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§0. Introduction.

Let G be a group and A4 a G-ring. Then we introduce notions of a family
F of AG-modules and of F-projective modules. For each family F, we define
two kinds of equivariant algebraic K-theories K¢(A4; F)s and K%(4; F).. We
introduced these notions to get equivariant Swan isomorphisms [10].

Equivariant algebraic K-theory is studied along the line of Quillen by
Fiedorowicz, Hauschild and May [5], while our approach is along the line of
the classical algebraic K-theory [3], for the purpose of geometric applica-
tions.

The purpose of the present paper is to establish induction theorems for our
equivariant algebraic and topological K-theories and for equivariant J-theory as
promised in [11].

We will first show that our equivariant algebraic K-theory is a G-functor in
the sense of Green [6] in general (see also [22]). Accordingly the Dress induc-
tion theorem is applicable. By a different approach, we have the Swan type
induction theorems for the equivariant algebraic K-theory associated with
the largest family F, (for the definition of families see §1).

Next we study the relation between the Grothendieck group of representa-
tions over G-rings and the cohomology of groups with coefficients in non-abelian
groups in the sense of Serre [18]. Consequently we can express the equivariant
algebraic K-theory in terms of the cohomology in some special cases. An in-
teresting example is provided by Serre [18] In fact, the example was a start-
ing point of the present investigation. Moreover the observation of the relation
above will be employed to prove the Swan type induction theorems for the
equivariant algebraic K-theory associated with the family F,.

On the other hand we define an induction homomorphism for equivariant
topological K-theory which corresponds to that for equivariant algebraic K-theory
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via the equivariant Swan isomorphism [10], [21]. Hence we have the Swan
type induction theorems for equivariant topological K-theories KOg(X), Kg(X)
and KSpe(X) where X is a compact G-space.

By showing a relative Frobenius reciprocity formula, we have that the
Atiyah-Singer index homomorphisms [2] commute with our induction homomor-
phisms.

Lastly we have a Dress type hyperelementary induction theorem for the
equivariant J-theory [8]. One of its applications is provided by T. Petrie.

In [20], Swan obtained induction theorems for some Grothendieck group
G(Ar) where a group = acts trivially on 4. In our case, a group G acts non
trivially on 4 in general. According to Swan [20], an induction theorem for a
Frobenius functor will automatically imply induction and restriction theorems for
a Frobenius module over the Frobenius functor (see also [12]). Moreover he
had an induction theorem for some Frobenius functor. Hence our task for the
proof of the Swan type induction theorems is to show that our equivariant
algebraic K-theories are Frobenius modules over the Frobenius functor due to
Swan. However the multiplication of the module structure is not well-defined
unfortunately for a general family F. Namely the key step is to show that the
multiplication is well-defined and the consideration of cohomology of groups
answers the purpose.

Once we conjecture the present results and become aware of the formula-
tions, the proofs are somewhat easy. So we omit the proofs occasionally.

The author wishes to thank Professors T. Petrie, T. Yoshida and A. Gydja
for stimulating discussions.

§1. Families and equivariant algebraic K-theory.

The word ring will always mean associative ring with an identity element
1. Let G be a group. A G-ring is a ring A together with a G-action on A
preserving the ring structure. When A4 is a G-ring, a AG-module is a module
M over A together with a G-action on M such that

(*)  gAmy+Asmy)=(gA,)(gm,)+(gl)(gm,)  for any geG, 2,4, mie M.

A collection F of AG-modules which are finitely generated over A is called
a family if the following holds:

“if M,, M,eF, then there exists an element N F such that M,PM, is a
direct summand of N”.

When /A is a commutative G-ring, we can consider a product of two AG-
modules as follows. If M, and M, are AG-modules, define M;QM, to be M,Q 1M,
as a A-module with G-action by g(m,@m.)=gm,Qgm, for g€G, m;€M;. Then
a collection F of AG-modules which are finitely generated over A is called a
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multiplicative family if in addition to the above condition the following holds;

“if M,, M,EF, then there exists an element N=F such that M,QM, is a
direct summand of N”. =~ o : ‘

Each element of F is called F-free. A AG-module M is called F-projective,
if there exists a AG-module N so that MEN is F-free.

We now introduce two kinds of equivariant algebraic K-groups as follows.
For each family F, K% ; F), (resp. K¢(A; F).) is defined to be the abelian group
given by generators [P] where P is an F—pfojective AG-module, with relations

[P]=[P"]+[P"]

whenever P=P'@BP” (resp. 0—»P'—P—P”—0 is an exact sequence of AG-
modules).

If 4 is a commutative G-ring and if F is a multiplicative family of AG-
modules, the product above induces a structure of commutative ring in K¢(A4; F),4
(not in K%(A; F), in general). -

KC(; )q is a covariant functor from pairs of G-rings and families to abelian
groups, while K% ; ). is not a functor in general, since the tensor product
A'®,4 will not preserve the exactness in general.

Next we introduce a twisted group ring Af\GJ As an additive group, A,\G/ is
the ordinary group ring and the multiplication is given by

(Zzgg>°(2 Xg’g/): 2, Rg(g'zg’)gg/
I'4 8’ £. 8
for g, g’€G, A, A, A4. It is quite easy to see the following

LEMMA 1.1. The notion of AG-modules coincides with that of /]\é-modules.
In particular, AG is a AG-module.

Hereafter we omit ™ from /’I\GJ for notational convenience.

Let H be a subgroup of G of finite index and A be a G-ring, which is also
regarded as an H-ring by restriction. Since AH is a subring of AG, AG can
be regarded as a right 4H-module. For a AH-module M, we define an induced
AG-module Ind§ M by

Indg M=AGRQ M.
AH

On the other hand, any AG-module M can be regarded as a 4H-module Resy; M
by restriction. Let 7 : H—G be the inclusion map. Then we sometimes denote
Ind§ M (resp. Resy M) by ix+M (resp. i*M) for convenience’ sake.

For each subgroup H of G of finite index, we consider a family F(H) of
AH-modules which are finitely generated over 4. The collection {F(H)} of
such families is denoted by F and is also called a family. Then we set

KH(A; F).=K¥(A; F(H)). for e=d or e.
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We call F a closed family if for any Me F(H) (resp. MeF(G)), Ind§ M (resp.
Resy M) is F(G)-projective (resp. F(H)-projective). Since AG is a finitely
generated free AH-module, we have induction and restriction homomorphisms :

i«=Ind% : K¥(A4; F).— K%UA; F),
i*:ReS}[ . KG(A; F)s —_—> KH(A; F)s

for a closed family F where e=d or e.

We now give examples of closed families of a finite group G which will be
-used in the sequel:

F,={F,(H): all AH-modules | HZG}

Fi={F(H)={(4H)" | n=1, 2, .-} | HSG}

F.;={F.;(H): all torsion free AH-modules | H=G}
F;={F,(H): all AH-modules which are free over 4 | HZG}.

Here all AH-modules are assumed to be finitely generated.
Denote by K,( ) the ordinary algebraic K, group [14].

PROPOSITION 1.2. When G is a finite group, we have the following isomor-
phisms of abelian groups:

K%A4; Ft)d(—lz—) K%UA; F,),=Ky(AG).

If A is commutative, (1) is an isomorphism of rings.
Proor. This is an immediate consequence of [Lemma 1.1l

REMARK 1.3. [Proposition 1.2 implies that our definition of an equivariant
algebraic K-group includes K,(4G) as a special case. However K,(AG) is in-
sufficient as an equivariant algebraic K,-theory for various reasons. The follow-
ing is one of them. When G is not a finite group, the notion of “AG-projective
modules” is unsuitable for the equivariant Swan isomorphism [10]. For this
reason, we first introduced the notions of families F and F-projective modules.
Moreover our definition includes G(Rzx) and G’(Rz) of Swan as special

cases as follows. If a group = acts trivially on a ring R, then our definition is
related with that of Swan by

K*(R; Fo)e=G(Rm), K*(R; Fi5)e=G'(Rx).
It will be useful to notice the following;

PROPOSITION 1.4. If a G-ring A is semi-simple and contains 1/|G|, then we
have an isomorphism

K¢(A; F)y=K%A; F),
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for any family F where |G| denotes the order of G.
Proor. Since A is semi-simple, every short exact sequence
00— M —->M-—M —0

of AG-modules is split exact as 4-modules. Since A>1/|G|, we can change
the splitting into that of 4AG-modules by the averaging argument. Hence the
short exact sequence relation coincides with the direct sum one. This completes
the proof.

In particular, we have

COROLLARY 1.5. If A is a G-field such that the characteristic of A is zero
or prime to |G|, then
K%(A; F)a=K%A4; F),
for any family F.

§2. Shapiro isomorphism, Mackey and Frobenius properties.

Let H be a subgroup of G of finite index. Fix a set {¢} of coset represen-
tatives for G/H (denoted {¢}=G/H). We now introduce the following notations.
For g=G, there exist unique (g, ¢)={g} and h(g, ¢)=H such that

go=a(g, o)h(g, o).

Given an H-ring A, we construct an induced G-ring Ind% A as follows.
Denote by A, copies of A indexed by the set {¢}. As a ring Ind§ A is the
direct sum P,4,. A G-action is given by

go(@ Z'I):a(g,aa) hig, 0)4,

for geG, 2, 4,. Here the right hand side means that we put i(g, )2, to the
a(g, o) factor. It is easy to see that Ind§ 4 becomes a G-ring. Note that
Indg A is isomorphic to Z[G]®zu1A4 as additive G-groups. The latter, how-
ever, is just an additive G-group (not a G-ring!). ‘

Then we have the following “Shapiro isomorphism”.

PROPOSITION 2.1. There is a one to one correspondence between the set of
isomorphism classes of AH-modules and the set of isomorphism classes of (Ind§ A)G-
modules. In particular, we have an isomorphism

0, : K"(A; F,), —> K%(Ind% 4; F,),
for e=d or e.

PrOOF. For a AH-module M, we set @,(M)=P,M, where M, are copies
of M indexed by the set {¢}. An Ind%A-module structure is given by
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(Do) (D mqs)=D A,m, for H}GEMU.
A G-action is given by
g (Dmy)= (EB )h(g, o).
g o(g, 0 :

With these definitions, @,(M) becomes an (Ind§ A)G-module. It is easily seen
that the correspondence M—® (M) gives rise to the required one.

If 4 is a G-ring, we define a homomorphism
0, : K¥Ind§4; F,). —> K%4; F,).

as follows. For an (Ind% A)G-module M, we put a new AG-module structure
on M by

Aem=(DBe2)-m for ie A, meM,
gem=g-m for geG, meM

where - denote the old operations, while - denote the new ones. The corre-
spondence [M]—[M] gives rise to the above homomorphism @,.

LEMMA 2.2. When A is a G-ring, the composition @,-@, of the above two
homomorphisms is nothing but the induction homomorphism Ind% in § 1.

ProoF. Let M be a AH-module. Then
@z-(DI(M):@ M,
and the G-action is given by
go(@mo)za@a)h(g, oM,

and the 4 operation is given by

lo(@mo)Z@(a'll)m,
for geG, m,eM,, 2 A. We now define a map

f: @Mo — AG /(I%M
by f(B.m.)=2,0Qm,. It is easy to see that f gives the required isomorphism.

Let 4 be a G-ring. Let H and K be subgroups of G and {s} a set of
double coset representatives for K\G/H (denoted {s}=K\G/H). We may as-
sume that {s} is a subset of {¢}=G/H. Set H,=sHs'"\K. For a AH-module
M, we construct a AH;-module M, as follows. As an additive group, M, is
given by M itself and a AH;-module structure is given by '

A gems=(s"1gs)-m; for geG, mse M;,
and '
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Aemy=(s"12) -m; for A=A, mye M,

where - denote the old operations, while - denote the new ones. With these
definitions, M, becomes a AH;-module and we have

PROPOSITION 2.3 (Mackey decomposition).

ResyxIndf M= & Ind§, M,.

SEK\G/H

PRrRoOOF. Paying attention to the G-action on /4, we can give an explicit
AK-module isomorphism by virtue of

REMARK 2.4. It follows from [Proposition 2.3 that K¢(A4; F), is a G-functor
in the sense of Green and the Dress induction theorem is applicable to
K% A; F), for any closed family F.

PrOPOSITION 2.5 (Frobenius reciprocity). Let A be a commutative G-ring and
H a subgroup of G. Let V be a AH-module and W a AG-module. Then

Ind% (V%Z)Res aW) = (Ind§ V)(}?W
as AG-modules.
PrOOF. Define
f: AG%(V(%IZ)ReSHW) — (AG% V)%)W

by
f(gRQuw)=(gQ@v)Rgw

for geG, veV, weW. Paying attention to the G-action on 4, we can prove
that f is well-defined and gives the required isomorphism.

§3. GR-algebras and Frobenius modules.

In this section, we introduce notions of GR-algebras and Frobenius modules
for the purpose of induction theorems in §4 and §6.

DEFINITION 3.1. Let R be a commutative G-ring. Then a G-ring 4 is
called a GR-algebra if A is an RG-module as well as an R-algebra.

REMARK 3.2. Our GR-algebra is different from an algebra over the twisted
group ring RG.

Let A4 be a GR-algebra. Let A (resp. B)] be an RG- (resp. AG-) module.
Define AR B to be AQrB where R acts on B by

reb=(r-1)b for r€R, be B, 1= 4.
We now set
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@ A38) o(a®b)=§) (ga@2,gb)

for 2,4, geG, acA, beB. Since A is a GR-algebra, one verifies that the
operation - is well-defined and gives a AG-module structure on AQB.
Then we have the following equivariant version of Lemma 3.1 of [20].

LEMMA 3.3. Let R be a Dedekind G-ring and A a GR-algebra. Then
K% ; F,). is a module over K¢(R; F,).. If i: HCG, then

(i)  *ax-y)=i*x)*y)  for x€KR; Fo),, yEK(4; Fo)s,
(ii)  ax@*(x)-y)=x-ix(y)  for x€K(R; Fo)e, yEKH(A; Fa)e,
(iii)  dw(x-*ON=ix(x)-y  for x€K*(R; Fa)., yEK®(U; Fo)..

PROOF. We consider only the case where s=¢, since the proof is easier for
e=d. Itiseasy to see that the equivariant versions of Propositions 1.1 and
and Corollaries 1.1 and 1.3 in hold for a Dedekind G-ring R. In particular,
KC(R; F,). is a commutative ring for a Dedekind G-ring R and it is sufficient
to make K% ; F,). a module over K% R; F;;).. This is done by setting [ A]-[B]
=[AQrB]. Since A is a torsion free RG-module, A is projective over R.
Hence the multiplication [A]-[B] is well-defined.

We now prove the assertion (iii). Let A (resp. B) be an RH- (resp. AG-)
module. Define

f: AGR(ARB) —> (RG R ARB
R RH R

AH
by
f ((Egl Zgg)®(a®b))=zg} (gQRa)RA.gb

for geG, 1,4, ac A, beB. Since G acts non trivially on R and on A4 in
general, it is not obvious that f is well-defined. In the following, we give a
portion of its proof. For geG, heH, A, As,€ 4, ac A, beB, rR, we have
four expressions for an element:

(S2,2) (S AM@@R(r 1) -woeevvveeeneeenne (1)
(SADBEAh)-@R(r-DB) wrrveeeeeesesne ()
(2248 (S IRYRra@b) +evrvervenevensnses (m)
(% @g)@(zﬂ; Anh) - (FQRB) cvvrerener i (IV).

Then we have
f(I):f(glg(glh)gh®a®(r.1)b)
= 2, 8hQa®a(gAn)gh((r-1)b)
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=§hg®ha®((gh)r)'ﬂg(gln)(gh)b

=gl((gh)7’)g®ha®2g(g2n)(gh)b

=2 g((hr)e)®ha®@2,g(Anhd)

=2 g&(hr)(ha)B2:g(Anhb)

=f(z:h1gg®h(m)®2nhb)

=f((Zg3 2:8)Q2 (h(ra)Qanhb))

:f(@) A:8)Q(% Anh)- (raQb))= f (V).
Similarly we can prove that

F(D=/(m)= /().

Thus f is well-defined. Next we show that f is a 4G-module homomorphism.
For g, g’€G, 4, A, €4, ac A, b B, we have

(2 28") (2 2:88aQ0)
=/( 2 2:(8'2:)8'8QaRb)

= 2 28'8@a®,(g'2,)(g'9)h)
= 2,8'8QaQ2; 8" (2,gb)
=(22,8") (2 8®0aR2,8b)

:(gZ Agrg') f(%) 2:8Qa@b).

Define
i (RGRARB —> AGR(ARQB)
RH R AH R

by
f ’((gl rgg)®a®b)=>; (re-1)g®aQg'b

for geG, r,€R, ac A, beB. One verifies that f is well-defined and satisfies
f’-f=identity = and  f-f’=identity.

Hence we have the assertion (iii). The assertion (ii) will be shown similarly
while (i) is trivial.
This makes the proof of complete.

REMARK 3.4. A module with the property (iii) in is called a
Frobenius module [12].

Let G be a finite group and 4 a G-ring. Let S be some class of subgroups
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of G. For a closed family F, we define K§(4; F). to be the sum of the images
of the maps

ix . K#(A; F),—> K%A; F), for all 7: HCG with HES.

Let %2 be an integer. Following Swan [20], we say K§(4; F). has exponent
k in K9(A; F), if
k-K%A; F).CK%A; F)..

COROLLARY 3.5. K&R; F,).-K%A; F,).CK%; F,)..

COROLLARY 3.6. If K§(R; F,). has exponent k in K¢(R; F,)., then K%(A; F,).
has exponent k in K6(A; Fy,)..

REMARK 3.7. For a general family F, the multiplication above does not
induce a multiplication

K%R; F)exK%(A; F)e —> K%(4; F).

in general, even if R is a Dedekind G-ring. In §6, we deal with two special
families F, and F, in which case the multiplication above is well-defined.

The following lemma is well-known for a Frobenius module (see Theorem
9.2 of [20].

LEMMA 3.8. Suppose that K%(A; F). has exponént kin K6(A; F).. If i*x)
=0 for all i: HCG with HES, then kx=0.

§4. Induction and restriction theorems for K¢(A; F,)..

We recall the following terminology. A finite group is called elementary if
it is the direct product of a p-group and a cyclic group. A finite group is called
hyperelementary if it has a cyclic normal subgroup such that the quotient of the
group by this subgroup is a p-group.

If G is any finite group, C will denote the class of all cyclic subgroups of
G, E will denote the class of all elementary subgroups of G, while HE will
denote the class of all hyperelementary s'ubgroups of G.

Let n be the order of G. Denote by a(G) the Artin exponent for G in the
sense of Lam [12]. Note that a(G) divides n. We write d=(a(G), ¢(n)) where
¢ is the Euler function.

Denote by Q, Z or Z, (p: prime) the field of rational numbers, the ring of
integers, the field of integers modulo p respectively. Let G act trivially on them.

DermniTION 4.1. 1 will say a G-ring A contains a primitive n-th root of
unity in the centre if there is an element x in the intersection of the fixed point
set A% and the centre of A such that @,(x)=0, @, being the n-th cyclotomic
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polynomial.
THEOREM 4.2. For any G-ring A, we have

(a) K&(A; F,)e has exponent a(G)? in K4(A; Fy)e,
(b) K4(A; F,) has exponent d? in K¢(A; F,).,
©  K§u(d; F).=KS(4; Fy).. |

If Ais a GQ- or GZ,-algebra, we can replace a(G)* and d* in (a) and (b) by a(G)
and d. If A contains a primitive n-th root of unity in the center, we can replace
d? in (b) by 1.

PrROOF. Let G act trivially on Z[{] ({=exp2xi/n). It follows from [12]
and that holds for A=Z, Q, Z, and Z[{]. Note that any G-
ring is a GZ-algebra. If A contains a primitive n-th root of unity in the center,
then A is a GZ[{]-algebra. Hence follows from [Corollary 3.6

For a subgroup H of G, let iy: H—>G be the inclusion map. Then for a
class S of subgroups of G, we set
Ress=I1i% : KOA; F). —> II K"(4; F)..
HeS

HeS

By combining with we have
THEOREM 4.3. For F=F, and s=e, we have

(a) a(G)*KerResc=0,

(b) d*Ker Resz=0,

(c) KerRes;z=0.

If Ais a GQ- or GZy-algebra, we can replace a(G)? and d* in (a) and (b) by
a(G) and d. Moreover if A contains a primitive n-th root of unity in the centre,
then KerResz=0.

§5. Representations over G-rings and Galois cohomology.

In this section, we introduce a group R(G, A) which is a generalization of
the representation ring R(G) and we express R{(G, A) in terms of the cohomol-
ogy HYG;I') of a group with coefficients in a non-abelian group (see and
[18]). This observation will be used to prove induction theorems for the
equivariant K-theory associated with the family F, in §6.

R(G, A) is defined to be the abelian group given by generators [M] where
M is a finitely generated AG-module which is free as a 4-module, with relations
[M]=[M]+[M”"] whenever M=M'BM".
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Let us recall the cohomology HYG; I') of Serre [18]. A G-group is a group
I together with a G-action preserving the group structure. Then a map A:G—1I"
is called a cocycle if A(g’g)=a(g’)-(g’A(g)) for any g, g’=G. Set

ZNG; Iy={A:G— I cocycle}.

Two elements A, B€ZXG; I') are cohomologous (denoted by A~B) if and only
if there exists C=l such that

B(g)=C1- A(g)-(gC) for any g=G.

Then HYG; I') is defined to be the quotient set Z¥(G;I")/~.

Let GL(n, A) be the group of invertible nXn matrices over 4. The G-
action on each entry of a matrix induces a G-action on GL(n, A), which makes
GL(n, A) a G-group.

If the ring A is such that, given m, n>0, A™= A" (forgetting G-action) only
if m=n, we say that A has invariant basis number (IBN).

THEOREM 5.1. Suppose that A has IBN. Let M be a free A-module of rank
n. Then the isomorphism classes of AG-module structures on M are in one to one
correspondence with HY(G; GL(n, A)).

ProoF. Choose a basis {e¢;} for M over A. Given a AG-module structure
on M, the G-action is completely described by the matrix

A(g)=(a;;(g))
over A, where

gez:zj‘: a(g)e;-
Following our definition of a 4G-module, we have
g'(ge)=g' X ai(gle;=2i(g ai(g))g'e;
:g(g,aij(g))gajk(g/)ek
=22 (g a(g)asu(g ) es.
On the other hand, we have
(g'ge=% au(g’gles.
Since they must coincide, we have the following equality

(1) Alg'g)=(g’A(g))-A(g’)  for any g, g’€G.

In particular, we have
I=gl=gA(g'g)=2g{(g"A(g))- A(g™))}
=A(g)-(gAlg™)
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and
I=A(gg )=(gA(g™) Alg).

Namely A(g) is an invertible matrix with the two sided inverse matrix

A(g)'=gA(g™).
Thus we have a map
A: G—GL(n, A)

with the property (1) above.
Conversely given a map

with the property (1) above, we give a G-action on M by
g(@ liei)zg(; (gli)au(g))ej-

It is easy to see that with this definition M becomes a AG-module, which is
denoted by the pair (M, A). Let (M, B) be another AG-module with B(g)=
(Bif(g)). Suppose that we are given a 4G-module isomorphism

f : (AI’ A) —)(M’ B);
which is completely described by the matrix

C=(1:)
over /A, where

f(ei)=; Tii€-
Since f is a AG-map, we have
flged=f (4}‘ aij<g)ej>=§ ai(g)f(e))
:2 au(g)‘ Drirer=22 (2 a;(g)rr)er
J k k
:gf(eﬁ:g(; rijej>:§) (grij)ge;
=§ (g74s) 23 ﬁjk(g)ekzzf‘_, (zjl (gr:7)Bir(@))es -

Thus we have
A(g)-C=(gC)- B(g) for any g=G.

Since C is invertible, we can express it as
(2) A(g)=(gC)-B(g)-C-*  for any g&G.

Conversely given an invertible matrix C over A with the property (2) above,
we set

f(; ziei)zg (47_4 AiTij)e; .
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It is easy to see that with this definition f gives a 4G-module isomorphism
between (M, A) and (M, B).-

We now introduce a new G-group GL(n, A)° as follows. As a G-set,
GL(n, A)° is given by GL(n, A4). A new mdltiplication A-B is given by the
reversed multiplication B-A. Clearly GL(n, A)° becomes a G-group with this
definition.

In the above, we have shown that the isomorphism classes of /4G-module
structures on M are in one to one correspondence with HYG; GL(n, A)°).

Since the correspondence A—A-! gives rise to an isomorphism

f: GL(n, A)° —> GL(n, A)
of G-groups, there is a one to one correspondence between
HYG;GL(n, A)°) and  HYG;GL(n, A)).
This completes the proof of [Theorem 5.1
Next we put an abelian semi-group structure on the set

11 H(G; GL(n, 4)).

nzo
where I1.:, denotes the disjoint union and we set H (G ; GL(0, A))={0}.

Let A:G—>GL(m, A) and B:G—>GL(n, A) be cocycles. A summation
A+B:G->GL(m-+n, A) is defined by

A(g) 0
(A+B)(g)= ,
0 B(g)

and a multiplication AX B:G—GL(mn, A) is defined by

(AXB)(g)=A(g)XB(g)

where X denotes the tensor product of matfices. It is easy to see that A-+DB
is again a cocycle and that A+B~B-+A. Moreover if A~A’ and B~B’, then
we have A+B~A’+B’. Hence I1,::H G ; GL(n, A)) becomes an abelian semi-
group. When 4 is commutative, A X B is again a cocycle and I1,..HY(G ; GL(n, A))
becomes a semi-ring. The Grothendieck group associated with the abelian semi-
group above is denoted by
K(IIOHI(G; GL(n, A)).
nz
ProposITION 5.2. If A has IBN, then we have
R(G, A)gK(IZIOH‘(G; GL(n, A))).

When A is commutative, both terms have ring structures and = stands for a ring
isomorphism. '



Equivariant K-theory 187

Proor. Easy and omitted.

Let A be a G-ring such that any projective module over A4 is stably free.
Then we have easily that

KS%A; Fpa=R(G, A).
Hence, in view of [14], we have in particular,

PROPOSITION 5.3. If a G-ring A is a field, a skew field, a principal ideal
domain, or a local ring, then we have

K%A; Fe)a ;K(EOHI(G ; GL(n, A))).

When A is commutative, both terms have ring structures and = stands for a ring
isomorphism.

Let K/k be a Galois extension and G the Galois group of K/k. Then K
is a G-ring in our sense. According to Serre [18], the first cohomology
HYG; GL(n, K)) vanishes for all n and hence we have

COROLLARY 5.4. Under the condition above, we have
K9K; Fo)e=K%K; Fr)a=K%K; F,[)e=Z.

If the characteristic of K is zero or prime to |G|, then d in the formula can be
replaced by e.

§6. Induction theorems for K% ; F,). and K%A; Fy),.

In this section, we shall deal with two special families F, and F,, and have
induction theorems for K% ; F;). and K% ; Fy),.

As an application, we shall have induction theorems for equivariant topo-
logical K-theory wvia the equivariant Swan isomorphism, which will be dealt
with in the next section.

First we show the following lemma on which the induction theorem is based.

LEMMA 6.1. Let R be a commutative G-ring and A a GR-algebra. Let A be
an RG-module which is free as an R-module. Then ARQrAG is an Fi-free AG-
module. Here a AG-module structure on AQrAG is given by

(g‘., A 8')e(a® § lgg)=§ {g'a® § Ag(g'2,)8 g}

f07 g, g,EG: Zg’ zg’EA; acA.

Proor. Choose a basis {¢;| i=1, 2, ---, m} for Aover R. Then the G-action
on A is completely described by the matrix

Alg)=(a;;(g)), a;;(g)ER
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over R, where
gei=§ a;(g)e;
Define a map
o A(RXDAG — (AG)™

by the correspondence :
? riei®§ Agg—> @E ri(ga (8™ "))Aeg

for r,<R, 3,4, geG. It is easy to see that ¢ is well-defined. We now show
that ¢ is a AG-module homomorphism. By definition, we have

(3 2587)°(2116:Q03 A59)
=214 (g'r:)(g'e)®Z A5 (g'26)8 g}
=S (g'ridaig")e, 02 25 (8'25)8 g}
which is mapped by ¢ to
D2, (griaig)g'ga(g’e)™)Ay(g'As)8 g,

which is computed by the observations in §5 as:

D2, (gr)Zaigg anlg™))g gang™))As (8'25)8"8
=P T (er)e'gaulg™ M (g'A)g's.
On the other hand, we have
(5 25:8") 931002 258)
=0 2 Aslgirdgai (g™t e's)e’
=0 2 A (gr(g'gai(g7))Ng g g -

Since /4 is an R-algebra, we may conclude that ¢ is a 4G-module homomorphism.
Define a map

¢ (AG)™ —> A@AG
by the correspondence
DL g 2 gelAzg
for ;€ 4, g=G. Then it is easily verified that
¢p=identity and  @¢=identity.
This completes the proof of Lemma 6.1l

PROPOSITION 6.2. Let R be a commutative ring with trivial G-action and A
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a GR-algebra. Let A (resp. P) be an RG- (resp. AG-) module which is R-pro-
jective (resp. F,-projective). Then ARQrP is an F,-projective AG-module.

PrROOF. Let A’ be an R-module such that AGGA’ is R-free. Make A’ into
an RG-module by making G act trivially on A’. Let P’ be a AG-module such
that PP’ is F,-free. Then it follows from that

A@P@A@P’@A@P@A’@P’ = (A@A’)(%)(PEBP’)
is F;-free. Therefore, AQzP is F,-projective.

COROLLARY 6.3. If R is a Dedekind ring with trivial G-action and if A is
a GR-algebra, then K°(A; F,), is a module over K°(R; F,).. Ifi:HCG, iy and
i* satisfy the equalities (i), (ii) and (iii) in Lemma 3.3.

PrROOF. According to [20], K%(R; F,).=K®(R; F,;).. Define
K%R; F0) QK(A; F)e —> KA Fy)e

by [AJQ[P]—[AReP]. Since A is torsion free, it is R-projective. Therefore,
AQgrPis F,-projective by [Proposition 6.2, The rest of the proof is the same as
that of Lemma 3.3

Hence we deduce the following induction theorem as in the manner of the
proofs of Theorems and 4.3

THEOREM 6.4. The statements in Theorems 4.2 and 4.3 hold for the families
F, and F; in place of F,.
Proor. For the family F;, a similar proof works.

REMARK 6.5. Since K% ; F,), is isomorphic to K¢(A; F,), for a finite group
G, we have a similar induction theorem for K%/ ; F,)q.

§7. Induction theorems for equivariant topological K-theories.

In this section, we define an induction homomorphism for equivariant
topological K-theory and show that it corresponds to the induction homomorphism
for equivariant algebraic K-theory via the equivariant Swan isomorphism in [10].
Accordingly induction theorems for equivariant topological K-theories follow
from that for equivariant algebraic K-theory in §6.

Let 4 be one of the classical fields R (the real numbers), C (the complex
numbers) or H (the quaternions). Let X be a compact Hausdorff G-space. A
AG-vector bundle £ on X is a 4-vector bundle together with a G-action on &
preserving the A4-vector bundle structure [I]. The set of isomorphism classes
of 4G-vector bundles on X forms an abelian semi-group under the Whitney sum.
The associated abelian group is denoted by K4,(X). The tensor product of
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G-vector bundles induces a structure of commutative ring in K44(X) for 4=R
or C.

Let H be a subgroup of G of finite index and & a 4H-vector bundle on X.
Then an induced 4G-vector bundle Ind% ¢ is defined as follows. In the follow-
ing, we employ the notations in §2. We assume that the coset H is repre-
sented by the identity element ¢ of G for simplicity.

As a Jd-vector bundle, we set

Indg §=Eb(a )¢

where (¢-Y)*¢ denotes the induced bundle of & by the map ¢! : X—X of G-
action. For xX, we denote by &, the fiber over x of the bundle & Since
the fiber over a point x=X of the bundle Ind% ¢ is the direct sum

(Ind§ §):=Bé, -1z,
a point y in the fiber is expressed uniquely as
y=By, for y,E&e-1a.
Then a G-action is defined by
g°y=gDyo)=_& hig, o)y,
where h(g, g)y, is in the fiber over
hig, o)a 'x=0a(g, 0)'gx

of the vector bundle & Hence g-y is in the fiber over gx of the vector bundle
Ind§ &.

It is easy to see that with these definitions, Ind% & becomes a A4G-vector
bundle.

REMARK 7.1. Note that our definition of Ind% é is different from that of
tr% ¢ in McClure [13].

One verifies the following

LEMMA 7.2. Ind% & does not depend on the choice of the set of coset repre-
sentatives for G/H.

We now show a universal property of Ind%é&. Let
i1 & —> Indg E=B(o~)*¢

be the inclusion map onto the direct summand e*¢é=¢ of Ind&. Then 7 is a
A4H-vector bundle homomorphism.

PROPOSITION 7.3 (Universal property). For an arbitrary AG-vector bundle 7
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over X and for an arbitrary AdH-vector bundle homomorphism f:E—7), there
exists a unique 4G-vector bundle homomorphism

F:Ind%é—17
such that f=F-.
PROOF. As before, write an arbitrary point y of the total space as
y=Py,  for y,&&-1z.
Then define the map F: Ind%&—7 by
F(3)=F@y)=X0/(3,).

Since ¢f(y,) is in the fiber 7, over x, the summation makes sense. By defini-
tion, we compute;

F(gey)=F( & h(g, 0)y,)

a(g,a)

=2 a(g, 0)/(h(g, 0)y,)
=Zalg, alh(g, 0)f(y,)
=2 g0f(y)=8(Z af(y,)
=gF(y),

which shows that F is a G-map. The rest of the proof is routine.

REMARK 7.5. It is a routine work to see that such Ind% & with the universal
property is unique.

The correspondence &—Ind$§ & gives rise to a homomorphism
Ind% : K44(X) —> K4q(X)

which we call an induction homomorphism.

Let C4(X) be the ring of continuous 4-valued functions on X. Then G acts
on C4X) by (gea)x)=a(g™x) for geG, a=CyX). With these definitions,
C4(X) becomes a G-ring. Then 4 is a G-subring of C4(X) by regarding each
element a=4 as the constant function of value . We now introduce a new
family F, of C4(X)G-modules as follows. Let V be a finite dimensional G-
representation space over 4. Regarding C4(X) as a right 4-module, we form a
finitely generated C4(X)G-module C4(X)®,4V. Define F, to be the family con-
sisting of such modules C4(X)Q,4V.

PROPOSITION 7.5. The following diagram is commutative :
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Ind$ Resy,

[N
IR

~

v Ind% ReSH
KH(Cy(X); Fr)g —> K¥Cy(X); Frlg —> K*(Ca(X); Fr)a.

Here the vertical arrows denote the equivariant Swan isomorphism [10].
Proor. Easy and omitted.

For a class S of subgroups of G, K4§(X) is defined similarly to K&(A; F).
and the notion of exponent is defined similarly.

THEOREM 7.6. For a finite group G, we have
(a) KA%(X) has exponent a(G) in Kdo(X)  for 4=R, C, H,
(b) K44 X) has exponent d in Kd¢o(X)  for 4=R or H,
()  KCEX)=KCq(X),
(d)  KABEX)=Kd4sX)  for 4=R, C, H.
PrROOF. Since G is a finite group, we have isomorphisms
KCAX); Fr)a=K(Cu(X); Frla= K9(Ca(X); Fye

by in [107. It is trivial to see that these isomorphisms commute
with Ind% and Resy,. Hence it follows from [Proposition 7.5 that showing the
formulae in is equivalent to showing the corresponding formulae
for K9(Cy(X); F,.. Since Cy(X) is a GQ-algebra, (a), (b) and (d) follow from
Since C¢(X) contains a primitive n-th root of unity in the centre,
(c) follows from again.

REMARK 7.7. will be proved differently as follows. We first
prove that concerning our induction homomorphism, K4gz(X) is a Frobenius
module over the real representation ring RO(G) for 4=R or H and that KC(X)
is a Frobenius module over the complex representation ring R(G). It follows
from Swan and Lam that (a), (b) and (d) hold for RO(G). On the
other hand, it is well-known that (c) holds for R(G) (see for example Serre [19]).
Hence the rest of the proof will be given similarly to that of

The restriction homomorphism

Ress : K44(X) — TI K4,(X)

HES
is defined as before and we have

THEOREM 7.8. We have
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(a) a(G)KerRes,=0  for 4=R, C, H,
(b) dKerRes;=0  for 4=R, H,

(c) KerResz=0  for 4=C,

(d) KerResyz=0  for 4=R, C, H.

Let f:X—Y be a G-map between compact G-spaces. Let S be a class of

subgroups of a finite group G and k2 a positive integer. Concerning the pair
(5, k), we consider the following statement:

“if [ Kdg(Y)>Kdy(X) is injective, surjective or an isomorphism for

every HeS, then k-Ker f¥=0, %k-Coker f§=0 or k-Ker fE=Fk -Coker fE=0 re-
spectively”.

Then as an application of our induction and restriction theorems, we have

COROLLARY 7.9. The statement above is true for the pairs (C, a()), (E, d),
(HE, 1) where 4=R, C or H. When 4=C, it is true for (E, 1).

PROOF. One verifies the commutativity of the following diagrams:

Ik fé
Resy Resy Ind% Ind%

v IE v e
Kdy(Y)—— Kdx(X), Kdy(Y) > KA44(X).

Hence follows from Theorems and 7.8

REMARK 7.10. holds for a G-map between compact G-space
pairs. When A4=C, a stronger result is obtained in the category of G-CW
complexes by Jackowski as follows. He showed that if f¥ is an isomorphism
for every HeC, then f¥ is an isomorphism [7].

The following proposition enables us to show that the Atiyah-Singer index
homomorphisms and our induction homomorphisms commute.

ProposITION 7.11 (Relative Frobenius reciprocity). Let A be a G-invariant
closed subset of a compact G-space X. If x=KAy(X), yve K44,(X, A), then

Ind%(x@Resyy)=>Ind§ )Ry

where 4=R or C. Similar for x= KRy(X), ye KHy(X, A).
ProoF. Easy and omitted.

REMARK 7.12. For a finite G-covering p:)?eX, there are two kinds of
homomorphisms: Kdg(X)—KdsX). One is the homomorphism defined by the
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direct image construction and the other is the transfer homomorphism in-
duced by the Becker-Gottlieb stable map [25]. According to [24], these two
homomorphisms agree with each other when 4=C. This fact is kindly informed
to the author by Professor A. Kono.

For a subgroup H of G of finite index and for a finite G-CW complex X,
the map G X y X—X defined by [g, x]—gx (g=G, x=X) gives a finite G-covering.
Then our induction homomorphism

Ind% : KCx(X) — KCs(X)

coincides with the composition of the Shapiro isomarphism KC g(X)=Z KC (G X g X)
and the Becker-Gottlieb transfer homomorphism KC (G X 5z X)—>KC g X).

§ 8. Induction theorems for equivariant .J-theory.

We first recall the definition of the equivariant J-group [8], [9]- Let X be
a compact Hausdorff G-space. Let & and % be orthogonal G-vector bundles
over X. Denote by S(§) (resp. S(x)) the sphere bundle associated with & (resp.
7). Then S(§) and S(y) are said to be of the same G-fiber homotopy type if
there exist fiber preserving G-maps:

f 88 —S), f Sy —SE)
and fiber preserving G-homotopies :

h i S(E)XI — S, h' @ S(p)xI — S(n)
with

RISE)X0=f"-f,  h|S(§)*x1=identity
h'|S)x0=f-f', h’|S(n)x1=identity.

We write §~n if S(§) and S(y) are of the same G-fiber homotopy type.
Let T¢(X) be the additive subgroup of KR;(X) generated by elements of
the form [£]—[%n] where £§~%. We define

Jo(X)=KRa(X)/To(X),

which is called an equivariant J-group. The natural epimorphism KRz(X)—/Js(X)
is denoted by Jg.

LEmMA 8.1. Ind§(Tu(X)CTe(X).

ProoFr. Let £ and y be orthogonal H-vector bundles with &é~y. Let f, f/,
h, h’ be as above. Then we construct a fiber preserving G-map

f=Ind%(f) : S(Ind% &) — S(Ind% 7)

as follows. For a point x< X, an arbitrary point of the fiber over x can be
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written as P,a,y, where y,=S5(¢&,-1,) and >,a2=1. Then the correspondence
Sasy, > Da.f(y0)
defines a fiber preserving map
f=Ind%(f) : S(nd% & —> S(Ind§ »)

It is easy to see that f is a well-defined continuous map. We now show that
f is a G-map as follows:

f(g"(@aaya)):f(g(?a) llah(g, G)yo)
= &b a.f(h(g, 0)y,)
ag(g,a)
:d((?a)adh(g, U)f(y(f)
= D hig, 0)af(y,)
c(g,0)
=g(Da,S(y)=gF(Dasys).
Similarly we have a fiber preserving G-map
F'=Ind%(f") : S(nd%n) —> S(Ind% &)
and fiber preserving G-homotopies :

A=Ind§(h) : S(nd% &) xI — S(Ind% &)
and

R’=Ind%(h") : S(nd% ) xI —> S(Ind% %)
It is easy to see that the maps f, 7/, i, h’ give the relation Ind% &é~Ind§ 7.
COROLLARY 8.2. Ind% : KRy(X)—»>KRg(X) induces Ind% : Ju(X)—Je(X).
They are connected by the following commutative diagram:
Ju
KRy(X) ——> Ju(X)
Ind% Ind%
Je
KRs(X) — Jo(X).

Denote by A(G) the Burnside ring of G and by = : A(G)—RO(G) the natural
ring homomorphism. Namely for a subgroup H of G, n(G/H) is the permutation
representation over the G-set G/H. Denote by zn(G/H) the G-vector bundle

XXm(G/H)—> X.
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LEMMA 8.3. Let & and n be G-vector bundles over X. If é~), then we have
T(G/H)QE ~ n(G/H)Xn.

ProoFr. Let L be the trivial line bundle XX R—X where G acts trivially
on R. Then L is a G-vector bundle and satisfies

Ind% L==(G/H).
Since Frobenius reciprocity holds for G-vector bundles (cf. Lemma 7.9), we have
Ind% Resy £=Ind%(LXResy &)
=(Indf; L)RE=n(G/H)RE.

Similarly we have

Ind% Resy n=a(G/H)Q7.
Since §é~, we have Resy&~Resyy. It follows from that

Ind% Res; & ~ Ind%Resy 7.
This completes the proof of Lemma 8.3

THEOREM 8.4. Jo(X) is a Frobenius module over the subring =n(A(G)) of
RO(G).

ProoF. By making use of one verifies that J4(X) is a module
over n(A(G)). Since KRy X) is a Frobenius module over RO(G), Jo(X) is a
Frobenius module over m(A(G)).

THEOREM 8.5. The homomorphism
S Indf ;@ Ju(X) —> Ju(X)
s surjective and the homomorphism
Respg= 1l Resy : Jo(X)—> TI Ju(X)
IS injective.

PrROOF. Let x be an element of z(A(G))CRO(G). If i*(x)=0forall:;: HCG
with HeC, then x=0. It follows from the Dress induction theorem that

HEZ}‘IEInd?, : ngE;r(A(H)) —> n(A(G))

is surjective. Since Js(X) is a Frobenius module over z(A(G)), the proof pro-

ceeds as in that of [Corollary 3.6
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COROLLARY 8.6. Let f:X—Y be a G-map between compact G-spaces X, Y.
If f*: Ju(Y)=]Ju(X) are isomorphisms for all HEHE, then f*: Jo(Y)—Ja(X)
s an isomorphism.

The following application of was suggested to the author by
T. Petrie. Denote by ¥? the p-th Adams operation.

COROLLARY 8.7. Let G be a finite group of order n such that every hyper-
elementary subgroup of G is abelian. Let p, q be integers with (p, n)=(q, n)=
(p, 9)=1. Then for any G-vector bundle &,

Fr—D)(T1—1)¢=Ker J;.

Proor. Note that Resy Jo(@?—1)T1—1)8)=]u(T?—1)T*—1)Resyg§). Ac-

cording to Petrie (see also [16]), Ju(@'P—1)(W?—1)Resy§)=0 for every
abelian subgroup H. Hence J4(T?—1)¥?—1)Resy &)=0 for every hyperelemen-
tary subgroup H by assumption. It follows from [[Theorem 8.5 that

Jo(@P—1)¥*—1)§)=0.
This completes the proof of
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