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1. Introduction.

In the papers [14, 15, 16], parabolic-elliptic variational inequalities, formu-
lated in a domain QCRY (Nx=1), with some time-dependent constraints have
been considered. The existence and uniqueness theorems were there established
with some results on asymptotic stability of solutions. In some cases the con-
straint is an obstacle imposed at a time-dependent part of the boundary I of
. We deal here with a mathematical model of a parabolic-elliptic free boun-
dary problem which arises in the flow with saturation and unsaturation in
porous media, when the water level of the reservoir changes periodically in
time. For related papers concerning the analysis of saturated-unsaturated flows
in porous media we refer to [1,2,3,5,6,7,8,9, 10, 11, 17, 18].

The problem is formulated as follows. Assume that for each t=R, I con-
sists of disjoint three parts Ip(t), I'w(t) and Ip(t), i.e., I'=Ip()\ Ul w(@)\UIy(t)
(disjoint union). Correspondingly, for a given interval J=(¢,, o) we define non-
cylindrical subsets X,(J), v=D, N, U, of X(J)=]JxI by

2= zUJ{Z‘}XR(D, v=D, N,U.

The problem is described in the following system:

pw)—dv=f in Q(J)=Jx®2, (1.1)
V= gp on X[, (1.2a)
0.v=gqy on Xy(]), (1.2b)
v< gy, 0.0 = qy, (0v—qu)v—gy)=0 on Zy(J) (1.2¢)

and the initial condition

p(te, *)) =u, for x=Q,
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where v is the unknown, d,v denotes the outward normal derivative of v on I
p: R—R is a non-decreasing Lipschitz continuous function and f, gp, q~, gu, qu
are given data. The corresponding periodic problem is the system consisting
of (1.2) and the periodic condition

v(t+T, x) =, x)  for ({, x)&Q()),

where T is a given positive number.

In this literature we know some results (cf. Kenmochi-Kubo [12]) about the
global boundedness of solutions and the existence of periodic solutions. How-
ever we have noticed no further investigation on the periodic behavior of solu-
tions. In this paper, under suitable assumptions on the periodicity of the data
we shall show that there exists one and only one periodic (weak) solution and
that the periodic solution is asymptotically stable and is characterized by the
global boundedness of the trajectory.

NOTATIONS. In general, for a (real) Banach space V we denote by |-|v
the norm in V, by V* the dual space and by (-, -)y. the natural duality pair-
ing between V* and V. In particular, if V is a Hilbert space, then we denote
by (-, +)y the inner product in V.

We use the symbol “—” or “lim” to indicate strong convergence in various
Banach spaces, unless otherwise stated.

Let V be a Hilbert space and ¢ be a proper (i.e. —co<{¢p=<oco, pz£co on V)
l.s.c. (lower semicontinuous) and convex function on V. Then, we denote by
dp the subdifferential of ¢ in V. The subdifferential d¢ is a (multi-valued)
operator in V which is defined by

0p(z) = {2*cV; (2%, y—2)r=Z¢(y)—¢(z) for all yeV}.
The domains of ¢ and d¢ are respectively the sets
Dip) = {z€V; ¢p(z)<eo}
D@p) = {z=V; dp(z)+ D}.

and

We refer to Brézis for details of subdifferentials and for general theory of
monotone operators.
Throughout this paper, let £ be a bounded domain in RV (N>=1) with
regular boundary I=0£2, and employ the following conventions:
Q =Rx2, 2 =RxI;
u\Vv = supiu, v}, uAv = inf{u, v},
ut =uVo0, u- = —(uAN0) for u, ve LY(Q);
H=L), (,)=0, )n;
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X=HYQ), alu, v) = SQVu Nvdx .

Sometimes, for u, ve L), we write “u=v on 2” for “u=v a.e. on £”. Also,
for the trace space HY*(I") of H* () and its dual H-V*I") we denote by <-, ->r
the duality between H-Y*(I") and HY*(I'), i.e.

s oor=0, ’)H—llz(p,,Huz(p) .

We denote by 4 the usual surface measure on I,

2. Variational formulation and main results.

The problem is discussed under the following assumptions (A.1), (A.2) and
(A.3) on p, I(t) (v=D, N, U) and functions gp, qn, v and gy on 2':
(A.1) p(:): R—R is a non-decreasing Lipschitz continuous function.

(A.2) (geometric condition) For each t€ R, there exists a C'-diffeomorphism
O(t, )=(6', +), -+, 67, -)): 2—2 such that

(@) ©(0, -) is the identity on £2;

() It =06, I,0), v=D, N, U, where for all t€R, I')(t), I'n(®), I5(t)
are mutually disjoint measurable subsets of I" and I'=Ip()\J I y(\IIy(1);

(¢) (8/0x,)0%, (8/0t)0*%, (0°/0tdx;)0* are continuous on RXQ2 for i, j=
1,2, -, N;

(d) measr{N Iy} > 0.

teR

(A.3) (compatibility condition) There exist functions g, Jn, §v in WEZ(R; X)
NLE(R; H(Q)) such that for all iR
@ g0, 2= {gp(t, x) for a.e. x=Ip(1),
gult, x) for a.e. x=Iy(t),
(b) gn(t, x) =qn(t, x) for a.e. x=l'y(),
() gult, x) = qu(t, x) for a.e. x=Iy(?).

Now we give a weak formulation of the problem in variational sense. To
this end, we define a closed convex subset K(f) of X for each t=R by

Kit) = {zeX; z=g() a.e. on Ix(t), z<g(t) a.e. on Iy(t)}

DEFINITION 2.1. (i) Let J=[t,, t], —oco<t,<t;<oo, and fL* J; H). Then
a function v: J—X is called a weak solution of P(f) on J, if ve L¥J; X), v()<
K() for a.e. t=], p)eW**(J; H) and
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(oY O—1(®), v(t)~2)+a((®), v(t)—2) @1
<[, antt, 06, =20l gott, 20t D20l
N () Tyt

for any z€K(¢) and a.e. t=],

where p(v)'=p(), and f(t)=f(¢, -).

(ii) Let J’ be any interval in R and feL}.(J'; H). Then a function
v: J'—X is called a weak solution of P(f) on J’, if vis a weak solution of P(f)
on every compact subinterval J of /' in the above sense.

(iii) Let J'=[t,, t.] or [t,, ), fe Lt (/) ; H) and u,=H. Then a function
v: J'—=X is a weak solution of the Cauchy problem CP(f, u,) on J' for P(f)
associated with the initial condition

pW(te, +)) = u, in H, 2.2)

if v is a weak solution of P(f) on J’ and (2.2) is satisfied.
(iv) Let T be a positive number and feL%.(R; H). Then, a function
v: R—X is called a T-periodic weak solution of P(f), if it is a weak solution of
P(f) on R and
v+T, Y=, -) in X for any t=R.

REMARK 2.1. As was seen in Kenmochi-Pawlow [15; Lemma 3.1], the
variational inequality (2.1) implies that

o) —Av = f in @ (in the distribution sense),

@utt), vD—gt0r =\ qult, 2)o(t, x) =g, x)dl’

2.3)
+S au(t, D, x)—g(t, 2l for a.e. t=),
I'yw
and
@, pr = |, ant, DGl autt, nodl, @3y
for any = Ky(?) and a.e. t=],
where

K(t)={neX; =0 a.e. on Ix(t), <0 a.e. on Iy(t)}. (2.4)

We easily understand that the boundary conditions (1.2a), (1.2b) and are
satisfied in the sense of (2.3), (2.3)’ and (2.3)” mentioned below :

v(t) € K(t) for any t=]. (2.3)”
The main results are stated in the following theorems.

THEOREM 2.1. Suppose that (A.1), (A.2) and (A.3) hold together with the
following condition (A.4) for a positive number T :
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(Ad) L+T)=L), v=D, N, U, for any teR, and gp(t+T, x) = gpt, x),
gy(t+T, x) =qn(t, x), gut+T, x) = gu(t, x), qut+T, x) =qu(t, x) for a.e.
t, x)2.

Further, let feWLI(R; H) and suppose
f@+T, )= fi, x)  for a.e. (t, x)EQ . (2.5)

Then there exists one and only one weak solution @ of P(f) on R such that the
trajectory {w(t); t<R} is bounded in H, and moreover this solution wis a unique
T-periodic weak solution of P(f) on R.

THEOREM 2.2. Assume that all the assumptions of Theorem 2.1 are satisfied.
Then, for any weak solution v of P(f) on [t,, =), to,=R, we have

o, ))—pla, <)) —>0 in H and weakly in X as t—oo, (2.6)
where w is the T-periodic weak solution of P(f) on R.

In proving the theorems, the key tool is the lattice structure of the set of
all solutions to P(f), which is observed in the next section.

3. Known results and some lemmas.

First let us recall some results which are directly obtained from the ab-
stract theory of evolution equations of the form:

(E) e () +0p!w®) = f(1),

where ¢’ is a proper l.s.c. convex function on H and 9¢'(-) is its subdiffer-
ential in H.

As was seen in [15], system {(1.1), (1.2)} can be reformulated in the form
(E), where for each tR, ¢ is given by
1
519215~

Lt x)z(x)df—g qolt, ()l for z=KQ),

3.1

Ty I'yc

¢'2) =
oo, otherwise.

Under assumptions (A.1), (A.2) and (A.3), the following facts [A], ---, [E]
are due to [12, 14, 15, 16].

[A] (cf. [15; Theorem 2.1], [16; Lemma 2.1]) Let J=[t, t,] be any com-
pact interval in R, feW"'(J, H) and u, be any function in X such that p(v,)
=u, for some v,=K(t). Then CP(f, u,) has one and only one weak solution
v on [ such that v(t)eK(t) for any t<], veL>(J; H) and
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. . .
') = min 0'(2) for any t=/.
p(2)=p(v(t,*))
[B] (cf. [14; Theorem 1.2], [15; Lemma 5.4]) Let J’ be any interval in

R, f,, f.eLi (], H), and let v, and v, be any weak solutions of P(f,) and
P(f;) on J’, respectively. Then,

[Loi(1)—p@a(t)]* ] 1ca> < [Lo@i(s)—pWa(s)I* | 11c0>
+H{ 1@ 701 ascorde  for any s, 1<) with s<t.

- [C] (cf. [14; Theorem 1.3, 1.4]) Let J=[t,, .1, {f} be a bounded sequence
in W(J; H) and {v,,,} be a sequence in K(¢,) which is bounded in X. Let v,
be the. weak solution of CP(fn, #o,2), With %o, ,=p({,..), on J for each n. If
fa—f in L*J; H) and u,,,—u, in H. Then v, converges to the weak solution
v of CP(f, u,) on J as n—oo in the sense that

oWs) —> p(v) in C(J; H) and weakly in W"%(J; H)
and

Up —> weakly* in L>(J; X)
as n—oco,

Since p is non-decreasing on R, the inverse p~' is a maximal monotone
graph in RXR, where p~' is defined as a multi-valued function in general. We
now take a proper l.s.c. convex function j on R such that dj=p~', where a9j
is the subdifferential of ; in R; note here that by the Lipschitz continuity of p
we can take j so as to satisfy

nzCyHlri?, reR,

for some positive constant C(;j). Besides we define the proper l.s.c. convex
function 7 on H by

j(Z) = { SQ].(Z(X))dx if zeH and j(z)e L'(Q),
o, otherwise.
Clearly,
= C(lzla, reR.

[D] (cf. [12; Theorem 1.1], [14; Theorem 1.1]) In addition to (A.l),
(A.2) and (A.3), suppose that (A.4) holds together with (2.5) for feWL2(R; H)
and T7>0. Let J’ be any interval of the form [?#, =) in R and v be a weak
solution of P(f) on J. Then v has the bounds

sup j(p@(®) = LGe@Et)), 1f Iwsscts sz m)
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and
sup (t—s)|v®)|% = LGS, | flwiicyoersm)  fOr any st

$<tss4+T

where L(-, -): R, X R,—R, is a non-decreasing function; of course L depends
on the quantities in conditions (A.l), ---, (A.4), but not on the initial time ¢,.

[E] (cf. [12; Theorem 3.2]) Under the same assumptions as in [D], P(f)
has at least one T-periodic weak solution on R.

We show below that the set of all solutions to P(f) has an order struc-
ture.

LEMMA 3.1. Let feWLI(R; H) and T>0, and assume that (A.1), -+, (A.4)
hold. Let J'=[t,, ) or R, and let v,, v, be any solutions of P(f)on J'. Assume
that v, v,€L=(]J'; H). Then there exist two weak solutions vy, v* of P(f) on
J’ such that

v, V& L(J'; H)
and
Vg < U3 AV, 11V, < ¥ on J'XQ.

PrROOF. We give a proof of the lemma only in the case of J'=R. Let
zZn=v(—n, )V, (—n, -) for each n=1, 2, ---. Then, by assumption, {z,} and
{p(2,)} are bounded in H. Since

zx € p0(22)) = 05(0(2n)) ,
WeE sece
7(0(2a)) < (22, p(20)—20)+](20)

for a function z,cD(j). From this inequality it follows that {j(p(z.))} is
bounded. Therefore, denoting by w, the weak solution of CP(f, p(z;)) on
[—n, ), we see from [B] and [D] that

VU, < Wa on (—n, ©)X2,
and
[ Walrocnir, e x> < Ly

for a positive constant L, independent of n. By the last estimates for w,,
{wa(—m~+T)}nzm and {p(waX(—m=+T)}r2m are bounded in X for each m=1, 2, ---.
Since XCH with compact injection, by a standard diagonal argument it is pos-
sible to select a subsequence {n,} of {n} such that {o(wa X—m~+T)} sz con-
verges in H for each m=1, 2, ---. Therefore, the result [C] implies that for
each m, there is a weak solution w‘™ of P(f) on [—m-+T, o) and

0(Wn ) —> p(w™) in C(J; H) and weakly in W"%J; H)

as well as
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Wy, —> w™ weakly* in L=(J; X)

as k—oo for every compact interval Jin [—m~+T, o). Clearly, w™ ="
on [—m+T, o), if m"=m. Now, define a function v*: R—H by v*=w on

[—m+T, ) for m=1, 2, ---. Then, it is easily seen that v* is a weak solution
of P(f) on R, v*L=(R; X) and v;Vv,<v* on Q=RX$. Similarly, the ex-
istence of vy is shown. q.e.d.

LEMMA 3.2. Let feWki(R; H) and T>0, and suppose that (A.1), ---, (A.4)
and (2.5) hold. Then we have:

(1) Let to,=R and v be a weak solution of P(f) on [, o). Then ve
L>(ty+0; X) for every positive constant 0.

(ii) Let v be a weak solution of P(f) on R. Then ve L*(R; H) implies v
L=(R; X).

This lemma is a direct consequence of the fact [D].

4. Order property of flux.
In this section we consider the stationary problem
z* € 0pi(z) 4.1

for each t=R and z*<H, where ¢* is the convex function given by (3.1). In
[15; Lemma 3.1] it was proved that [4.1) is equivalent to the following system
4.2), -, (4.5):

—Az = z* in 2 (in the distribution sense), 4.2)
ze K@), 4.3)
{0nz, g)—2>r = AxvOgn®)+ALu(t)gu(®), gO)—2>r, (4.4)

(0n2z, w>r = XyOgnO+Xyqu®), wyr for any weK(t), (4.5)

where X,(8)=X,(t, -) (w=D, N, U) is the characteristic function associated with
the set I,(¢), and Ky(¢) is the set given by This characterization of
also shows that d¢’ is single-valued in H, and if z&D(d¢?), then z& X, 9¢'(2)
=—Az in H and hence d,zeH-V¥I').

PROPOSITION 4.1. Let teR and z, 2 D(0¢") such that z<2 on 2. Then,

0.2 = 0,2 in the sense of H-Y*(I), (4.6)
that is,

0nz, o1 2 0.2, pd>r  for any nHY (D) with p=0 a.e. on I'. (4.6)
ProoF. For simplicity we write ¢, I}, and X, (v=D, N, U) for ¢’, I,(t) and
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X(t, -) as well as gp, qn, gy and gy for gp(t, -), gn(t, ), gu(t, ) and gy(t, ).

If z and 2 are regular, for instance, if z, 2€H?*Q), then [4.6) is obtained
directly from the boundary condition {(1.2a)-(1.2c)}. In fact, in such a case,
our boundary condition makes sense in the space HY*(I"), and it is enough to
see pointwise except on a null set of I. However, in general, z and 2 are
not necessarily smooth enough, so that we employ here an approximation of
the boundary condition by the penalty method. Consider the approximation ¢#,
£>0, of ¢ which is defined by

_1_ 2 __ i B , _1_ )
¢y<v) _J2 [Vv|% —Angn+Avqu, U>1’+2# SPXD]U gp|dI+ 2# SPXU[(v_gU)+l dF
for ve X,
oo, otherwise.

Sometimes we denote ¢ by ¢°. We easily see that

P*ONAw)FP* vV w) = ¢*)+¢“(w) for any v, weX and p=0, 4.7)
and

¢* —>¢ on Has ¢ ]0 in the sense on Mosco [19]. 4.8)

For each ¢=0 and 2>0, (4.7) implies (cf. [13]) that the resolvent (I+4210¢*)™*
is order-preserving in H, i.e.

([+20¢") " < (I+20¢")w  on @ (4.9)
for any v, weH with v<w on 2.

Also, by [20], for each 2>0 (4.8) implies that

(I4+204*) v —> (I+20¢)'v  in H as p ] 0 for each veH. (4.10)

Moreover, for >0 and 2>0, the relation w=(/+240¢*)'v is equivalent to the
system {(4.11), (4.12)}:
w—Aw=v in 2, (4.11)

1 1
—0hw = _XNQN“XUQU+ZXD(w—gD)+;xU(w_gU)+ a.e. on I'; (4.12)

note that problem {{4.11), (4.12)} has a unique solution w in H*?*(Q) for every
veH, p>0, 2>0.

Now, let z, 2€D(9¢) and suppose z<% on 2. Put
2f =(I+20¢"z  and 24 =(I+204") "2

for ¢>0 and 2>0. Then it follows from [4.9) and (4.12) that z4<2% on £ and
0,24, 0,24 L¥(I") with
0,24

%

0,24 on I (4.13)
Besides, by (4.10),
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2 —>z; =([+20))'z and 24— 2; = ([+20) "2 in H
as ¢ |0 for each 2>0. (4.14)

On the other hand, from the relation (z—z4)/A=d¢"(z4) and the fact z; & D(0¢)
C D(¢), we have

¢”(zﬁ>+(2;fi, 1—2) S ¢Hz) = lzx)  for any 2, p>0. (4.15)

Combining (4.15) with (4.14), we see that {24} ,>, is bounded in X for each 1>0,
so that z4—z; weakly in X as ¢ |0 for each 2>0. Furthermore, letting g |0
in (4.15) yields '

limsupg |Vzt1%dx < S |Vz,|%dx,
7o 2 2
for each 2>0. Similarly, we have £4—2; weakly in X as ¢ |0 and
limsupg V24| %dx < S V2, |%dx,
7o 2 Q2

for each 1>0. Therefore, we can conclude that the convergences in (4.14) hold
strongly in X. Next, it follows from that for each A>0,

z—2z4 z2—2;

A A
as well as A24—AZ2, iﬁ H as p | 0. Therefore
0n2l —> Onzz,  Ondf—> 0,2 in H2(I') as ¢ 0.  (4.16)
Taking account of and (4.16), we obtain
0,21 = 0,2, in the sense of H-Y*(I") 4.17)

AzH = = Az, in H as p |0

for each 2>0. Moreover, since z, 2= D(0¢), we see from the general theory of
maximal monotone operators (for instance see [4]) that

Zp—> 2, 2, —>2 in H, (4.18)
—Az; = 0(2;) = 0.(2) —> Of(z) = —Az in H (4.19)

and
—A2;, —> —A2 in H (4.20)

as 411 0. Here 0¢; is the Yosida-approximation of d¢. Furthermore, by [4;
Proposition 2.11], we have

Pz) < Ppz)  and  H(2) < H(8)  for any 2>0.

By these inequalities and (4.18), we can conclude, in the same way as before,
that the convergences in (4.18) hold strongly in X. These convergences together
with [(4.19) and [4.20) yield that 8,z;—0,z and 9,2;—0,2 in H-**([") as 110, so
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that we obtain from g.e.d.

5. Lemmas.

Throughout this section we suppose that all the assumptions of
2.1 are satisfied.

LEMMA 5.1. Let w be a T-periodic weak solution of P(f) on R, and let v
be a weak solution of P(f) on [t,, o), t,=R such that w(t)<v(t) (resp. o(t)=v(t))
on 8 for any t=t,, Then there exists a weak solution ¥ of P(f) on R such that

0] zocrs 1y = V] zooctg, 00019 5 6.1

olt) () (resp. w(t)=(t)) on & for any t=R, (5.2)

gg{p(ﬁ(t, x)—p(o(t, x)dx = lsigggg{p(v(s, x))—p(w(s, x))}dx

for any teR, (5.3)
and
0.0(t, ) =0,0(t, -) in HY¥I') for a.e. t€R. (5.4)

PROOF. We prove the lemma only in the case of w<v. Note from
3.2 and [B] that ve L=(t,+1, «; X) and

do=1im |, (p(u(s, $)—p(@ls, )}dx

exists. Now, choose a sequence {n,}CN with n, T« (as k—oo) such that for
each /=1, 2, .-, v(—I{T+n,T) weakly converges in X as k—oo. Then it follows

from [C] that v,(t)=v(t+n,T) converges to some weak solution & of P(f) on
R in the following sense:

o) —> p@) in C(J; H) and weakly in W"2(J; H)
and
v —> U weakly* in L=(J; X)

as k—oo for every compact interval Jin R, and and are satisfied.
Besides, for each t=R,

[ o0, x—pttt, idx =1im | (p0t+mT, D)—pt+niT, N)dx = d.

Thus (5.3) holds. Finally we show Since p(¥);—AV=f and p(w);—Aw=f
in Q (cf. Remark 2.1), we infer from (5.3) that for a.e. t=R,

0=, {(o@)t, D—ploxtt, Midx = |, (A0tt, )—Aolt, x)}dx
= <ana(ty ')_anw(ti '); 1>F .

(5.5)
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On the other hand, applying [Proposition 4.1, we see that

0,9(t, -) £ 0.0, -) in H'*(I") for a.e. t€R.

Combining this with (5.5), we get 0,5(t, -)=0,0(t, -) in H-V¥I") for a.e. t=R.
Thus we have g.e.d.

LEMMA 5.2. Let w be a T-periodic weak solution of P(f) on R, and let v
be a weak solution of P(f) on R such that vel=(R; H) and w(t)<uv(t) (resp.
o®)=v(t)) on Q for any t=R. Then there exists a weak solution ¥ of P(f) on
R for which (5.2), (5.4) and the following (5.1)", (5.3)" hold:

’177‘1.‘”(1%;11) éi [Vl om0y » 5.1y
Sg{p(ﬁ(t, x)—plw(t, x)}dx = .,l,irfi Sg{p(v(s, x))—p(w(s, x))}tdx
for any <R, (5.3)

PROOF. Suppose w<v. By assumption,
dow= s1*ir_1r°1°gg{mv(s, x))—p(w(s, x))}dx

exists. Also, note that v L~(R; X) by Therefore there is a
sequence {n,}CN such that for each /=1, 2, ---, v(—{T—n,T) weakly converges
in X as k—oo. Now, put vi(t)=v(t—n,T). Then, just as in the proof of
Lemma 5.1, we can show that v, converges to a weak solution ¥ of P(f) on
R as k—oo in a similar sense as in the proof of [Lemma 51, and # satisfies

G.IV, (5.3)" and q.e.d.
Next we prepare a function space
V={zeX; z=0 a.e. on [},

where I,=\:erlp(t). Since measr([,)>0 by assumption (A.2)-(d), we see that
V becomes a Hilbert space with norm

lzly = |Vzla,

and the corresponding inner product is given by a(-, -). For simplicity, we
denote by (-, )« the duality pairing (-, -)ye». Let F be the duality mapping
from V onto V*. Then it is easy to see that z*=Fz if and only if

a(z, v) = (2%, v)x for all ve V.

Also, V* becomes a Hilbert space, in which the inner product (-, -)y. and the
norm |-|y. are defined by

(z, 8)ye=1(z2, F7'23)y for z, 2€V* and |z|y.=(z, 2)}2 for z=V*
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By identifying H with its dual space, we have VCHC V* with compact and
dense imbeddings, and moreover

*

(2%, 2) = (2%, 2) for z¥*eH and z€ V.
LEMMA 5.3. Let J’ be any interval in R and let v, w be any weak solutions
of P(f) on ]’ such that
0,0(1) = 0, w(t) in HY*(I') for a.e. t<]'.
Then

10O — o)+ { (oE)—p(u(e), ve)—u(eNde
(5.6)
= Tl —p(HIE  for any s, 1] with s<t.

PROOF. By assumption, we observe that for a.e. t=]’,
v)—wi) e V,

—Aw®)—w@®) = —pw®)+p(w(®). in 2
and
0,(v)—w®)=0 in H-VXI),

so that for any X and a.e. t< ]’
a®—w®), ) = | ot H—w(t, 0)-Ty(x)dx

= - Awit, H—wt, D = —(Ey©—pwY®), 7.
This shows that
—o) M+ pw) () = Fo@t)—w())  for a.e. t=]’.

Therefore, for a.e. t<]’,

%%Ip(v(t))—p(w(t))l%t = (o) ®)—p(w)' ), F(pWw)—p(wt))x
= —(F®)—w®), F(p@®)—p(w®))«
= —@®)—w®), p®)—p(wt))x,
which yields (5.6). q.e.d.

LEMMA 5.4. Let w be a T-periodic weak solution of P(f) on R and let v be
a weak solution of P(f) on R such that ve L*(R; H) and

o) Sv(t) on 2 for any tER (5.7
or
o(t) = v(t) on Q for any teR. (5.7
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Then w(t)=v(t) in H for any t<R.

ProOF. We give a proof of the lemma only in the case of Put

d-w= lim | {p0(s, £)—plats, )}dx

and note from [B] that

d-w = | pw(t)—p(@(®)| 1ca> = SQ{p(v(t, x))—p(o, x)}dx =0 (5.8)
for any tR.

Now, by take a weak solution ¥ of P(f) on R so that [5.1}, [(5.2),
(5.3) and hold. Then, by Lemma 5.3,

-;— Lo@(1)—plw(®)] %u+S:(p(17(r))—p(w(f)), (z)—w(r))dr
(5.9
= o) —pl@(sN[F  for any s<t.

Next, making use of [C], choose a sequence {m;}CN with m, 7 co (as k—c0)
and a weak solution v* of P(f) on [0, T] so that

o@(-+m,T)) —> p(*) in C(0, T; H) and weakly in W**0, T ; H)
and
(- +m,T) — v* weakly* in L0, T; X).

Then, clearly, o<v*,
dow= Sg{p(v*(t, x))—pot, x)}dx  for any t<[0, T],
| oW*())— p(@(®))|y+ = const. (= d*)  for any t=[0, T]
and we obtain from (5.9) that
S:(p(v*(r))—p(w(r)), v¥(r)—e(t)dr = 0.

This shows that p(v*(¥))=p(w()) in H for any t<[0, T]. Hence d_.=0, and it
follows from (5.8) that p((t))=p(w(?)) in H for any t=R. Consequently, we
get v=w because of the uniqueness of the solution of the Cauchy problem for
P(f) (cf. the fact [A]). g.e.d.

6. Proof of the theorems.

PROOF OoF THEOREM 2.1. By virtue of [E] in Section 2, P(f) has at least
one T-periodic weak solution w on R. Let v be any weak solution of P(f) on
R such that veL*(R; H). Then, by Lemma 3.1, there are weak solutions vy
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and v* of P(f) on R such that v,, v*eL*(R; H) and

Vx = O, oVv = v* on Q.
It follows from that vy=w=v*, which shows that v=w. Thus
has been proved. g.e.d.
Under the same assumptions of we prove:

LEMMA 6.1. Let w be the T-periodic weak solution of P(f) on R and let v
be any weak solution of P(f) on [t,, ), to=R, such that
W =<v on (f, o)X or @=v on (t, ©)XQ.
Then
() —p(w(t)) — 0 in L) as t—oo, 6.1)

Proor. By [Lemma 5.1, there exists a weak solution # of P(f) on R for
which [5.1), -+, hold. But implies ¥=w, so that

tim { (o0t £)—pl@tt, $)hdx=0.

This shows since p()=p(@) or p()<p(w) on (to, )X 8. g.e.d.

PROOF OF THEOREM 2.2. Let w be the T-periodic weak solution of P(f) on
R, and v be any weak solution of P(f)on [t,, o). First, we note from
3.1 that there are weak solutions v4 and v* of P(f) on [¢, o) such that

v L wAY, Vv < v* on (t,, )X 2.
Applying Lemma 6.1, we see that
k) —ple(®) —>0  in LY(Q) (6.2)

and
pW¥t)—p(w®) —>0  in LY(Q) (6.3)

as t—co. Since
px)—pw) = p(v)—p(w) < p*)—p(w)  on (t, ©)xX2,
it follows from and that

pw(®)—ple(t) — 0 in LY(2) as t—co. (6.4)
Noting that p(v), plw)eL>(,+1, «; X), we conclude from that p(v(?))
—po(w(t))—0 weakly in X as t—o. Thus (2.6) has been proved. q.e.d.
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