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Introduction.

In this paper, we study the structure of C*-algebras generated by shift
operators on a separable Hilbert space § associated with a fixed basis {e,}ncz
where Z is the set of all integers. A pair (£, ¢) is said to be a topological
dynamical system if £ is a compact (Hausdorff) space and ¢ is a homeomorphism
of £. According to O’Donovan our C*-algebras correspond to the class of
topological dynamical systems which satisfy the condition: there exists a map
¢ of Z onto a dense subset of £ such that o(¢(n))=¢(n+1) for each n in Z.
We call each of these systems a shift dynamical system and denote by (2, o, ¢).
Although O’Donovan studied mainly the C*-algebras generated by a weighted
shift, we examine ones generated by a family of shift operators.

Recently, by Rieffel and Pimsner-Voiculescu [13], the irrational rotation
C*-algebras were completely classified by using the K,-groups. Furthermore,
Riedel generalized their work to the C*-algebras associated with minimal
rotations on the dual groups of countable discrete subgroups of the one-dimen-
sional torus T={z=C;|z|=1} where C is the set of all complex numbers.
Each of these C*-algebras associated with minimal rotation can be considered as
a C*-algebra generated by shift operators in our sense.

In Section 1, we discuss some general properties and two kinds of conjugacies
of shift dynamical systems, and consider the fundamental properties (e.g. sim-
plicity, existence of tracial state) of C*-algebras associated with those systems.
In Section 2, we show that the structure of simple C*-algebras corresponding to
the discrete subgroups G (not necessarily countable subgroup) of 7' is completely
determined by G. This generalizes Riedel’s results. Furthermore we give a
necessary and sufficient condition for a shift dynamical system to be one asso-
ciated with a discrete subgroup of 7. In Section 3, we discuss the case where
¢ is a homeomorphism of Z onto the subspace ¢(Z) of L. This is equivalent
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to that the corresponding C*-algebra contains the ideal of all compact operators
on . We here note that the results in this section are closely related to ones
by Green [8].
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1. Shift dynamical systems.

We shall examine the C*-algebras generated by shift operators on a Hilbert
space § and the relationship between these algebras and the shift dynamical
systems. We fix a separable Hilbert space § and an orthogonal basis {e,} ez
for . We define the shift operators on $ with respect to this basis.

DEFINITION 1.1. A bounded linear operator U on 9 is called a shift operator
if Ue,=z,+.€,,1 for every n in Z, where the absolute value |z,| of each com-
plex number z, is 1. In particular, throughout this paper, we denote by S the
shift operator with z,=1 for every n.

For a shift operator U with Ue,=2z,;,€,+: (nEZ), we define an operator W,
the diagonal part of U, by setting, We,=z,e, (n=Z), so that U=WS. Let S
be a family of shift operators and W(S) the diagonal part of S: namely, W(S)
={W;U=WS, U=S}. Let B(§) be the C*-algebra of all bounded linear opera-
tors on . For a subset T (resp. an element T) of B(9), CH ) (resp. C¥(T))
means the C*-subalgebra of B(9) generated by I (resp. T) and C*(Z, T) means
the C*-algebra C*(9\U{T}). For any shift operator U, C*(U) is *-isomorphic to
C*(S) because U is unitarily equivalent to S. Moreover, we easily find that, for
any family S of shift operators, C*(S) is spatially isomorphic to C*(S’) for some
S’ which contains S. Hence, to examine the properties of C*-algebras C*(S)
generated by S in B(9), it is enough to assume that S contains S. Under this
assumption, C*(S) is generated by W(S) and S. Furthermore we assume through-
out this paper that W(S) is a subgroup of unitary operators on § such that
SW(S)S*=W(S). Then C*S)=C*(W(S), S) and also SC*W(S))S*=C*(W(S)).

According to O’Donovan [6], the C*-algebra C*(S) corresponds to a shift
dynamical system 3=(£, o, ¢) in the following manner. Let = be the natural
representation of /~(Z) on 9 defined by =(a)e,=a,e, for each a=(a,) in [*(Z).
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Let A be the C*-algebra C*(W(S)) generated by the diagonal part of a family S
of shift operators. Then the C*-algebra A satisfies the following conditions:

(1) ACz(=(Z)) (2) SAS*=A.

On the other hand, if A is a C*-subalgebra with unit of #(/*(Z)) satisfying
SAS*=J, then there exists a family S such that C¥(W(S))=A. Therefore, for
our purpose, we study the structure of these C*-algebras C*(4, S). Since A is
an abelian C*-algebra, 4 is =-isomorphic to the algebra C(2) of all complex-
valued continuous functions on a compact Hausdorff space £ and we denote by
T the Gelfand representation of T in A. Define a(T)=STS* for T in . Then
a is a/*\-automorphism of A. Hence, a induces a homeomorphism ¢ of 2 such
that a(T)w)=T(c"'w) for every w in Q. Let ¢ be the mapping of Z into 2
defined by ¢(n)(T)=a, for n in Z and T==(a) in A Wheg\a:(an)el“’(Z).
Then Te,p=¢(m)e, for each m in Z. Since T(a(¢(n))):S*TS(¢(n)):anﬂz
T(¢(n—]—1)) for every T=n(a) in A where a=(a,)s("(Z), we have o(p(n))=
¢(n+9.\ Furthermore ¢(Z) is dense in {2 because |z(a)|=sup{|a,|;neZ}=
sup{|z(a)¢(n))|; n€Z} for each z(a) in A.

Conversely let X=(£, o, ¢) be a shift dynamical system. For a function f
in C(), we denote by z(f) the operator in B(D) defined by =z(f)e,=f(d(n)e,
(neZ). We put A={x(f); feC(2)}. Then A is a C*-subalgebra of z(/*(Z))
and is x-isomorphic to C(£) under the correspondence of =(f) with f. Further-

T T S
more we have SAS*=U4 and (Sz(f)S*)w)=n(f) ¢ 'w). Namely C*4, S) is a
C*.algebra generated by shift operators corresponding to the given shift dynamical
system X=(£2, o, @).

For a given shift dynamical system XY'=(2, g, ¢), let C*(X) be the C*-algebra
generated by #(C(2)) and the shift operator S, that is, C¥(2)=C*(zx(C(£2)), S).
We henceforth consider the relationship between the shift dynamical systems %
and the C*-algebras C*(2).

We here note a property of dynamical systems, and give a proof for the
sake of completeness.

PROPOSITION 1.2. Let Y=(£, o, ¢) be a shift dynamical system. Then the
following statements are equivalent.

1) 8 is an infinite set,

(2) ¢ is injective,

(3) ¢(Z) is a proper subset of L.

Proor. The implication (2)= (1) is trivial. (1)=(3): Suppose that £2

=an {¢(n)} ; then by Baire Category theorem, there is an n, such that {¢(n,)}=

{¢(no)} has a non-empty interior, so that each ¢(n) is isolated. This contradicts
the assumption that £ is infinite and compact. (3)=(2): Suppose that ¢ is not
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injective. Then there exist distinct numbers n, and m, in Z such that ¢(n,)=
¢(mo). Put k=n,—m,. Then we have

P(n)=a"""oP(mo))=0"""AP(no))=d(n—mo+n,)=¢(n+k)

for every n in Z. Hence ¢(Z)={$(0), #(1), ---, ¢(k—1)}. Since ¢(Z) is dense
in £, we have ¢(Z)=£. g. e. d.
We first consider the case where 2 is finite. Suppose that £ consists of
n-points {wo, ---, w,-;}. By the property of ¢, we can assume that cw;=w;4;
0=i=n—-2) and ow,-;=w,. Then n(C(X)) is the C*-algebra generated by =
projections Pn,i:kZZPnkH (=0, ---, n—1), where P, is the projection of $ onto
[

the one-dimensional subspace [e,] generated by e,. Let ¥V, be the unitary
operator of § onto HRP, defined by Vi,(ewsi)=erRe; (=0, -+, n—1; keZ),
where 9, is the n-dimensional Hilbert space with a basis {e, -+, e,_:}. Then
C¥(2) is =*-isomorphic to the C*-tensor product C*S)QB (9,) on HX9, by the
spatial isomorphism ¥, : T—V,TV¥ (T<C*2Y)) and thus it is *-isomorphic to
C(TYRB(H,), where C(T) is the C*-algebra of all continuous functions on 7.

Since an a-invariant ideal in #(C(£2)) corresponds to a proper o¢-invariant
closed subset of £, it follows that C*(2) has no proper ideal if and only if ¢
has no proper invariant closed subset of £. In this case, ¢ is said to be minimal.
The following proposition is known ([6]).

PROPOSITION 1.3. Let X=(£2, o, @) be a shift dynamical system. Then we
have the following.
(1) C*2) is xisomorphic to the C*-crossed product n(C(Q))>a<Z,

(2) If Q is infinite, C¥(2) is simple if and only if o is minimal.

We here remark that the mapping : I—INz(C(2)) (I is an ideal in C*( X))
in Theorem 2.2.3. in [9] is not always one-to-one. For a proper o-invariant
closed set E of 2, we put J(E)={feC(£); f vanishes on E} and denote by
4(E) the ideal of C*(2) generated by 4(F) and S. Conversely, according to the
proof of Power [12], if ¢ admits an invariant ergodic positive measure with
support £, each ideal 4 of C*(2) corresponds to a closed o-invariant proper
subset £ of £, that is, §=4(F). In the general case, the ideals of C*(Y) do
not necessarily correspond to the ideals of C(£2) and such an example will be
given in Section 3.

Next, in order to discuss the existence of tracial state of C*(3), we here
consider the conditional expectation of C*(2) onto n(C(2)). For T in B(9), we
put £E(T)= > P,TP,. Then E is the norm one projection of B($) onto z(I*(Z)).

nezZ
We denote by FEjy the restriction of E to the C*-algebra C*(2). Then for
{fr}E-n in C(£), it follows that ‘



Shift dynamical systems 283

Ex(3 r(f0SH=r(f)  (=r(CQ)).

Since Ey 1s a bounded linear map of C*(2) into n(/~(Z)), the range of Ey is the
C*-subalgebra n(C(R2)) of C*(Y). Hence Ejs is the norm one projection of C*(X)
onto #(C(2)), and C*X)N\r(*(Z))==(C(2)). For each tracial state Tr of C*(2),
the restriction = of Tr to x(C(£2)) induces a o-invariant positive measure with
total measure 1 and it follows that Tr=¢-FEs. Conversely such a measure on £2
induces a tracial state of C*(Y) in the above manner. Moreover we have that
Tr=t-Ey is faithful if and only if the support of corresponding measure to T
on {2 is the full space 2. Since every minimal homeomorphism ¢ admits an
invariant ergodic positive measure with support £ (cf. [3, Chapter II, Exercise
9, (1) and (5)]), we get the following proposition. Though this is well known
implicitly, we note the statement in the context of shift dynamical systems.

PROPOSITION 1.4, Let X be a minimal shift dynamical system. Then C*(X)
has a faithful tracial state.

We here give an example of C*(2), which is the largest one in the C*-
algebras associated with shift dynamical systems.

ExaMPLE 1.5. Let S be the set of all shift operators. For a completely
regular topological space X, we denote by SX the Stone-Cech’s compactification
of X. Then 2=(8Z, o, ¢) is the shift dynamical system associated with C*(S)
where o({n.})={n.+1} for each net w={n,} of integers and ¢ is the natural
embedding from Z into BZ. Let E (resp. E., E.) be the set of all cluster
points of ¢(Z) (resp. ¢(Z.,), ¢(Z.)) where Z, (resp. Z_) means the set of all
positive integers (resp. negative integers). Then E, E. and E_. are oc-invariant
distinct closed proper subsets of £2. Hence C*(S) (=C*(2)) contains at least three
ideals, thus C*(S) is a proper C*-subalgebra of B (D).

Now we consider a relationship between the *-isomorphic classes of C*(Y)
and the conjugate classes of the dynamical systems 2. We recall that two
dynamical systems (£,, ¢;) and (£,, o,) are said to be conjugate if there exists
a homeomorphism h of £, onto £, such that heo,ch =g, If shift dynamical
systems X, =(2,, g, ¢;) and 2,=(82,, 0., @) are conjugate, then there exists a
x-isomorphism « of C(£2,) onto C(£,) such that aco,=c,°a. Since each C*-
algebra C*(2)) is *-isomorphic to the crossed product C(_Q)%fZ, C*(2Y,) and C*(2X,)
are #-isomorphic. Therefore the structure of C*-algebras C*(2) is determined by

the compact space £ and the homeomorphism ¢. But the following example
shows that the converse does not hold.

EXAMPLE 1.6. Put Q= {w,, w,}\UZ\U {ws}, where w, (resp. w,) is the limit
point of {2n;neZ,} (resp. {2n+1; neZ,}) and w; is the limit point of Z._
and each n (£Z) is an isolated point. Let ¢, and ¢, be homeomorphisms of 2
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such that ¢,0,=0.0,=w,, 010, =0,W,=®;, 01Ws=0,w;=w; but g,(n)=n-+1, o,(n)
=n—1. Let ¢, and ¢, be maps of Z onto £ such that ¢,(n)=n, ¢,(n)=—n.
Then Y,=(R, 0., ¢;) and X,=(2, g, ¢.) are shift dynamical systems. Consider-
ing the unitary operator V defined by Ve,=e_,, we find that VC¥(X)V*=C*(2,).
However there exists no homeomorphism s of £ such that hAeco,=g,0h.

REMARK. Arveson and Josephson [2] proved that the isomorphic classes of
the non-self-adjoint Banach algebras generated by shift operators and their diag-
onal parts correspond to the conjugate classes of the dynamical systems pro-
vided that ¢ admits an ergodic invariant measure with support £.

In the class of shift dynamical systems, we will define more strict conjugacy.

DEFINITION 1.7. Shift dynamical systems 2,=(2,, 04, ¢1) and X,=(2,, o3, ¢,)
are said to be strictly conjugate if there exists a homeomorphism A4 of £, onto
£, such that (he@,)(n)=g¢y(n) for all n in Z.

It is easy to see that strict conjugacy implies usual conjugacy and we have
the following.

PROPOSITION 1.8. Shift dynamical systems X, and X, are strictly conjugate
if and only if w(C(2,)=n(C(£2,)) on the Hilbert space 9.

PROOF. Suppose that there exists a homeomorphism 4 of £, onto £, such
that (heg,)(n)=¢(n). For f in C(R,), g=f-h"* belongs to C(2;) and =,(g)e,=
(feh ) Po(n))en=f(p:(n))e,=m.(f)e, for every e,, thus m(g)=m,(f), where x;
means the representation = of C(2;) on 9 for each 7 (=1, 2). Obviously the
map: f—feh~}, is surjective. Conversely we suppose that m,(C(£2,))=mr,(C(2,)).
Put a=x3'em;,. Then ais a x-isomorphism of C(2,) onto C(£2,). Thus « induces
a homeomorphism A of £, onto £, such that a(f)(w)=f(h 'w) for  in 2,. For
nin Z and f in C(2,), we have

f(¢1(n))en:ﬂl(f)en:ﬂz(UC(f))en

=(a-fNgs(n)en=f((h7">go)(n))en .

Hence f(g.(n))=f((h te@.)(n)) for every f in C(2,), thus (heg,)(n)=¢,(n). q.e.d.

We will consider the relation between usual conjugacy and strict conjugacy
for special shift dynamical systems. Let I’ be a monothetic compact abelian
group, that is, there exists an injective group homomorphism ¢ of Z onto a
dense set in I. Put so=w+¢(1) for w in I where + is the group operation in
I' Then Y=([} o, ¢) is a shift dynamical system. These systems are fully
studied in the next section.

PROPOSITION 1.9. Let 2=(82, g, ¢) be a shift dynamical system satisfying
either (1) or (2) of the following :
(1) Every ¢(n) is an isolated point in Q,
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©2) 2=, o, ¢) for some monothetic compact abelian group I.

Then a shift dynamical system 3,=(£2o, 60, ¢o) 1S conjugate to X if and only
if X4 is strictly conjugate to X.

PROOF. Suppose that there exists a homeomorphism %2 of £ onto £, such
that keo=o,°k. Then 2, satisfies the same conditions as Y does. We first
consider the case (1). Since Qo=Fk(H(Z)Jk(2—¢(Z)) and k(¢(Z)) are open,
k(Q—¢(Z)) is a o,-invariant closed set in £2,, so that ¢,(0)==Fk-¢(m) for some m.
We put h=¢7-k. Then his a homeomorphism of £ onto £, such that h(¢(n))
=g@o(n) for all n in Z. In the case (2), we put h(w)=k(@+k % (¢(0))) for w in
0. Then we have that A(¢(n)=k(@(n)+k Y@s(0))="rk(c™(k " ($s(0))=
k(R (0%(6(0))))=go(n). q. e. d.

Propositions 1.8, and the fact C¥(2)N\x(*(Z))==(C(2)) imply the follow-
ing equivalency.

COROLLARY 1.10. Let 2 be as in Proposition 1.9. Then 2%, is conjugate to
Y if and only if C*(2)=C*(2).

2. C*-algebras corresponding to discrete subgroups of 7.

We denote by T, the one-dimensional torus with discrete topology and con-
sider a unitary representation = of T, on the Hilbert space § with a basis
{es} nez. For each element ¢**** in T, let n(e?***) be the unitary operator on
H defined by n(e?**%)e,=¢?*""*%e, (n=Z). For a subgroup G of T, we put
7(G)={n(g); g=G}. Then =(G) is a subgroup of all unitary operators in z(I*(Z)),
so that C*(x(G), S) is a C*-algebra generated by a family of shift operators.
This section is devoted to the study of C*-algebras associated with subgroups G
of T;,. We denote by 2; the shift dynamical system associated with the C*-
algebra C*(z(G), S). Then C*(Ys) coincides with the C*-algebra C*(z(G), S).
Riedel has already studied the relations between C*-algebras C*(2;) and
groups G in the case of countable groups, but we do not have such assumption
for the groups G.

PROPOSITION 2.1. Let G be an infinite subgroup of Tq. Then Xe=(8, o, @)
has the following properties.

(1) 82 is homeomorphic to the dual group of G, which is a compact monothetic
abelian group.

(2) ¢ is an injective homomorphism, that is, ¢(n+m)=¢d(n)+@(m) for all n,
min Z.

) co=w+¢1) for w in L.

4) o is minimal on Q.

In (2), (3) and (4), 2 is identified with the dual group of G.

Before going into the proof we remark that the dual group G of G is a
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compact monothetic abelian group with dense countable subset ¢(Z), where ¢
is an injective homomorphism of Z into G such that {e®7i%, ¢(n)y=e?"i"* for
2*™* in G and n in Z where {e**‘%, 7> means the value of a character y&G at
the point ¢2*%*% in G (see [16, Theorem 2.3.3]).

ProOOF oF ProrosiTION 2.1. (1) and (2): Let A4 be the linear subspace of
C*(n(G)) generated by n(G). Then, since G is a subgroup of T,, A is a dense
x-subalgebra of C*(z(G)). Let » be the map of A into C(G) defined by

v(é akn(e“”k))(r)zlﬁ R N

for e**i*reG (k=1, 2, -, p) and y€G. Then, we find that » is an isometric
map of A into C(G) by the following equalities and so 7 is also well-defined ;

D . 4 X N
M(kzt am(e“”k))llzsup{lkz aple’ 7k, 1| reGl
=1 =1
P » )
=sup{| X a,{e*" "k, H(n))|; n€Z} =sup{| X a,e***"*k|; ne Z}
k=1 k=1

P .
= kzzllakn(e””k)ll .

Since z(e****)*=gx(¢ ?"**), we can show that 7 is *-preserving. Hence, we shall

show that 7 is multiplicative. For any },akn(ez"””k) and Z)‘Bur (e2™*¥1) in A
l=1

and every y=G, we have the following equahtles,

73 (e =)} {3 Bun(et= 7))

P8 S apfim(e I EEIOYG)

k=1 l=

l

-

Il

vy q » g
E Z ak‘81<82”iwk+yl), 7>: E 2 ak‘81<ez””k, T)(e“"“, 7,>

k=1 l=1 k=1 l=1

=1 z: sz (@ =) ;3 Bur(e D)) .

Thus, » is an isometric homomorphism of A into C(G). Since A is dense in
C*(x(G)) and we can show that n(A) is a dense *-subalgebra of C(G), 7 can be
exteAnded tﬁl& isomorphism of C*(z(G)) onto C(G). Thus, £ is homeomorphic
to G and zw(e* %) (@(n))=n(x(e?***))(H(n)) for each n in Z. Y

(3): For each nin Z and g in G, we have thg\ equalities; z(g)(o(d(n))=
n(g)(qb(n—l-l))— (g) d(n)+¢(1)). Hence 7r( g)(o(w)=nr(g)w+¢()) for every w in
R since ¢(Z) is dense in L.



Shift dynamical systems 287

(4): For any 7y in G, the set O(y)=r+¢(Z) is homeomorphic to a dense
subset ¢(Z) of G. g. e. d.

Since every dual group G of G has a unique s-invariant measure, C*(X¢) is
x-isomorphic to the C*-algebra A,, of which the ideals were studied in [12]. In
particular, when G={e***"?; n=Z} where 6 (0<6<1/2) is an irrational num-
ber, A, is just an irrational rotation C*-algebra A4, of which Rieffel and
Pimsner-Voiculescu examined the properties. For Ay, the maps g4 and ¢y
in our consideration are as follows; ¢(e2*i%)=¢?"{@+0 for 27z in T=G, and
Po(n)=e**i"% We easily find that A, is simple and has the unique tracial state
Tr. Furthermore Rieffel and Pimsner-Voiculescu showed that Tr((Ag)p)=
(Z+ZO)N[0, 1]1={t[0, 1]1; e****=G,4} where (Ag), is the set of all projection
in 4. In general, a tracial state ¢ of a C*-algebra A induces a natural homo-
morphism 7 of the K,-group K,(A) into R where R is the set of all real numbers.
We denote by R.(A) the image of K(A) by #. In the above arguments, we will
in particular consider the last assertion for an arbitrary infinite subgroup G of
T,. To prove it, we will use many arguments in [14]. But Riedel discussed
the above problem for only countable groups.

Let G be a (not necessarily countable) infinite subgroup of T';. Then there
exists a monotone increasing net {G;}ies of finitely generated subgroups of G

such that UAG;:G. By the definition of C*(X), we see that C*(2¢) is a C*-
pI=s

subalgebra of C*(2,) if G, is a subgroup of G,. For 2in 4, let »; be the
identity map of C*(X¢,) into C*(X¢). Then C*(Xy) is the inductive limit of the
system {C*(X¢,), 7} 1es in the sense of Takeda [I7]. For the unique tracial
state Tr of C¥(Jy), let Tr; be the restriction of Tr to C¥2¢,). Using the
theory of inductive limit of C*-algebras introduced by Takeda [17], we can prove
that

RTr(C*(ZG»:;gl R (C*(2e,)) -

This can be shown by a similar way as Riedel did in [14, Lemma 3.1]. If G;
is an infinite subgroup of 7's, by [14, Proposition 3.5], it follows that R1.(C*(2'¢,))
={teR; ?"*=G;}. When G; is finite, say G, = {****/*; k=0, 1, ---, n—1}, we
have already seen that C*(X¢,) is *-isomorphic to C(T)RQB(9,), thus the above
equality holds too. Therefore we get Rr (C*¥(2Xe)={tcR; e***=G}.

THEOREM 2.2. Let G be an arbitrary infinite subgroup of T4q. Then we
have the following :

(1) Cx*(X) is a simple C*-algebra with the unique tracial state Tr,

(2) Rr(CH2p))={teR; "G}

REMARK. When G is a finite subgroup of T, the corresponding C*-algebra
g in Riedel’s paper is equal to B(9,). Thus, if G is an infinite torsion sub-
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group of T, the C*-algebra g in his paper (=C*(Y)) cannot be an inductive
limit of {s,} for any increasing sequence {G,} of finitely generated subgroups

such that O G,.=G. Hence the proof by Riedel [14, Theorem 3.6] was divided
n=1

into two cases; G is not a torsion subgroup and G is a torsion subgroup, and
the latter was reduced to the former.

implies that C¥*(Xg,) is *-isomorphic to C*(Xs,) if and only if
G,=G, because the group Rr.(C* X)) is an isomorphism invariant. Now we
give some examples of shift dynamical systems 2Yz=(£, o, ¢§) and C*-algebras
C*(X ) associated with subgroup G of T,.

ExaMPLE 2.3. Let G be the subgroup generated by e** and e¢?**’ where
6 (0<@<1) is an irrational number. Then 2=G=Z/2ZXT, ok, ¢**%)=
((B+1)(mod. 2), e27t¢=+®) where k=0 or 1 and ¢(n)=(n(mod. 2), e***?). Further-
more we have Rr (C¥X)=Z-(1/2)+Z-86.

ExAMPLE 2.4. Let A, be the set of periodic sequences in {*(Z) with period
k. Then wn(A,)=C*n(G,)) where G, is the finite group generated by e27¢/*,

Put B.= UJlk (resp. B,= UJ n)-  Then CH7(Bw.)=C*n(Gy)) (resp. C¥xn(B,))

—C*(n(Gp))) where Go= {e‘“‘“” x€QN[0, 17} (resp. Gp={e?*t*/?"; k=0, 1, ---, p",
neN}) and Q means the set of all rational numbers. Hence the character space
2 of CX=(Y GQ)) (resp. C*(n(ZG ))) is a profinite group V4 (resp. Z, the group of
p-adic integers)) (cf. [6, Chapter V.1.5]) and Z (resp. Z,) contains naturally all
integers Z as a dense subgroup, so that co=w+1 in z (resp. Z,) and ¢(n) is
the integer n in Z (resp. Z,). Furthermore we have R1.(C*(2¢)=Q (resp.
={k/p"; k€Z and neN}).

We have seen that C*(z(A,)) is spatially isomorphic to C¥S)QB($H,) by ¥,
in Section 1. Considering C*(S) as the C*.algebra C(T) of all continuous func-
tions on 7T, the inductive limit of {C(T)R B (9)} n=1.».... (resp. {C(THRQB &, nmt,2,..)
with respect to embeddings {{,}n-1,s,.. (resp. {¢jn} n=1,2,..) becomes the crossed
product C(Z)>G<Z (resp. C(Zp);‘<Z).

ExampLE 2.5. Let G=T,;. Then £2=bZ (the Bohr compactification of Z),
¢(n) is the integer n in bZ, cw=w+1 and Rr.(C*2s)=R.

For a given shift dynamical system Y=(£2, o, ¢), we will consider the con-
dition for XY under which 2 is conjugate to X¢ for some subgroup G of T,.
To see this, let M(£2) denote the semi-group of all maps of 2 into itself with
the pointwise convergence topology and E(2) denote the closure of the group
{o™ nez in M(2). The semi-group E(2X) is called an Ellis semi-group [3, Chapter
11.6]. Though {6"},cz is contained in the semi-group of continuous map on £,
a map in E(2) is not always continuous. However if {¢"},cz iS equicontinuous
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on £ and Y is minimal, where £ can be regarded as a uniform space since 2
is compact, then every map in E(2X) is a homeomorphism of £ and E(X) becomes
a group ([3, Proposition 2.97). In this case E(JX) is a compact abelian group
with a dense subgroup {6"},.cz, that is, E(X) is a monothetic group. The map
t—0°7 (t€E(2)) is a homeomorphism of E(2) and it is denoted by T,. There-
fore if {6} ,cz is equicontinuous, then 3X'=(E(X), T, ¢) is a shift dynamical
system where ¢(n)=¢" and E(Y) is a monothetic compact abelian group. By
[16, Theorem 2.3.3], 2’ is conjugate to Zs=(G, 034, ¢3) for some subgroup G of
T, by a homeomorphism 4 of E(X) onto G such that h(o™)=¢a(n). Namely X’
is strictly conjugate to X;. From this fact, we can see that X ‘is strictly con-
jugate to Y. In fact, the map §:0—d(¢(0)) (= E(2)) is a homeomorphism of
E(2) onto £ such that B(c™)=0™¢(0))=¢(n) (cf. [3, Exercise 21]). By what we
mentioned above, [Proposition 1.9 and [Corollary 1.10, we get the following.

THEOREM 2.6. Let X=(£2, o, @) be a shift dynamical system. Then the fol-
lowing statements are equivalent. '

(1) {0™ nez is equicontinuous on Q and X is minimal.

(2) 2 is conjugate to 3 for some subgroup G of Ta.

() 2 is strictly conjugate to Xg for some subgroup G of T,.

4) CH2)=C*2).

REMARK. Let ¥=(£, g, ¢) be a shift dynamical system. We do not know
whether or not {¢"},cz is always equicontinuous if C*(X) is *-isomorphic to
C*(2¢) for some subgroup G of T,.

By Furstenberg’s example [10, p. 585], we get an example of a simple C*-
algebra which is not #-isomorphic to C¥(Ys) for any subgroup G of T,.

ExXAMPLE 2.7. Let 2=T%=[0, 1)X[0, 1) and a(x, y)=(Tsx, f(x)+y) where
T, is the rotation on 7 associated with an irrational number 6§ (0<6<1) and f
is a continuous map of T into itself. By Furstenberg [10], ¢ becomes a minimal
non-uniquely (that is, there exist at least two ¢-invariant measures on ) ergodic
homeomorphism for a suitable # and f. Since every ergodic homeomorphism is
minimal, ¥=(£2, o, ¢) is a minimal shift dynamical system where ¢(n)=¢™(0, 0).
Thus C*(2) is simple and has at least two tracial states. By (1),
C*(2) is not *-isomorphic to C*-algebra C*(Y;) for any subgroup G of T, In
the case where f(x)=x, Anzai showed that ¢ is a minimal uniquely ergodic
homeomorphism on £. In this case, C*(2) is a simple C*-algebra which has a
unique tracial state. It is unknown whether this C*-algebra is *-isomorphic to
C*(3 ) for a subgroup G of T,.

REMARK. Let 2 be a shift dynamical system (£, o, ¢) such that 2 is
homeomorphic to the one-dimensional torus T. According to the classical theorem
of Poincaré, every homeomorphism 8 of 7 such that O(w)=T for some w in T



290 S. KawaMurA and H. TAkEMOTO

is of the form B=heT4oh~* where Ty is as in Example 2.7 and & is a homeo-
morphism of 7T onto itself. Therefore J is conjugate to Xy=(T, g4, ¢y) and
thus C*(2) is *-isomorphic to Ay (=C*(Yy)) for some irrational number 4.

3. C*-algebras C*(Y) and compact operators.

In this section, we will consider the shift dynamical systems XY=(£2, g, ¢)
such that ¢(Z) is open in £2.

LEMMA 3.1. The set ¢(Z) is open in 2 if and only if ¢(n) is an isolated
point for every n in Z.

PROOF. Suppose that ¢(Z) is open. Then there exists a neighbourhood U
of ¢(0) whose closure U is contained in the countable set ¢(Z). By Baire cate-
gory theorem, there exists ¢(n,) in U such that ¢(n,) is isolated, so that each
¢(n) is isolated. qg. e. d.

If ¢(Z) consists of finite points, then C*(2) does not contain compact operator
by the remark before Proposition 1.3l But, if ¢(Z) consists of infinite points, we
can give a necessary and sufficient condition for that the C*-subalgebra C*(X) of
B(9) contains all compact operators.

PROPOSITION 3.2. We assume that ¢(Z) is an infinite set. Then the set ¢(Z)
is open if and only if the C*-subalgebra C*(X) of B(9) contains all compact
operators.

PrOOF. The necessity is shown by [8, Lemmas 1 and 3]. So we show the
sufficiency. Suppose that C*(Y) contains the one-dimensional projections P, of
H onto [e,]. Let a=(0n, »)=-w then P,=xn(a) and so P,=x((*(Z)). Thus P,
belongs to w(C(2)) by the fact C¥X)N\x(™(Z))==n(C(2)) denoted in the remark
after Proposition 1.3 Hence P,==(f) for some continuous function f on £2.
Since Pren=n(f)en=f(¢(m))en=0n, ren for each meZ, f(f(n))=1 and f(¢(m))
=0 if m+#n. Since ¢(Z) is dense in £, f is just the characteristic function
Xsmy. Therefore ¢(n) is an isolated point in £2. g. e. d.

COROLLARY 3.3. Let 3,=(£2y, 01, ¢,) and X,=(2,, 0., ¢») be shift dynamical
systems such that C*(X,) and C*(X,) are x-isomorphic. Then ¢(Z) is open in £,
if and only if ¢(Z) is open in ..

PrROOF. If ¢,(Z) is an infinite set, then C*(2,) has an irreducible representa-
tion on an infinite dimensional separable Hilbert space. Hence, if one of ¢:(Z)
or ¢,(Z) is a finite set, the other is also finite because C*(Y,) and C*(X,) are
x-isomorphic. Thus, we may assume that both of ¢,(Z) and ¢,(Z) are infinite
sets. Suppose ¢,(Z) is open in £2,. By [Proposition 3.2, C*(2,) contains all com-
pact operators. Hence C*(2,) contains the ideal generated by minimal projections
in itself. Since C*(2,) acts irreducibly on 9, every minimal projection in C*(2,)
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is one-dimensional. Thus C*(J,) contains all compact operators. Therefore
$o(Z) is open in £,. q. e d.

Let C(9) denote the ideal of all compact operators on § and @ the canonical
map of B($) onto the quotient C*-algebra A(H)=B(D)/C (), which is called the
Calkin algebra on . Let 2=(2, o, ¢) be a shift dynamical system such that
$(Z) is open in £2. If the complement 2. =L2—¢(Z) contains a point @, such
that O(wo)={0"(w,); n€Z} is dense in 2. then Y =(2,, o, ¢.) is also a shift
dynamical system where o, is the restriction of ¢ to 2. and ¢.(n)=0"w,) for
each n in Z. We note that the C*-algebra C*(Y',) does not depend on the choice
of w, by [Proposition 1.3 By [8, Lemma 1 (iii) and Lemma 3], it follows that
the C*-algebra C*(2,.) is *-isomorphic to the quotient C*-algebra @(C*(X))=
C*(2)/C(D). Hence we have the following.

PROPOSITION 3.4, Let X=(2, o, ¢) be a shift dynamical system such that
H(Z) is not open in 2. Then C*2) is *-isomorphic to the quotient C*-algebra
O(C*(2y)) for some shift dynamical system Xg..

PRrROOF. Let £, be the disjoint union of 2 and Z. We define a topological
structure on 27 as follows. The family of open sets in £, consists of subsets
U of £ such that, for each w in UN{, there exists a neighbourhood V of w
in £ such that U\UFDV\UZy, where F is a finite set in Z and Z,= {n ; ¢(n)eV}.
Then every n in Z=02,— is an isolated point in £, and Z is a dense subset
of 2. We put oz(w)=0(w) for win £, oz(n)=n+1and ¢z(n)=n. Then X;=
(22, 0z, $z) is a shift dynamical system such that (2;).=2. Therefore, by the
fact mentioned before this proposition, C*(Y) is *-isomorphic to the quotient C*-
algebra C*(2z)/C(9). g.e. d.

COROLLARY 3.5. Let X be a minimal shift dynamical system. Then C*(2)
is x-isomorphic to D(C*(2'z)).

COROLLARY 3.6. If C*(2) is simple, then it is x-isomorphic to P(C*(2y)).

For positive integers p and ¢, let A, , be the C*-subalgebra of [*(Z) con-
sisting of sequences a=(a,) of complex numbers such that the sequences {@-np+i} =1
and {anq+j} 51 converge for each /=0, 1, ---, p—1; j=0,1, -+, g—1 and A, be
the set of sequences in A, , such that lim aﬂmﬂ-:lig}o @i for each 7=0, 1, -+,

r—1. Let X, , (resp. 2,) =(£, o, ¢) be the shift dynamical system associated
with the C*-algebra C*(n(A,,q), S) (resp. C¥(xw(A,), S)). Then £ is the compact
set {xo, =+, Xp-1} UZ\U{y0o, **-, ¥g-1} Wwhere x; and y; are the limit points of
{—np+i}rez, and {ng+j}.ez, respectively for each 7, j and o(n)=n+1, a(x;)
=x441 for i=0, 1, -+, p—2; 0(xp-1)=%0, 6(¥;)=yj41 for j=0, 1, -+, ¢—2; 0(yg-1)
=79, Clearly ¢(n)=n. When p=¢ and x;=y; for each 7, the above system
becomes the shift dynamical system associated with 4,. We can prove that, by
using an elementary calculation, the C*-algebra C*(Y, ,) (resp. C*(2,)) contains
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the ideal C(§) of all compact operators and its quotient C*-algebra by C(9) is
*-isomorphic to the direct sum of C(T)QB®H,) and C(TYQB(H, (resp.
CT)YRXB(®,)). In the case of Y,, this result is an immediate corollary to the
fact mentioned before [Proposition 3.4 that C*(2,) and C*(2)/C(9) are *-isomorphic
and C*(2,) is an example of a C*-algebra which contains ideals corresponding to
no proper g-invariant closed subset of 2. In fact, for the ideal 4={feC(T);
f(1)=0} of C(T), the set {TC*2,); HT)eIRQB(H,)} is such an ideal.

In the following, we shall show that there exists no shift dynamical system
except the systems 2, , and 2, in the case where 2—¢(Z) is a finite set. We
here remark that 2, ; and 2%, are the only cases which appear in [8, Section 17.

PROPOSITION 3.7. Suppose that 2—¢(Z) is a finite set. Then X is strictly
conjugate to X, , or X, for some positive numbers p, q or r.

ProOF. We first suppose that every point of 2—¢(Z) is a cluster point of
Z, and put 2—¢(Z)={x,, -, x,-1}. Then there exist mutually disjoint neigh-
bourhoods U(x;) of x; (=0, 1, ---, »—1). Let s be the number such that ¢°(x,)
=x, and o’ (x,)#x, for all j (1=7<s—1). We can assume that V=U(xs)N
{¢(ns); neZ,} is an infinite set (by replacing x, by ¢7/(x,) if V is finite and
UlxoN{d(ns+7s); neZ,} is infinite for j+#0) because U(x,) intersects countably
many points in ¢(Z). Put My={neN; ¢(ns)eV} and N,={neN; ¢(ns)&V}.
Then N is the disjoint union of N, and N,. If NV, is an infinite set, so is the
intersection (V,+1)N\N,. Though the infinite set {#((n+1)s); ne N} N\ {@(ns);
neN,} is contained in ¢°V, which has the only one limit point o¢°(x,) (=x,), a
point x, is not a cluster point of {¢(ns); neN,}. This contradiction implies
that {¢(ns); n>N} is contained in U(x,) for a large positive number N. Thus
¢(ns-+j) converges to o/(x,) for each j (0=j<s—1). Since each x; is a cluster
point of ¢(Z), we have r=s. Namely X is strictly conjugate to 2, For the
remaining case, as in the above, we can show that X is strictly conjugate to
2, . for some positive numbers p and q. q.e. d

Let {n;} be a strictly increasing sequence of integers with n, dividing 74,
for all £ and A, the norm closure of C)Jlnk in /*(Z). Then J, is a C*-
k=1

subalgebra of I*(Z) such that Sz(Aw )S*¥*=n(Awn,) and there exists a canonical
map ¢ of Z onto the dense open subset of the character space of (A ,). By
Proposition 3.2 and the fact of the #-isomorph of C*(Y,) and C*(X)/C(9),
C*((Awm ), S) contains the ideal C(9) of all compact operators and its quotient
C*-algebra by C(9) is *-isomorphic to C*(Ys) where G is the subgroup of T,
generated by {e**'™/"r;m=0, 1, ---, ny—1 and k=1, 2, ---}. Furthermore we
find that C*(Y;) is *-isomorphic to the quotient C*-algebra A(n,)/C(®) where
A(n,) is the C*-algebra generated by all periodic weighted unilateral shift opera-
tors on a Hilbert space & with respect to a basis {f.}.cy of & of period n, for
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some k. These C*-algebras A(n,)/C(R) were partially studied by Bunce-Deddens
[4], and furthermore Green and Ghatage-Phillips have already stated
that the inductive limit of a sequence {U(n.)/C(R)} satisfying some conditions
was determined by the corresponding torsion subgroup of T';. Furthermore
Ghatage-Phillips conjectured in the introduction of that C*(3;) were deter-
mined by subgroups G of T,.
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