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§1. Introduction.

If 6:(M, g)—(N, &) is a harmonic immersion ([4] or Section 3),’ then the
identity map 1 : (M, g)—(M, ¢*g) is harmonic (Proposition 3.1). Thus it would
be natural to study the Riemannian metrics G such that 1y: (M, g)—(M, G) is
harmonic. We say that G is then a harmonic metric with respect to the given
Riemannian metric g. We will study the space 4, of these G in Section 2.
We will show that 4, is a very large star set in the space, S, of the symmetric
covariant tensor fields of degree 2 on M. (Proposition 2.2 and [Theorem 2.5). In
Section 2 we will also introduce the concept of (relative) harmonic tensors and
obtain many fundamental results of such tensors. In connection with Berger-Ebin
decomposition of S (1] or Lemma 2.4), we will show that the space of harmonic
tensors in & is linearly isomorphic with the space, kerd, of the co-closed tensor
fields in S by the Einstein tensor field in the relativity theory for dimM=+2
see for dimM=2). Moreover, we will relate harmonic
tensors with holomorphic and geodesic vector fields on M (Theorems and
2.12). Also we will obtain a volume-decreasing phenomenon in T ,4 ,Nkerd
and that 7,4 ,N(kerd)* is the nullity space for the harmonic
map 1y : (M, g)—(M, g) (Proposition 2.13).

In Section 3 we will obtain a necessary and sufficient condition for an im-
mersion between two Riemannian manifolds to be harmonic. And we will obtain
some simple applications of this result. Under the assumption that ¢ is an im-
mersion into the euclidean space (E™, §,) and the Gauss map I': M—(Qn-s, Go)
is also an immersion we will show that (i) ¢: (M, ¢*Z,)—(E™, g,) is harmonic
if and only if ¢:(M, I'*G)—(E™, &, is harmonic (Theorem 4.1) and (ii) the
Gauss map I': (M, I" *50)—>(Qm_2, G,) is harmonic and 1, : (M, ¢*go)—(M, I" *50)
is affine if and only if (M, ¢*5,) is of constant curvature and either (a) (M, ¢*F,)
is immersed in a hypersphere of E™ as a minimal surface or (b) (M, ¢*F,) is

immersed into an open portion of the product surface of two planar circles
(Lheore 8).

*) Partially supported by NSF Grant 80-03573.
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For general results and known results on harmonic maps, please refer to
Eells and Lemaire [4].

§2. Geometry of identity maps and harmonic tensors.

We consider an n-dimensional connected manifold M covered by systems of
coordinates (x*) and with a Riemannian metric g=g;;dx’dx®, where the indices
h, i, 7, k, --- run over the range 1, 2, ---, n. We denote the Christoffel symbols
with respect to g by

ha
F;Li:gT {0,81a+0:87a—008 i}
and the covariant derivative of a tensor, say T; by

Viji:aiji—'[y;g'jTai—-ngTja,

where 0, denotes the partial differentiation with respect to x*. We denote by
K™ and Rj; the curvature tensor and the Ricci tensor, respectively.

Let G be another Riemannian metric on M. Denote by V¢, ---, etc., the
corresponding quantities on M for G. We say that G is a harmonic metric with
respect to g if the identity map 1, : (M, g)—(M, G) is harmonic in the sense of
[6] Thus, the metric G is harmonic with respect to g if and only if g% L},=0,
where L%=6I"%—I}.

The main purpose of this section is to study the geometry of the identity
map 1y : (M, g)—(M, G) such that 1, is harmonic.

First we observe that L=(L%) is a tensor of type (1, 2) satisfying L%=L%.
Moreover, from the definition of Christoffel symbols, we also have

2.1 ViG;i=GjoLti+Gio LY.
For the metric tensor G, if we put
2.2) f=trG=G3=g%Gy,,
where “tr” denotes the trace operator with respect to g, then we find
2.3) V;f=2G%L;.

We give the following fundamental lemma which provides an easy way to
verify whether a metric G is harmonic with respect to the given one g.

LEMMA 2.1. Let g and G be two Riemannian metrics on a manifold M.
Then G is harmonic with respect to g if and only if '

(%) V.f=2w;,
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where f=trG and w;=V°Gq;.
PrROOF. From (2.1) we have

(2.4) 8" VyGai=Gig** Lia+GE Ly

Combining this with we obtain the lemma.

Since () is a linear differential equation, implies that if G is a
Riemannian metric which is harmonic w.r.t. g, then sois tg+(1—12)G for ¢ in a
neighborhood (open or not) of [0, 17 on which it defines a Riemannian metric on
M. If we denote by # the space of all Riemannian metrics on M, by 4, the
subset of M given by 4 ,={G=M | G is harmonic w.r.t. g} and by & the space
of all symmetric covariant tensor fields of degree 2, then we have the following.

PROPOSITION 2.2. Y, is a star set centered at g in the vector space S.

Now, we introduce (relative) harmonic tensors as follows: a tensor G in S
is called a harmonic tensor with respect to g if it satisfies condition (x). In this
sense, the vector space of all harmonic tensors with respect to g may be thought
of as “the tangent space” T,4%,, the tangent space to 4, at g. From [Lemmal
2.1 we also have the following.

LEMMA 2.3. If G is a harmonic tensor with respect to g, then g+tG is a
harmonic Riemannian metric (with respect to g) ' for t in a neighborhood of 0
provided that M is compact. :

Let g7 denote the space of all tensors of type (», s). We denote by o the
codifferential of 7% defined by (BT){}ZI',Z:—V“Ti‘;ﬁ.’is. Then 6: 9%7,,—»9%. We
also denote by ¢ the restriction of 6 to S. A tensor T is called co-closed if
0T=0. If a tensor TS is regarded as an energy-momentum tensor, the equa-
tion 07=0 is sometimes called the conservative law of energy-momentum (see,

for instance, [8].
We recall the following decomposition of Berger-Ebin. (Formula (3.1) in [1]).

LEMMA 2.4. Let (M, g) be a compact Riemannian manifold. Then every
symmetric tensor SES is the unique sum S=T4_L,g for some symmetric tensor
T eS8 and some vector field v such that (1) 0T =0 and (2) T is orthogonal to L.g,

that is, SMT“(Vavb-i—V,,vu):O, where L denotes the Lie derivative.

The following two theorems describe the space of harmonic tensors (with
respect to g).

THEOREM 2.5. Let (M, g) be a Riemannian manifold of dimension +2. Then
we have the following linear isomorphism of vector spaces;

{GeS | G is harmonic w.r.t. g} =kero={TS8|6T=0}.

The isomorphism is given by the map ¢ : G— G—(trG/2)g.
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PrOOF. For any tensor G in § which is harmonic w.r.t. g, it is easy to
verify that ¢(G) lies in kerd. Thus ¢ is well-defined. Moreover, for any T <
kerd, VoT,,=0, let G=T-+(trT/(2—n))g, then it is easy to verify that G is
harmonic w.r.t. g and ¢(G)=T. Thus ¢ is onto.

If G is harmonic w.r.t. g and ¢(G)=0, then we have G=(f/2)g, where f=
trG. From this we may prove that G=f=0. Thus ¢ is also one-to-one.

Q.E.D.)

If M is 2-dimensional, the linear map ¢ is not injective, but still surjective.

In this case we have the following decomposition of harmonic tensors in S:

THEOREM 2.6. If dim M=2, then we have
{GeS | G is harmonic w.r.t. g} ={Ag|A€C(M)}D{T kerd|tr T =0}.

PROOF. Since M is 2-dimensional, 4g is harmonic w.r.t. g for any function
2 on M. Moreover, Ing={Tekerd | trT=0}. It is easy to check that kerp=
{1g | 2eC=(M)}, where ¢ is the linear map given as in (Q.E.D.)

REMARK 2.1. Theorems and say more than that the space of all
harmonic Riemannian metrics (with respect to g)' is infinite-dimensional.

Suppose M is 2-dimensional. By passing, if necessary, to the twofold cover-
ing surface, we may assume that M is orientable. It is then possible to choose
a system of isothermal coordinates {x!, x*} covering M. The metric tensor g
on M has the following form ;

g=E{(dx")?*4(dx??.

LEMMA 2.7. Let (M, g) be a Riemannian surface. Then a tensor T in S is
a harmonic tensor with respect to g if and only if

(2.5) fr= T‘%T“Jr«/—‘l Tw

is a holomorphic function in z=x'++/—1 x? for any set of isothermal coordinates
xY, x%, where T, ;=T(0/0x%, d/0x7).

Proor. Let X;=0/0x®. Then the Christoffel symbols satisfy (see, for in-
stance, p. 102 of [2]

X, E X,E
(2-6) Fh: L=—1"%= 22? ’ F22: l=— %1:2—2‘“
By direct computation we have
' Tu—T 1
@) 0 G ) =0Ty = 0T+ Ta)— (0T +0: T
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—t

0:(E tr T)—EVaTag—ZngTaz—‘F?lTaz“Fillea

82(E tr T)_EvaTaz_F}Z(T11+T22)

(Vz(tr T)""ZVGTQg) .

2
1
2
£
2
Similarly, we also have

(2.8) BI(I—“—;&)—I—(%TH: %(Vl(tr T)—2V°T,y).

Hence, by using Lemma 2.1, we see that the function fr is holomorphic in
z=x'4++/—1 x? if and only if the symmetric tensor T is harmonic w.r.t. g.

If T in S is a harmonic tensor (with respect to g), then @,=frdz* defines
a holomorphic quadratic differential on (M, g) globally. In particular, we have
the following well-defined linear map

@ : {Tekerd | tr T=0} — {holomorphic quadratic differentials}

defined by @ : T—®,. It is easy to verify from Lemmas 2.1 and 2.7 that @ is
one-to-one and onto. Consequently we have the following.

THEOREM 2.8. If dimM=2 and M is orientable, then the space {T =kerd |
tr T=0} is linearly isomorphic with the space of holomorphic quadratic differentials
on M with the natural complex structure.

By using [Theorem 2.8 and Riemann-Roch’s theorem we obtain the following.

COROLLARY 2.9. If M is a 2-dimensional sphere or a real projective plane,
then

{GeS | G harmonic tensor w.r.t. g} ={Ag | A€C>(M)}. .

ExaMpLE 2.1. The second Bianchi identity implies that (i) the Ricci tensor
R;; of a Riemannian manifold (M, g) is always a harmonic tensor with respect
to g and (ii) the Ricci tensor R is co-closed if and only if (M, g) has a constant
scalar curvature.

REMARK. (Added on April 20, 1983). Recently, J. DeTurck and R. Hamilton
(to be published) obtained a very good application of our result given in Example
2.1. Their result concerns uniqueness and non-existence of a Riemannian metric
with a given tensor R as its Ricci form. They found that, on the Euclidean
sphere S™ with the metric tensor equal to the Ricci form R, the only Riemann-
ian metric that has R as its Ricci form is a constant scalar multiple of R and
moreover, there is no metric whose Ricci form is ¢R for any constant ¢>1.
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For a co-closed harmonic metric, we have the following interesting volume-
decreasing phenomenon.

THEOREM 2.10. Let G be a co-closed harmonic Riemannian metric on M with
respect to g. Then we have

(a) tr,G is constant,

(b) for any c€R*, ¢G is also a co-closed harmonic Riemannian metric with

respect to g, and

(¢) if tryG=tr,g, then

(c.1) the volume form dV=dV, at each point of M; hence the map
1y : (M, g)—(M, G) is volume-decreasing and
(€.2) dVe=dV, on M if and only if G=g.

PROOF. Since G is harmonic w.r.t. g, gives V¥, f =2w;, where w;=
VeGq; and f=trG. If G is co-closed, w;=0. Thus f is constant on M because
M is assumed to be connected. This proves (a). Statement (b) follows easily
from

For the statement (c), denote by 4, ---, 4, the eigenvalues of (G%), where
Gi=g"G,;. We have

(ﬁli)”"é—l— é Zz:itr G=1.

i=1 n i=1 n
Thus the volume form dVs for G satisfies dVe=dV,. If dVe=dV, on M, we
have A4,= -+ =4,. Thus G=g. The converse of this is trivial. (Q.E.D.)

In Yano proved that a vector field v=(v®) on a compact Kaehlerian
manifold is holomorphic if and only if g**V,V,0*+R,*v*=0. In Yano and
Nagano used this equation to introduce the following.

DEFINITION 2.1. A vector field v=(v*) on a Riemannian manifold (M, g) is
called a geodesic vector field if g**V,V,0"+ R *v%=0.

In the following we shall give a geometric characterization for geodesic vector
fields in terms of harmonic tensors. In order to do so we assume that the tensor
G is orthogonal to kerd; that is, G=.L,g for some vector field v (cf. Lemma
2.4). Thus we have Vju,+Vv;=G;;. Hence we get

(2.9) ViV0i+VVw,;=V,Gy; .
From this we find
(2.10) , YN+ V0, =V;Gps,
(2.11) V0 +VNw0;=V:G;s .
From (2.9), (2.10) and (2.11) we obtain
ViVt V0= K i;%a— K100 =V G ji +V,G i — VG j1.
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By taking contraction on 2 and j, this gives
(2.12) 2V v +2R %0, =2VGos—Vif ,

where f=trG. Combining this with Lemma 2.1 we obtain the following charac-
terization of geodesic vector fields.

THEOREM 2.11. A vector field v on a Riemannian manifold (M, g) is a geodesic
vector field if and only if G=L,g is a harmonic tensor (with respect to g).
From this we obtain immediately the following.

THEOREM 2.12. A vector field v on a compact Kaehlerian manifold (M, J, g)
is holomorphic if and only if G=.L,g is a harmonic tensor (with respect to g).
We recall that the second variation for the harmonic map 1, : (M, g)—(M, g)

is given by
S(Vv, W>—R(, v)

for vector fields v on M. The nullity of the harmonic map 1, is defined as the
dimension of the space of the vector fields v such that

S(Vv, Tud— R, u)=0

for any vector field u of compact support. Thus by we have the following.

PROPOSITION 2.13. Let (M, g) be a Riemannian manifold. Then the nullity
of the harmonic map ly: (M, g)—(M, g) is equal to the dimension of (kerd)'=
{GeS | G=L,g for some geodesic vector field v}.

In particular, this implies the following.

COROLLARY 2.14. Let (M, g) be a compact Riemannian manifold. Then
{GeS | G is harmonic w.r.t. g and G _1kerd} is finite-dimensional.

Combining [Proposition 2.13 and a result of Yano-Nagano we also have
the following corollary immediately.

COROLLARY 2.15. Let (M, g) be a compact irreducible symmetric space.
Then the nullity of the harmonic map 1y : (M, g)—(M, g) is greater than the
dimension of the isometry group if and only if (M, g) is either a Hermitian sym-
metric space or the exceptional simple group manifold G,.

REMARK 2.2. Harvey-Lawson discovered that a class of manifolds which
is intimately related to the group G, has a remarkable analog of the Kaehlerian
manifolds in connection with the minimal submanifolds, especially with their
absolute minimum property.

We need the following.
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LEMMA 2.16. Let g and G be two Riemannian metrics on a surface M. Then
1y : (M, g)—=(M, G) s conformal if and only if 1'y-1y is bi-harmonic for any
conformal change of metric 1"y : (M, G)—(M, e*°G), where 1’y is also the identity
map. By 1'y-1y being bi-harmonic, we mean that both 1’y -1y and (1'3-14)"" are
harmonic.

PROOF. We put G=¢?*G. Assume that

1y s ~
Vi-ly: (M, g) — (M, G) —> (M, G)
is bi-harmonic for any p=C~(M). Then by taking p=0, we see that 1, is bi-
harmonic. Thus, we have

Onga(vg’bXa_vaXa):gba<v§’bxa_v§'bXa>
=g""(D(Xp) X0+ P(Xo) Xp — G(Xo, Xo)U),

where X;=0/0x’, @=dp, and U? is the vector field associated with the 1-form
@ for G. From this we find

(2.13) (trG)U¢=2U,

where U is the vector field associated with @ for g. Because this is true for
any function p on M, 1, must be conformal on the whole surface M. The con-
verse of this follows from a result of Eells and Sampson [5].

§3. Harmonic immersions.

Let ¢: (M, g)—(N, &) be a map between two Riemannian manifolds. The ¢
is harmonic by definition if its tension field t(¢)=div (¢4) vanishes or equivalently
¢ satisfies

3.1 gji(VE«ngb*Xi—qs*vi'in):O

where X;=0/0x’ and V¢ and V¢ denote the covariant derivatives of (N, &) and
(M, g), respectively. Let G=¢*F and V¢ denote the covariant derivative of
(M, G). Then (3.1) is equivalent to

3.2) g”(st.Xﬁ*Xi—¢*V§r,~Xz)Zg”(V%Xi—vain):O .

Let & denote the second fundamental form of the isometric immersion ¢: (M, G)
—(N, &. Then h(X; Xi):Vf;,Xj¢*Xi~¢*V?iji. And hence [3.2) gives the fol-
lowing.

PROPOSITION 3.1. Let ¢: (M, g)—(N, &) be an immersion between two Rie-
mannian manifolds. Then ¢ is harmonic if and only if (a) ¢*g is a harmonic
tensor with respect to g and (b) tr,h=0 identically.
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Note that (1/n)tr h is not the mean-curvature vector of ¢: (M, ¢*Z)—(N, 2).
From [Proposition 3.1 we obtain easily the following

COROLLARY 3.2. Let ¢: (M, g)—(N, &) be a harmonic immersion from (M, g)
into a complete, 1-connected Riemannian manifold (N, g) of nonpositive sectional
curvature. Then M is not compact.

PrOOF. If M is compact and ¢ is an immersion from M into (&, g), then
the second fundamental form A of the isometric immersion ¢ : (M, ¢*g)—(N, g)
is positive-definite with respect to some normal direction at some point p= M.
Since g is positive-definite, tr,h#0at p. Thus yields a contradic-
tion. (Q.E.D.)

Now assume that ¢: (M, g)—(N, £) is a harmonic immersion. Denote by &
the second fundamental form of ¢: (M, G)—~(N, &), where G=¢*3. Let R%and
R% denote the curvature tensors of (M, G) and (N, 2), respectively. Then the
Gauss equation gives

3.3) RYX, Y ; Z, W)=R¥ ¢« X, ¢+Y ; $+Z, $xW)
+E(h(X, W), h(Y, Z)—E&(h(X, Z), h(Y, W)),

for X, Y, Z, W tangent to M. Assume that dimM=2. Let E,, E, be an ortho-
normal basis on M with respect to G=¢*3. Then by putting X=W=E, and
Y=Z=E,, we obtain from the following.

3.4) 2Ko(T , M)=2K (4T yM)-+Z(trgh, trch)—|hl3%,

where Ky and K; denote the sectional curvatures of (M, G) and (&, g), respec-
tively.

If tr¢h=0 at a point p=M, (3.4) gives the well-known inequality Kz=Kj;.
Moreover, Ks=Kj if and only if A=0.

If tre¢h+0 at p, we may choose an orthonormal basis E;, E,, &, -, & of
T,N w.r.t. g such that F; and E, are tangent to M and they diagonalize the
symmetric matrix (g®/). Furthermore, we may assume that &, is parallel to
trgh. Since ¢: (M, g)—(N, £) is harmonic, [Proposition 3.1] then implies

gllh(EI; El)+g22h(E2) EZ):O'

In particular, this gives hj,=—(g'/g*)h},, where hi;=g(h(E,, E;), ). Because
(g is positive-definite, this implies h}4},=<0. Moreover, since &; is assumed to
be parallel to trgh, we also have h7,43,<0 for »=4, ---, m. Therefore, by using
equation [(3.3) of Gauss we conclude that K(T ,M)=Ky(¢+«T,M) and the equality
holds if and only if =0 at p. Consequently, [Proposition 3.1 gives us the fol-
lowing decreasing property for harmonic immersions of a surface [12].

COROLLARY 3.3. Let ¢: (M, g)—(N, &) be a harmonic immersion between™two
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Riemannian manifolds. If dimM=2, then ¢: (M, ¢*Z)—(N, Z) decreases the sec-

tional curvature unless this ¢ is totally geodesic. More precisely, the sectional

curvature of (M, ¢*g) and (N, §) satisfy Kupg(T ,M)SKy (T M), for peM.

And if Kgpg(T,M)=Ky(¢psT M), then ¢: (M, ¢*Z)—(N, ) is totally geodesic.
[Proposition 3.1 also implies easily the following.

COROLLARY 3.4, Let (N, g) be a Riemannian manifold of non-positive sec-
tional curvature and (M, g) be a compact 2-dimensional Riemannian manifold. If
(M, g) admits a harmonic immersion into (N, £), then the Euler characteristic of
M satisfies X(M)<0. If X(M)=0, then any harmonic immersion from (M, g) into
(N, &) is totally geodesic, i.e., h=0.

§4. Gauss maps.

Let ¢: M—(E™, g,) be an immersion from a surface M into the euclidean
m-space E™, where g, denotes the standard metric on E™. We denote by g, the
induced metric on M via ¢. Let Qn-, be the Grassmann manifold consisting of
2-dimensional oriented linear subspaces of E™. It is well-known that Q.,-, admits
a standard Riemannian metric 50 which makes Q,_, a symmetric space of rank
two. Moreover, with respect to a natural complex structure, Q.,-. is holomor-
phically isometric to the complex (m—2)-dimensional complex quadric.

The Gauss map I': M—(Q -, 50) is the map which is obtained by parallel
displacement of the tangent plane T ,M (more precisely, ¢+T,M) of M at p in
E™, For simplicity, we always assume that the Gauss map is regular. So, the
Gauss map induces a metric, denoted by G,, on M. In this and the next sections
we will study relationship between these two canonical metrics go and G, on M.

Let H and h denote the mean-curvature vector and the second fundamental
form of the isometric immersion ¢: (M, g,)—(E™, g,), respectively. Then a
result of Obata gives

4.1) Go(X, Y)=25(H, h(X, Y))—Kgi(X, Y)

where K denotes the Gaussian curvature of (M, g).
In Sections 4 and 5 we make the following

ASSUMPTION. ¢ : M—(E™, o) s an immersion from a surface M into E™
such that its Gauss map is regular.
In this section, we obtain the following relation between g, and G,.

THEOREM 4.1. ¢ : (M, go)—(E™, §o) is harmonic if and only if ¢: (M, Gy)—
(E™, G,) is harmonic.

Proor. Under the hypothesis, if ¢ : (M, go)—(E™, g,) is harmonic, ¢ : (M, g,)
—(E™, g,) is minimal. Thus equation [(4.1) implies
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(4.2) GoX, Y)=—KgiX, Y).

Therefore, trg,h=—(1/K)tr,,h=0. Hence, by Lemma 2.16 and [4.2] we conclude
that ¢: (M, Go)—(E™, g,) is also harmonic (Proposition 3.1IJ).
Conversely, if ¢: (M, Go)—(E™, &,) is harmonic, [Proposition 3.1] implies

4.3) trg,h=0, and

(4.4) Gl —TI)=0,
where (Gi) is the inverse matrix of ((G,),;) and I'*; and I'%; denote the Christoffel
symbols of G, and g, respectively.

We put M,={peM |tr, h+0 at p}. Then M, is an open subset of M. On
M,, there is an orthonormal local frame E,, E,, &, -+, én, of E™ w.r.t. §, such
that, restricted to M, E, and E, are tangent to M and &, is parallel to H=
(1/2)trg,h.  Furthermore, from we see that dim(Imh)=<2 at each point of
M. Thus we may also assume that the second fundamental tensors As, -+, An,
w.r.t. E,, Ey, &, -+, &n, take the following forms:

(A 0 _(& ¢ ———— A —
(45) a=(5 o) A= f)  A=r=de=o,
where go(4.(X), Y)=2,(h(X, Y), §). From we find

(4.6) (Go)u:Z%—i-az—I—/ﬁ, (Go)12=0, (Go)22:Z§+a2+#2:

where (G,);=Go(E;, E;). Using [4.3), [4.5) and [4.6) we get

4.7) (at+2) Akt a?+p5)=0,  a(3—2)=0.

On M,, 23+4,#0. Thus gives a(A;—2,) =4 h+a?+p2=0. If a+0,
these imply A=0. Because the Gauss map is assumed to be regular, yields
a contradiction. Consequently, a=0 identically on M,. Hence, and
reduce to

(4.8) (Gou=a+p? (G)1e=0, (Goe=4+1>,
(4.9) AAe+ p*=0, A4, 70, p#0,

on M,. For convenience we put

~

(4.10) VggEiz{;lZ.}Ea, Vgg.Ei:{;lZ.}Ea .

From and we have (see, Kobayashi-Nomizu [9], vol. I, p. 160, for

instance)

T 1
{11}: T (B 2)+p(E )},
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T
{22} 22_*_ 2 {4:(E, 22)+F(E11u) Go[E,, E,], E,)},

(4.11)
{5}:_:_1__{2(E2)+ (Eyp)—Go([Es, Er, Eo}
11 2§—|—[,¢2 B2y B 0 2, L1, £1)5,
2 1
{22} yE {R(Eode)+ p(E )}

For simplicity, we locally define 1-forms % by w’;(E,-):{Z}. Then we
obtain from [(4.4), [4.8) and [4.10) the following

~ ~

“12) Co({ ]} -otED)+ 1 {g - attE) =0
If k=1, (4.8), (4.11), and [4.12) give
(4.13) (B4 1) A(E14)— (A (") A:(E 1 45)
= p(B— B)E 1 p)+ (4 + p2) (A — AB)wi(E,) .
On the other hand, gives

(4.14) 22(E121>: _21(E122)_2ﬂ(E1ﬂ) .
Hence, by (4.13) and [4.14) we obtain
A (22 2(A,+ A
@.15) HE )= Ey)— M FEECER o
Similarly, we also have
A (A2 ) (A, + A
4.16) U E )= Eqp)— DETENAEL) 0y
#(22_21)

From the Codazzi equation of ¢: (M, go)—(E™, &), we have (Ng,h)(E,, E)=
(Vg,h)(E,, E,) (see for instance). Thus

(4.17) A(Dg,&s)+(EsA1)&s— 2w (E2) p 4

=D, E)+H(Eip)§i— ol ENAEs—oi(E1)AEs,
where D denotes the normal connection of ¢: (M, go)—(E™, &,). If we put
(4.18) D& =wits, r, s=3,4, -, m,

then (4.17) gives

(4.19) E A= poi(E)+(A—2)wi(EY),
(4.20) Elp:21w3( 2)— zﬂwl(Ez)
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Similarly, we also have
(4.21) E 2= poi(Ey) +H(A— )0l (E,) ,
(4.22) E,p=2,04E)—2pwi(E,) .
Substituting (4.20) and (4.21) into (4.15) we find
(4.23) wi(E,)=0.

Similarly, substituting (4.19) and [(4.22) into [4.16), we find

(4.24) wi(E,)=0.

From and (4.24) we see that (M, g,) is flat. Thus, the Gauss equation
implies A;4,—p*=0. Combining this with we see that M,=@. Thus
é: (M, go)—(E™, g,) is minimal. Therefore, by [Proposition 3.1, ¢: (M, go)—
(E™, go) is harmonic. (Q.E.D.)

REMARK 4.1. If dimM=3, is not true. In fact, there exists a
hypersurface M in E™*!, n=3, such that ¢: (M, g,)—(E™*", &,) is harmonic but
@ (M, Go)—(E™*, g,) is not.

§5. Harmonic Gauss maps.

Let ¢: M—(E™, g,) be an immersion from a surface M into E™ such that
its Gauss map is regular. Then, as we mentioned in Section 4, M admits two
canonical metrics g, and G, one induced from ¢, the other induced from its
Gauss map I In [1T], Ruh and Vilms studied the problem “when is the Gauss
map I': (M, go)—>(Qm-s, 50) harmonic?” And they obtained a beautiful theorem
which says that I': (M, go)—(Qm-s, 60) is harmonic if and only if the mean-
curvature vector of ¢: (M, g,)—(E™, g,) is parallel (in the normal bundle). In
this section, we shall study the following

PROBLEM. When is the Gauss map 1': (M, Go)—(Qm-2, G~0) harmonic?

Since G, is the induced metric on M via I, this is equivalent to ask when
is the Gauss map I': (M, Go)—(Qm-s, 50) minimal? For simplicity we denote by
h the second fundamental form of the isometric immersion I": (M, Go)—(Q n-s, 60).
Let X;, X, be the local coordinate vector fields; X;=0d/0x*. Then by a formula
of we know that the Gauss map I": (M, Go)—(Qm-s, Go) is harmonic if and
only if

(5.1) GIH{(Txh)( X, X)+h(V§X,—T§0X,, X)}=0,

where h denotes the second fundamental form of ¢: (M, go)—(E™, &o). It fol-
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lows from definition that GV £2X—V ;?g.Xi):——ro, where 7, is the tension field of
the identity map 1y : (M, Go)—(M, g,). Thus, gives the following.

PROPOSITION 5.1. The Gauss map I': (M, Go)—(Q n-s, 50) is harmonic if and
only if, for any XeTM, we have

(5.2) hzo, X)=trg,(Txh).

Since it is a very large class of surfaces in E™ whose Gauss map I': (M, Gy)
—(Qm-3, Go) is harmonic (or minimal) (see for surfaces whose Gauss images
are totally geodesic), complete classification of such surfaces seems to be formi-

dable. Thus we should study the problem under some additional assumptions.
First we give the following.

PROPOSITION 5.2. The Gauss map I': (M, Go)—(Qm-s, 50) 18 harmonic and
1y : (M, Go)—(M, go) is conformal if and only if either (2) ¢: (M, go)—(E™, &)
is harmonic or (b) there is a hypersphere S™ (with the canonical metric) of E™
such that ¢: (M, go)—S™* is harmonic.

PrROOF. If 1y:(M, Go)—(M, g,) is conformal, then 1, is harmonic. Thus
shows that if the Gauss map I': (M, Go)—(Qn-s, Go) is harmonic, then
tre(Vxh)=2tr, (Vxh)=2Dy H=0, where Go=(1/A)g,. Thus, the mean-curvature
vector is parallel. Moreover, from [4.1) we also have go(H, h(X, YV))=pg(X, Y)
for p=(1/2)((1/A)+K). This shows that ¢: (M, go)—(E™, g,) is pseudo-umbilical.
Consequently, (M, g,) is either minimal in (E™, &,) or minimal in a hypersphere
Sm-t of E™ via ¢ (see p. 69 of [2]. Since ¢: (M, go)—(E™, &,) is isometric,
either ¢: (M, go)—(E™, &) is harmonic or ¢: (M, go)—S™"! is harmonic. The
converse of this is easy to verify. Q.E.D.)

In particular, if 1, : (M, Go)—(M, g,) is homothetic, we have the following.

COROLLARY 5.3. The Gauss map I': (M, Go)—(Q n-s, (N}o) is harmonic and
1y (M, Go)—(M, go) is homothetic if and only if (M, go)is of constant curvature
and there is a hypersphere S™* of E™ such that ¢: (M, go)—S™ ! is harmonic.

PROOF. If I': (M, Gy)—(Qm-s Go) is harmonic and 1y : (M, Go)—(M, g,) is
homothetic, then by and Proposition 5.2 we may conclude that (M, g,) has
constant curvature. If case (a) of [Proposition 5.2 occurs, (M, go) is a minimal
surface of E™ via ¢. Since (M, g,) has constant curvature, this implies that
o: (M, go)—(E™, g,) is totally geodesic by a result of Chen and Yau. Thus
I'(M) is a point. This contradicts the regularity of /. Thus only case (b) of
[Proposition 5.2 may occur. The converse of this follows from and Prop-
osition 5.2. (Q.E.D.)

In order to classify surfaces in E™ such that I': (M, Go)—(Qn-s, Go) is har-
monic and 1, : (M, Go)—(M, g,) is affine, we give the following lemmas.

LEMMA 5.4. Let g and G be two Riemannian metrics on a surface M. If
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1y : (M, G)—(M, g) is affine, then either (a) 1y is homothetic or (b) both (M, g)
and (M, G) are flat.

PrROOF. Let H, denote the restricted linear holonomy group of M common
to g and G. If H, is not trivial, H, is irreducible. Hence, by Schur’s lemma,
G and g are conformal, i.e., G=¢*g for some function p. Since 1 is affine,
o must be a constant. If H, is trivial, both (M, g) and (M, G) are flat.

Combining [Corollary 5.3 and [Lemma 5.4] we obtain

LEMMA 5.5. If I': (M, Go)—(Qm-2, 50) s harmonic and 1y : (M, Go)—(M, gi)
is affine, then either (a) both (M, go,) and (M, G,) are flat or (b) (M, go) is of
constant curvature and ¢ maps (M, g,) isometrically into a hypersphere S™ ' of
E™ as a minimal surface.

shows that if case (b) of occurs, then 1, : (M, G,)
—(M, go) is always affine and I': (M, Go)—(Q n-2, 60) is always harmonic. There-
fore, we should only consider the case (a) in which both (M, g,) and (M, Gy)
are flat.

LEMMA 5.6. If (M, go) is flat and 1y : (M, Go)—(M, g,) ¢s affine, then Agis
parallel, where Ay is the second fundamental tensor given by go(AgX, Y)=
Zo(h(X,Y), H).

ProOOF. Since (M, g,) is flat, equation gives Go(X, Y)=2g,(AxX, Y).
For any fixed point p=M, let (x*, x%) be an orthogonal coordinate system such
that X;=0/0x% i=1, 2, are parallel and they diagonalize the symmetric matrix
(Gi) at p. Then we have I'%,=0 and G:(p)=0. Because ly: (M, Go)—(M, go)
is affine, we also have °°I:;=0. Hence G,, are constants on the coordinate
neighborhood. Because X; are parallel vector fields, these imply that Ay is a
parallel tensor. (Q.E.D.)

We put M,={peM | Go(p)=4g«p) for some A} and M,=M—M,. Then M,
is an open subset of M. The following result follows from [Corollary 5.3

LEMMA 5.7. If 1y: (M, Go)—(M, go) is affine, and I': (M, Go)—(Q m-2, 50) 18
harmonic, then each component of int(M,) lies in a hypersphere of E™ as a minimal
surface via @.

Now, we give the following main result of this section.

THEOREM 5.8. The Gauss map I': (M, Go)—>(Qm-o, 50) is harmonic and
1y : (M, Go)—(M, g,) is affine if and only if (M, g,) is of constant curvature and
either

(a) (M, go) is immersed in a hypersphere of E™ as a minimal surface via
@, or

(b) (M, go) is immersed as an open portion of the product surface of two
planar circles via ¢.

Proor. Under the hypothesis, if 1, is affine, then either 1, is homothetic
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or both (M, g,) and (M, G,) are flat (Lemma 5.4). If 1, is homothetic, (M, go)
is of constant curvature and ¢ immerses (M, g,) into a hypersphere of E™ as a

minimal surface provided that I': (M, Go)—(Qn-», Go) is harmonic.

If both (M, go) and (M, G,) are flat and I': (M, Go)—(Qn-s, Go) is harmonic,
then Ay is parallel (Lemma 5.6). In this case, we may choose local coordinates
(x?, x® such that

5.3 =0, Gou=(g D),

where a; are positive constants and V stands for V¢. From we have
trg,Go=480(H, H)=a,+a,.
In particular, [H]||;, is constant. Since 1y is affine, gives
Gopr =% =0.

Because I': (M, Go)—{Qmn-s, 60) is harmonic, [Proposition 5.1] implies

1 - 1 -
(5.4) 'a_(thXXl, X1)+a—(VXh)(Xz, X,)=0.
1 2
Combining this with we obtain
(5.5) Dih(X, X)=—"8D.H,
17 U
2a,
(5.6) Dxh(X,, X;) = DxH,
ag—‘al

on M;=M—M,, where M,={peM|a,=a,at p}. Since 1y is affine, 1, is homo-
thetic on int(M,).
Let N be a component of M, Because |H]|;, is constant, and
imply
go(DXh(le Xl); H):go(DXh(Xz, Xz), H)=0.

Combining this with and the Codazzi equation, we may find

(5.7 8(Vx)Y, Z2), H)=§(h(X, Y), DzH)=0

for any X, Y, Z tangent to N. From equations and we also have
8 DxDx h(Xy, X4), H)=—&o(Dx;7(Xr, X2), Dx H).

Let RP denote the curvature tensor associated with the normal connection
D of ¢:(M, go)—(E™, &,). Then we have

28/(RP(X,, X)h(X,, Xy), H)=F(Dx,h(X,, Xy), Dx,h(X,, X))
—go(Dth(Xzy Xz), szh(Xh X1).
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Combining this with [5.5), and the Ricci equation, we may find

(5.8) CAg, Ah(Xl,Xl)j:[AH; Ancx, x»1=0, on N.

Since Go(X, Y)=25,H, h(X, Y)=2g,ArX, Y), (5.3) gives
_/a/2 0

(5.9) Aw=("y az/z)'

Because a,#a, on N, (5.8) and show that Asx, x, takes the following
form ;

b 0
(5.10) Ah(Xl,Xl) :<01 bz) .

Hence, go(Anx, x9Xi, X1)=go(Anx, xpX1, Xo)=0. Similar argument vyields
gD(Ah(X,,X2)X2, X,)=0. Therefore,

6.11) Arcrsxo=(,, %)

for some g on N. Now, we shall claim that the first normal space Im#h is of
dimension <2 on N. If it is not, then H, h(X,, X,) and A(X,, X,) are linearly
independent. Because a; are constants, and give

RP(X,, XDh(X,, X)=—"2" R2(X,, XH.
17 U
Therefore, the Ricci equation implies
2a,

(5.12) [Amxl,xl), Ah.(Xl,Xz)]: LAx, Ah(Xl,Xz):l .

1— Qa2
From [5.9Y, [5.10), [5.11) and [(5.12) we get a;=b,—b,. Similarly, we may
also get a,=b,—b,. Therefore, we have a;,+a,=0. Thus, N is minimal in E™
via ¢. In particular, we have dimImhi=2 on N. This yields a contradiction.
Consequently, we always have dim Imh)<2 on M..
Now, if HAR(X,, X;)#0 almost everywhere, then Im A=Span{H, h(X,, X,)}.
By [5.9] and [5.10) we may assume that A, take the following forms;

R A R i R SRE )

with respect to a suitable basis. Since | H|l;, and a; are constant, c¢,, ¢, and e
are constant by virtue of [4.1). From [5.13) we have

(5.14) h(X;, XD)=cist+eb, h(Xy, X5)=0, h(X,, Xo)=cs§s—eb,.
Combining [5.3) and [5.14) we may find
Dth(le XZ)'__DXZh(le Xl):0°
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Thus we have
(5.15) C1DX253+QDX2 +=0.

On the other hand, [5.3), [5.4), and [5.14) also give

0= 2 {esDxéukeDat } 4+ leaDafimeDxda).

Combining this with (5.15) we obtain Dy,£,=Dx,£,=0. Similarly, we may also
obtain Dy &=Dx&,=0. Thus &, and &, are parallel in the normal bundle. Since
dim (ImA)=2 and Imh=Span{§,, &,}, a reduction theorem of Erbacher shows that
each component N of int(M,) lies in a linear 4-space of E™ Because &, is a
parallel nondegenerate minimal section (p. 124 of [2]), N is an open portion of
the product surface of two planar circles (Proposition 5.4 of [2, p. 1287]). By
continuity we may prove that N is the whole surface M.

If h(X,, X))AH=0 on some connected open subset U of M,, then h(X,, Xo;)\H

=0 on U. In this case, we may choose an orthonormal normal frame &, ---, &n
such that
_(Cy 0 (0 e A
Ag_(o cz), A4_(e o>’ Ag= - = Ap=0.

Since (M, go) is flat, ¢ic,=e? Thus dim(ImA)=2 on U. Moreover, we have
(5.16) h(Xy, X)=c:&s, WXy, Xo)=e&,, h(Xs, Xo)=csfs,
(5.17) (Gou=(citco)er, (Go)12=0, (Goloa=(c1+¢Cs)Cs.

By using these and a similar argument as we have given in the previous case,
we may also conclude that &; and &, are parallel in the normal bundle. Thus
by continuity and similar argument as before, we may also conclude that M=U
and M is immersed as an open portion of the product surface of two planar
circles via ¢.

Conversely, if ¢ is an immersion of case (a), then shows that
1y is affine and I': (M, Go)—(Qm-o, Go) is harmonic.

If ¢ is an immersion of case (b), then the Gauss map I": (M, Go)—(Qmn-2 50)

is totally geodesic (see Main Theorem of and by direct computation we may
easily prove that 1, is affine. (Q.E.D.)
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