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§1. Introduction.

D. Sullivan associated a differential graded algebra (DGA, for brevity)
My over the rationals Q to a topological space X, while D. Quillen [6] asso-
ciated to X a differential graded Lie algebra (DGL, for brevity) Ly over Q.
These algebraic objects contain all the informations about the rational homotopy
type of X at least when X has the homotopy type of a simply connected CW
complex of finite homology type. The DGA My (and respectively, DGL Ly) is
called a Sullivan (and respectively, Quillen) type (algebraic) model for the space X.

These assignments are generalized to the case of a fibration F—FE—B, where
we can associate a sequence of homomorphisms Mz—M B@M — Mz of DGA’s, or

LFHLF?LB%LB of DGL’s [11] with MzQ®My (and respectively, LF%BLB) a

Sullivan (and respectively, Quillen) type model for the total space E of the
fibration.

Mixing these two types, A. Haefliger constructed a DGL MzX Ly over

My which is free as an Mjz-module and whose quotient by the ideal (M3) is Ly,
in order to prove the Bott conjecture concerning the Gelfand-Fuks cohomology.
An advantage of his mixed type model lies in the following facts; the Koszul
cochain complex construction over Mp of MB@L » gives rise to a Sullivan type

model for the total space E while the same construction over the ground field
R gives a Sullivan type model for the space of cross-sections of the fibration.
A technical disadvantage of the mixed type model is that the base is negatively
graded while the fiber is positively graded and that we have to consider a pro-
jective system when both of the base and fiber contain nontrivial elements of
arbitrary high (low) degrees.

In this note we present basic definitions concerning the Sullivan-Quillen mixed
type and the Sullivan type algebraic fibrations in section 2, and prove the equiv-
alence of the homotopy categories of mixed type and Sullivan type fibrations
in section 5, using the generalized Koszul complex functor C¥ defined in section
3 and the generalized Quillen L functor L{ defined in section 4. This generalizes
Silveira’s result on the mixed type model for fibrations with a given cross-



222 K. SHiBATA

section. As a corollary, we see that the minimal model (=the Postnikov decom-
position) of a Sullivan type fibration with its fiber having the rational homotopy
type of a bouquet of spheres belongs to the image of the composite C¥-Lg{ of
the two functors above. Applying this result, we give in section 6, the explicit
description of the minimal models for the DGA’s I ,,=R[cy, -+, ¢,]/(deg>2n)
and WOn:I(n,@E(hzi_l ; 20—1=n) considered by Hurder and Kamber [4], [5]

The latter one gives at the same time the complete solution to a computational
problem of the Postnikov decomposition of the algebraic fibration P,—P,QW,
T

posed by Haefliger in connection with the calculation of his model for the
Gelfand-Fuks cohomology.

The main results of this note were announced in [8].

I would like to thank A. Haefliger for suggesting me to generalize the mixed
type model theory for fibrations to the case of those without cross-sections. I
owe a great deal to S. Hurder for his helpful suggestions on the computations
of the minimal models for truncated Weil algebras. [ also enjoyed valuable dis-
cussions with H. Shiga.

§2. Mixed type fibrations.

Throughout sections 2 to 5, A* is a non-negatively graded, augmented DGA
(i.e. A*=0 for 1<0, and A*Z2R) over a ground field R of characteristic zero
with the differential d4. A graded Lie algebra Ly over A* is a graded A*-
module which is a graded Lie algebra with an A*bilinear Lie bracket. The
grading in Ly is lowerly indexed and we have deg(a-y)=deg(y)—deg(a) for
every ac A*¥ and y€ Ly So we may equivalently put A.;=A* to have deg(a-y)
=deg(y)+deg(a) for every d= Ay and ye Ly.

DEFINITION 2.1. A graded Lie algebra Ly over Ay is an algebraic fibration
of mixed type (or simply, a mixed type fibration) over Ay if the following condi-
tions hold.

(i) Ly is a free Ay-module.

(ii) (R%L*)z:o for every /<0, and dimR(R§L*)i<w for every /=0.

(iii) L4 is equipped with a pair (X, D) where X is an element of L., called
the Euler element and D: Ly— Ly, is an Ay-Lie derivation of degree —1, i.e.

(2.2) D(a-Lys, y.)=du(a@)- [y, y:]+H(—=1)*¥@a
ALD(y1), y2]+(=1)%= 2y, D(y,)]},
called the exterior covariant differentiation, satisfying the following two formulas ;

(2.3) (“the Bianchi identity”) D=0, and
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(2.4) (“the curvature formula”) (D)Y(y)+[X, y]1=0 for every ye L.

By condition (ii), the Euler element X belongs to A--Ly (=A*-Ls). So on
the quotient Lie algebra Ij*:R(?L*, the induced derivation 1(§)D is a differential,

i.e. (1(AX>D)2:0 by virtue of (2.4). This quotient DGL
(2.5) (Ly=RQLs, 10D)

is called the fiber of the mixed type fibration (Ly, X, D). By condition (i), it
holds that L= A«® Ly as As-modules.

EXAMPLE 2.6. A mixed type model for the Hopf fibration

2.7 S1—» 8% —» S2
is given by
(2.8) R{ul/(w®) — Ru]/w*QL(e7'v) —> L(c™),

where u and v are respectively of degree 2 and 1, ¢~*v is the desuspension (the
shift of degree by —1) of v, and L(¢ %) is the free graded Lie algebra with
one basis element o 'w. On the graded Lie algebra R[ul/(u»)@L(c~) over
R[u]/(u?), we have the exterior covariant differentiation D=0 and the Euler
element X=uXo v.

Now let (IN,*, %, D) and (Ly, X, D) be two mixed type fibrations over the
same DGA A*. And let ¢: Li—Ly be a homomorphism of graded Lie algebras
over Ay, i.e., a degree preserving Ai-module homomorphism commuting with
the Lie brackets.

DEFINITION 2.9. Let (Ly. 7, D), (L4, X, D) and ¢ be as above. We define
the curvature Q=2()) of the graded Lie algebra homomorphism ¢ as the differ-
ence of the Euler elements;

(2.10) QP)=1—gieL_,.

Then the graded Lie algebra homomorphism ¢ is called a homomorphism of
mixed type fibrations if there is an element 6=0(¢) of L_,, called the connection
of the homomorphism ¢, which satisfies the following two formulas;

(2.11) (“the structure equation”) D(@)Jr%[ﬂ, 01=2(¢), and
(2.12) (“the connection formula”)
G D(H)—D-¢(3)=[6, ¢(3)]  for every j< L.

Compared with the mixed type fibrations, the Sullivan type fibrations are
defined as follows.
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DEFINITION 2.13. A DGA (E*, d) over A* is an algebraic fibration of the
Sullivan type (or simply, a Sullivan type fibration) over A* if the following con-
ditions hold.

(i) E* is a free A*-module.

(i) (R(%)E*)i:O for every <0, (R(%)E*)O;R, and dimR(R(%E*)i<oo for
every 7>0.

(A* d,) is called the base and the quotient DGA (R(%)E*, 1§>d) is called the

fiber of the Sullivan type fibration (E*, d).
Suppose we are given an A*-algebra homomorphism

(2.14) ¢: EF* —> A*
such that
(2.15) cou=id : A* —> A%

where u : A*—>FE* is the unit map. Such a homomorphism will be called a local
section to the Sullivan type fibration (E*, d). If the local section ¢ commutes
with the differentials, i.e.

(2.16) eed=dyee,

then e is called a cross-section (or a global section).

§3. Generalized Koszul complex functor.

In this section we generalize the notion of the Koszul chain and cochain
complex constructions for Lie algebras to those for mixed type fibrations.

DEFINITION 3.1. Let (Ly, X, D) be an algebraic fibration of the mixed type
over Ay. The Koszul chain complex CL(Ly, X, D) over Ax of (L, X, D) is the
DG coalgebra

(3'2> (Si(UL*), d:dL""Dery).

Here oL, denotes the suspension of Ly (i.e. (¢L);=L;.,) and Si(cLy) is the
graded symmetric coalgebra of oLy taken over A. with the Ay-action on oL«
defined by

(3.3) a-o(y)=(—1)e@ (3. y) for a€ Ay and ye L.

The differential d; is the usual one arising from the Lie bracket of Ly, i.e.
(34) dL<0'y1“‘0'yk): E (_1)77(1.'].)_10']:}'1', 3’j]0)'1"'3"’£"'0yk,

1si<jsk

and the coderivation D is the one induced by the exterior covariant differentia-
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tion of L. denoted by the same symbo], i.e.
(3.5) D(oy, - oyk)zlgsk(—l)c“’dyl o d(Dyg) oy

The sign conventions %(7, ) in and {(?) in are as in [3], p. 506. So
we put on d; the opposite sign to that of [3].

Finally the differential dy, called the Euler differential, is nothing but the
multiplication by the suspension ¢X of the Euler element X of L_,, i.e.

(3.6) dx(6y1+ 0YR)=0X-0Y1" GV
LEMMA 3.7. In C{(Lx, X, D) the following formulas hold.

3.8) (d1)*=0.

(3.9) Ded;+dp-D=0.
(3.10) D*+dyedp+dr-d,=0.
(3.11) Dedy+dy-D=0.
(3.12) (dy)*=0.

And consequently, we have
(3.13) d*=(dp+D+dy)?*=0.

ProOOF. The formula is a direct consequence of the Jacobi identity in
L,. And the sign conventions in and imply [3.9) The formula

is obtained from the curvature formula (2.4). The Bianchi identity (2.3) implies
(3.11). The formula [3.12) is obvious from dimensional reasons. Q. E. D.

DEFINITION 3.14. The Koszul cochain complex CH( Ly, X, D) over A* of a
mixed type fibration (Ly, X, D) is the Ax-dual of its Koszul chain complex
C4(Lx, X, D) over Ax;

(3.15) Ci(Lx, %, D)= {Hom%,(S%(o L), As), Homy(d, 1}.

This is a DGA over A*. Since L, is assumed to be a free Ay-module of
finite type and since the fiber L, is non-negatively graded by 2.1 (ii) while the
base Ax is non-positively graded, we have

(3.16) Hom¥,(S(0 L), Ax)= A*@Hom}(SK(oLy), R).

Therefore C¥(Lx, X, D) is a Sullivan type fibration over A*.
Notice that C%(Lx, X, D) has the natural local section

(3.17) e=Hom,(cwy, 1) : Hom¥,(Sf(c Ly), Asx) —> Hom¥ (As, A)=Ax=A*,

where
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(3.18) eyt Ax=S%,(0 Ly) —> S§(o Ly)= ?;:) Sti(o L)

is the canonical inclusion. We remark that ¢, commutes with the differentials
if and only if X=0. Therefore the local section (3.7) is a “global” section if and
only if X=0.

ExamPLE 3.19. Let (R[u]/(w®)QRL(c ), u@o~'v, D=0) be the mixed type
model for the Hopf fibration given in 2.6. Then its Koszul cochain complex
over R[u]/(u? is given by

(3.20) RLuJ/(WHREW); d'0) (=div) =u.
Now let us suppose, for the moment, that A* satisfies the following con-
dition ;

(3.21) (finite degree condition) A'=0 for every >N with respect to a certain
sufficiently large N.

And let ¢:(Ly, 7, D)—(Ly, %, D) be a homomorphism of mixed type fibra-
tions over Ax with connection 0=0(¢)e L_,.

DEFINITION 3.22. Under the condition (3.21) on A*, let (IN,*, 7, D, (Ly, X, D),
¢ and 6 be as above. We define an Ay-linear map

(3.23) G+ C&Ly, %, D) —> C4(Ls, %, D)
by
(3.24) doloyr - ay)=0(P(y1) -+ a(P(yr) Exp(a ),

where Exp(x) denotes the formal power series hi (1/hY)x™.  Notice that the
=0

connection @ belongsto A-- Ly (=A*-Ly) by 2.1 (ii). So (¢6)*=0 for sufficiently
large A by hypothesis (3.21).

LEMMA 3.25. The map g is a homomorphism of DG coalgebras over Ax.
Namely, denoting the comultiplication by p, we have

(3.26) U Po=(PsQpo)o s and
(3.27) (di+D+dy)epo=gse(d;+D+d7).

ProOOF. The formula (3.26) is easy to check by definition. The formula
(3.27) is also easy to verify by direct calculations using the structure equation
(2.11) and the connection formula (2.12). Q. E. D.

Therefore a homomorphism ¢ : (L, 7, D)—(Ly, 2, D) of mixed type fibrations
with connection # induces a homomorphism of DGA’s

(3.28) Hom(ga, 1) : Ci(Lx, %, D) —> Ci(Lx, 7, D)
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under the finite degree condition (3.21) on A*.

When A* does not necessarily satisfy the finite degree condition (3.21), let
A (¢=0) be the quotient of A* truncated by the ideal of the elements of degree
>q. And let

(3.29) 7g: A* —> A= A%/(deg>g),  and
(3.29) Topi AW —> A1 (g>p=0)

be the natural projections. By the change of base, a mixed type fibration
(Ly, X, D) over Ay gives rise to the ones (AR Ly, 1XX, 1QD) over A for all
A* A* A*

¢=0, which constitute a projective system of mixed type fibrations
{3.30) {7g p 1 (AR Ly, 1QX, 1QD)
AY A* A*
A. Ai A'
More generally, we define an admissible system of mixed type fibrations over

Ay as follows.

DEFINITION 3.31. A set {(Li&, X4, D), ¢=0; D, ,, ¢>p=0} of mixed type
fibrations over A and of isomorphisms

(3_32) @q! » : (A[p] ® ng]’ 1®x[qj’ 1®D[q3) —— (L;‘p]’ X[p]’ D[P])
Al4d

is said to be an admissible system of mixed type fibrations over Ay if

(3.33) 00r- 1@ 0, )=0,,  (r>g>p=0), and
Alq

(3.34) 00, )=0 (¢>p=0).

For example, every mixed type fibration (Lx, X, D) naturally gives rise to
an admissible system of mixed type fibrations {(LE.:IJ:AW@L*,XW:I(X)X, D=
1QD); Dq,p=id; ¢>p=0}.

DEFINITION 3.35. We define the Koszul cochain complex CE({( L, X%, D", @, »})
over A* of an admissible system of mixed type fibrations {(LF, 12, D'9), @, ,}
over Ay as the projective limit of the projective system

{Chea(L5E, X9, D), 7,55 ¢>p=0},

‘where 7/ , is the natural projection induced by that of the coefficients stated in
(3.29)* and by @, ,.
Neglecting the differentials, we have the isomorphism

13.36) CY{(L3®, 19, D), @y 5} )= A*Q(SEa LL-))' .
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For an admissible system of mixed type fibration {{A™Q Ly, 1QX, 1QD), @, »
A*

=id} induced by a mixed type fibration (L, X, D), the Koszul cochain complex
C¥( {(AC‘I](AX)L*, 1®%, 1®D), @, ,=id}) of 3.35 agrees with C%(Ly, X, D) defined
in 3.14.

DEFINITION 3.37. Let {(L{, #@, Dw), &, ,} and {(L{ X9, D<), @, ,} be
admissible systems of mixed type fibrations over Ax. A set of homomorphisms
of mixed type fibrations {¢@:(L§®, 70, Di9)—(L, X, D'9)} with connections
0" e L9 (¢=0) is a homomorphism of admissible systems of mixed type fibra-
tions over Ay if ¢rP%e@, =0, ,o(1 ®]¢[‘U) and @, ,(1 ([X>]0(¢[‘”))=0(¢“’3).

Alg

Alg
A homomorphism of admissible systems of mixed type fibrations over
Ay {9 (D@, 10, D)y—(L®, 19, D) ; g=0} with connections 8(q)=6(¢™) in-
duces a projective system of DGA homomorphisms

(3.38) Hom (%, 1)+ Hom¥n(CE¥ (L, x4, D), A)
—> Hom*(C£™ (L@, i, Jan), Aw)

such that

(3. 39) 7?1,1, p° HOmA[q](¢5q(]q) ’ 1) :HOmA[p](gbt[?Z();)) ’ 1) ° ﬂ,'&, D

Thus, taking the projective limit of (3.38), we obtain a DGA homomorphism
over A*;

(3.40) Do : CEHLEL, X9, D), @y ,}) —> CX{(LIP, 1@, D), &, ,}).

In particular, a homomorphism gb:(f,’*, %, 5)~>(L*, X, D) of mixed type fibra-
tions over Ax with connection @ gives rise to that of admissible systems of
mixed type fibrations {¢p": (AR Lo, 107, 1Q D)—>(AM® Ly, 1R, 1R DY}

A* A* A* Ax Ar A*

with connections {6((1):1®06Am(§) L}, which induces a DGA homomorphism
over A*

(3.40)* ¢F : Ci(Ly, X, D) —> Ci(Ly, 7, D).

Let us denote respectively by (DGL/As)mix and (DGL/Ax)mix the category of
the mixed type fibrations over Ay and that of the admissible systems of mixed
type fibrations over Ay. And denote also by (DGA/A*),,. the category of Sul-
livan type fibrations over A* with a given local section. The morphisms in
(DGA/A*),. are simply the degree preserving A*-algebra homomorphisms com-
muting with the differentials which are not required any compatibility with the
given local sections.

With these notations, we can summarize our results above as saying that
we have constructed the following diagram of functors
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(DGL/ As)mix ————) (DGA/A*)ioc

(340 (A®(-); PN /

(DGL//“l*)mlx

We call C%(—) the generalized Koszul (cochain) complex functor.
Now we explain about the relation between the Euler element X and the
existence of a cross-section.

PROPOSITION 3.42. Suppose the finite degree condition (3.21) holds for A*.
The Koszul cochain complex C¥(Ly, X, D) over A* of a mixed type fibration
(Ls, X, D) over Ax admits a cross-section if and only if

(3.43) (“the structure equation”)
D(O)+516, 1=

for the Euler element X holds for some element 0< L_,. When A* does not satisfy
(3.21), the same result as above holds if we replace a mixed type fibration by an
admissible system of mixed type fibrations.

ProoF. We only give the proof for the case where A* satisfies the condi-
tion (3.21), from which the proof for the other case is easy to deduce.

Suppose the structure equation (3.43) holds for some element d< L_;. Then
it is easy to see that the triple (L4, ¥=0, ﬁ:D—!-[B, —7) is a mixed type fibra-
tion, and that there is the natural isomorphism

(3.44) “id”: (Lx, ¥=0, D=D+[0, —]) —> (L« X, D)
with connection #(“id”)=6. So by (3.40)*, we have the isomorphism
(“id5)* : C4(L+, %, D) —> C¥(Lx, #=0, D)

over A*. The Sullivan type fibration C%(L4, =0, D) has the cross-section &
stated in (3.17) and (3.18). Therefore C%(L4, X, D) has the cross-section;

(3.45) Zo(“idp)* : CX(Lx, X, D) —> CX(Ls, i=0, D) —> A*.
Conversely, suppose CX(Ly, X, D) admits a cross-section
(3.46) e: C¥(Ly, X, D) —> A*
commuting with the differentials. Remark that
ecHom 4(C¥(Lx, %, D), A*)=Hom s(Hom 4,(S§(c L+), Ax), A%)
=S4(aLy).
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So ¢ can be considered as an element of Si(s L) by identifying the biduals via
the canonical isomorphism.

Let p;:S4(c Ly)—S¢,(0 Ly)=0 Ly be the canonical projection. Then it can
be shown that

(3.47) ——:lz—[a“ple, 07 pie]—D(a7 pre)+1=0

in Ly. Therefore, putting §=0"'p;e, we obtain the structure equation (3.43).
This completes the proof of Proposition.

§4. Generalized Quillen L functor.

Let (E*, d) be a Sullivan type algebraic fibration over A* with a given local
section e: E¥—A*. The obstruction for ¢ to be a global section will be denoted
by

(4.1) oX=d goe—e-d=Hom}i (E*, A%).
And we use the usual notation;
(4.2) Ex=Kere, i.e. E*=A*PE*.

Now we again suppose, for the moment, the finite degree condition (3.21)
on A*,

Consider the A*-dual {HomX.(E* A*), d’=Hom,(d, 1)} of (E* d). And con-
sider the free graded Lie algebra over Ax

(4.3) Lo~ Hom}(E*, A%))

generated by the desuspension of Hom*.(E*, A*).

The homomorphism ¢ of restricts to £*, and we define the Euler ele-
ment X& LA,(c-'Hom «(E*, A*%)) by

(4.4) X=0"Ydsee—eod)=—0"Ye-d)= o *Homjil (E*, A*)
C L4,(c *Hom¥%.(E*, A%)).

The dual differential d’=Hom(d, 1) and the comultiplication p'=Hom 4.(z, 1)
restrict to Hom*%.(E*, A*), and we define the exterior covariant differentiation D
in Li(o-*Hom¥%.(E*, A*)) as an As-Lie derivation defined by

(4.5) D(o™f)=Dy(a7 f)+Dy(c™'f)
where

(4.6) Do~ f)=—0"d—e-d)(f), and
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4.7) Dz<a-1f>=—§;<~1>deshi[a-1hf, o]
if
4.8) #(N=FRIHIDf+EhQ g

LEMMA 4.9. The triple (Li(o~*Hom*.(E*, A*)), X, D) as defined above is an
algebraic fibration of the mixed type as defined in Definition 2.1, and will be de-
noted by L{(E*, e).

Proor. The conditions (i) and (ii) of 2.1 are obviously satisfied by virtue
of Definition 2.13. By the definitions of the Euler element X and the exterior
covariant differentiation D, the Bianchi identity (2.3) and the curvature formula
(2.4) are easily verified by direct calculations. Q. E. D.

Next consider the homomorphism of Sullivan type fibrations over A*

(4.10) ¢: (E* d)—> (E* d).

Let ¢ and @ be the respective local sections of E* and E*.

Taking A*-duals, the homomorphism ¢ induces a homomorphism of reduced
coalgebras over A

(4.11) ¢’ : Hom*%.(Keré, A*) — HomX.(Kere, A*)
defined by
(4.12) (@'(F), x> a={F, (p—Ep)(x)>4

for every feHom%(Keréd, A*) and x<Kere.

The homomorphism o¢7!'¢’ naturally extends to a free graded Lie algebra
homomorphism

4.13) L(¢’) : Li(o~'Hom¥.(Ker?, A*)) —> L#(o 'Hom}.(Kere, A*)).

DEFINITION 4.14. Let ¢, ¢, ¢ and L(¢’) be as stated above. We first define
an A*-algebra homomorphism o8 of degree zero by

00=2¢-(¢|Kere)cHomj«(Kere, A*).

And then we define the connection 0=06(L(¢")) of the homomorphism L(¢’) as
the canonical image in L{(¢ *Hom¥%.(Kere, A*)) of the desuspension of ¢4 ;

4.15) =0 (¢-¢|Kere)eo 'Homj.(Kere, A*)
C L4,(67*Hom¥.(Kere, A%)).

LEMMA 4.16. The connection §=0(L(¢")) defined above satisfies the structure
equation (2.11) and the connection formula (2.12) with respect to the graded Lie
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algebra homomorphism L(¢’).

Proor. The lemma follows easily by direct calculations using the definitions
of X and D.

By Lemmas 4.9 and L4(—) is a functor from (DGA/A*)ec to (DGL/As)mix
under the finite degree condition (3.21) on A*. We call it the generalized Quillen
L functor.

Let us consider the case when (E£* d) is the Koszul cochain complex
C%(Lyg, X, D) over A* of a mixed type fibration (L, X, D) over As.

Identifying the A*-biduals by the canonical isomorphisms, we have, by
definition,

4.17) LECY(Ls, X, D), e)=(L(a7'Stn (o Lx)), X, Di+Dy),

where X is the canonical image of the Euler element of L. denoted by the same
symbol by the natural inclusion

(4.18) Ly=0"YoLy)=0"'S(6Lx) —> 7' S¢,(a L)

—> Li(o™'St(0 L),
and the A,-Lie derivation D, is characterized by
(4.19) Di(o7'x)=—0"Ndr+D+dy)x)

for every x=S%4,(6 L), and the second Ax-Lie derivation D, is determined by
the graded symmetric coalgebra structure of S#,,(c Ly).
Let

(4.20) o7 (p1) : 07 St (0 Ly) —> 07 Sty (0 Ly)=0" o Ly)= L«
be the natural projection. We define a graded Lie algebra homomorphism over Ay
(4.21) a : L{(e7' St (0 Ly) —> Ly

as the Ay-Lie algebra extension of the map ¢~ '(p,). Then it can be verified
that « is a homomorphism of mixed type fibrations over Ay, with connection
f(a)=0.

If we start from a Sullivan type fibration (E*, d) over A* with a given local
section ¢, we obtain the other adjunction map

(4.22) B : CE(L4(E*, ¢)) —> E¥*,
which is the A*-algebra extension of the natural projection
(4.23) Hom ,(ot;, 1) : Hom¥ (o Li(o-*Hom¥%.(E*, A*%)), As)

—> Hom% (o(o-'Hom#%.(E*, A*)), Ay )=E*.
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Again it can be verified that the homomorphism S is compatible with the
differentials in view of the sign conventions in and

In case A* does not satisfy the finite degree condition (3.21), we obtain an
admissible system of mixed type fibrations over A,

(4.24) {(LE(ADRQE*, 1Re), ¢=0; @, ,=id, ¢>p=0}
At Al‘

as the image of the functor L£(—):(DGA/A*)c—(DGL/As)mix. And the same
type of results as above are easily extended to the admissible system of mixed
type fibrations. We omit the details.

§5. Weak equivalences.

A homomorphism of Sullivan type fibrations over A* is called a weak equiv-
alence (or a quasi-isomorphism) if it induces an isomorphism in cohomology.

Let ¢: (f*, %, ﬁ)—>(L*, %, D) be a homomorphism of mixed type fibrations
over Ayx with connection §. Then ¢ induces a homomorphism of DGL’s over R
on the fiber;

5.1) 3 (f*:R(§>L~*, 1@ D) —> (Ly=R® Ly, 1®D).

DEFINITION 5.2. A homomorphism ¢ of mixed type fibrations over Ay is a
weak equivalence (or a quasi-isomorphism) if the quotient homomorphism ¢ on the
fiber induces an isomorphism in homology. And a homomorphism of admissible
systems of mixed type fibrations over A

(5.3) (¢ (Eﬂ[(q]’ vl Py —s (L @, 1@ prayy s g >0}

is a weak equivalence (or a quasi-isomorphism) if ¢t induces an isomorphism in
homology on the fiber.

Let us denote by (DGA/A*), (DGA,/A*) and (DGA,/A*),. the respective
categories of Sullivan type fibrations over A*, of those with a l-connected fiber,
and of those with a l-connected fiber and a local section. And let us denote
respectively by (DGLo/As)mix and (DGL,/Ax)mix the category of mixed type fibra-
tions over Ay with a connected fiber (i.e. L;=0 if /<0) and that of admissible
systems of mixed type fibrations over Ay with a connected fiber.

For simplicity’s sake, we will assume till the end of this section that A*
is 1-connected, i.e.

(5.4) A*=0 @G<0or i=1) and A°=R.
In fact this assumption can be weakened (cf. [9]).

THEOREM 5.5. (i) If ¢:(Ls, %, D)—(Ls, X, D) is a weak equivalence in
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(DGLy/ Ax)mix with connection 6, then
¢F : Ci(Ls, %, D) —> C¥(Lx, 1, D)
is a weak equivalence in (DGAy/A*)wc. Slightly generally, if
g ((LJ, 72, D), Bq, o} —> (LI, 10, DD, @, 5} ; g=0)
is a weak equivalence in (DGL,/As)mix with connection §=1{6(q); ¢=0}, then
¢F (=proj im (¢5%)*) : CE{(LE, X, D), @y })
—> CY({(L3®, 7, D), &,,,})

is a weak equivalence in (DGA;/A*)c.
(i) If ¢:(E* d)—(E* d) is a weak equivalence in (DGA,/A®) e, Tthen

(LI Lo~ Hom¥a (A9QKeré, A))
At
—> Lim(a‘lHomith(A[‘”%Ker e, A)); ¢=0}

is a weak equivalence in (DGL,/Ax)mix-
When A* satisfies the finite degree condition (3.21),

L(¢’): L4(o *Hom#%.(Keré&, A*)) — L{(o *Hom¥%.(Kere, A*))

is a weak equivalence in (DGLy/ Ax)mix-
(iii) The adjunction map

a0} : LECH{(LIE, 19, D), B }) —> (LD, %5, D%), @, )

is ¢ weak equivalence in (DGL,y/ Ax)mix-
When A* satisfies (3.21), the adjunction map

a . Li°C§<L*; 7"} D) I (L*) X} D)

is a weak equivalence in (DGLy/Ax)mix-
(iv) The adjunction map

B : Che L{(E*, e) —> (E*, d)

is a weak equivalence in (DGA,/A*)oc.

PrROOF. The theorem being true for A*=R ([6], Appendix B), the general
case follows from Moore’s comparison theorem for spectral sequences (cf. [3],
p. 509 and [9], 5.1). Q.E.D.

Let ho(DGA,/A*) be the category obtained from (DGA,/A*) by the localiza-
tion with respect to the weak equivalences [6], i.e. by adding formally an inverse
to each weak equivalence. And let ho(DGL,/Ax)mix and ho(DGL,/As)mix be
the categories obtained respectively from (DGL,/Asx)mix and (DGLo/As)mix by the



Sullivan-Quillen mixed type model 235

localization with respect to the weak equivalences.

COROLLARY 5.6. We keep the assumption (5.4) on the l-connectedness of A*.
The adjoint functors
Lg
(DGA/A*)pe — (DGL/Ax)mix
C%
induce equivalence of categories

(5.7) ho(DGA,/ A*)=ho(DGL,/ As)mix -

When the finite degree condition (3.21) for A* holds, the right hand side above
1s reduced to ho(DGLy/Ax)mix-

ProoF. Each quivalence class in ho(DGA,/A*) has a representative belong-
ing to (DGA,/A*). by virtue of the existence of a minimal model (=a Postnikov
decomposition) ([3], p. 508). This fact, together with (ii) of the preceding theo-
rem, implies that the functor L4 :ho(DGA,/A*)—ho(DGL,/Ax)mix is well-defined.
The rest of the assertions follow immediately from the preceding theorem. Q.E.D.

COROLLARY 5.8 (Generalization of Hilton’s theorem, cf. [3], p. 507). Let
(E*, d) belong to (DGA,/A¥)iee. Suppose the fiber (F, c?)z(R@E*, 1@61) satisfies
the following two trivialities.

(i) The multiplication in F is trivial, i.e. F*-F+*=0.

(ii) The differential in F is trivial, i.e. d=0.

Then the adjunction map

B = Che Li(E*, e) —> (E¥, d)

is the minimal model (=the Postnikov decomposition) of the unit map u: A¥—E*.

ProoF. By definition, C¥-L{(E*, ¢) is a free graded A*-algebra, and the
adjunction map f is a weak equivalence over A* by (iv). The
triviality assumptions (i) and (ii) of the corollary imply the triviality of D=
D,+D, modulo (A*) in L4(E*, e). This, in turn, implies the decomposability of
the differential d’=(d.,+D+dy)’ in CX(L4(E*, e)), for d7 and dy are evidently
decomposable by definition. Therefore the homomorphism p is the minimal
model. Q. E.D.

The corollary above gives a more conceptual proof of Lemma 2.1 of
although under the restriction on the l-connectedness of A*.

COROLLARY 5.9 (Lemma 2.1 of [7]). Let (E* d) belong to (DGA;/A*)icc,
and suppose the fiber (F, d) of (E*, d) is isomorphic as a DGA to the Koszul
cochain complex C¥L(V)) over R of a free graded Lie algebra L(Vy) over a
positively graded vector space Vi (i.e. V=0 for i<0). Then (E*, d) is isomor-
phic over A* to C;‘{oLi(A*@V*, e), where V*:REB(JV*)’, the differential and the
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multiplication in A*®I7* are induced from those of (E*, d) and the local section

e 1S the one naturally induced from the projection V*>R.
PROOF. By hypothesis, there is an isomorphism of free graded A*-modules

(5.10) @ : E*=A*QHom}(SEoL(V4)), R).

The A*-algebra structure and the differential in E* induce the quotient
ones in its retract A*®I7* via the projection and inclusion

(5.11) E* —ge» A*QHom#E(SE(a L(V ), R)

— A*QHomi(RPao(V ), R)=A*QV*.

Since the projection Hom#%(SE(o L(V 4)), R)-V* is a weak equivalence ([3],
p. 507), the Moore comparison theorem of spectral sequences asserts that the
projection in is also a weak equivalence. So the projection in [(5.11
is a minimal model for the fibration A*—»A*@?*. On the other hand,

B :Cke LA A*QV*, ¢)»A*QV* is also a minimal model for the same fibration

by the preceding corollary. Therefore the uniqueness property of the minimal
model insists that there is an isomorphism over A* between FE* and
Ck%o L4(A*®@V*, ¢). This completes the proof of Corollary.

§6. Applications.

Let EUZ"—BUZI™ be the universal U,-bundle restricted over the (homo-
topical) 2n-skeleton of the base space and

(6.1) Fa @ EUSY —> EU;?"’} EU, — BU,

be the associated fiber bundle over BU, with fiber EUZ™. The minimal model
(in the sense of Sullivan) for the base space BU, is given by

(6.2) I"=R[(,, Cyy -+, Cnl; degi;=2i, d(¢;)=0.
A Sullivan type algebraic model for the fiber EUE™ is given by
(6.3) Wo=(Rlcy, ¢5, -+, €a]/(deg>2n)QE(hy, o, -+, hy)

with degh;=2/—1, degc;=2:, d(h;)=ci, d(c;)=0.
A model for the total space of is given by

6.4) I"QWy; d(h)=ci—¢;, d(ci)=d(E:)=0.
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If we take the projection onto the left factor of EU ,‘f")% EU.,, we obtain

(6.5) EU, — EU;?’”UX EU, — BUZ™

with contractible fiber EU,. So the total space of is homotopy equivalent
to BUZ™. A model for BU® is given by

(6.6) Iwy=R[cy, oy -+, cp]/(deg>2n); dege;=21, d(ci)=0.
Therefore the minimal model for the Sullivan type fibration I*—I*Q W, is

isomorphic to that for the DGA I,, of [6.6). This observation was communicated
to me by S. Hurder. In fact, I(,, can be regarded as the Adgz, r-invariant
polynomial algebra on gi(n, R) truncated by the relation given by the Bott
vanishing theorem. Hurder and Kamber [4], studied the minimal model for
I in order to compute the dual homotopy invariants of codimension n foliations.
We are going to give an explicit description of this minimal model using
orollary 5.8 of the last section. In order to do this, we should first know the
explicit structure of H*(W,).
We denote the monomial h;hs, - hi @ cjicjy - ¢5, In W, by v{d;]) or
h(I)c(]), where I=(1,, i3, -+, tn) and J=(J1, Js -, Jo) are partitions by positive
integers 1<7,<4,< -+ <ip=n and 1=/,57,< -+ <j,=n.

THEOREM 6.7 (Vey [10). An additive basis for the reduced cohomology H*(W,)
1s given by the classes of cocycles v(I; J) satisfving the following conditions

L) =5t ret o +i=n.

@) i+|JI>n.

(3) ilé]'l-

COROLLARY 6.8. (i) HY(W,)=0 for ¢=<2n.

(ii) The multiplicative structure of ﬁ*(Wn) is trivial, i.e. T )1-Tvd”; J)]
=0.

(iii)y The homomorphism V : H¥W,)—»W, defined by V(v ; ND=v ; ]) is
a weak equivalence of DGA’s, where H*(W,) is considered as a DGA with the
trivial differential.

Using these results of Vey, we define an I™-algebra structure in I*QH*(W,)
by

(6.9) Lol NI-Lol” 5 I
=2 sign[ {2£u(i£—iy>} {2I§I# G1® =t IL G— 720 (1 ® —717)]

C(JAN(J NI —i1+ 7P +1'—ii+71® 5 J@)— 72 +J' (2)—71®)]

where the summation runs over all the subdivisions 7+ /=/J(1)+J(2) and i{+ )’
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=J'(1)+J(2) such that max/(1) =< j{® (=minJ2)) </, and max/J'(1) < j;®
(=min J'(2))<iy and that [v({—i;+7P -+ —i1+71®; J2)— 7@+ (2)—71®)] is a
Vey basis element given in (In fact the subdivision J/(1)+/'(2)
satisfying these conditions is uniquely determined by the subdivision J(1)-+J(2).)
Here I—i,+;®+1'—ii+71® means the disjoint union (I— {f;} U {FP}UI’'— {i1})
U{/1®} as a set, and so on. In the above, we allow the case J(1)=¢@ (and re-
spectively, J/(1)=¢), in which case we put j{¥ =z, (and respectively, 7i®=:).

LEMMA 6.10. The product in I"QH*(W,) defined above is graded commuta-
tive and associative.

PrROOF. Easy to check by definition.

Next we define an I™-linear map of degree -1

(6.11) d : ["QH*(W,) — I"QH*(W,)
by
6.12)  d(xU; ] )]):25

(=D#e; Qv —ip; )]
sp=sm
—‘5(3'2§J}<2)+1)C-(7'1, Ju jr(z))@[UU"‘il 3 J— {]'1, tty ].r(z)} )]

- 2> (—1)”5(2'2>]'r(p)+1)5(2'1, Ju e, jr(p))

2zpsm

®[U(I_ {Z.l, 1,u} +].r(p)+1 ; ]'— {]‘1; Tt ].'r(y)+1} 'i‘l,u):]

for every (I; )=y, 12, -, tm; J1, Jo» =+, Jg) With m=2 satisfying the conditions
(1), (2) and (3) of Here the symbol 6(7:=j,+1) implies either 1
(if 72=jr+1) or O (otherwise), and so on. And @iy, 71, =+, Jr(m) means &;,Cj, -
iy and 7(g) is the integer (0=r(p)=¢—1) defined by

(6.13) l‘ﬂ—)_“]”_jl_ o —Jrgn>n, and

(6.13)* Z.‘u—*_”]“—jlw _].T(,Lt)’—].r(;l)+1;§n .

For m=1, we put

(6.12)* d(lvly; ND=—cls, jy -, Jo)-

LEMMA 6.14. Let d be as above. Then (I"QH*(W,), d) is a Sullivan type
fibration over I™. Namely,
(i) d 1s a derivation, i.e.

(6.15) Ao @ 3 JOY]-Tod @ 5 J®)]- - Lo P 5 J®))
= B (D DI E e LRI, (W) T
1shsk

e d([oI ™5 J®YY) o [p(I B 5 Y],
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where |I™| denotes the number of elements in the partition I'™, which agrees
modulo 2 with the degree of [v(I™ ; J™)].

(i) d is a differential, i.e. d*=0.

PROOF. Part (i) can first be proved for the case 2=2 by explicitly comput-
ing right and left hand sides using definitions [6.9) and (6.12). Then the generdl
case is proved by induction on %2 by virtue of the associativity of the multiplica-
tion in I"QH*(W,). Part (ii) is easily checked by direct calculations. Q.E.D.

Now we define an /™module homomorphism

(6.16) dy s "QH¥W,) —> I"QW,
by
(6.17) S D=3 &l 5y oo, Ja-1)

®hj;(h1—ilc(j_ {jl: Ty ]1}) ’
where £(2) is the integer defined by

(6.18) Jew<tx=Jewsr if [I]122, or
(6.18)* jew=max] if I={i}.

In the definition above, we used the convention that j,=7,.

LEMMA 6.19. The homomorphism ¢y defined above is a weak equivalence in
DGA/I™)oc. Namely,

(1) ¢y is multiplicative,

(ii) ¢y commutes with the differentials, and

(iii) ¢y induces an isomorphism in cohomology.

PROOF. As in the proof of part (i) can first be proved in the
case for products of two basis elements [v(I; J)]-[v(I”; J))] by explicit calcula-
tions. The general case is proved by induction using the associativity of the
multiplication. Part (ii) is easy to verify by explicit calculations.

For part (iii), remark that the quotient map

(6.20) Fy + H¥W,) —> W,

is nothing but the Vey map V stated in [Corollary 6.§ (iii). So ¢y induces an
isomorphism in cohomology, and the Moore comparison theorem of spectral

sequences asserts that ¢, also induces an isomorphism in cohomology. This
completes the proof of Lemma.

Combining [Corollary 5.8 and Lemma 6.19, we obtain the following result.

THEOREM 6.21. The composite homomorphism
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(6.22) GroB 1 Chae LETQH¥W,), o) —> I"QHX(W,)
— I"QW,
s the minimal model for the homomorphism I"—I ”G?Wn in the sense of Sullivan,

where B is the adjunction map of the functors given in (4.22), ¢y is the extended
Vey homomorphism defined in (6.17), and e is the natural augmentation induced
from that of H*(W,).

The explicit description of L{"(J "@H *(W,), e) was given in [8].

Now that the minimal model construction is preserved by a change of base
(again by the Moore comparison theorem of spectral sequences, cf. [3] p. 509),
we obtain the minimal model of the algebraic fibration PnaPn@Wn (P, denotes

the universal Pontrjagin algebra =21™/(C,q4)) by applying the tensor product functor

I"/(Coaa) R (—) to each term of and identifying P, with I*/(Coaa). SO we
In

have the following result.

COROLLARY 6.23. The minimal model for the Sullivan type algebraic fibra-
tion P,QW, over P, is given by the composite homomorphism

(6.24) Jpof 1 Ch o LEMP,QHXW,), ¢) —> P,QH*W,)

where P, is identified with I™/(Coaa) and $y is the image of the extended Vey map
¢y by the tensor product functor I”/(c‘odd)(%)(~), and B is the adjunction map of
the functors. !
This is a reasonable answer to the problem of explicit description of the
minimal model for the algebraic fibration P,—P,QW, posed by Haefliger in [2]
Now that

(6.25) Pu@Wo=(I y@E(hyi-1; 2i—1=n))QPr@E(hyy ; 2i<n)),

and that the fiber P,QE(h,; 2:<n) is contractible, it holds that the natural in-
clusion WO, =1 (nyQE(hg;-1; 2i—1=n)—P,QW, is a weak equivalence. Therefore
the minimal model of P,—P,QW, given in also serves as the minimal

model for the DGA WO,, which has the same rational homotopy type as the
truncated Weil algebra W(gi(n, R), O(n)),.

Let M be a paracompact Hausdorff smooth manifold of dimension n=1 and
7c be the complexification of the tangent bundle = of M classified by a map
f%: M—BU,. Then f§ induces a bundle (f%)*7, over M with fiber EUE™,
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where %, is defined in [(6.1).

An algebraic model for an induced bundle is obtained by the base change.
Namely, let 2*(M) be the de Rham algebra of M and p; be a differential form
representing the i-th Pontrjagin class of M. The homomorphism I"—Q*(M)
defined by ¢,—p; and Cy;-,—0 makes 2*(M) an I™-algebra. A model for (f5)*?,
is obtained from that of #, given in by the base change;

(6.26) 2%(M) ;e; I"QW,)=2*(M)QW, .

Its mixed type model is also obtained by the base change;

(6.27) LE® Q¥ MQH*W,), ¢).

Notice that the fiber bundle (f%)*?, has a unique homotopy class of cross-
sections since its fiber EUZ™ is 2n-connected. The Koszul cochain complex over
the ground field R

(6.28) CHLE ™ (QMSH*W,), €))

is a Sullivan type model for the space of cross-sections I'((f$)*7,) (Haefliger,
cf. Silveira [9]), and this is the Haefliger model for the Gelfand-Fuks cohomology.

REMARK 6.29. If the stable tangent bundle z,,DR" admits a complex vector
bundle structure classified by a map f%:M—BU,, we may consider the induced
bundle (f%)*f., whose mixed type model is obtained from that of #, by the
change of base via the homomorphism I"—Q*(M) defined by ¢;—¢&;, where &<
2%(M) is a representing form of the /-th Chern class of z,PR". The cochain
complex

(6.30) HLE 0 QMYQH*(W,), e))

is a Sullivan type model for the cross-section space I'((f$)*7,), and we call it a
complex analogue of the Haefliger model for the weakly almost complex manifold
M. For example, the complex analogue of the Haefliger model for CP(1) is
evidently different from the original Haefliger model since ¢,#0 while p,=0.

Does the complex analogue of the Haefliger model have any vector field
interpretation?
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