is uniformly outer for each g A Z
2nf0g.

Once we establish this theorem, we have immediately

Corollary 4. Let a be a Z
2-action on a UHF algebra A. Then the following

conditions are equivalent:

(1) a has the Rohlin property as a Z
2-action on A.

(2) ag has the Rohlin property as an automorphism of A for each g A Z
2nf0g.

In Theorem 3 it is obvious that (1) implies (2). We devote the rest of this section to

prove the converse in several steps.

Lemma 5. Let a be a Z
2-action on a UHF algebra A. If the condition (2) in

Theorem 3 holds then for any m ¼ ðm1;m2Þ A N
2
; e > 0 and any unital full matrix
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subalgebra B of A, there exists an orthogonal family ðeg j g A Z
2
; 0U gUmÿ IÞ of

projections in AVB 0 such that

kaxiðegÞ ÿ exiþgk < e

for any i ¼ 1; 2 and g A Z
2 with 0U g; xi þ gUmÿ I , and furthermore,

1 < ðjmj þ 1Þtðe0Þ;

where t is the unique tracial state of A and jmj1m1 �m2.

Proof. Let ðpt;HtÞ be the GNS representation associated with t. By the

uniqueness of a trace we can extend each ag ðg A Z
2Þ to an automorphism of the AFD

II1 factor ptðAÞ
00ðJBðHtÞÞ and we use the same symbol ag for this extension. Since ag

is outer on ptðAÞ
00 for g A Z

2nf0g by [15, Theorem 4.5], it follows from [20, Theorem 2]

that for any m A N
2 there exists a strongly central sequence

ððEð jÞ
g j g A Z

2
; 0U gUmÿ IÞ j j A NÞ

of orthogonal families of projections in ptðAÞ
00 such that

X

g A Z
2

0UgUmÿI

Eð jÞ
g ¼ 1

for each j A N and

axiðE
ð jÞ
g Þ ÿ E

ð jÞ
xiþg ! 0

strongly as j ! y for each i ¼ 1; 2 and g A Z
2 with 0U gUmÿ I , where ðm1; kÞ1

ð0; kÞ, ðk;m2Þ1 ðk; 0Þ.

From this central sequence we shall construct a uniformly central sequence

ðð f ð jÞg j g A Z
2
; 0U gUmÿ IÞ j j A NÞ

of orthogonal families of projections in A such that

pt

0

@

X

g A Z
2

0UgUmÿI

f ð jÞg

1

A

! 1

strongly as j ! y and

kaxið f
ð jÞ
g Þ ÿ f

ð jÞ
xiþgk ! 0

as j ! y for each i ¼ 1; 2 and g A Z
2 with 0U g; gþ xiUmÿ I . To do this, let

ðAj j j A NÞ be an increasing sequence of unital full matrix subalgebras of A such that

UjAj is dense in A. From [15, Lemma 4.7] we find a uniformly central sequence

ðej j j A NÞ of projections in A such that

ptðejÞ ÿ E
ð jÞ
0 ! 0

strongly as j ! y. Changing ej slightly and taking a subsequence, we may assume
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that ej A ð[kAkÞVA 0
j for each j. Let e > 0. From [5, Corollary 6.8], by taking inner

perturbations, there are a1; a2 A AutðAÞ such that

kai ÿ axik < e; ai 6
j AN

Aj

 !

J 6
j AN

Aj

for i ¼ 1; 2. Set

hj ¼ ej

0

@

X

g¼ðg1;g2Þ AZ
2nf0g

ÿðmÿIÞUgUmÿI

ða1Þ
g1ða2Þ

g2ðejÞ

1

A

ej; kj ¼ ej

0

@

X

g A Z
2nf0g

ÿðmÿIÞU gUmÿI

agðejÞ

1

A

ej;

hj ¼ tðhjÞ and kj ¼ tðkjÞ. Then it follows that

khj ÿ kjk < eðm1 þm2 ÿ 2Þfð2m1 ÿ 1Þð2m2 ÿ 1Þ ÿ 1g:

Furthermore, limj!y kj ¼ 0 since

lim
j!y

kj ¼ lim
j!y

t

0

@

ej
X

g AZ 2nf0g
ÿðmÿIÞUgUmÿI

agðejÞ

1

A

U lim
j!y

X

g;h AZ 2;g0h
0Ug;hUmÿI

tðejagÿhðejÞÞ

U lim
j!y

X

g;h AZ 2;g0h
0Ug;hUmÿI

tðahðejÞagðejÞÞ

¼ lim
j!y

X

g;h AZ 2;g0h
0Ug;hUmÿI

tðE
ð jÞ
h Eð jÞ

g Þ ¼ 0:

Let pj be the spectral projection of hj corresponding to ð0; h
1=2
j Þ. Then pj A A since

SpðhjÞ is finite. pjU ej and h
1=2
j ðej ÿ pjÞU hj because h

1=2
j w

½h
1=2
j

;yÞ
ðtÞU t ðt A ½0;yÞÞ,

hence

tðejÞ ÿ h
1=2
j U tðpjÞU tðejÞ:

In addition



















pj

0

@

X

g¼ðg1;g2Þ AZ
2nf0g

ÿðmÿIÞUgUmÿI

ða1Þ
g1ða2Þ

g2ðpjÞ

1

A

pj



















U kpjhj pjkU h
1=2
j :

So for any g; h 2 Z
2 with 0U g; hUmÿ I and g0 h, we have

kagðpjÞahðpjÞk
2 ¼ kagðpjahÿgðpjÞÞk

2 ¼ kpjahÿgðpjÞk
2

¼ kpjahÿgðpjÞpjk

Rohlin property 587



U



















pj

0

@

X

g AZ 2nf0g
ÿðmÿIÞUgUmÿI

agðpjÞ

1

A

pj



















U e
0 þ h

1=2
j ;

where e
0 ¼ eðm1 þm2 ÿ 2Þfð2m1 ÿ 1Þð2m2 ÿ 1Þ ÿ 1g. Here lim hj ¼ 0 since lim kj ¼ 0

and limkhj ÿ kjk ¼ 0. Therefore taking a su‰ciently large j for each e > 0, we obtain

the required f ð jÞg near agðpjÞ by slight modification.

Noting that
P

0UgUmÿI tð f
ð jÞ
g Þ ! 1 and tð f ð jÞg Þ ¼ tð f

ð jÞ
h Þ, we have

tð f ð jÞg Þ !
1

jmj
:

Furthermore for any unital full matrix subalgebra B of A, taking a su‰ciently large j,

we may assume that f ð jÞg A AVB 0 for any g. This concludes the proof. r

In Ocneanu’s result [20, Theorem 2], applied in the above proof, we have the

cyclicity condition (under the action) of the projections ðE
ð jÞ
g j g A Z

2; 0U gUmÿ IÞ in

the von Neumann algebra ptðAÞ
00. However, when approximating these projections by

the projections ð f ð jÞg j g A Z
2; 0U gUmÿ IÞ in the C �-algebra A, we lose the cyclicity

condition. It is our next problem to restore this cyclicity condition. To do this we

need a technical lemma from [16]. Let Kðl 2ðZÞÞ be the compact operators on l2ðZÞ

and let ðEi; j j i; j A ZÞ be the canonical matrix units for Kðl2ðZÞÞ. On Kðl 2ðZÞÞ we

define an automorphism s by sðEi; jÞ ¼ Eiþ1; jþ1 ði; j A ZÞ. For any n; k; l A N with

1 < k < l, define

N ¼ nð2k þ l ÿ 1Þ;

f ¼
X

kÿ1

i¼1

�

i

k
Eni;ni þ

k ÿ i

k
EnðkþlþiÞ;nðkþlþiÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

iðk ÿ iÞ
p

k
Eni;nðkþlþiÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

iðk ÿ iÞ
p

k
EnðkþlþiÞ;ni

�

þ
X

kþl

i¼k

Eni;ni; ð2Þ

ei ¼ s
iÿnð f Þ ði ¼ 0; . . . ; nÿ 1Þ:

Then ðei j i ¼ 0; . . . ; nÿ 1Þ is an orthogonal family of projections in Kðl2ðZÞÞ. Hence

for any e > 0, there exist k; l with 1f kf l such that

X

nÿ1

i¼0

eiUPN PN 1
X

Nÿ1

i¼0

Ei; i

 !

;

ksðeiÞ ÿ eiþ1k < e ði ¼ 0; . . . ; nÿ 1; en 1 e0Þ;

n dim e0

N
> 1ÿ e

(see [16, Lemma 2.1] for the detail). Using these estimates we have the next lemma.
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Lemma 6. Let a be a Z
2-action on a UHF algebra A. If ag is uniformly outer for

any g A Z
2nf0g, then for any m A N , e > 0 and any unital full matrix subalgebra B of A

there exists an orthogonal family ðeiji ¼ 0; . . . ;mÿ 1Þ of projections in AVB 0 such that

kax1ðeiÞ ÿ eiþ1k < e; kax2ðeiÞ ÿ eik < e; t 1ÿ
X

mÿ1

i¼0

ei

 !

U etðe0Þ

for i ¼ 0; . . . ;mÿ 1, where em 1 e0.

Proof. Let m A N , e1 > 0 and let B1 be a unital full matrix subalgebra of A. By

the above statement there exist k1, l1 A N with 1f k1 f l1 and an orthogonal family

ðeiji ¼ 0; . . . ;mÿ 1Þ of projections in Kðl2ðZÞÞ such that

X

mÿ1

i¼0

eiUPN1
; ksðeiÞ ÿ eiþ1k < e1 ði ¼ 0; . . . ;mÿ 1Þ;

m dim e0

N1
> 1ÿ e1; ð3Þ

where N1 1mð2k1 þ l1 ÿ 1Þ and em 1 e0. Similarly by the above statement (for n ¼ 1,

e1 and B1), there exist k2, l2 A N with 1f k2 f l2 and a projection e in Kðl2ðZÞÞ such

that

eUPN2
; ksðeÞ ÿ ek < e1;

dim e

N2
> 1ÿ e1; ð4Þ

where N2 1 2k2 þ l2 ÿ 1.

Next by applying Lemma 5 to ðN1;N2Þ A N
2, any e2 > 0 and B1, there exists an

orthogonal family ðpg j g A Z
2
; 0U gU ðN1 ÿ 1;N2 ÿ 1ÞÞ of projections in AVB 0

1 such

that

kaxiðpgÞ ÿ pxiþgk < e2; 1U ðN1N2 þ 1Þtðp0Þ ð5Þ

for any i ¼ 1; 2 and g A Z
2 with 0U g, xi þ gU ðN1 ÿ 1;N2 ÿ 1Þ.

If we put

x1 ¼
1

N2

X

N2ÿ1

j¼0

X

N1ÿ2

i¼0

pðiþ1; jÞax1ðpði; jÞÞ þ 1ÿ
X

N1ÿ1

i¼1

pði; jÞ

 !

1ÿ
X

N1ÿ2

i¼0

ax1ðpði; jÞÞ

 !( )

;

then we have

x1ax1ðpði; jÞÞ ¼ pðiþ1; jÞx1

for any i ¼ 0; . . . ;N1 ÿ 2, j ¼ 0; . . . ;N2 ÿ 1 and

x1 ÿ 1 ¼
1

N2

X

N2ÿ1

j¼0

X

N1ÿ2

i¼0

pðiþ1; jÞðax1ðpði; jÞÞ ÿ pðiþ1; jÞÞþ 1ÿ
X

N1ÿ1

i¼1

pði; jÞ

 !

ÿ
X

N1ÿ2

i¼0

ax1ðpði; jÞÞ

 !( )

:

Noting that kax1ðpði; jÞÞ ÿ pðiþ1; jÞk < e2, we have kx1 ÿ 1k < 2ðN1 ÿ 1Þe2. So taking the

polar decomposition u1jx1j of x1 for a su‰ciently small e2 > 0, we obtain a unitary u1
with ku1 ÿ 1k < 4ðN1 ÿ 1Þe2. By the uniqueness of the polar decomposition we have

Ad u1 � ax1ðpði; jÞÞ ¼ pðiþ1; jÞ
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for i ¼ 0; . . . ;N1 ÿ 2, j ¼ 0; . . . ;N2 ÿ 1. Similarly for ax2 , we obtain a unitary u2 in A

such that

ku2 ÿ 1k < 4ðN2 ÿ 1Þe2; Ad u2 � ax2ðpði; jÞÞ ¼ pði; jþ1Þ

for i ¼ 0; . . . ;N1 ÿ 1, j ¼ 0; . . . ;N2 ÿ 2. Let a1 ¼ Ad u1 � ax1 and let a2 ¼ Ad u2 � ax2 .

Since ½pð0;0Þ� ¼ ½pð1;0Þ� it follows that there exists a partial isometry v1 of AVB 0
1 such that

v�1v1 ¼ pð0;0Þ and v1v
�
1 ¼ pð1;0Þ. Similarly there exists a partial isometry v2 of AVB 0

1

such that v�2v2 ¼ pð0;0Þ and v2v
�
2 ¼ pð0;1Þ. Then Ad v�2 � a2ðpð0;0ÞÞ ¼ pð0;0Þ, so Ad v�2 � a2 A

Autðpð0;0ÞApð0;0ÞÞ. On the other hand ax2 A AutðAÞ has the Rohlin property as a single

automorphism, and hence so does Ad v�2 � a2. Therefore Ad v�2 � a2 is stable by [12], [7].

More precisely for any e3 > 0, any unital full matrix subalgebra B2 of A and the unitary

v�2a2ðv1Þ
�
a1ðv2Þv1 A pð0;0ÞApð0;0Þ, if B1 is taken su‰ciently large in advance, we have a

unitary w in AVB 0
2 such that

kv�2a2ðv1Þ
�
a1ðv2Þv1 ÿ ðAd v�2 � a2ðwÞÞ � w

�k < e3:

Let w1 ¼ v1w and let w2 ¼ v2. Then w1 and w2 are partial isometries in AVB 0
2 such

that w�
1w1 ¼ w�

2w2 ¼ pð0;0Þ, w1w
�
1 ¼ pð1;0Þ, w2w

�
2 ¼ pð0;1Þ and

ka1ðw2Þw1 ÿ a2ðw1Þw2k ¼ kv�2a2ðv1Þ
�ða1ðv2Þv1wÿ a2ðv1wÞv2Þw

�kU e3: ð6Þ

Define

E
ðkÞ
i; j ¼

a iÿ1
2 ðak

1 ðw2ÞÞa
iÿ2
2 ðak

1 ðw2ÞÞ � � � a
j
2ða

k
1 ðw2ÞÞ ði > jÞ

pðk; iÞ ði ¼ jÞ

a i
2ða

k
1 ðw2ÞÞ

�
a iþ1
2 ðak

1 ðw2ÞÞ
� � � � a jÿ1

2 ðak
1 ðw2ÞÞ

� ði < jÞ

8

>

>

<

>

>

:

for k ¼ 0; 1, i; j ¼ 0; . . . ;N2 ÿ 1. Then we can easily see that ðE
ðkÞ
i; j j i; j ¼ 0; . . . ;N2 ÿ 1Þ

is a system of matrix units. For any unital full matrix subalgebra B3 of A, by taking

a su‰ciently large B2 including B3, we may assume that fE
ðkÞ
i; j j k ¼ 0; 1; i; j ¼ 0; . . . ;

N2 ÿ 1gJAVB 0
3. Let CðkÞ be the C �-subalgebra of A generated by fE

ðkÞ
i; j j i; j ¼ 0; . . . ;

N2 ÿ 1g and let Fk be the canonical isomorphism from CðkÞ onto PN2
Kðl 2ðZÞÞPN2

.

Define

eðkÞ ¼ Fÿ1
k ðeÞ:

Since s �Fk ¼ Fk � adC
ðkÞ, we have from (4) that

eðkÞU
X

N2ÿ1

i¼0

pðk; iÞ; ka2ðe
ðkÞÞ ÿ eðkÞk < e1; tðeðkÞÞ > ð1ÿ e1ÞN2tðpð0;0ÞÞ: ð7Þ

Furthermore define

W1 ¼
X

N2ÿ1

i¼0

a i
2ðw1Þ

 !

eð0Þ; eð1Þ0 ¼ W1W
�
1 U

X

N2ÿ1

i¼0

pð1; iÞ:

Again for any unital full matrix subalgebra B4 of A, by taking a su‰ciently large B3

including B4, we may assume that W1 A AVB 0
4. Then recalling the formula (2), we
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have

eð1Þ0 ¼
X

N2ÿ1

i¼0

a
i
2ðw1Þ

 !

X
X

N2ÿ1

i 0¼0

a
i 0

2 ðw1Þ

 !�

; ð8Þ

where X denotes

X

k2ÿ1

j¼1

(

j

k2
E

ð0Þ
j; j þ

k2 ÿ j

k2
E

ð0Þ
k2þl2þj;k2þl2þj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðk2 ÿ jÞ
p

k2
E

ð0Þ
j;k2þl2þj

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðk2 ÿ jÞ
p

k2
E

ð0Þ
k2þl2þj; j

)

þ
X

k2þl2

j¼k2

E
ð0Þ
j; j :

On the right hand side of (8), the nonzero terms are calculated as follows:

a
j
2ðw1ÞE

ð0Þ
j; j a

j
2ðw1Þ

� ¼ a
j
2ðw1Þpð0; jÞa

j
2ðw1Þ

�

¼ pð1; jÞ

¼ E
ð1Þ
j; j ;

a
j
2ðw1ÞE

ð0Þ
j;k2þl2þja

k2þl2þj
2 ðw1Þ

�

¼ a
j
2ðw1Þa

j
2ðw2Þ

� � � � ak2þl2þjÿ1
2 ðw�

2a2ðw1Þ
�Þ

A
e3

a
j
2ðw1Þa

j
2ðw2Þ

� � � � ak2þl2þjÿ1
2 ðw�

1a1ðw2Þ
�Þ;

where x A
e

y means kxÿ yk < e. Applying (6) repeatedly we have

a
j
2ðw1ÞE

ð0Þ
j;k2þl2þja

k2þl2þj
2 ðw1Þ

�
A

ðk2þl2Þe3
E

ð1Þ
j;k2þl2þj:

We estimate the other nonzero terms similarly and obtain

keð1Þ
0

ÿ eð1ÞkU
X

k2ÿ1

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðk2 ÿ jÞ
p

k2
ðk2 þ l2Þe3:

Let c1ðk2; l2; e3Þ be the right hand side of the above inequality. Then we have

ka2ðe
ð1Þ0Þ ÿ eð1ÞkU 2keð1Þ0 ÿ eð1Þk þ ka2ðe

ð1ÞÞ ÿ eð1ÞkU 2c1ðk2; l2; e3Þ þ e1:

For any e4 > 0 and any unital full matrix subalgebra B5 of A, applying [15, Lemma 3.5]

and taking a su‰ciently large B4 including B5, we have a partial isometry W 0
1 of AVB 0

5

such that ðW 0
1Þ

�
W 0

1 ¼ eð0Þ, W 0
1ðW

0
1Þ

� ¼ eð1Þ0 and

ka2ðW
0
1Þ ÿW 0

1kU ka2ðe
ð0ÞÞ ÿ eð0Þk þ ka2ðe

ð1Þ0Þ ÿ eð1Þ0k þ e4

U e1 þ 2c1ðk2; l2; e3Þ þ e1 þ e4: ð9Þ

Of course we can make the last quantity very small. By using this W 0
1, let D be the C �-
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subalgebra of A generated by

fa iÿ1
1 ðW1Þa

iÿ2
1 ðW 0

1Þ � � � a
j
1ðW

0
1Þ jN1 ÿ 1V i > jV 0g:

Here again for any unital full matrix subalgebra B6, by taking a su‰ciently large B5

including B6, we may assume that DJAVB 0
6. As D is isomorphic to PN1

Kðl 2ðZÞÞPN1
,

let C be the canonical isomorphism from D onto PN1
Kðl 2ðZÞÞPN1

and let

fi 1Cÿ1ðeiÞ

for i ¼ 0; . . . ;mÿ 1. Then ð fi j i ¼ 0; . . . ;mÿ 1Þ is an orthogonal family of projections

in AVB 0
6 such that

ka1ð fiÞ ÿ fiþ1k < e1;

mtð f0Þ > ð1ÿ e1ÞN1tðe
ð0ÞÞ ð10Þ

for i ¼ 0; . . . ;mÿ 1, where fm 1 f0. Thus we have for i ¼ 0; . . . ;mÿ 1,

kax1ð fiÞ ÿ fiþ1kU kax1ð fiÞ ÿ a1ð fiÞk þ ka1ð fiÞ ÿ fiþ1k

U 2ku1 ÿ 1k þ e1

U 2 � 4ðN1 ÿ 1Þe2 þ e1:

Using the formula (2), the formula (9) and

ka1a2 ÿ a2a1kU 2ðka1 ÿ ax1k þ ka2 ÿ ax2kÞ

U 4ðku1 ÿ 1k þ ku2 ÿ 1kÞ;

we can also make kax2ð fiÞ ÿ fik very small. Finally we want to estimate tð f0Þ. We

have already three inequalities from (5), (7) and (10)

1U ðN1N2 þ 1Þtðpð0;0ÞÞ;

tðeð0ÞÞ > ð1ÿ e1ÞN2tðpð0;0ÞÞ;

mtð f0Þ > ð1ÿ e1ÞN1tðe
ð0ÞÞ:

From these we obtain

mtð f0Þ > ð1ÿ e1Þ
2
N1N2

1

N1N2 þ 1
mtð f0Þ þ t 1ÿ

X

mÿ1

i¼0

fi

 ! !

:

Since 1f ki f li, ð fiji ¼ 0; . . . ;mÿ 1Þ satisfies the desired conditions. r

Proof of Theorem 3. Let a be a Z
2-action on a UHF algebra A which satisfies the

condition (2). For any m A N we take m0, m1 A N such that mfm1 fm0 and m0 is

divided by m1. Furthermore for any e1 > 0 and finite subset F of A, we take a unital

full matrix subalgebra B1 of A such that for any x A F there exists y A B1 with kxÿ yk

< e1. If we apply Lemma 6 to any n A N and e2 > 0 then we have an orthogonal
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family ðeiji ¼ 0; . . . ;mÿ 1Þ of projections in AVB 0
1 satisfying

kax1ðeiÞ ÿ eiþ1k < e2;

kax2ðeiÞ ÿ eik < e2;

tðe0ÞV nt 1ÿ
X

m0ÿ1

i¼0

ei

 !

for i ¼ 0; . . . ;m0 ÿ 1, where em0
1 e0. This is not su‰cient because the sum

Pmÿ1
i¼0 ei of

the projections ðeiÞ may not be 1. We will cope with this problem now. Put

x1 ¼
X

m0ÿ1

i¼0

eiþ1ax1ðeiÞ þ 1ÿ
X

m0ÿ1

i¼0

ei

 !

1ÿ
X

m0ÿ1

i¼0

ax1ðeiÞ

 !

;

x2 ¼
X

m0ÿ1

i¼0

eiax2ðeiÞ þ 1ÿ
X

m0ÿ1

i¼0

ei

 !

1ÿ
X

m0ÿ1

i¼0

ax2ðeiÞ

 !

and let u1jx1j and u2jx2j be the polar decompositions of x1 and x2 respectively. As in

the proof of Lemma 6 we can show that u1 and u2 are unitaries in A satisfying

ku1 ÿ 1k < 4m0e2;

Ad u1 � ax1ðeiÞ ¼ eiþ1

for i ¼ 0; . . . ;m0 ÿ 1, where em0
1 e0, and

ku2 ÿ 1k < 4m0e2;

Ad u2 � ax2ðeiÞ ¼ ei

for i ¼ 0; . . . ;m0 ÿ 1. Let a1 ¼ Ad u1 � ax1 and let a2 ¼ Ad u2 � ax2 . Then a
m0

1 and

a2 are automorphisms of e0Ae0. By Lemma 6 there are an orthogonal family ðpjj j ¼

0; . . . ; nÿ 1Þ of projections in AVB 0
1 and a positive number c1ðm0; e2Þ which decreases to

zero as e2 ! 0 such that

X

nÿ1

i¼0

piU e0;

kam0

1 ðpiÞ ÿ piþ1k < c1ðm0; e2Þ;

ka2ðpiÞ ÿ pik < c1ðm0; e2Þ

for i ¼ 0; . . . ; nÿ 1, where pn 1 p0, and

tðpiÞ ¼ tð1ÿ eÞ;

where e1
Pm0ÿ1

i¼0 ei. We have used the fact tðe0ÞV ntð1ÿ eÞ here. For any e3 > 0

and any unital full matrix subalgebra B2 of A, by taking a su‰ciently large B1 and by

applying [15, Lemma 3.5], there exists a partial isometry v A AVB 0
2 such that
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v�v ¼ 1ÿ e; vv� ¼ p0;

ka2ðvÞ ÿ vkU ka2ðp0Þ ÿ p0k þ ka2ð1ÿ eÞ ÿ ð1ÿ eÞk þ e3

U c1ðm0; e2Þ þm0e2 þ e3:

As before there also exists a unitary u 0
1 A A satisfying that ku 0

1 ÿ 1k < 4c1ðm0; e2Þ and

Ad u 0
1 � a

m0

1 ðpiÞ ¼ piþ1

for i ¼ 0; . . . ; nÿ 1. Let b ¼ Ad u 0
1 � a

m0

1 and let w ¼ nÿ1=2
Pnÿ1

i¼0 b iðvÞ. Then we have

w�w ¼ 1ÿ e; ww�
U e0;

kbðwÞ ÿ wk < nÿ1=2 � 2; ð11Þ

ka2ðwÞ ÿ wk < c2ðm0; n; e2; e3Þ

for some positive number c2ðm0; n; e2; e3Þ which we can make very small. Furthermore

by taking B2 very large we may assume that w A AVB 0
3 for any unital full matrix

subalgebra B3 of A. Let

Ei; j ¼

a iÿ1
1 ðwÞa iÿ2

1 ðwÞ � � � a j
1ðwÞ ðif i > jÞ

a iÿ1
1 ðww�Þ ðif i ¼ jÞ

a i
1ðwÞ

�
a iþ1
1 ðwÞ� � � � a jÿ1

2 ðwÞ� ðif i < jÞ

8

>

>

<

>

>

:

for 0U i, jUm0 and let C be the C �-subalgebra of A generated by fEi; jj0U i;

jUm0 ÿ 1g. Then C is isomorphic to Mm0þ1 and we may assume that C is a sub-

algebra of AVB 0
4 for any unital full matrix subalgebra B4 of A if B3 is very large. Let

U ¼

1

0 � � � � � 0 1

1 0 � � � � 0

0 1 � �

.

.

.

.

.

.

.

.

.

.

.

.

� 0 1 0 0

0 0 1 0

2

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

5

A Mm0þ1:

By simple calculation a1dC ¼ Ad U and

SpðUÞ ¼ f1gU fe2pik=m0 j k ¼ 0; . . . ;m0 ÿ 1g:

Define orthogonal families ðe
ð1Þ
i j i ¼ 0; . . . ;m1 ÿ 1Þ, ðe

ð2Þ
j j j ¼ 0; . . . ;m1Þ of projections in

AVB 0
4 as follows:

e
ð1Þ
i 1

X

ðm0=m1Þÿ2

k¼0

Em1þiððm0=m1Þÿ1Þþk;m1þiððm0=m1Þÿ1Þþk;

e
ð2Þ
j 1Ej; j:
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Since ðEi; j j 0U i; jUm0 ÿ 1Þ is system of matrix units in AVB 0
4, there are canonical

systems ðe
ð1Þ
k; l j 0U k; lUm1 ÿ 1Þ, ðe

ð2Þ
k; l j 0U k; lUm1Þ of matrix units associated with

ðe
ð1Þ
k Þ and ðe

ð2Þ
k Þ respectively. Define a partial isometry V in AVB 0

4 by

V ¼
X

m1ÿ1

i¼0

e
ð1Þ
iþ1; i þ

X

m1

j¼0

e
ð2Þ
jþ1; j;

where e
ð1Þ
m1;m1ÿ1 1 e

ð1Þ
0;m1ÿ1 and e

ð2Þ
m1þ1;m1

1 e
ð2Þ
0;m1

. Then

X

m1ÿ1

i¼0

e
ð1Þ
i þ

X

m1

j¼0

e
ð2Þ
j ¼ 1C ¼

X

m0

i¼0

Ei; i

 !

;

Ad Vðe
ð1Þ
i Þ ¼ e

ð1Þ
iþ1; Ad Vðe

ð2Þ
j Þ ¼ e

ð2Þ
jþ1

for i ¼ 0; . . . ;m1 ÿ 1 and j ¼ 0; . . . ;m1 where e
ð1Þ
m1 1 e

ð1Þ
0 and e

ð2Þ
m1þ1 1 e

ð2Þ
0 . By a simple

calculation

SpðVÞ ¼ fe2pik=ðm0ÿm1Þ j k ¼ 0; . . . ;m0 ÿm1 ÿ 1gU fe2pil=ðm1þ1Þ j l ¼ 0; . . . ;m1g:

Therefore SpðVÞ is very close to SpðUÞ if m0 and m1 are very large, i.e., V is almost

unitarily equivalent to U. Consequently we can find orthogonal families ð f
ð1Þ
i j i ¼

0; . . . ;m1 ÿ 1Þ, ð f
ð2Þ
j j j ¼ 0; . . . ;m1Þ of projections in AVB 0

4 and a small enough positive

number c3ðm0;m1; e2; e3Þ in such a way that

X

m1ÿ1

i¼0

f
ð1Þ
i þ

X

m1

j¼0

f
ð2Þ
j ¼ 1C ;

ka1ð f
ð1Þ
i Þ ÿ f

ð1Þ
iþ1k < c3ðm0;m1; e2; e3Þ;

ka2ð f
ð1Þ
i Þ ÿ f

ð1Þ
i k < c3ðm0;m1; e2; e3Þ;

ka1ð f
ð2Þ
j Þ ÿ f

ð2Þ
jþ1k < c3ðm0;m1; e2; e3Þ;

ka2ð f
ð2Þ
j Þ ÿ f

ð2Þ
j k < c3ðm0;m1; e2; e3Þ

for i ¼ 0; . . . ;m1 ÿ 1 and j ¼ 0; . . . ;m1, where f ð1Þm1
1 f

ð1Þ
0 and f

ð2Þ
m1þ1 1 f

ð2Þ
0 . Then by

considering (11), if n is very large,

ð f
ð1Þ
i j i ¼ 0; . . . ;m1 ÿ 1Þ; ð f

ð2Þ
j j j ¼ 0; . . . ;m1Þ; ðei ÿ a

i
1ðww

�Þ j i ¼ 0; . . . ;m0 ÿ 1Þ

satisfy the conditions appearing in Remark 2 (for n ¼ 1). Hence a has the Rohlin

property. r

3. Conjugacy.

In this section we introduce three notions of conjugacy for Z
N -actions on C �-

algebras and discuss their relationship. First we prepare some notations. For Z
N -
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actions a; b on a unital C �-algebra A, we write a A
g; e

b when

kaxi ÿ g � bxi � g
ÿ1kU e ði ¼ 1; . . . ;NÞ

for eV 0 and g A AutðAÞ. For simplicity �
g;0

will be denoted by G
g

or G. Recall that a

1-cocycle for a means a mapping u from Z
N into the unitaries UðAÞ of A satisfying

ugþh ¼ ugagðuhÞ for each g; h A Z
N .

Definition 7. Let a and b be Z
N -actions on a unital C �-algebra A.

(1) a and b are approximately conjugate if for any e > 0 there exists an auto-

morphism g of A such that a A
g; e

b.

(2) a and b are cocycle conjugate if there exist an automorphism g of A and a 1-

cocycle u for a such that

Ad ug � ag ¼ g � bg � g
ÿ1

for each g A Z
N .

(3) a and b are outer conjugate if there exist an automorphism g of A and unitaries

u1; . . . ; uN in A such that

Ad ui � axi ¼ g � bxi � g
ÿ1

for i ¼ 1; . . . ;N.

Cocycle conjugacy of course implies outer conjugacy, and we have

Proposition 8. Assume that A is a simple separable unital C �-algebra with a unique

tracial state. Then approximately conjugate Z
N -actions on A are cocycle conjugate.

Our proof is based on the generalization of the determinant introduced by P. de la

Harpe and G. Skandalis (see [14] for details) and the famous 2� 2 matrix trick due to

A. Connes (see [2]). We quickly review basic facts on the former. For a unital C �-

algebra A, we let GLnðAÞ the group of the invertible elements in the n� n matrices

MnðAÞ over A (equipped with the C �-norm). The inductive limit of topological groups

ðGLnðAÞjn A NÞ with the usual embeddings GLnðAÞ ,!GLnþ1ðAÞ is denoted by GLyðAÞ

and the connected component of the identity by GL0
yðAÞ. Suppose that t is a tracial

state on A. If x is a piecewise continuously di¤erentiable mapping from ½0; 1� into

GL0
yðAÞ, we define

~DDtðxÞ ¼
1

2pi

ð1

0

tð _xxðtÞxðtÞÿ1Þ dt

(note that the range of x is contained in GLnðAÞ for some n since ½0; 1� is compact and

that t actually means tn tr on AnMn ¼ MnðAÞ). The determinant Dt ([14]) asso-

ciated with a tracial state t is the mapping from GL0
yðAÞ into C=t�ðK0ðAÞÞ defined by

DtðxÞ ¼ pð ~DDtðxÞÞ:

Here p is the quotient mapping from C onto C=t�ðK0ðAÞÞ, and x is a piecewise

continuously di¤erentiable mapping from ½0; 1� into GL0
yðAÞ with xð0Þ ¼ 1 and xð1Þ ¼ x.
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A crucial fact here is that Dt is a group homomorphism. For a unitary x A A with

kxÿ 1k < 1, the logarithm h ¼ iÿ1 logðxÞ (with the principal branch) makes sense and

we can consider the path xðtÞ ¼ expðihtÞ from 1 to x. Since _xxðtÞxðtÞÿ1 ¼ ih, we have

DtðxÞ ¼
1

2pi
p

ð1

0

tðihÞ dt

� �

¼
1

2pi
pðtðlogðxÞÞÞ:

Proof of Proposition 8. Let a and b be approximately conjugate Z
N -actions on

A. In general, if an automorphism of a simple unital C �-algebra is close to the identity

in norm then it is inner, and furthermore it is implemented by a unitary which is also

close to the unit of the algebra. Hence for a su‰ciently small e > 0 there exist unitaries

u1; . . . ; uN in A and an automorphism g of A such that

Ad ui � axi ¼ g � bxi � g
ÿ1
; kui ÿ 1k < e

for i ¼ 1; . . . ;N. We want to show

ukaxk ðulÞ ¼ ulaxl ðukÞ ð12Þ

for any k; l ¼ 1; . . . ;N. From the commutativity of axk , and the simplicity of A, there

exists l A T such that

ðulaxl ðukÞÞ
�
ukaxk ðulÞ ¼ l1:

Since uk, ul are close to 1, we can set

hk ¼
1

2pi
logðukÞ; hl ¼

1

2pi
logðulÞ

and

HðsÞ ¼
1

2pi
logfðus

l axl ðu
s
kÞÞ

�
us
kaxk ðu

s
l Þg

for s A ½0; 1�. Applying Dt to the both sides of the equality

eÿ2piaxl ðshkÞeÿ2pishle2pishke2piaxk ðshlÞ ¼ e2piHðsÞ
;

we have

ÿpðtðaxl ðshkÞÞÞ ÿ pðtðshlÞÞ þ pðtðshkÞÞ þ pðtðaxk ðshlÞÞÞ ¼ pðtðHðsÞÞÞ:

The uniqueness of a trace shows that the left hand side of the above equality is zero, i.e.,

tðHðsÞÞ A t�ðK0ðAÞÞ for any s A ½0; 1�. Since t�ðK0ðAÞÞ is discrete in C and tðHð0ÞÞ ¼ 0,

we obtain Hð1Þ ¼ 0 i.e., l ¼ 1. Using these unitaries u1; . . . ; uN , we construct a desired

1-cocycle by the method in [2]. We consider the Z
N -action s on M2ðAÞ defined by

sxi ¼ Ad
1 0

0 ui

� �

� axi :

Since sx1 ; . . . ; sxN commute with each others from (12), s is indeed well-defined. Note

that

sg
x 0

0 y

� �� �

¼
agðxÞ 0

0 g � bg � g
ÿ1ðyÞ

� �
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for any g A Z
N and x; y A A. The identity

0 0

0 x

� �

¼
0 0

1 0

� �

x 0

0 0

� �

0 1

0 0

� �

shows

g � bg � g
ÿ1ðxÞ ¼ Ad ug � agðxÞ;

where ug is the desired 1-cocycle defined by

0 0

ug 0

� �

¼ sg
0 0

1 0

� �� �

(see [22, Lemma 8.11.2]). r

Remark 9. If a and b are outer conjugate automorphisms of a UHF algebra with

the Rohlin property, then they are approximately conjugate by the stability property.

Hence the three notions of conjugacy defined above are the same for those auto-

morphisms. However outer conjugacy does not imply approximate conjugacy for Z
N -

actions. See Remark 18 for a counter-example.

4. Product type actions.

In this section we discuss product type Z
2-actions on UHF algebras. As in the

case of single automorphisms, the Rohlin property for these actions is closely related to

a notion of uniform distribution of points in T
2. First we say the N-dimensional

version of [1, Lemma 4.1]. It is shown as in the one-dimensional case, so we omit the

proof.

Proposition 10. Let ðSk j k A NÞ be a sequence of finite sequences in T
N i.e.,

Sk ¼ ðsk;p j p ¼ 1; . . . ; nkÞ; sk;p A T
N

for each k A N and p ¼ 1; . . . ; nk. Then the following conditions on ðSk j k A NÞ are

equivalent.

lim
k!y

1

nk

X

nk

p¼1

f ðsk;pÞ ¼

ð

T
n

f ðsÞ dsð1Þ

for any f A CðTNÞ, where ds denotes the normalized Haar measure on T
N .

lim
k!y

1

nk

X

nk

p¼1

slk;p ¼ 0ð2Þ

for any l ¼ ðl1; . . . ; lNÞ A Z
Nnf0g, where s l denotes s l11 � � � s lNN for each s ¼ ðs1; . . . ; sNÞ A

T
N .

lim
k!y

1

nk
nk

Y

N

i¼1

½y
ðiÞ
1 ; y

ðiÞ
2 Þ

 !

¼ ð2pÞÿN
Y

N

i¼1

ðy
ðiÞ
2 ÿ y

ðiÞ
1 Þð3Þ
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for any 0U y
ðiÞ
1 U y

ðiÞ
2 < 2p, where nk is defined by

nkðSÞ ¼ afp j 1U pU nk and argðsk;pÞ A Sg

for each subset S of
QN

i¼1½0; 2pÞ and aF denotes the cardinality of the set F.

These conditions necessarily imply that nk ! y. Moreover suppose that ðnkjk A NÞ

has the following asymptotic factorization into large factors: For any n A N there exists

positive integer k0 such that for any positive integer kV k0 one has n
ð1Þ
k ; . . . ; n

ðNÞ
k V n

where n
ðiÞ
k are the components of nk, i.e., nk ¼ n

ð1Þ
k � � � n

ðNÞ
k . Then the above conditions are

also equivalent to

(4) For any e > 0 there exist positive integers k0 and n0 such that for any k; n
ð1Þ
k ; . . . ;

n
ðNÞ
k A N satisfying kV k0, n

ð1Þ
k ; . . . ; n

ðNÞ
k V n0 and nk ¼ n

ð1Þ
k � � � n

ðNÞ
k , there exists an

bijection j from f1; . . . ; nkg onto f1; . . . ; n
ð1Þ
k g � � � � � f1; . . . ; n

ðNÞ
k g such that

sk;p ÿ exp 2pi �
ðjðpÞÞ1

n
ð1Þ
k

 !

; . . . ; exp 2pi �
ðjðpÞÞN

n
ðNÞ
k

 ! !�

�

�

�

�

�

�

�

�

�

< e ð13Þ

for any k and p, where jsj1maxfjspj : 1U pUNg for each s A T
N and ðjðpÞÞi denotes

the i-th component of jðpÞ.

If Sk satisfies the estimate (13) for some j as above, then Sk is said to be

ðn
ð1Þ
k ; . . . ; n

ðNÞ
k ; eÞ-distributed. If one of the conditions of the above proposition holds

then ðSk j k A NÞ is said to be uniformly distributed.

Definition 11. Let a be a Z
N -action on a UHF algebra A. Then a is said to be a

product type action if there exists a sequence ðmk j k A NÞ of positive integers such that

AG1y

k¼1Mmk
and

agðAkÞ ¼ Ak

for any g A Z
N and k A N , where Ak denotes the C �-subalgebra of A corresponding to

Mmk
n ð1

l0k
C1ml

Þ.

Remark 12. In the situation above, if N ¼ 2, then one finds unitaries u
ð1Þ
k , u

ð2Þ
k in

Ak and lk A T such that

aðp;qÞdAk ¼ Ad u
ð1Þ p

k u
ð2Þ q

k ;

u
ð1Þ
k u

ð2Þ
k ¼ lku

ð2Þ
k u

ð1Þ
k

for any p; q A Z. Since u
ð1Þ
k , u

ð2Þ
k are unique up to a constant multiple, lk is unique. In

addition lmk

k ¼ 1. For if m1 is an eigenvalue of u
ð2Þ
k with multiplicity r1 then m1l

ÿp
k is

also an eigenvalue of u
ð2Þ
k with multiplicity r1 for each p A N . Since Mmk

is finite-

dimensional, there exists p0 A N such that lp0
k ¼ 1 and l

p
k 0 1 for any p ¼ 1; . . . ; p0 ÿ 1.

If fm1l
ÿp
k j p ¼ 0; . . . ; p0 ÿ 1g does not exhaust all the eigenvalues of u

ð2Þ
k then we take an

eigenvalue m2 of u
ð2Þ
k not belonging to fm1l

ÿp
k j p ¼ 0; . . . ; p0 ÿ 1g and repeat the same

process. Thus there exist eigenvalues m1; . . . ; ms of u
ð2Þ
k with multiplicity r1; . . . ; rs re-

spectively. Since mk ¼ ðr1 þ � � � þ rsÞp0, it follows that lmk

k ¼ 1.
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For n� n unitary matrices U and V with UV ¼ VU , we define SpðUÞ to be a

sequence consisting of the eigenvalues of U, each repeated as often as multiplicity

dictates and SpðU ;VÞ is a sequence consisting of the pairs of eigenvalues of U and V

with a common eigenvector, each repeated as often as multiplicity dictates. Then the

Rohlin property for the product type Z
2-actions on A with lk ¼ 1 can be characterized

as follows.

Proposition 13. Let a be a product type Z
2-action on a UHF algebra A with

ðmk j k A NÞ, ðu
ð1Þ
k j k A NÞ, ðu

ð2Þ
k j k A NÞ, ðlk j k A NÞ as above. If lk ¼ 1 for each k A N

then the following conditions are equivalent:

(1) a has the Rohlin property.

(2) ðSpð1n

k¼m
u
ð1Þ
k ;1n

k¼m
u
ð2Þ
k Þ j n ¼ m;mþ 1; . . .Þ is uniformly distributed for any

m A N .

Proof. By Corollary 4, (1) is equivalent to the condition: a
p
x1
a
q
x2

has the Rohlin

property as a single automorphism of A for each ðp; qÞ A Z
2nf0g. By [16, Lemma 5.2]

this condition is equivalent to the condition:

Sp 1
n

k¼m

u
ð1Þp

k u
ð2Þq

k

 !

�

�

�

�

n ¼ m;mþ 1; . . .

 !

is uniformly distributed in T . By Proposition 10 for N ¼ 1, the last condition is

equivalent to the condition: for any m A N

lim
n!y

1

Nðm; nÞ

X

ðl1;l2Þ A Sp 1n

k¼m
u
ð1Þ

k
;1n

k¼m
u
ð2Þ

kð Þ

l
p
1l

q
2 ¼ 0;

where Nðm; nÞ1
Qn

k¼m mk. Finally by Proposition 10 for N ¼ 2, the last condition is

equivalent to (2). r

In [16] A. Kishimoto showed the following for a UHF algebra A.

(1) Product type Z-actions on A with the Rohlin property are approximately

conjugate.

(2) For any Z-action a on A with the Rohlin property and e > 0, there exist a

product type Z-action b on A with the Rohlin property and an automorphism g of A

such that a A
g;e

b.

In particular there is one and only one approximate conjugacy class of Z-actions on

A with the Rohlin property. In the case of N ¼ 2 we do not know whether (2) is valid

or not. In the rest of this section we state several versions of (1) for Z
2.

Theorem 14. Let a and b be product type Z
2-actions on a UHF algebra A with the

Rohlin property. Let a be determined by ðmk j k A NÞ, ðlk j k A NÞ as in Definition 11 and

Remark 12, and b by ðnl j l A NÞ, ðml j l A NÞ. If lk ¼ ml ¼ 1 for each k; l A N , then a and

b are approximately conjugate.

Proof. By patching several parts of the Mmk
’s and the Mnl ’s respectively there exist

a sequence ðNk j k A NÞ of integers satisfying N0 ¼ 0 and Nk > 0 ðkV 1Þ and sequences

H. Nakamura600



ðU
ð1Þ
k j k A NÞ, ðU

ð2Þ
k j k A NÞ of unitary matrices such that

U
ðiÞ
k A UðMNk

nMNkþ1
Þ;

U
ð1Þ
k U

ð2Þ
k ¼ U

ð2Þ
k U

ð1Þ
k ði ¼ 1; 2; k A NÞ;

ðA; ax1 ; ax2ÞG 1
y

k¼0

MNk
;1

y

k¼0

Ad U
ð1Þ
2k ;1

y

k¼0

Ad U
ð2Þ
2k

 !

;

ðA; bx1 ; bx2ÞG 1
y

k¼0

MNk
;1

y

k¼0

Ad U
ð1Þ
2kþ1;1

y

k¼0

Ad U
ð2Þ
2kþ1

 !

:

Let e > 0. Since ðSpð1n

k¼0
Ad U

ð1Þ
2kþ1;1

n

k¼0
Ad U

ð2Þ
2kþ1Þ j n A NÞ is uniformly distributed by

Proposition 13 and U
ð1Þ
0 U

ð2Þ
0 ¼ U

ð2Þ
0 U

ð1Þ
0 , for a su‰ciently large n there exist a unitary

W1 in 12nþ2

k¼0
MNk

and unitaries V
ð1Þ
2 , V

ð2Þ
2 in 12nþ2

k¼2
MNk

such that

W1 1
n

k¼0

U
ð1Þ
2kþ1

 !

W �
1 ÿU

ð1Þ
0 nV

ð1Þ
2































< 2ÿ2e;

W1 1
n

k¼0

U
ð2Þ
2kþ1

 !

W �
1 ÿU

ð2Þ
0 nV

ð2Þ
2































< 2ÿ2e:

Then replace MN2
by 12nþ2

k¼2
MNk

and U
ðiÞ
1 by 1n

k¼0
U

ðiÞ
2kþ1, U

ðiÞ
2 by 1nþ1

k¼1
U

ðiÞ
2k ði ¼ 1; 2Þ

respectively, and further replace MNkÿ2n
by MNk

ðkV 2nþ 3Þ and U
ðiÞ
2ðkÿnÞþ1

by U
ðiÞ
2kþ1,

U
ðiÞ
2ðkÿnÞþ2

by U
ðiÞ
2kþ2 ði ¼ 1; 2; kV nþ 1Þ respectively. Thereby W1 A UðMN1

nMN2
Þ

and V
ð1Þ
2 , V

ð2Þ
2 A UðMN2

Þ, which satisfy

kAd W1ðU
ð1Þ
1 Þ ÿU

ð1Þ
0 nV

ð1Þ
2 k < 2ÿ2e;

kAd W1ðU
ð2Þ
1 Þ ÿU

ð2Þ
0 nV

ð2Þ
2 k < 2ÿ2e:

In the same way, after replacing MN3
, U

ðiÞ
2 , U

ðiÞ
3 etc. suitably, there exist a unitary W2

in MN2
nMN3

and unitaries V
ð1Þ
3 , V

ð2Þ
3 in MN3

such that

kAd W2ðU
ð1Þ
2 Þ ÿ V

ð1Þ
2 nV

ð1Þ
3 k < 2ÿ3e;

kAd W2ðU
ð2Þ
2 Þ ÿ V

ð2Þ
2 nV

ð2Þ
3 k < 2ÿ3e:

By repeating the above procedure for k ¼ 3; 4; . . . ; we can construct a unitary Wk in

MNk
nMNkþ1

and unitaries V
ð1Þ
kþ1, V

ð2Þ
kþ1 in MNkþ1

in such a way that

kAd WkðU
ð1Þ
k Þ ÿ V

ð1Þ
k nV

ð1Þ
kþ1k < 2ÿðkþ1Þe;

kAd WkðU
ð2Þ
k Þ ÿ V

ð2Þ
k nV

ð2Þ
kþ1k < 2ÿðkþ1Þe:

Thus
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ðA; ax1 ; ax2ÞG 1
y

k¼0

MNk
;1

y

k¼0

Ad U
ð1Þ
2k ;1

y

k¼0

Ad U
ð2Þ
2k

 !

A
ge;

1
3e

1
y

k¼0

MNk
;1

y

k¼0

Ad V
ð1Þ
k ;1

y

k¼0

Ad V
ð2Þ
k

 !

;

where ge 11y

k¼1Ad W2k and

ðA; bx1 ; bx2ÞG 1
y

k¼0

MNk
;1

y

k¼0

Ad U
ð1Þ
2kþ1;1

y

k¼0

Ad U
ð2Þ
2kþ1

 !

A
go;

2
3e

1
y

k¼0

MNk
;1

y

k¼0

Ad V
ð1Þ
k ;1

y

k¼0

Ad V
ð2Þ
k

 !

;

where go 11y

k¼0 Ad W2kþ1. This completes the proof. r

As mentioned in the introduction, we discuss product type actions for two classes of

UHF algebras. Let ðpk j k A NÞ be the prime numbers in the increasing order. For a

sequence ðik j k A NÞ of nonnegative integers with
P

y

k¼1 ik ¼ y, put qk ¼ p ik
k and let A ¼

1y

k¼1Mqk . We regard Mqk as a C �-subalgebra of A. We consider the class of product

type Z
2-actions a on this A. Assume that a looks like

aðp;qÞdMqk ¼ Ad u
ð1Þp

k u
ð2Þq

k ð14Þ

on Mqk with unitaries u
ð1Þ
k , u

ð2Þ
k in Mqk and lk A T satisfying u

ð1Þ
k u

ð2Þ
k ¼ lku

ð2Þ
k u

ð1Þ
k . Since

l
qk
k ¼ 1, we may regard lk as an element of Gk 1Z=qkZ. We let ½a� be the sequence

ðlk j k A NÞ in
Q

y

k¼1 Gk. We define an equivalence relation in
Q

y

k¼1 Gk by: g@ h if

there is an n such that gk ¼ hk for all kV n. Let 0 be the trivial sequence

ð0; 0; . . .Þ. We note that for every g A
Q

y

k¼1 Gk there is an action a in the above class

with ½a� ¼ g.

Theorem 15. (1) If a is an action in the above class and ½a�R 0, then a has the

Rohlin property.

(2) If a and b are actions in the above class and satisfy the Rohlin property, then the

following are equivalent:

(2.1) ½a�@ ½b�.

(2.2) a and b are outer conjugate.

Before proving Theorem 15 we introduce some notations and prepare a lemma.

For a positive integer n and l A T with ln ¼ 1, we define the n� n unitary matrices

SðnÞ and Wðn; lÞ by

SðnÞ ¼

0 � � � 0 1

1 .

.

.

0

.

.

.

.

.

.

.

.

.

1 0

2

6

6

6

6

4

3

7

7

7

7

5

; Wðn; lÞ ¼

1

lÿ1

.

.

.

lÿðnÿ1Þ

2

6

6

6

6

4

3

7

7

7

7

5

:
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Lemma 16. Suppose that U and V are n� n unitary matrices such that

UV ¼ expð2pik=nÞVU

for some k A N . Let q=p be the irreducible form of k=n. Then there exist oi, mi A T

ði ¼ 1; . . . ; n=pÞ such that ðU ;VÞ is conjugate to ðU1 nU2;V1 nV2Þ, where

l ¼ expð2pik=nÞ;

U1 ¼ SðpÞ; V1 1Wðp; lÿ1Þ;

U2 ¼ 0
n=p

i¼1

oi; V2 ¼ 0
n=p

i¼1

mi:

Moreover each oi, mi are unique up to multiples of powers of l.

Proof. Since U pV ¼ VU p we have a complete orthonomal system of C
n con-

sisting of the common eigenvectors of U p and V. We take such a system ðxðk;mÞjk; mÞ

i.e.,

U pxðk;mÞ ¼ kxðk;mÞ;

Vxðk;mÞ ¼ mxðk;mÞ:

Then if op ¼ k, the space spanned by

xðk;mÞ; oUxðk;mÞ; . . . ; opÿ1U pÿ1xðk;mÞ

is invariant under U ;V and the matrix representation of ðU ;VÞ with respect to the

above basis is ðoU1; mV1Þ. Thus ðU ;VÞ is conjugate to the direct sum of ðoiU1; miV1Þ

for some sequences oi; mi in T. Since ðoU1; mV1Þ is conjugate to ðolkU1; ml
jV1Þ for all

k; j, the last statement is obvious. r

Proof of Theorem 15. (1) Let a be given as in the theorem. Take unitaries u
ð1Þ
k ,

u
ð2Þ
k in Mqk and lk A T as in (14). By Corollary 4 it su‰ces to prove that aðp;qÞ has the

Rohlin property as a single automorphism for each ðp; qÞ A Z
2nf0g. From the as-

sumption there is a subsequence ðpkn j n A NÞ of ðpk j k A NÞ such that lkn 0 1 for any n.

Applying Lemma 16 to u
ð1Þ
kn
, u

ð2Þ
kn

we have a decomposition ðu
ð1Þ
kn;1

n u
ð1Þ
kn;2

; u
ð2Þ
kn;1

n u
ð2Þ
kn;2

Þ of

ðu
ð1Þ
kn
; u

ð2Þ
kn
Þ up to conjugacy, where

u
ð1Þ
kn;1

1Sðp jn
kn
Þ; u

ð2Þ
kn;1

1Wðp jn
kn
; lÿ1

kn
Þ

for some 1U jn U ikn . Then it is easy to see that

ðSpðu
ð1Þp

kn;1
u
ð2Þq

kn;2
Þ j n A NÞ

is uniformly distributed in T. This ensures that

Sp 1
l

k¼k0

u
ð1Þp

k u
ð2Þ q

k

 ! �

�

�

�

�

lV k0

 !
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is also uniformly distributed for all k0. Hence aðp;qÞ ¼ 1y

k¼1 Ad u
ð1Þp

k u
ð2Þ q

k has the

Rohlin property by [16, Lemma 5.2]. r

To prove Theorem 15 (2) we introduce an invariant as a slight generalization of that

[9].

Definition 17. For n� n unitary matrices U ;V and l A T with ln ¼ 1, if

klUV ÿ VUk < 2 then the closed complex path gðtÞ ¼ detðð1ÿ tÞlUV þ tVUÞ ðt A ½0; 1�Þ

does not go through zero. We define olðU ;VÞ as the winding number of the path g

around zero.

From klUV ÿ VUk < 2 we can define logðlÿ1VUV �U �Þ, with log the principal

branch of the logarithm. As is shown in [10, Lemma 3.1]

olðU ;VÞ ¼
1

2pi
Trðlogðlÿ1VUV �U �ÞÞ

with the nonnormalized trace Tr on Mn.

Proof of Theorem 15 (2). Take u
ð1Þ
k ; u

ð2Þ
k A UðMqk Þ, lk A T as in (14) for a, and

v
ð1Þ
k ; v

ð2Þ
k A UðMqk Þ, mk A T for b similarly, i.e.,

bðp;qÞdMqk ¼ Ad v
ð1Þ p

k v
ð2Þ q

k ;

v
ð1Þ
k v

ð2Þ
k ¼ mkv

ð2Þ
k v

ð1Þ
k :

First we show that (2.2) implies (2.1). To get a contradiction we assume that outer

conjugate a; b satisfy ½a�R ½b�. Outer conjugacy means

AdWi � axi ¼ gÿ1 � bxi � g ði ¼ 1; 2Þ

for some unitaries W1;W2 A A and an automorphism g of A. For any e > 0 we have a

positive integer M and unitaries W 0
1 ;W

0
2 in 1M

k¼1 Mqk with kWi ÿW 0
i k < e ði ¼ 1; 2Þ so

that

kAdW 0
i � axi ÿ gÿ1 � bxi � gk < 2e:

By the assumption there exists a positive integer K > M with lK 0 mK . Further take a

su‰ciently large N > K such that

gðMqK ÞJ eMq1 n � � � nMqN ;

where X Je Y means that for any x A X there is y A Y satisfying kxÿ ykU ekxk. Here

we use the perturbation theorem [5, Corollary 6.8], that is, for a su‰ciently small e > 0

we have a unitary w1 in A such that

Ad w1 � gðMqK ÞJMq1 n � � � nMqN

and kw1 ÿ 1k < 28e1=2. Set g1 ¼ Ad w1 � g, B1 ¼ g1ðMqK Þ and B2 ¼ Mq1 n � � � nMqN V
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B 0
1. Then

Mq1 n � � � nMqN ¼ B1 nB2;

g1 �Ad W 0
i � axi � g

ÿ1
1 ðB1Þ ¼ B1;

g1 �Ad W 0
i � axi � g

ÿ1
1 dB1 ¼ Ad g1ðu

ðiÞ
K Þ

for i ¼ 1; 2. Since kAd W 0
1 � ax1 ÿ gÿ1

1 � bx1 � g1kUC1e
1=2 for some positive constant C1

independent of e we have

bx1ðB1ÞJ C1e1=2
B1:

Noting that B1, bx1ðB1ÞJMq1 n � � � nMqN , we can use [5, Corollary 6.8] again. So

we have a unitary w2 in Mq1 n � � � nMqN such that

Ad w2 � bx1ðB1ÞJB1;

kw2 ÿ 1k < C2e
1=4

for some positive constant C2. As Mq1 n � � � nMqN is finite-dimensional and

Ad w2 � bx1ðB1Þ ¼ B1;

Ad w2 � bx1ðMq1 n � � � nMqN Þ ¼ Mq1 n � � � nMqN ;

we have unitaries U1 in B1 and U2 in B2 such that

Ad w2 � bx1dB1 ¼ Ad U1;

Ad w2 � bx1dB2 ¼ Ad U2:

For these unitaries we have the following estimates:

kðAd g1ðu
ð1Þ
K Þ ÿAd U1ÞdB1k ¼ kðg1 �Ad W 0

1 � ax1 � g
ÿ1
1 ÿAd w2 � bx1ÞdB1k

U kg1 �Ad W 0
1 � ax1 � g

ÿ1
1 ÿAd w2 � bx1k

UC4e
1=4;













AdðU1 nU2Þ ÿ 1
N

k¼1

Ad v
ð1Þ
k













U kAd w2 � bx1 ÿ bx1k

UC4e
1=4

for some positive constant C4. Thus we obtain scalars h1, h2 of T such that

kg1ðu
ð1Þ
K Þ ÿ h1U1k < 4C4e

1=4;













U1 nU2 ÿ h2 1
N

k¼1

v
ð1Þ
k













U 4C4e
1=4:

Consequently we have
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g1ðu
ð1Þ
K ÞnU2 ÿ h1

N

k¼1

v
ð1Þ
k













< C5e
1=4

for some h A T and positive constant C5. Similarly for the direction of x2 we obtain a

unitary V2 in B2 such that













g1ðu
ð2Þ
K ÞnV2 ÿ z1

N

k¼1

v
ð2Þ
k













< C6e
1=4

for some z A T and positive constant C6. To use an invariant in Definition 17, we set

m ¼
QN

k¼1 mk. Then there is a l A T such that lq1���qN ¼ 1 and

jlmÿ 1j þ 2ðC5 þ C6Þe
1=4 < 2:

Note that ol is invariant under homotopy of unitaries for which ol is defined. From

the above estimates we have

oðg1ðu
ð1Þ
K ÞnU2; g1ðu

ð2Þ
K ÞnV2Þ ¼ o h1

N

k¼1

v
ð1Þ
k ; z1

N

k¼1

v
ð2Þ
k

 !

for a su‰ciently small e > 0. We now evaluate the both sides to get a contradiction.

Let

lk ¼ exp 2pi �
sk

qk

� �

; mk ¼ exp 2pi �
tk

qk

� �

; l ¼ exp 2pi �
s

q1 � � � qN

� �

for some sk; tk A f0; . . . ; qk ÿ 1g and s A f0; . . . ; ðq1 � � � qN ÿ 1Þg. Then

lÿ1ðg1ðu
ð2Þ
K ÞnV2Þðg1ðu

ð1Þ
K ÞnU2Þðg1ðu

ð2Þ
K ÞnV2Þ

�ðg1ðu
ð1Þ
K ÞnU2Þ

�

¼ 1qK n exp 2pi
ÿs

q1 � � � qN
þ
ÿsK

qK

� �� �

V2U2V
�
2 U

�
2

¼ exp 2pi 0
qK

j¼1

ÿs

q1 � � � qN
þ
ÿsK

qK

� �

1q1���qKÿ1qKþ1���qN þH2

� �

( ) !

for some H2 A Mq1���qkÿ1qKþ1���qN with TrðH2Þ A Z. Thus

oðg1ðu
ð1Þ
K ÞnU2; g1ðu

ð2Þ
K ÞnV2Þ

¼ Tr 0
qK

j¼1

ÿs

q1 � � � qN
þ
ÿsK

qK

� �

1q1���qKÿ1qKþ1���qN þH2

� �

( )

¼ ÿsÿ sKq1 � � � qKÿ1qKþ1 � � � qN þ qKTrðH2Þ:

On the other hand

o h1
N

k¼1

v
ð1Þ
k ; z1

N

k¼1

v
ð2Þ
k

 !

¼
ÿs

q1 � � � qN
þ
X

N

k¼1

ÿtk

qk
þ n

 !

Y

N

l¼1

ql

 !

¼ ÿsÿ
X

N

k¼1

tkq1 � � � qkÿ1qkþ1 � � � qN þ nq1 � � � qN
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for some n A Z. Therefore

ðsK ÿ tKÞq1 � � � qKÿ1qKþ1 � � � qN ¼ qKTrðH2Þ þ
X

N

k¼1
k0K

ÿtk

qk
þ nq1 � � � qN :

Noting that sK ÿ tK 0 0 and sK ÿ tK is not divided by qK , we have a contradiction.

Next we show that (2.1) implies (2.2). We assume ½a�@ ½b�. Then we may also

assume that lk ¼ mk for any k since inner perturbation does not change outer conjugacy

classes. If there is a k0 A N such that lk ¼ 1 for any kV k0, then we have the result

from Theorem 14. If there is no such k0, we pick up all the k’s with lk 0 1 and make

the subsequence ðpkn j n A NÞ of ðpk j k A NÞ. Let lk ¼ expð2pisk=qkÞ as before. Then

for any N

Y

kN

k¼1

lk ¼ exp 2pi �
X

N

n¼1

skn
qkn

 !

:

By noting that skn 0 0 and qkn ’s are relatively prime to the each others,
PN

n¼1 skn=qkn
equals to

SN

p
j1
k1
� � � p jN

kN

in the irreducible form for some positive integers j1; . . . ; jN and SN . Here we apply

Lemma 16 to two pairs ð1kN
k¼1u

ð1Þ
k ;1kN

k¼1u
ð2Þ
k Þ, ð1kN

k¼1v
ð1Þ
k ;1kN

k¼1v
ð2Þ
k Þ of unitaries. Then

for any e > 0, if we take a su‰ciently large N, these pairs are almost conjugate i.e., there

is a unitary w1 in 1kN
k¼1Mqk such that

Ad w1 1
kN

k¼1

u
ðiÞ
k

 !

ÿ 1
kN

k¼1

v
ðiÞ
k































< 2ÿ1e

for i ¼ 1; 2. We adopt the same method for 1y

k¼kNþ1Mqk and 2ÿ1e in place of e.

Repeating this procedure as in the proof of Theorem 14, we have the result. r

Remark 18. Let A ¼ M3 nM2y and let on ¼ expð2pi=nÞ for each n A N . We

define Z
2-actions a, b on A by

ax1 ¼ Ad Wð3;o3Þn 1
y

k¼1

Ad Wð2k;o2k Þ

 !

; ax2 ¼ Ad Sð3Þn 1
y

k¼1

Ad Sð2kÞ

 !

;

bx1 ¼ idM3
n 1

y

k¼1

Ad Wð2k;o2k Þ

 !

; bx1 ¼ idM3
n 1

y

k¼1

Ad Sð2kÞ

 !

:

Then the same arguments as in the first part of the above proof show that a, b have the

Rohlin property and they are not approximately conjugate. However they are clearly

outer conjugate.

Let fqk j k A Kg be a finite or infinite set of prime numbers. We next consider

product type Z
2-actions on the UHF algebra
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1
k AK

Mqy
k
;

where Mqy
k

is understood as 1y

n¼1
Mqk .

Theorem 19. For the above UHF algebra, any two product type Z
2-actions with the

Rohlin property are approximately conjugate.

Proof. From Theorem 14 it is enough to prove that for any product type Z
2-

action a on A with the Rohlin property and e > 0, there exist an automorphism g of A

and a product type action b with the Rohlin property such that a A
g; e

b and b has the

same form as in Theorem 14 i.e., there exist a sequence ðnl j l A NÞ of positive integers

and sequences ðv
ð1Þ
l j l A NÞ, ðv

ð2Þ
l j l A NÞ of unitary matrices such that

v
ð1Þ
l ; v

ð2Þ
l A Mnl ;

v
ð1Þ
l v

ð2Þ
l ¼ v

ð2Þ
l v

ð1Þ
l ;

ðA; bx1 ; bx2ÞG 1
y

l¼1

Mnl ;1
y

l¼1

Ad v
ð1Þ
l ;1

y

l¼1

Ad v
ð2Þ
l

 !

:

Let ðpk j k A NÞ be the prime numbers in the increasing order. By definition we find

a sequence ðNk j k A NÞ of positive integers in such a way that each k A N there are

nonnegative integers m
ð1Þ
k ; . . .m

ðNkÞ
k , unitaries uk, vk and lk A T satisfying

ðA; ax1 ; ax2ÞG 1
y

k¼1

M
p
m
ð1Þ

k
1

���p
m
ðNk Þ

k
Nk

;1
y

k¼1

Ad uk;1
y

k¼1

Ad vk

0

@

1

A;

uk; vk A UðM
p
m
ð1Þ

k
1

���p
m
ðNk Þ

k
Nk

Þ; ukvk ¼ lkvkuk;

m
ð1Þ
k þ � � � þm

ðNkÞ
k 0 0:

Set Qk ¼ p
m

ð1Þ

k

1 � � � p
m

ðNk Þ

k

Nk
. By Remark 12, l

Qk

k ¼ 1 for each k. If lk ¼ 1 for any k, we

are done, so we assume that lk 0 1 for some k A N . Take k1 1minfk A N j lk 0

1g. For nV k1 þ 1 we define

NðnÞ ¼
Y

n

k¼k1þ1

Qk; lðnÞ ¼
Y

n

k¼k1þ1

lk

and relatively prime integers MðnÞ and KðnÞ by

lðnÞ ¼ exp 2pi �
KðnÞ

MðnÞ

� �

; MðnÞUNðnÞ; KðnÞ A f0; . . . ;MðnÞ ÿ 1g:

If we set mðiÞðnÞ ¼ maxfm
ðiÞ
k j k1 þ 1U kU ng ði ¼ 1; . . . ;Nk1Þ then for each i the ex-

ponent of the factor pi in MðnÞ is less than or equal to mðiÞðnÞ. Hence taking a

su‰ciently large n, we can make the exponent of the factor pi in NðnÞMðnÞÿ1
as large as

we like if mðiÞðnÞ0 0. In particular NðnÞMðnÞÿ1
is divided by Q2

k1
and NðnÞ is much

larger than MðnÞ.
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We want to show that for any d > 0, which is much smaller than e, there exist

positive integers n, m1, m2 and unitary matrices Ui, Vi ði ¼ 1; 2; 3Þ and W such that

nV k1 þ 1; m1;m2 V dÿ1
;

m1m2 ¼ NðnÞMðnÞÿ1
Qÿ2

k1
;

U1;V1 A MQk1
; U2;V2 A MMðnÞQk1

;

U3;V3 A M
NðnÞMðnÞÿ1

Qÿ2
k1

; W A MNðnÞ;

U1V1 ¼ lÿ1
k1
V1U1; U3V3 ¼ V3U3;

SpðU3;V3Þ is ðm1;m2; dÞ-distributed ð15Þ

and

1
n

k¼k1þ1

MQk
; 1

n

k¼k1þ1

Ad uk; 1
n

k¼k1þ1

Ad vk

 !

A
Ad W ;2ÿ1e

ðMQk1
nMMðnÞQk1

nM
NðnÞMðnÞÿ1

Qÿ2
k1

;

AdðU1 nU2 nU3Þ; AdðV1 nV2 nV3ÞÞ:

Suppose that we have shown this statement, then we can construct the required g and b

as follows. Set

n1 ¼ ðQ1Q2 � � �Qk1Þ �Qk1 �NðnÞMðnÞÿ1
Qÿ2

k1
;

v
ð1Þ
1 ¼ 1

k1

k¼1

uk

 !

nU1 nU3;

v
ð2Þ
1 ¼ 1

k1

k¼1

vk

 !

nV1 nV3;

W1 ¼ W :

Then v
ð1Þ
1 , v

ð2Þ
1 A UðMn1Þ. Applying the same method to

MMðnÞQk1
n 1

y

k¼nþ1

MQk

 !

; Ad U2 n 1
y

k¼nþ1

Ad uk

 !

; Ad V2 n 1
y

k¼nþ1

Ad vk

 ! !

and 2ÿ1e in place of

1
y

k¼1

MQk
;1

y

k¼1

Ad uk;1
y

k¼1

Ad vk

 !

and e, we get n2; v
ð1Þ
2 ; v

ð2Þ
2 ;W2. Repeating this procedure as in the proof of Theorem 14,
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we obtain an automorphism g as the infinite product of Ad Wi ði ¼ 1; 2; . . .Þ and an

action b as

bxi ¼ 1
y

l¼1

Ad v
ðiÞ
l ði ¼ 1; 2Þ:

This b also has the Rohlin property due to (15). Hence we have the required g and b.

Now we show the remaining part of the proof, that is, the existence of n;m1;m2 A N ,

unitary matrices Ui;Vi ði ¼ 1; 2; 3Þ and W satisfying the prescribed conditions. By

Lemma 16 we can decompose (up to conjugacy)

1
n

k¼k1þ1

MQk
; 1

n

k¼k1þ1

uk; 1
n

k¼k1þ1

vk

 !

into

ðMMðnÞ nM
NðnÞMðnÞÿ1 ;U

ðnÞ
1 nU

ðnÞ
2 ;V

ðnÞ
1 nV

ðnÞ
2 Þ;

where U
ðnÞ
1 ¼ SðMðnÞÞ, V

ðnÞ
1 ¼ WðMðnÞ; lðnÞÿ1Þ and U

ðnÞ
2 ;V

ðnÞ
1 are some commuting

unitary matrices. Furthermore we see

ðSpðU
ðnÞ
2 ;V

ðnÞ
2 Þ j nV k1 þ 1Þ

is uniformly distributed. Actually note that SpðU
ðnÞ
2 ;V

ðnÞ
2 Þ is unique up to piecewise

multiples of ðlðnÞk; lðnÞ lÞ for any k; l A N . So if supfMðnÞjnV k1 þ 1g ¼ y then it is

clearly uniformly distributed. If supfMðnÞjnV k1 þ 1g < y then there is a positive

integer M such that M is divided by MðnÞ for any nV k1 þ 1. Noting that

1
n

k¼k1þ1

uk

 !

1
n

k¼k1þ1

vk

 !

¼ exp 2pi �
KðnÞ

MðnÞ

� �

1
n

k¼k1þ1

vk

 !

1
n

k¼k1þ1

uk

 !

we have

1
n

k¼k1þ1

uM
k

 !

1
n

k¼k1þ1

vMk

 !

¼ 1
n

k¼k1þ1

vMk

 !

1
n

k¼k1þ1

uM
k

 !

for any nV k1 þ 1. This implies uM
k vMk ¼ vMk uM

k for any kV k1 þ 1. Hence by

Proposition 13

Sp 1
n

k¼k1þ1

uM
k ; 1

n

k¼k1þ1

vMk

 !

�

�

�

�

nV k1 þ 1

 !

is uniformly distributed. Since

Sp 1
n

k¼k1þ1

uM
k ; 1

n

k¼k1þ1

vMk

 !

¼ Spð1nU
ðnÞM

2 ; 1nV
ðnÞM

2 Þ;

it follows that

ðSpðU
ðnÞ
2 ;V

ðnÞ
2 Þ j nV k1 þ 1Þ
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should be uniformly distributed. Using this distribution of the joint spectrum, we can

make for a su‰ciently large n

ðM
NðnÞMðnÞÿ1 ;U

ðnÞ
2 ;V

ðnÞ
2 Þ

close to (up to conjugacy)

ðMQk1
nMQk1

nM
NðnÞMðnÞÿ1

Qÿ2
k1

;U 0
3 nU 0

4 nU
ðnÞ
5 ;V 0

3 nV 0
4 nV

ðnÞ
5 Þ

in norm, where

U 0
3 ¼ V 0

4 ¼ SðQk1Þ; U 0
4 ¼ V 0�

3 ¼ WðQk1 ; lk1Þ

and SpðU
ðnÞ
5 ;V

ðnÞ
5 Þ is ðm1;m2; dÞ-distributed for some m1;m2 A N satisfying

m1;m2 V d
ÿ1; m1m2 ¼ NðnÞMðnÞÿ1

Qÿ2
k1
:

Since U 0
4V

0
4 ¼ l

ÿ1
k1
V 0

4U
0
4, we obtain desired unitaries in such a way that

U1 ¼ U 0
4; V1 ¼ V 0

4;

U2 ¼ U
ðnÞ
1 nU 0

3; V2 ¼ V
ðnÞ
1 nV 0

3;

U3 ¼ U
ðnÞ
5 ; V3 ¼ V

ðnÞ
5 :

We complete the proof. r

Now we sum up the results we have shown so far. Let ðpk j k A NÞ be the prime

numbers in the increasing order. By Glimm’s theorem ([11]), for any UHF algebra A

there exists one and only one sequence ðik j k A NÞ of nonnegative integers or y such

that AG1y

k¼1Mp
ik
k

, where Mpy
k
is understood as 1y

n¼1Mpk . Then our classification of

Z
2-actions on A is as follows:

Theorem 20. Let A be a UHF algebra with the invariant ðik j k A NÞ as above.

(1) If ]fk A N j 1U ik < yg ¼ y then there are infinitely many outer conjugacy

classes of product type Z
2-actions on A with the Rohlin property.

(2) If ]fk A N j 1U ik < yg < y and A is infinite-dimensional then there is one and

only one outer conjugacy class of product type Z
2-actions on A with the Rohlin property.

(3) If A is finite-dimensional then there is no Z
2-action on A with the Rohlin

property.
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