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The purpose of this paper is to present a general method of axiomatizing
fragments of first order theories. Smorynski presented a new semi-model-
theoretic method of axiomatizing fragments. Our method in this paper is proof-
theoretic. For the sake of contrast, we prove several results in [6] by our
method. The method in this paper is a generalization of one in [9], and a
development of one in and [4]. Motohashi introduced approximation
theory of uniqueness conditions by existence conditions, and gave an axiomatiza-
tion theorem for intuitionistic theories with equality which are axiomatized by
uniqueness conditions and existence conditions. We modify the notion of appro-
ximations in [4], and give an axiomatization theorem for any intuitionistic
theories with equality. We introduce the notion of snference forms, which plays
an important role in our discussion. Inference forms are figures expressing
inference rules such that first order logistics are formalized by sets of inference
forms. For a given fragment of a theory, by choosing a suitable set of inference
forms which formalizes the theory, we can construct a series of axioms which
axiomatizes the fragment.

§1 is a preliminary section in which we introduce several basic notations
and notions. In §2, we introduce the notion of inference forms, and give a cut
elimination theorem for logistics formalized by sets of inference forms. The
proofs in the following sections are based on the cut elimination theorem. In
§ 3, first, we introduce the notion of approximations which is a modification of
one in [4]. Then, we give several theorems for axiomatizing fragments by
approximations. In §4, we prove several axiomatization results, some of which
are proved in [6]. §5 is preparatory to axiomatization theorems in §6. In
§ 6, we give an axiomatization theorem for classical theories with equality and
an axiomatization theorem for intuitionistic theories with equality.

§1. Preliminary.

We are concerned with Gentzen-type systems: A logistic (or a theory) con-
sists of initial sequents and inference figures. In intustionistic logistics, the suc-
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cedent of each sequent consists of at most one formula.

We use the propositional symbols Y and A, that say the true sentence and
the false sentence, respectively, and every logistic concerned has the following
inference figures:

Y, ['—4 I’'—4, \
I'—4 I’'—4 -

In [2], variables are distinguished into two kinds: free variables and bound
variables. However, in this paper, variables are not to be so. The adjectives
“free” and “bound” modify not variables, but occurrences of variables.

Each variant of a formula is identified with the formula (for wariant, see

p. 35).

A substitution is a figure of the form(

X, X ,
L. t"), where x,, ---, x, are pair-
1 n

wise distinct variables and ¢, ---, t, are arbitrary terms. For each figure A,

A(ff );“) denotes the figure which results from replacing all free occurrences
1 n

of xy, -+, %x, Iin A by £, --,1t, respectively., We agree that whenever
x . ..
A( tl i”) appears, all the variables occurring in terms ¢, ---, t, are free at
1 n
the places of the free occurrences of x,, ---, x,, respectively, in A. For each

figure A and for each substitution &, the figure A@ is called an instance of A.
An n-ary predicate is a figure of the form Ax,--- x,.%A, where ¥ is a

formula and x,, ---, x, are pairwise distinct variables. A predicate Ax; - x,. «A
is closed if no other variables than x,, ---, x, occur free in . A predicate
Ax, - X W is atomic if the formula U is atomic.
If A is an n-ary predicate of the form Ax, --- x,. U, then A(¢,, ---, t,) denotes
the formula QI(xl x”).
t, tn
For a sequence % of pairwise distinct »n variables of the form x,, ---, x,,

Vi and 3% denote Vx,---Vx, and Ix,.-- Ix,, respectively. If n=0 then V%
and J% are empty.

If 5§ and 7 are sequences of terms s, ---, S, and £, -+, t,, respectively, then
5=f denotes the conjunction s,=t, A --- AS,=t,.

For a set S of symbols, a figure is S-free if it has no occurrences of
symbols in 8. For a set @ of predicate symbols, a formula is @-atomic if it is
an atomic formula whose predicate symbol belongs to @. A formula is @-posi-
tive if it has no negative occurrences of ®-atomic formulas. A formula is -
negative if it has no positive occurrences of P-atomic formulas. For a trio
(@, 7, F) of mutually disjoint sets of predicate symbols, a formula is a (2, 1, F),-
formula if it is P-positive, Jl-negative, and F-free. A formula is a (@, 91, F)_-
formula if it is a (31, P, F).-formula. A sequent is a (P, 7, F)-clause if the
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antecedent consists of @\UZ-atomic formulas and the succedent consists of
g F-atomic formulas. A sequent is (P, JI, F)-sequent if the antecedent consists
of @ U%-atomic formulas and (@, 71, F)_-formulas, and the succedent consists of
JIUF-atomic formulas and (P, 71, F).-formulas. A (&P, T, F)-sequent is simple
if the succedent consists of only (@, 71, F).-formulas. A (@, @, F)-clause is
called an F-clause, and a (@, @, F)-sequent is called an F-sequent.

For a set 4 of formulas, the % -part of a theory T is the set of all the T'-
provable formulas belonging to 4. If 4 is the set of all the S-free formulas,
then the 4 -part of a theory T is called the S-free part of T. If 4 is the set
of all the (@, 71, ¥F).-formulas, then the 4 -part of a theory T is called the
(P, 7, F),-part of T. The I-part of a theory S is axiomatized by a series of
axioms Wy, Uy, W, - in a theory T if A, Ay, A, --- are S-provable sentences
in 4 and the 4-part of S is identical with the 4 -part of the theory obtained
from T by adding the axioms ,, Ay, Wy, -

For a logistic L, a quasi-L-proof figure is a proof figure whose inference
figures are some in L and whose initial sequents are arbitrary.

§2. Inference forms.

A universal condition is a figure of the form Vix(/'—4), where ['—4 is a
sequent. An existensial condition is a figure of the form I¥(II), where Il is a
finite sequence of formulas. Note that Vi and 35 may be empty.

For each universal condition V%Y, ---, Ap—B,, -, B,), ViU, -, Ap—
By, -+, B,)' denotes the formula A, VB,V - vVB,), VEZ(U,A - AUL), or
VEQUA - AULRDB,V - VB,), according as m=0 and n=0, m=0 and n=0,
m+#0 and n=0, or m#0 and n+0. For each existensial condition 35(E,, ---, €,),
3@, -+, €,)" denotes the formula Y or IFE, A --- AE,), according as £=0 or
not. If Y is a sequence F,, ---, F, of conditions, then X" denotes the sequence
FY ... Fi

A universal condition Vx,--- Vx,(/'—4), is a variant of a universal condition
Vi Vyull7—d") i T=d is (=47 7"), and x,, -, x, do not occur

1 n

free in /”"—4’. An existensial condition Jx, --- Ix,(I]) is a variant of an exist-
ensial condition Iy, --- Iy, (I if II is (l]’)(’;‘---i”), and x,;, -+, x, do not
1 n

occur free in /I’. Each variant of a condition is identified with the condition.

An inference form is a figure of the form [@; 2—6 ; ¥, where @ and ¥
are finite sequences of formulas, 2 is a finite sequence of universal conditions,
and @ is a finite sequence of existensial conditions. An inference form
[D; V& ([ —4dy), -, Vin{ n—43)—0 ; U] is intuitionistic if each 4; consists of
at most one formula, ¥ consists of at most one formula, and whenever O is
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not empty, ¥ is empty.
For a trio (2, 91, §) of mutually disjoint sets of predicate symbols, an in-
ference form

[@’ Vfl(rlﬁdl)y Uy V-fm([,m_’dm>’_’ '——-]571(]]1); U ain([]n): w]

is a (@, 7, F)-inference form if each formula in @ is atomic or PUINJF-free,
each formula in Iy, -+, I, II,, -, I, is #\UTF-atomic or L\ UJI\TF-free, each
formula in 4,, -+, 4 is JIUF-atomic or P\UI\JF-free, and ¥ is empty. More-
over, if each formula in 4, -, 4, is P UJ\UF-free, then the (2, J1, F)-infer-
ence form is said to be simple.

A (@, @, F)-inference form is called an F-inference form.

Let I be an inference form of the following form:

[@; Vk_l(]_'l—_)dl)) ) me<[,m_’h/’m)"'>3yl([]1); Tt Hyn(]]n>; w]

Then an I-rule is an inference figure of the form

r,r—-a4,4, - I',, I'-4, 4, I, I—-A - II,, [[-4
o, I1-4, 1,7

where each variable in %, -+, £m, ¥1, -, V. 18 not free in the lower sequent,
i.e. it satisfies the eigenvariable condition. When we are concerned with an
intuitionistic logistic, [ is intuitionistic and 4 is empty, and then the [-rule is
called an intuitionistic I-rule. Each occurrence of a formula in @ or ¥ in the
I-rule is called a principal formula of the I-rule. If an occurrence of a formula
A is a principal formula of the I-rule, then the formula ¥ itself also called a
principal formula of the I-rule. Similarly, when we mention a cut formula, it
means a formula or an occurrence of a formula according to the context. Note
that if I is a (@, 91, 9 )-inference form, then all the upper sequents of an I-rule
are (®, 71, F)-sequents if and only if the lower sequent is a (&, JI, &)-sequent,
and if I is simple, then all the upper sequents of an [-rule are simple (&, 71, &)
sequents if and only if the lower sequent is a simple (2, 71, F)-sequent.

For a set S of inference forms, an S-rule is an [-rule for some instance [
of an inference form in &.

We confuse often a universal condition of the form (—%) and an existensial
condition of the form (B) with the formula ¥ and the formula B, respectively.
For example, we may write [ADB; A—B; ] instead of [ADB ; (—=WA)—(B); 1.

Ifor a classical logistic L and a set & of inference forms, L[S] denotes the
classical logistic obtained from L by adding all the S-rules. For an intuitionistic
logistic L and a set S of inference forms, L[S] denotes the intuitionistic logistic
obtained from L by adding all the intuitionistic S-rules.

Let € be the set of all the inference forms

[; —s=s; 1, [ ;s=t, A(s)— ; A®)] and [A(s); s=t—A(): ]
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such that s and ¢t are terms and A is an atomic unary predicate. For each
logistic L, L. denotes the logistic L{&].

An inference figure holds in a logistic L if whenever all the upper sequents
are L-provable, the lower sequent is L-provable. An inference form 7/ holds in
a logistic L if all I-rules hold in L.

Let L be the logistic LK, LJ, LK, or LJ,. Let S be a set of inference
forms, and P an L[S]-proof figure. An occurrence 9 of a formula ¥ in P is
S-free if there is no bundle through 9 and an occurrence of U which is a
principal formula of an S-rule (for bundle, see p.78). A cut in P is S-free
if both cut formulas are S-free. A cut is afomic if the cut formula is atomic.

By the same way as Gentzen’s proof of Hauptsatz, we have the following
cut elimination theorein :

THEOREM 2.1. Let L be the logistic LK, LJ, LK,, or LJ,. Let S be a set
of (P\ITNJTF )-inference forms. Then each LLS]-provable sequent is L[ S1-provable
without S-free cut, and atomic cut.

§3. Approximations.

Let @, 71 and ¢ be mutually disjoint sets of predicate symbols.

A function A from the set of (&, 71, F)-clauses to the set of (&, J1, &F)._-
formulas is a (P, 31, F)-approximation if all the variables occurring free in
A(I'=4) occur in ['—4 for each (@, 31, F)-clause /'—4, and the outer most
logical symbol of A(/'—) is 7 for each finite sequence [’ of @\UZF-atomic
formulas. If the formula A(J/'—) has the form 7%, then we write the formula
A A, A (@D, @, F)-approximation is called an F-approximation.

Let A be a (&, 91, F)-approximation, and S and 7 theories.

A satisfies the initial condition in T if, for each <P-atomic formula %, each
J-atomic formula B, and each J-atomic formula €, the sequents A(UA)—,
B—A(—PB), and - A@—EC) are T-provable.

A is commutative for substitution on T if, for each substitution #, and for
each (@, 91, F)-clause I'—4, the formulas A(/'—=4)0=A(1"0—46) and A=
A(I'8) are T-provable.

A is monotone on T if the sequents A(l'—A4)—AII—-A), A)—-A(l") and
AIMDAUIT—-A)—A(II—A) are T-provable for each pair of (2, 91, F)-clauses
I'—4 and I[I—/A such that all the formulas in /" occur in /7 and all the formulas
in 4 occur in 4.

A is transitive on S if the sequents I, AU —4)—4 and I'—A’) are S-
provable for each (&, J1, F)-clause ['—4.

A is adequate for (S, T) if A satisfies the initial conditions in 7', and is
commutative for substitution on 7', monotone on 7' and transitive on S.
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The (@, 31, F)-approximation B defined below is said to be basic: For each
(@, 71, F)-clause I'—4,
Y if there is an F-atomic formula
B(I'—4) = occurring in both /7 and 4,
(I"—=4")" otherwise,
where I” and 4’ are the subsequences obtained from I’ and 4, respectively, by

deleting all the F-atomic formulas.
Immediately, we have the following corollary :

COROLLARY 3.1. Let L be the logistic LK or LJ. Let B be the basic
(@, 7, F)-approximation. Then B is adequate for (L, L).

Let A be a (@, 71, F)-approximation. Let ['—4 be a (P, 71, F)-sequent of
the form

Fl; QIlr FZ; 912; Tty Fm; S‘)’Im) Fm+l_)Alr %1) ‘42) %2) ) Any %n; An-}-l)

where [y, [y, -+, I'n, I'nsy are sequences of @ F-atomic formulas, 4,, 4., -,
4., 4,4+, are sequences of JI\JF-atomic formulas, U;, A,, -+, U, are (L, T, F).-
formulas, and 9B, B,, ---, B, are (¥, N, F),-formulas. Then A(l'—4) denotes
the formula
Uy, Ay, -+, S)Im—')A(FD Fz: t Fm+1—’A1, Az, A An+1>, B, %2, Tt %n)H:
or
Uy, Wy, ooy Uiy, ALy, Loy o) Iir) =By, By, -, By

according as some 4; is not empty, or all 4; are empty. Moreover, A(I") de-
notes the formula
52{1/\912/\ ,/\Q/Im//\_fl(pl, Fz, ety Fm+1)4

We have the following corollary :
COROLLARY 3.2. Let A be a (P, 31, F)-approximation which is commutative
for substitution on T. Then for each (P, 91, F)-sequent I'—4 and each pair of
x ) x x
tem;xs s and t, the sequents A(F(s ))—EIxA({;), VAA?EF)—»A(F( ) )), A(F( s )—>
A(s >>—>Ele(F——>A) and VxA(F—»A)—%(F( ] )—>A( ; )) are T-provable. More-
over, if T satisfies equality axioms, then the sequents s=t, A(F(j)—%(j))q

A(F( t )—»A( : )) and s=t, A(F(’S‘))—> A(F( ’t‘ )) are T-provable.

Let A be a series Ao, A,, A,, -+ of (@, 1, F)-approximations, and let S and
T be theories.

A satisfies the initial condition in T if each A, satisfies the initial condition
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in T.

A is commutative for substitution on T, if each A, is commutative for sub-
stitution on 7.

A is monotone on T if A, is monotone on 7', and the sequents A;(['—4)—
Ap(I'=4) and A, (IN—A,(I") are T-provable for each number % and for each
(@, 71, F)-clause ['—4.

A is transitive on S if each A, is transitive on S.

A is adequate for (S, T) if A satisfies the initial condition in 7', and is
commutative for substitution on 7', monotone on 7' and transitive on S.

For a set S of (@, 7, F)-inference forms, A satisfies S-rules in 7' if for
each number /2 and each S-rule

I, I'-4,4, - I'n, I'=4,4,, 1I.,1—-A - II,, [I-/
B o, I [1—-4, A

such that the upper sequents are (P, 71, &)-sequents, there is a number k. such
that the following inference figure holds in 7 :

—nqh([’l, F-‘_)Ay Al) '—)Ah<]7m;]7_‘)dy Am) _QAh(]II:H‘”)A) ey h(ﬁn} ]I__)A)
— A0, I', [I—-4, A) )

THEOREM 3.1. Let L be the logistic LK, LJ, LK, or LJ,. Let T be a
theory on L. Let S be a set of (P, J1, F)inference forms such that the theory
L[S8] is an extension of T. Let Ay, Ay, Az, -+ be a series of (P, 31, F)-approxi-
mations which is adequate for (L[S], T), and satisfies S-rules in T. Then the
(P, J1, F)s-part of L{S] is axiomatized by the series of axioms Ae), Ale), Ase), -
in T, where ¢ is the empty sequence of P\JSF-atomic formulas.

PrRoOOF. For each number %, the (®, 71, ¥)-approximation A, is transitive
on L[S], hence A,(e) is L[S]-provable. On the other hand, L[S] is an exten-
sion of T'. Therefore the theory L[S] is an extension of the theory 7 with
Ay(e), Ay(e), Ax(e), ---. Thus, it sufficies to show that, for each L[S]-provable
(@, 71, F)-sequent I1—A, the formula A,(/[I—A) is T-provable for some number
k. Now let IT—/A be an L[S]-provable (@, 71, F)-sequent. By [Theorem 2.1,
there is an L[S]-proof figure of II—A such that it is S-free cut free and atomic
cut free. Let P be such a proof-figure. Then each sequent in P is (@, 91, )-
sequent. The series of approximations is commutative for substitution and
monotone on 7', and satisfies S-rule and the initial condition in 7', hence, by
induction on the number of inference figures in P, we can show that A,(JT—A)
is T-provable for some 4.

A function A from the set of finite sequences of P\ U%-atomic formulas to
the set of (@, J1, F).-formulas is a simple (P, J1, F)-approximation if all variables
occurring free in A(I") occur in I for each finite sequence I’ of PUZ-atomic
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formulas. A simple (@, @, 9 )-approximation is called a simple F-approximation.

From a (&, 31, F)-approximation A, we induce the simple (2, 71, &)-appro-
ximation A, such that A,(J)=A(I") for each finite sequence I" of P\UF-atomic
formulas. The induced simple (&, 91, F)-approximation A. is called the simple
part of A.

The notions for (&, 71, ¥)-approximations defined above are redefined for
simple (&, 71, g)-approximations by restricting to the simple parts.

The simple (&, 71, F)-approximation B defined below is said to be basic:
For each sequence I' of @\U%-atomic formulas, B(I")=(I"), where I"” is the
subsequence obtained from I’ by deleting all the F-atomic formulas.

COROLLARY 3.3. Let L be the logistic LK or LJ. Let B be the basic simple
(P, 91, F)-approximation. Then B is adequate for (L, L).

Adding the assumption “S is a set of simple (P, J1, F)-inference forms” to
Theorem 3.1, we have the following version :

THEOREM 3.2. Let L be the logistic LK, LJ, LK, or LJ,. Let T be a
theory on L. Let S be a set of simple (P, I, F)-inference forms such that the
theory L[S] is an extension of T. Let A, A, As -+ be a series of simple
(@, 71, F)-approximations which is adequate for (L[S], T), and satisfies S-rules in
T. Then the (P, J1, F)-part of LLS] is axiomatized by the series of axioms
Ae), Ale), Aye), - in T.

§4. Axiomatizing results.

4.1. Apartness vs. equality (cf. [10], [6]). Let # be a binary predicate
symbol, and A, the set of the simple {#}-inference forms [x#x:—; ], [x#y;
—yEx; ], Latz;, —x#y, y#z; 1, and [ ; (x#y— )—x=y; ]. For each posi-
tive number #n, let A, be the union of the set I, and the singleton set of the
{#}-inference form

L —3x0 Fxalxetxy, o, XoHEXn, X1HXe, 0, X1 Xp, =, Xno1HXa); 1.

Let A, be the union A\JANIAN -+, and AP, the intuitionistic theory LJ,[A,]
for each n with n=<w. Note that AP, is a conservative extension of the theory
LJ[A—{[ ;(x#£y— )—x=y; ]}] without equality.
Let S, be the set of the following inference forms:
L7 x#0y; — 5 x=y],
[7x#1y; — 5 x=y],
L7 x#0y; — 5 x=y],
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where x#,y (n=0, 1, 2, ---) are the abbreviations as follows:
XFoy I x=Yy.
XFEmV: Ve(xFnzVzFEny).

For each positive number 7, let S, be the set of the union of the set &, and
the set of the inference forms

[ ;=5 dxe - Fxa(XeF XA - AXoFEaXa AX1FE X2\ o
NXLFEnXa N NEno1F nXn)],

such that A<w. Let S, be the union S)\US;\US,\U -, and SEQ¢ the intui-
tionistic theory LJ,[S,] for each n<w.

THEOREM (van Dalen and Statman [111). AP, is conservative over SEQ?
for each n with 1L n=w.

PrROOF. For each natural number %, let A, be the simple {#}-approxima-
tion such that A,(u,#vi, -+, untvn,) is the formula (ui%,v1, -+, UnF sVn)n
Then, for each number n, we can check the following facts:

(1) AP, is an extension of SEQZ.

(2) The series A,, As, A,, --- of simple {#}-approximations is adequate for
(AP,, SEQ?), and satisfies A,-rules in SEQ2.

Therefore, by [Theorem 3.2, for each number n and each {#}-free formula
A, A is AP,-provable if and only if A.(e)—U is SEQg-provable for some Z.
On the other hand, A,(¢) is the true sentence for each 2. Thus AP, is con-
servative over SEQ? for each n.

4.2, Apartness vs. linear order (cf. [6]). Let < be a binary predicate
symbol. Let ., be the union of 4, and the set of the inference forms
[x<x;— 5 1, [x<y, y<z; —x<z; ], [x<y; —x<z,2<y; ], [x#y; —x<Y,
y<x; ] and [x<y; —x#y; ]. Let LO, be the intuitionistic theory LJ.[.L,].
Moreover, let 9~ be the set of inference forms [ ; —3Jx;Txs(x,<x2); ] and
[x<y; —3Jz(x<z, z<¥); ]}, and DLO" the intuitionistic theory LO,[97].

THEOREM (Smorynski [6]). LO, is conservative over AP,, and DLO~ is
conservative over AP,.

Proor. Let A be the simple {<}-approximation such that A(e) is the
sentence Vx(x=ux), and, for each nonempty finite sequence X of {<}-atomic
formulas, A(2) is the conjunction of all the disjunctions ® of {#}-atomic formulas
such that each variable in ® occurs in 2, and the sequent 2—® is L O,-provable.
Then A is adequate for (LO,, AP,). The sequents A(x<x)— and A(x<y,
y<z, 2)—A(x<z, X) are AP,-provable for each finite sequence 2 of {<}-atomic



422 T. Ugsu

formulas. Moreover, the sequents A(x<y, 2)—A(x<z, J)VA(z<y, 2)and x#y,
AX)—A(x<y, )V A(y<=x, X) are AP,-provable for each finite sequence 5 of
{#}-atomic formulas. Now let A, be A for each k. Then the series A4,, A,

As, -+ of simple {<}-approximations satisfies .L,-rules in AP,, and so[Theoreml
3.2 says that LO, is conservative over AP,.

If 3 is a finite sequence of {<}-atomic formulas, and z is a variable occur-
ring in neither 2 nor x<y, then the sequent

ZHX, ZH#Y, 2H# UL, ZHU, -, 28U, AL, x<Y) AL, x<2, 2<Y)

is AP,-provable, where u,, u,, ---, u, are all the variables occurring in 2.
Therefore the sequent A(Y, x<y)—3zA(ZX, x<z, z<y) is AP,-provable. Thus

the series of simple {<}-approximations satisfies 9 -rules in AP,, and so DLO"
is conservative over AP,.

4.3. The equality parts of DLO*. Let 9* be the pair of the inference
forms [ ; —3x,Fx(x,<x:); ] and [ ; =VaxVyIz(x<yDx<zAz<HA(Y<xD
y<zNAz<x)N(x=yDx=zAz=y)); ], and let DLO* be the intuitionistic theory
LO,J[97].

Let B be a ternary predicate symbol. Let 9* be the set of the following
simple {B, <}-inference forms:

[B(x, z, ¥), x<y; —(x<z, z<y); ]
[B(x, z, 3), y<x; —(y<z, 2<x); ]
LB(x, z, ¥), x=y; —(x=2z, 2=3); ]
[ ; —32B(x, 2, 3); 1.

Then LOJ[9*] is conservative over DLO*.

For each finite sequence 2 of {B, <, #}-atomic formulas and for each {=}-
clause I'—4, the formula (I'—4)" is called a {=}-section of X if each variable
in I'—=4 occurs in X, no formula occur twice in I or in 4, and the sequent
Y*—('—4)" is LO,-provable, where 2* is the sequence obtained from X by
replacing all {B}-atomic formulas B(x, z, y) with (x<<zAz<y)V(x=zAz=y)V
(y<zNz<x).

Let E,, E,, E,, --- be the series of the simple {B, <, #}-approximations as
follows :

E(¢e) is the sentence Vxx=x, and E,(2) is the conjunction of all the {=}-
section of X for each nonempty sequence X of {B, <, #}-atomic formulas. For
each number n and each sequence X of {B, <, #}-atomic formulas, E,,(2) is
the conjunction of the formulas VxVy(7 E.(x#y, 2)Dx=y), YxVyIzE,(B(x, z,
9), ), Eq (u#v, ) such that u<v occurs in X, and E,(u<v, 3)VE,(w<u, 2)
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such that u#v occurs in 2.

Then the series E,, E,, E,, --- of simple {B, <, #}-approximations is ad-
equate for (LO,[9*], LJ,), and satisfies .Lo\JD*-rules in LJ,.

Therefore, we have the following theorem:

THEOREM 4.3. The equality part of DLO* is axiomatized by the series of
axioms Eye), E(¢), Ee), -+ in LdJ..

Theorem 4.3 and [Theorem| in are solutions of Problem 1 in [6].

4.4. Equality parts of intuitionistic theory of torsion free groups (cf.
[6]). Let @ be a sequence of sentences of theory of groups with the binary
function symbol *. Let P be a ternary predicate symbol. For a finite sequence
2 of {P}-atomic formulas, and for a pair of sequences I and 4 of {x}-free
{=}-atomic formulas, the formula (/'—4)" is called a {=}-section of X with
respect to @ if each variable in I'—4 occurs in Y, no formula occurs twice in
I' or in 4, and the sequent @, *—(I"—4)" is LJ,-provable, where I* is the
sequence obtained from X by replacing all {P}-atomic formulas P(x, y, z) with
xky=z2,

Let Iy be the sequence of the formulas VxVyVz((xxy)xz=xx(y*z)),
VaVyVuVv(x=x+uAy=yxwDu=v) and VxVy(xxy=y+*x). For each number n,
let T¥ be the formula Yx(x"*'=xDx%=x). Then Ik, VxVyJu(xxu=y), L,
is the series of axioms of theory of torsion free groups.

Let TF be the simple {P}-approximation such that TF(e¢) is the sentence
Vxx=x, and for each nonempty sequence X of {P}-atomic formulas, TF(Y) is
the conjunction of all the {=}-section of 2 with respect to I, VxVy(xxy=yx*x),

%, where n is the length of the sequence 2.

Theory of torsion free groups is formalized by the set of the simple {P}-
inference forms [P(x, v, u), P(u, z, s), P(y, z, v), P(x, v, t); —s=t; 1, [P(x, u,
x), P(y, v, 3); —»u=v; 1, [P(x, 3, w), P(y, x, v); mu=v; ], [P(x1, x1, Xxs), P(xs,
X1 Xy oy P(Xn, X1, Xn41); Xpr1=X1—%:=%;; ] (n=2,3, ), and [ ; —»Judv
(P(x, u, ), P(x, 3, v)); 1. :

Then, by the same way as 4.3, we have the following theorem:

2 ...
Ky

THEOREM 4.4. The equality part of the intustionistic theory of torsion free
groupes is axiomatized in LJ. by the series of the following axioms:

Vx,Vy:3u, 30,V 2.V y.FueTve - YV, Vy,, Ju, 30, TF(P(x4, Uy, ¥1), P(x1, ¥1,01),
P<x2) Us, yZ)’ P(Xz, V2, Uz), T P(xk; Up, yk)’ P(xk; Ve, Uk)) (k:l, 2, )-
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is a partial solution of Problem 2 in [6].

4.5. A generalized Minc’s theorem (cf. [7], [4], [1]). The following
theorem is a generalized form of the theorems for the existence of choice func-
tion by Minc (unpublished), Smorynski and Motohashi [4]:

THEOREM (Akaboshi [17). Let fi, -, f» be function symbols which are not
necessarily mutually distinct. Let A be a closed predicate in which none of the
function symbols fy, -+, fm occurs. Let T be the intuitionistic theory

LJJ{L ; = ; V& - VIRAXy, fA(Z0), ) Xmy [u(Ea))]}] .

Then {fi, -+, fm}-free part of T is axiomtized in LJ, by the series of the fol-
lowing axioms:

Vi VihIyle- 3yLVE:-- Viidyi--- E!y?n--- Vxk-- VELTyh - 3yk,
(/X\{A(f?‘, y11) Tty f%lm) ymm)l =m= ) ]-S é }/\
M{ET=%% Dyt=y% | f: is the same symbol as f; 1=nsn'<k,

n
1=i<5=m}) (k=] 2, ---).

PrRoOOF. Let R, -+, R, be new predicate symbols such that R; is the same
symbol as R; according as f; is the same symbol‘as f;. Set F={fi, ==, fn}

and *={R,, ---, Rn}. Let S be the set of the following simple R-inferene
forms : '

[Rl(xh yl)y Tt Rm(fm) ym); _)A(-fly BATIA fmr ym); :I
[R(ZX1, 3), R(ZX, 2); —y=2; ]

[Ru(Zm, ¥)s RulEm, 2); —my=2; ]
[ s _>3y1 aym(Rl(fly yl), ] Rm(jm’ ym)), :I

Then the FUR-free part of LJ,[S] is the F-free part of T. Let A be the
series of simple R-approximations A,, A,, A, --- defined as follows :

For each sequence 2 of R-atomic formulas, A,(2) is the conjunction of the
formula Vx(x=x), the formulas A(S,, ¢, .-, Sn, tm) such that all R,(,, ¢,), ---,
R (8m, tn) occur in ¥, and the formulas §=3§'2¢t=¢" such that both R(§, t) and
R(5’, t') occur in X for some R in R, and A,.(2) is the formula

Vfl mea,% s 3ymféln(]el(xl; yl)) Tty Rm(xm, ym)) 2))
where no variable in %,, -+, Zp, ¥1, ©*-, ¥m OCCurs in 2.
Then the series of simple R-approximations A, A,, A,, --- is adequate for
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(LJ,[S], LJ,), and satisfies S-rules in LJ,. Thus, by [Theorem 3.2, the F-free
part of the theory T is axiomatized by the series of axioms A(e), Ai(e), As(e), -+

in LJ.. On the other hand, each A,(¢) is equivalent to the following sentence
in LJ,:

Vf% e Vxlmayi vee Hy;nvx'% “ee Vf%ﬂay% e ay?n ‘ee Vf’f e Vflinaylf ‘es ayk
(/X\{A(f?ly J’rfl, Tty x"mm, y?n”‘)]lénlék, Tty lénmék}
M EF=%7 Dys=y% | f: is the same symbol as f;,

1=n=n'=sk, 1sisjsm}).
This completes the proof.

§5. Resolving trees of inference forms.

In 4.3, we gave the set 9* which is a set of {B, <}-inference forms such

that LO,[9*] is conservative over DLO*. Generally, we have the following
theorems:

THEOREM 5.1. Let L be a language, L the logistic LJ or LJ, over L, T
an intuitionistic theory on L, and F a set of predicate symbols in L. Then there
are a set F, of new predicate symbols and a set S of F\JTF-inference forms
such that L'[S] is a conservative extension of T, where L’ is the extension of L
obtained by adding F, to the language L.

THEOREM 5.2. Let £ be a language, L the logistic LK or LK, over L, T
a classical theory on L, and (P, F) a pair of disjoint sets of predicate symbols in
L. Then there are a set F, of new predicate symbols and a set S of simple
(@, @, F\UF)-inference forms such that L'[S] is a conservative extension of T,
where L’ is the extension of L obtained by adding F, to the language .L.

The aim of this section is to prove the above theorems.

Now, let .£ be a first order language, and let € and ¢ be disjoint sets of
predicate symbols in .L. For each closed predicate A in .£, let P, be a new
predicate symbol with the same arity as A. Let ¥ be the set of all the new
predicate symbols P,. A (P, @, F)-resolving tree of an inference form [ is a
derivation tree with derivation rules for inference forms described below such
that its uppermost inference forms are (?, @, F\UF r)-inference forms and its
lowermost inference form is I. We admit only the following derivation rules:

L1, IT"; —; 4% A]
[L; H—4; 471 °

where [["; II—4; A] is an inference form in .L.
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L7 P«x), I'; —; A] [Py(X); —; A(x)]
[7A< » 15— A]
(o, 71';—; 1
(I';—; 791 °
[ —; A, Pizya X)) [AR), Pizracs(X); =5 ]
[(I"; —; A, 7 AZ)] )
(N, 3B, 1';—; A]
[UANB, ['; —; AT~
(I';—; 4,9 [I';—; 4,8]
[[; —; A4, %, B] )
%, I'; —; A [%F—»A]
[(AVS, I'; —; A]
;-5 4, %, 98]
[I;—; 4, %AvB]°
[Py2)DB, I'; —»; A1 [PiE); —; A(x)]
[A(x):% I;—; A7
[(ADPy(%), I'; —; A1 [B(X); —; P3<x)]
[QIDB(x),[' —; A]
(A, ['; —; B]
[I'; —;ADB] °
[I'; —=; A, P(%)] [A(Z), Pe(%); —; B(%)]
[I'; —; 4, A(Z)DB(%)] ’
where C is the predicate Ax.(A(X)DB(X%)).
[VxPy(x, %), I'; >; A1 [A(x, %); —; Pa(x, %)]
LYxA(x, %), ['; —; 4] )
[I'; —; A7
WAHESTA &2 8
where x does not occur free in 7.
[F -3 -/1 Pzr VrAlz, 5)(-76)] I:P)z veacz, (%) !"* A(x, x)]

[y =4, VxA(x, x)]
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(¥, I'; —; A]
[3x%, I"; —; 4]
where x does not occur free in /" and A.
[F; - -/1; 3-XPA(}C: f):l [PA(x) f); -, A(xr f):l
[l —; 4, IxA(x, £)] '
[I'; l1-4; ]
[, I =5 4T
where [I'; [I-4; ] is a (®, @, F\UF ,)-inference form.
Immediately, we have the following lemma:

LEMMA 5.1. For each inference form in .L, there is a (P, @, F)-resolving
tree of it.

LEMMA 5.2. Let L be the logistic LK, LJ, LK, or LJ, over .L. Let S be
a set of inference forms in L. For each inference form I in S, let T; be a
(P, @, F)-resolving tree of I, and T; the set of uppermost (P, @, FIF r)-
inference forms of T;. Then L'[\J{T;|I€S8}] is a conservative extension of
L[S], where L’ is the extension of L obtained by adding F. to the language L.

PROOF. Set 9=U{g;|I=S}. For each inference form J in &, let K be
the inference form obtained from J by substituting all the new predicate sym-
bols P4 in J by A, then K holds in L[S8]. Therefore, each L’[g]-provable
formula in £ is L[S]-provable. On the other hand, each inference form in S
holds in L'[9], and so L’[9] is an extension of L[S]. Thus L’[g] is a con-
servative extension of L[S].

If L is LJ or LJ,, then for each intuitionic theory 7 on L, there is a set
S of inference forms such that T is equivalent to L[S]. Thus we have
51. If L is LK or LK, then for each classical theory T on L, there is a set
S of {V, D}-free inference forms such that 7 is equivalent to L[S]. Thus we
have by the following obvious lemma:

LEMMA 5.3. For each {V, D}-free inference form, there is a (P, @, F)-
resolving tree such that all the uppermost (P, @, F\IF r)-inference forms are
simple.

§6. Axiomatization theorems.

From the discussions in the previous sections, we now reached to the con-
clusion that it suffices to choose a suitable series of approximations for axio-
matizing a part of a given theory. In this section, we are concerned with
theories satisfying equality axioms, and define a canonical series of approxi-
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mations for a given theory with equality. Then we give axiomatization
theorems.

For atomic formulas Pi(%,), -+, P.(f,) and a sequence I" of atomic formulas,
let E(P(%,), ---, P.(t,); I') denote the disjunction of the conjunctions #,=3§;A -
Al,=35, such that Py(3,), ---, Pu(5,) occur in I.

Let A be a (&, 91, F)-approximation, and I a (&, 7, F)-inference form
[D;Vi([1—4Y), -, Vi n—dn)—~3A5(I,), -, A5,(IT,); 1. Let @* be the
subsequence of @ which consists of all the #N\F-atomic formulas in @, and Q¥
the remainder. Let i be the sequence (lined up by a fixed order) of all the
variables occurring free in I. For each (@, 91, F)-clause I'— A4, let Al'—A:1)
be the (@, 71, F)_-formula

IH(ED*0; T'), D*0, Vi, A0, T— A5, 4,0), - VEL A0, T—A¢, 4,0,
Vy—lA(Hlﬁy F'——)A)) Tty VynA<HTL07 F“—)A))h!

where @ is a substitution of the form (17) such that 7 is a sequence of variables

without repetition none of which occur in I'—/4 and I, and A° denotes the
empty sequence or A itself, according as the logistic concerned is intuitionistic
or classical. For each sequence I' of U %-atomic formulas, let A(l": I) be the
(@, 71, F).-formula

V-D(E<@*; F): @#07 VJ_C.IA(Floy F_)Alo)) Tt meA(Fmay F—-)Ame)
-)3571/1(]710, F)y T 357'7;14(]77,,0, F))h ’

where 6 is a substitution of the form (5) such that ¥ is a sequence of vari-

ables without repetition none of which occur in /" and I.

Let A be a (@, 71, ¥)-approximation, and ¢ an enumerating function of a
set of (@, 91, F)-inference forms. Then we define the series of (2, 71, F)-
approximations A¢, AJ, A%, --- as follows:

Ag is A.

A (") is the formula AYL": a(O)A - NAYL : a(R)NAYL) for each finite
sequence I’ of P\JZF-atomic formulas.

Al (=) is the formula AL (DAY —A: a(0)\ - VAUT—A: o(k))
VAYT—A) for each (@, 91, F)-clause /— such that 4 is not empty.

The series of (P, J1, F)-approximations A§, A9, Af, --- is called the canonical
series of (P, T, F)-approximations on A and o.

PROPOSITION 6.1. Let S and T be theories with equality. Let A be a
(@, 91, F)-approximation, ¢ an enumerating function of a set S of (2, J1, F)-
inference forms, and A the canonical series of (P, J1, F)-approximations A, Af,

g, - on A and o.
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(1) If A is commutative for substitution on T, then so is A.

(2) If A is monotone on T, then so is A.

(3) If A satisfies the initial condition in T, then so does A.

(4) If A is transitive on S, and if all S-rules hold in S, then A is transitive
on S.

(5) If A is commutative for substitution and monotone on T, the A satisfies
S-rules in T.

PrOOF. (1), (2) and (3) are straightforward.

(4) We prove that Aj§ is transitive on .S by induction on .

If =0 then it is trivial. Suppose that 2>0. If suffices to show that the
sequents [ —Ag_(I': 1) and I, Aj_(I—>A:I)>A are T[S]-provable for each I
in & and for each (@, 91, F)-clause /—A. Let I be an inference form
[O; Vi —4y), -, NEu([n—d)—35,(I), -, 35,(I1,); Jin S. Let 6 be a

substitution of the form (L:_:) such that @ is the sequence of all the variables

occurring free in I, and ¥ is a sequence of variables without repetition none of
which occur in /™4 and I. We may assume that no variable in X%, -+, T,
¥, -+, ¥, occurs in [I—A. By induction hypothesis, the sequent [0, I,
A (I8, [-4.0)—-4,0 is S-provable, hence the sequent [0, I, VZ;A%.,
(.0, '-4,6)—4,0 is S-provable, and so the sequent [0, I, Vx,A_ (1.6, [—
4.0), - Vi, A5 ('8, '-4,0)—4,0 is S-provable for each 7 with 1<:<m.
On the other hand, by induction hypothesis, the sequent /7,0, I'—>A3_(II;6, I")
is S-provable, and so the sequent /7,6, >3y, A7 ([1,0,1") -\ 35, A3_.(I1,0,1)
is S-provable for each j with 1=<7<n. Consider the quasi-LK[&]-proof figure

toqute: 120 102240 o 10, I, 2400 IL6, 5D - I1.0, I'>D
rules e ] 00, . 3, D

several exchainges, contractions, &-rules, (A— )-rules,
(V— )rules, and a ( —2)-rule or a ( —77)-rule

['—(E(®*6; '), 0%0, 2—D) ’

where X is the sequence Vx,AJ ([0, [—4.0), - , VEn Al ([nb, [>4,6), D
is the disjunction 37,4 (11,6, [)v --- Vv3¥,A{_\(I[,0, '), ®* is the sub-
sequence of @ which consists of all the @\U%-atomic formulas in @, and @* is
the remainder. Therefore, the sequent I->Ag_,([I': I) is S-provable. Similarly,
the sequent I, A{_([—A:1)>A is S-provable.

(5) Let J be an instance /6 of a (<, 91, F)-inference form [ in S. Suppose
that /==ag(h,) and [ has the form

[@; Vxl(rl—*dl)y Tty vxm(]—'m—%Am)'—)ayl(Hl)) Y 3yn(”n): :I'
Let
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e, r-4,4,6 - I'n6, I'-4, 4,60 11,6, [I1-A4 - 11,6, -1
G0, I, [I-4, A

be a J-rule whose upper sequents are (&, 91, ¥)-sequents. Suppose that the
formulas A4([.0, I'— 4, 4,8), -, AS(I'n8, ['— 4, 4,0), A51.6, [[-A4), -,
Aq(IT,8, II—-A) are T-provable for some number 2. Let 2 be a number such
that £#>h and k>h, By (2), A is monotone on 7. Therefore, the formulas
AULG, ©0, I', [1-4, 4,6), -, ALT'60, @08, I, [[-4, 4,0), AYIl.6, ®6, I, II
—d, A), -, AYIT,0, @6, I', [[-4, A)are T-provable. Now let I'* be the sub-
sequence of the sequence @@, [, /I which consists of all the ¢\ %-atomic
formulas in the sequence and /'# the remainder, and let A* be the subsequence
of the sequence 4, 4 which consists of all the J1\JF-atomic formulas in the
sequence 4, A, and A* the remainder. Then E(@*§; ['*) is T-provable. By
(1), A is commutative for substitution on 7'. Hence the sequent 1'%, AY[™*: )
—4, A or the sequent ['#->Ay [™*—A*:]), A% is T-provable, according as all
the formulas in 4, 4 are (@, 9/, ), or not. Thus, by the definition of A%,
A2 (D6, I', II-4, A) is T-provable.

THEOREM 6.1. Let T be an intuitionistic theory with equality. Let S be a
set of intuitionistic F-inference forms, and ¢ an enumerating function of S.
Suppose that the theory LJ[S] is an extension of T. Let A be an F-approxi-
mation which is adequate on (LJ.[S], T) and A,, A,, A, -+ the canonical series

of F-approximations on A and a. Then the F-free part of LJ[S] is axiomatized
by the series of axioms Aqe), Ai(e), Asle), - in T.

ProOOF. By [Proposition 6.1, the canoni:al series of F-approximations is

adequate on (LJ,[S], T') and satisfies S-rules in 7. Hence [Theorem 3.1 implies
the conclasion.

Corollary 3.1, Theorem 5.1 and Theorem 6.1 imply the following axiomati-
zation theorem for intuitionistic theories with equality :

THEOREM 6.2. Let T be an intuitionistic theory with equality, and F a set
of predicate symbols. Then there are a set F, of new predicate symbols and an
enumerating function o of a set of F\JTF-inference forms such that the F-free
part of T 1is axiomatized by the series of axioms Bo(e), By(e), By(e), --- in LJ,,
where B, By, By, -+ is the canonical series of F\JUSF,-approximations on the basic
F\JGFp-approximation and the enumerating function o.

Let A be a simple (&, J1, &)-approximation, and let ¢ be an enumerating
function of a set of simple (@, 3, F)-inference forms. Then we define the
series of simple (P, 31, ¥)-approximations Aj, A4, Af, --- as follows:

¢is A;
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A2,.(I") is the formula AYI": aONA -+ NAYTL: a(R)NAYT) for each finite
sequence [’ of ¢\U%-atomic formulas.

The series of simple (&, 71, ¥F)-approximations A§, A, AY, --- is called the
canonical series of simple (P, 31, T )-approximations on A and 0.

Then we have the simple part version of [Proposition 6.]. Hence
3.2 implies the following theorem:

THEOREM 6.3. Let T be a classical theory with equality. Let S be a set
of simple (P, J1, F)-inference forms, and ¢ an enumerating function of S. Sup-
pose that the theory LK,[S] is an extension of T. Let A be a simple (2, 91, F)-
approximation which is adequate on (LK.[S], T), and A, A, As, -+ the canonical
series of simple (P, 9, F)-approximations on 4 and 6. Then the (P, J1, F),-part
of LK/ S] is axiomatized by the series of axioms Afe), Ae), Ale), - in T.

Now, let A" denote the formula obtained from a formula %A by replacing
all occurrences of J-atomic formulas B by 7B. Then, it is obvious that a
formula A is (P, @, F), if and only if the formula A” is (L, 91, F),, and
that a sequent U, A, -+, A,,—WN is LK,-provable if and only if the sequent
AL, A, -, AT—-A" is LK,-provable.

Thus [Corollary 3.3, [Theorem 5.2 and imply the following
axiomatization theorem for classical theories with equality :

THEOREM 6.4. Let T be a classical theory with equality, and @, J1, and F
mutually disjoint sets of predicate symbols. Then there are a set F, of new pre-
dicate symbols and an enumerating function ¢ of a set of simple (PUT, @, F\UF,)-
inference forms such that the (¥, 9, F)i-part of T is axiomatized by the series
of axioms By(e)”, By(e)", By(e)", --- in LK,, where B, By, B,, -+ is the canonical
series of simple (LT, D, F\IF)-approximations on the basic simple
(P U, D, F\JTF)-approximation and the enumerating function o.
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