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Introduction.

In [8, 9] the author established the equivariant point theorem for a continuous
map between manifolds with free involution, and applied it to re-prove the theo-
rems of Milnor [6], Lee and Stong on groups acting freely on manifolds.
In this paper, we shall show that the following theorems on group actions are
also proved easily by making use of the equivariant point theorem.

THEOREM 1. Suppose that a group G acts freely on a closed (2n+1)-dimen-
sional manifold M. Let o, t=G be elements such that t*=1 and or#7to. Then
the trace of

(oro~ iz 1)*: k@nHk(M; Z,) —»k@nH”(M, Z,)
s zero.

This is a generalization of in Montgomery-Yang [7]; they deal
with the case G is a dihedral group.

We denote by %,(M) the mod 2 semicharacteristic of a closed (2n-+1)-dimen-
sional manifold M :

kz(M)=k§,ndim H*M;Z,) mod 2.

THEOREM 2. If a 2-group G acts freely on a closed orientable (4n--1)-dimen-
sional manifold M with k,(M)+#0, then G is cyclic.

We denote by k(M) the rational semicharacteristic of a closed orientable
(2n+1)-dimensional -manifold, i.e.

ko(M)= ,,?ndim H*M; Q) mod 2.

If n is even and M admits a free action of Z,, then we have E(M)=k,(M) by
the formula of Lusztig-Milnor-Peterson [5]. Therefore coincides with
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(5.2) of Becker-Schultz [1], which was proved by regarding k(M) as
the obstruction to the existence of two linearly independent vector fields on M.

THEOREM 3. Let M be a closed orientable (4n--1)-dimensional manifold with
ky(M)+0. Suppose that a finite group G acts freely on M, with trivial action on
H*(M;Z;). Then G is the direct product of a cyclic 2-group and a group of odd
order.

This is a modification of [Theoreml D in Davis [3]; he and Weinberger proved
replacing k.(M), H¥(M; Z;) with ko(M), H*(M; Q) respectively. To
prove it, they used the surgery semicharacteristic.

It will be understood in this paper that our actions are topological actions
on topological manifolds.

§1. Equivariant point theorem.

In this section we shall recall briefly the equivariant point theorem which is
used later. See [9] for details. |

Let M be a closed m-dimensional topological manifold on which Z, acts
freely, and let = be the generator of Z,. Then it follows that there exists a
symplectic basis {vi, -, v, v, -+, vi} of H¥(M;Z,), i.e. a homogeneous basis
such that

vty [M1>=0, <i=t*}, [M1>=0, vt} [MI1>=0:;

for any 7, j. For a continuous map f:M—M, we define a mod 2 integer L(f)
by

L(f)= 3, <froo=e* i, [MD).

This is independent of the choice of symplectic bases of H*(M; Z,), and is called
the equivariant Lefschetz number of f. If f*=id:H*(M;Z,)->H*(M;Z,) then
L(f)=rho(M).

Regard MX M as a Z,-manifold by permutation of factors. Then an equi-
variant map 4: M—MXM is defined by 4(x)=(x, z(x)) (x&M). Consider the
homomorphisms

A

4, I*
Hz,(M; Zy) — Hf(MXM; Z,) — Hf(M; Z,),

where 4, is the Gysin homomorphism and f=(fX f)-4. Identifying HE(M; Z,)
with H™(M/Z,; Z,), we define a mod 2 integer f(f) by

I(H=<F*a), [M/Z,]>,

and call it the equivariant point index of f.
Now the equivariant point theorem is stated as follows:
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THEOREM. (1) If I(f)#0, then there exists an equivariant point x of f, i.e.
xEM such that tf(x)=fr(x). @) If)=L(f).

§2. Applications of the equivariant point theorem.

We shall first give

PROOF OF THEOREM 1. We regard M as a Z,manifold with the free in-
volution z: M—M. Then the equivariant Lefschetz number L(¢) of ¢ : M—M is
Zero,

In fact, if L(¢)#0 then it follows from the equivariant point theorem that
there exists a point xM such that ¢7(x)=70(x), and hence sr=70¢ because the
action of G is free.

Take a symplectic basis {vy, -+, vs, vy, ---v5} of H*(M; Z,) such that degv;<n
(1=:/=r). Then we can put

(oo~ e~ )*p;= jﬁ_)laijvj (ai;€2Z,),
and the trace of
(oro™'t)* : @ H¥M;Zy) —> QHYM; Z,)
ksn ksn

is D27_1a;;. On the other hand, it follows that

)3
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L(o)= ) Lo*vy~t¥o*vi, [M1)
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This completes the proof.
The following corollary is immediate.

COROLLARY 1. Let M be a closed odd-dimensional manifold with ky(M)=+0.
If a group G acts freely on M, with trivial action on H*(M; Z,), then any
element of order 2 is in the center of G.

We have also the following corollary which is a slight generalization of
Theorem 1 in [7].
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COROLLARY 2. Suppose that a dihedral group D, of order 2q acts freely on
a closed (2n+-1)-dimensional manifold M. If peD,, is of order>2, then the
trace of
0%+ @HNM; Z) —> @ HNM; Z))
is zero.
Proor. Take a presentation (o, v | 09=1*=(07)*=1) of D,. Then p=g’
with 0<z<g¢, and

pro lt =0t ir=0=p%#1.

Therefore Tr(p**)=0 by [Theorem 1. Since Tr(p**)=Tr(p*) we have Tr(p*)=0.
We shall next re-prove the following theorem of Stong [11]. (See also [8],[9].)
THEOREM 4. If Z,XZ, acts freely on a closed odd-dimensional manifold M,

then ky(M)=0.

PROOF. Let Z,XZ,=<{o, t). We regard M as a Z,-manifold with 7, and
consider the equivariant Lefschetz number L(os) and the equivariant point index

I(o) of 6: M—M. Then it is shown as follows that

(i) L(o)=ku(M), (ii) I(e)=0.

Therefore the equivariant point theorem implies k,(M)=0.
Proof of (i). Take a symplectic basis {vy, -+, vy, vy, =, v} of H¥(M; Z,).
Then it follows that
r=~Fko(M)
and

L(o)= é‘i@*vivr*a*vé, (M1

<

I

] (o*(—t*vy), (M1

-
Il

i
M

-
[
-

it ox[M 1)

e

= 25 et (MDD

1

7

v.

i

Proof of (ii). Put M’'=M/{s), and let = : M— M’ denote the projection. Then
7z : M—M induces a free involution ¢’ : M’'—M’. Similarly to M, we regard M’
as a Z,-manifold with ¢/, and regard M’'XM’ as a Z,-manifold by permutation
of factors. Then 4: M—M induces an equivariant map 4": M'—-M’XM’, and
we have a commutative diagram
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4, 0%

HY (M ; Z,) —> HR(MXM; Zy) ——> HZ(M; Z,)

T* (m X m)* w*

47 4*
H,(M'; Zy) ———> HE(M' XM ; Z,)

> H7W (M’ Z,) .
(See Lemma 1.5 in for the commutativity of the left rectangle.) Thus
I(0)=¢*41), [M/Z.])
={x*A™*4(1), IM/Z,]>
={A* A1), mlM/Z:]>
=0.

§3. Free actions on manifolds of dimension 4n--1.
If M is a closed orientable (4n--1)-dimensional manifold, then
kz(M)'—ko(M):<W2(M>VVV4n—1(M); [M:|>

holds, where W (M) is the 7-th Stiefel-Whitney class of M([5]). If M admits a
free action of Z, then
Wi(M)=n*W(M/Z»)

holds for the projection n: M—M/Z, (See Lemma 11.2 in [9].) Therefore in
this case we have k,(M)=Fk,M). Using this fact and the results in the preceding
section, we shall prove Theorems 2 and 3 in this section.

LEMMA 1. Let M be a closed orientable (dn-+1)-dimensional manifold on
which Z,=(o:0*=1) acts freely. Then we have

ko(M/<a*))=ko(M) .

ProoF. Consider the isomorphism o*: H*¥(M;C)—>H*(M;C) induced by
o: M—M. Then we have

H*M/{o% ; C)=Ker (1—o*?)
where C denotes the complex numbers. (See p. 38 in [2].) Since

1—g*? 1+4g%°

H¥M;C) ——> H¥M;C) — H¥M; C)
is exact, we have also
H¥*M:;C)=Ker(1—as*YPKer(1+o*?).

Since the eigenvalues of ¢* are 4th roots of unity, it follows that there exists
a basis {uy, -, us, vy, -+, v;} (t: even) of H¥(M;C) such that

0*2<ui>:ui (1=:=s), U*Z(Uj):’—vj (1=5=0.
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Therefore dim(Ker(1-4¢*%) is even. Thus it holds

dim H*(M/<o? ; C)=dim H*(M ; C) mod 2,
which implies
ko(M/<a®>)=ko(M) .

A free action of Z, on AM/{¢* is induced by o, and M/{c?*> is orientable,
because o?: M—M preserves an orientation. Therefore we have

ko M/{a®)=k(M/<{a?)).
We have also
ky(M)=1k(M).

Hence k,(M/<{c%))="Fk,(M) holds.

LEMMA 2. If the quaternion group Q@)=(a, B ; a*=pF*=(ap)’) acts freely
on a closed orientable (4n-+1)-dimensional manifold M, then k(M)=0.
PrOOF. Since Z,=<a) acts freely on M, by we have

ko(M/<a®))=Fky(M).
Since Q®)/<a*>=Z,xXZ, acts freely on M/{a?)>, by we have

ko(M/<{a®))=0.
Therefore k,(M)=0.
PROOF OF THEOREM 2. By Theorem 4, G is a cyclic group or a generalized
quaternion group. However the second alternative never occurs by
Thus G is cyclic.

LEMMA 3. Let X be a topological space on which Z, acts freely, and let
f: X—X be an equivariant map such that

fi=id  for some odd q,
f*=id : H¥(X; Z,) — H*(X; Z,) .
Then we have

Fr=id : H¥(X/Zy; Z) —> HXX/Z2; Z5)

for f:X/Z,—~X/Z, induced by |.

Proor. We shall assume inductively f*=id: H¥(X/Z.;Z.,) ~H¥X/Z,; Z,),
and prove f*=id: H*"\X/Z,; Z.)~H""(X/Z,; Z).

Let z: X~ X/Z, be the projection, and let weH(X/Z,; Z,) be the charac-
teristic class of the 2-fold covering #. Then we have a commutative diagram
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\./w ﬂ,'*
HYX/Zy; Z,) ———> H*NX/Zy; Zy) ———> H*"N(X; Zy)

Fr=id f* fr=id
v ~w 7[*
HYX/Z,; Z,) —> H*"X/Z,; Z,) ——> H**NX; Z>)
in which each row is the Gysin exact sequence ([10]). Let u be any element of
H**YX/Z,; Z,). Since

a*(F*(u)—w)= f*r*(u)—r*(u)=0,
there exists ve H*(X/Z,; Z,) such that

) =u+v=w.
We have then
FE )= )+ FAv~w)
=u+v-wtrw=u.
We have also

Hu)=u,

because f?=id. Since ¢ is odd we have F*(u)=u. This completes the proof.
ProoF OF THEOREM 3. Let G, be a 2-Sylow subgroup of G. Then G, is

cyclic by [Theorem 2. We shall prove that G, is a normal subgroup of G.
Assume now that G, is not normal in G. Let G,=<a). Put

[=Min{i | <a®*) is normal in G}

and @a=a?'"'. Then /=1, and the factor group G/{a® acts freely on the orbit

manifold M/<{a*. Therefore Lemma 1 implies that
Ro(M/a@®)=ko(M/{@*))= - =ky(M)#0.

Let =G be an element which does not normalize <&), and let =, p&G/<{a*> be
elements represented by &, Bap™' respectively. It follows that z°=p®=1 and
that if the order of o=pz is ¢ then <{z, p>=<o, ) is a dihedral group of order
2g. In virtue of g is odd. We see that Baf '@ representing o is
of order 2'q for some 7. Since the order of (ﬁ&ﬁ"‘&ﬂ” is odd ¢, it follows from
that

(0*)V*=id : H¥(M/<a* ; Zy) —> HX(M/<a* ; Zy).

Therefore, by [Corollary 2 of [ITheorem Il we have k,(M/{a*))=0 which contradicts
the previous result.

Since the 2-Sylow subgroup G, is normal in G, the Schur-Zassenhaus theo-
rem ([12]) asserts that G is the semi-direct product of G, and a subgroup H of
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odd order. However, since the group Aut(G,) is of even order, the homomorphism
@ : H-Aut(G,) given by (D(0))a)=0al* (§=H) is trivial. Therefore G is the
direct product of G, and H. This completes the proof.
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