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Bounds on the degree of the equations
defining Kummer varieties

By Ryuji SASAKI
(Received July 16, 1979)

Let % be an algebraically closed field whose characteristic is not equal to
two. Let K be the Kummer variety of an abelian variety X over g, i.e., the
quotient of X by the inverse morphism ¢: X—X, and let M be an ample
invertible sheaf on K. For any positive integer a, we denote by @y.: K—
P(I'(K, M%)) the mapping defined by the linear system I'(K, M%). In Section 1,
we shall prove the projective normality of Kummer varieties (Corollary 1.5):

The image @ya(K) is projectively normal for any a=2; moreover if the
canonical mapping

'K, MhHQI'(K, M)—T'(K, M?)

is surjective, then the image @ y(K) is also projectively normal.

In the last section 2, we shall prove the main result (Theorem 2.1) in the
present paper, which asserts :

The image Dyo(K) is (set-theoretically) an intersection of cubics when a=2
and quadrics when a=3.

This gives a partial answer to a problem proposed by D. Mumford.

I want to thank Professor S. Koizumi and Dr. T. Sekiguchi for their
encouragement and suggestion during the preparation of this paper, especially
the latter’s suggestion was very useful for proving the main result.

NOTATION AND TERMINOLOGY

Throughout this paper % is an algebraically closed field of characteristic
p#2. X will denote an abelian variety over %k of dimension g. For an integer
n, X, is the kernel of the homomorphism ny: X—X defined by x—nx. Let
L be an invertible sheaf on X. Then we denote by K(L) the kernel of the
homomorphism ¢ : X—X of X to the dual of X defined by x—T*LRL™?, and
denote by ¢(L) the theta group of L. As usual the action of ¢(L) is denoted
by U. P=Pyx will denote the Poincaré invertible sheaf on Xx X, and P, is
the restriction of P to XX {a} for any point « of X. For a linear form f on
a finite dimensional vector space V over k, we denote by [f] the point in the
projective space P(V) determined by f.
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§1. Projective normality of Kummer varieties.

We start with the following Proposition, which is a slight modification of
Proposition 1.5 in [6].

PROPOSITION 1.1. Let f: X—Y be an isogeny of abelian varieties, and let
L and M be ample invertible sheaves on X and Y such that f*M=L. Let
(X, LY pe the image of the induced mapping f*: ['(Y, M®)—I'(X, L?.
Then the canonical mapping

o2 [(X, LY OQI(X, L™ —T(X, L)

1s surjective for all n=3.
ProOF. By virtue of results of Sekiguchi (Main Theorem in and
Corollary 1.3 in [6]), we see that for any closed points a and § of Y,

I'(Y, M*Q Py, JQI'(Y, M"Q Py, p) = I'(Y, M""*& Py, a+p)

is surjective. We denote by W the image of the canonical map z. To prove
our assertion, it suffices to show that

for any local k-algebra (R, m) with residue field &
(*) and any R-valued point A of g(L™*),
U (XY, M**QR))CWQRR

(cf. Corollary).
Let j: @(L**?®)—K(L"**) be the canonical surjection. We put jA)=
ue K(L™"**)(R). Then we have the following commutative diagram :
T3
I Xs(Ls)**)>=I'(X, L"*)QR —> ['(Xs,T (L s)***) ' (X5,(Ls)"*?)
A rr [ 7
I'(Ys,(Mg)")=I'(Y, M*"*)QR —**>F(Ys,Tﬂu)(Ms)"“)ZF(Ys,<Ms)"+2®Py,T)

fw

where 7=¢yn+2(f(1)), S=Spec R, Xg=XXS and so on. On the other hand, we
have the following diagram:

(Y s,(Ms)QI'(Y 5,(Ms)"® Py, ;) —> I'(Y 5,(Ms)""* @ Py. ;)

l i

(Y, MHQIL'(Y, M*"QPy,;) I'(Y, M**QPy3),

where the vertical arrows are reductions modulo m and 7 is the composition

7
Spec(R/m)SSpec(R)—Y. As mentioned above, the bottom arrow is surjective;
hence by Nakayama’s lemma, we see that the top arrow is also surjective.
Since f*(Mg)"® Py, )==(Ls)", we obtain the following commutative diagram :
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(F(X, L2)Ker(f)®R)®([’(X’ L")@R} s F(X, L’“Z)@R
(B) @] I
DY 5,(M))QI(Y 5,(Ms)*® Py, ) —> ['(Y5,(Ms)"**® Py ) .

The surjectivity of the bottom arrow in (B) and the commutativity of the
diagrams (A) and (B) show the statement (¥). Q.E.D.

From now on, we assume char(k)+2. Following Mumford [2], we give
two definitions.

DEFINITON 1.1. If X is an abelian variety, then the quotient of X by the
inverse morphism ¢: X—X will be denoted by Ky, the Kummer variety of X.

DerFINITION 1.2. An invertible sheaf L on an abelian variety X is said to be
totally symmetric if L is of the form =*M for some invertible sheaf M on Ky,
where 7 : X—Ky is the canonical projection.

Let M be an ample invertible sheaf on the Kummer variety Ky of an
abelian variety X. We denote by [—17 the canonical automorphism of I'(X, L),
where L=r*M, induced by the inverse morphism ¢ and by I'(X, L). the sub-
space of I'(X, L) consisting of elements invariant under the action [—1]. Then
the image of the canonical map =*: [ (Ky, M)—I'(X, L) is ['(X, L),. Moreover
if K(L)=X,, then I'(X, L),=I'(X, L) (cf. [2] §3 Inverse Formula). Before
proving the projective normality of Kummer varieties, we shall give two lemmas.

LEMMA 1.2. Let L be an ample totally symmetric invertible sheaf on an
abelian variety X. Then there exist a finite subgroup scheme H of X and an
ample totally symmetvic invertible sheaf L’ on the quotient Y=X/H such that
K(L"=Y, and p*L’'=L, where p: X—Y 1is the canonical surjection.

PrROOF. Since L is ample and totally symmetric, K(L) contains the group
X;; hence L=(L,? for some invertible sheaf L, (cf. § 2 Corollary 4 to
Proposition 6 and § 23 Theorem 4). Let H be a maximal subgroup of K(L,)
satisfying e’1| 5. xz=1, and let p: X—Y=X/H be the canonical surjection. Then
there exists a principal invertible sheaf M; on Y such that p*M,~L,. Let M,
be a symmetric invertible sheaf on Y, which is algebraically equivalent to M,.
Put L’'=(M,)®.. Then L’ is totally symmetric and p*L’ is algebraically equivalent
to L. Both p*L’ and L are totally symmetric. Therefore p*L is isomorphic
to L (cf. p. 307). Q.E.D.

LEMMA 1.3. Let m: X—Kx be the canonical surjection of an abelian variety
X to its Kummer variety. Then the group homomorphism =n*: Pic(Kx)—Pic(X)
18 injective.

PrROOF. Let M be an element of the kernel of #*. Then @y has a struc-
ture of G-sheaf induced by an isomorphism z#*M>=0Oy, where G={ly, ¢}, and
there is a natural injection M—rm4«(©x)°. Suppose M is non-trivial. Then for
any open subset U of Ky,
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I(U, M)CT(U, z0x)°)={f €l (=7U), 0=}

Let U be a small open subset of Ky containing z(x,) with x,= X, and let f be
an element of I'(U, M) such that the image of f in the fibre M(x(x,)) at n(x,)
is not zero. Put n*f=gel'(X, Ox). Let n*(x,): M(n(x,))—0Ox(x,) be the homo-
morphism induced by z. Then #n*(x)(f(m(xo))=g(x0)=—g(x,), s0 g(x,)=0.
This contradicts to f(n(x,))#0; hence we have M0k ,. Q. E.D.

Now we shall prove the normal generation of ample invertible sheaves on
Kummer varieties in the following style.

THEOREM 1.4. Let Ky be the Kummer variety of an abelian variety X, and
let M be an ample invertible sheaf on Ky. Then the canonical map

F(KX, M)®F(KX; Ma)—’F(KX, Meatt)

is surjective for all a=2.
Proor. Put L=xr*M. Then L, L% and L%*! are totally symmetric and we
have a commutative diagram :

r'x, L®I(X, L*) — I'(X, L**)

U U
I'x, L),Q'(X, L*), — I'(X, L**),
7r*®77:*ZT I?n’*

I'(Kx, M)QI'(Kx, M®) —> ['(Kx, M®*").

To prove the surjectivity of the map in the statement, it suffices to show that
the canonical map

o: ['(X, 1):@[(X, L*)—-I'(X, L**)

is surjective. For if ¢ is an element of [(X, L**'), then ¢t is of the form
2 o(ri®s;) with r;el'(X, L), and s;<I'(X, L*). Since ¢ and r»; are even, it

follows that
t=23 p(r&@L—11ss).
Therefore

t=2 o(r@([—1]si+s:)/2),

where ([—17s;-+s;)/2 is contained in I'(X, L%),. Now we shall show the sur-
jectivity of ¢. By [Lemma 1.2, we see that there exist an isogeny f: X—Y of
abelian varieties and an ample totally symmetric invertible sheaf L’ on Y such
that K(L")=Y, and f*L’2L. On the other hand we have a commutative
diagram :
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X Y
77:1 ln”
Ky Ky

where =z’ is the canonical surjection and f’ is the morphism induced by f.

Since L’ is totally symmetric, there exists an ample invertible sheaf M’ on Ky
such that (z")*M’=L’. By virtue of Lemma 1.3, we get (f/)*M'>=M. Therefore
we have the following commutative diagram :

*

I'X, L) re, L)
U I
I'X, L), ry, L,
| d[Cok
(K, M) I'(Ky, M.

Thus we have I'(X, L),Df*('(Y, L’)). By [Proposition 1.1, we see that the
map ¢ is surjective. Q.E.D.

For an ample invertible sheaf M on the Kummer variety Ky of an abelian
variety X and a positive integer a, let @ya: Kx—P('(Kx, M%)) be the canonical
map defined by the linear system [(Ky, M%). Then, as a direct consequence
of we have the following :

COROLLARY 1.5. The image of @ya is projectively normal for a=2. Move-
over if the canonical map I'(Ky, MYQI'(Kyx, M)—I'(Kx, M?) 1is surjective, then
the image of Dy is also projectively normal.

§2. Estimation of the bound on degree of equations defining Kummer
varieties.

This section is devoted to proving our main theorem, which is obtained by
the theory of equations defining abelian varieties.

THEOREM 2.1. Let Ky be the Kummer variety of an abelian variety X, and
M an ample invertible sheaf on Ky. Then the image @ya(Ky) via the canonical
mapping Ouya: Kx— P (Kyx, M%) is an intersection of cubics when a=2 and
quadrics when a=3.

PrOOF. First of all, we shall prove the theorem in the case of a=2. Let
7 : X—Kjx be the canonical surjection. By the proof of Cemma 1.2, we see that
7*M is of the form L? for some symmetric ample invertible sheaf on X.
Moreover there exists an isomorphism ¢: L—¢*L such that ¢®* is the canonical
isomorphism of L2 to ¢(*L2% As in §1, we denote by I'(X, L%, the subspace of
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I'(X, L® consisting of elements invariant under the automorphism [—1] of
['(X, L% induced by
®b

LY FLO LY,

Through the canonical injection z*: ['(Ky, M®—I'(X, L%®), we identify ['(Ky, M?)
with I'(X, L?®),. Now let

1:I'(X, LYy —> k

be a non-trivial linear form such that there exists a linear form [®: ['(X, L'?),
—k which fits into the commutative diagram :

(MY, L9, = I'(X, L"),

k

where the horizontal arrow is the canonical mapping. Then we have the fol-
lowing : '

LEMMA. There exists a linear form n:I'(X, L®),—Fk which satisfies the
following commutative diagram :

@2  canonical
(I'(X, L% > I'(X, L"),

n&2 \ E / [®,

PROOF OF LEMMA. By the assumption on [, we have a linear form
[®: (X, L%,—Fk such that the diagram

ical
(I(X, LY T(X, L),

#2 \ / @
5 l

is commutative. Therefore, for any a, b, ¢ and del'(X, L?,, we have [(a-b)
dc-d)y=la-d)-1(b-c), where a-b is the image of a®b in I'(X, L%, and so on.
- Hence by an elementary linear algebra we have a linear form m: I'(X, L?),—Fk
which fits into the commutative diagram :
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(I'(X, L9 > I'(X, LY:
me? \ b / .

To prove the Lemma, it suffices to show that
* { [®¥(a-p)-I¥(c-d)=I®(a-d)-I®(b-c)
for all q, b, ¢, del'(X, L%,.

Since the canonical map
I'x, L»,QI'X, LY,—I'(X, L%,
is surjective, the above assertion (*) comes from the following :
1(3)(((11'az)'(b1'bz))'l(s)((cfcz)'(dfdz»
(**) =I®((a1-as)-(dy-d2)) I®((by-by):(c17C2))
for all ay, by, ¢y, di(X, L%, and all a,, b,, ¢y, do=(X, LY, .
Since we have
[¥((ay-az) (b b))=I®((a; by)-azbs)
=l(a, by)-l(as)-1(bs)
=m(a,) -m(by)-1(as)-1(bs),
it follows that the left side of the equation in (**) becomes
m(ay)-m(by)-l(as)1(bs) - m(cy) -m(dy)-U(ce)-I(ds)

and this is equal to the right hand side of the equation. Thus the lemma is

proved.
Now we continue the proof of the theorem. We put

I'Xx, LY-={fel'(X, L)|[-11f=-/}.

Then we easily see that ['(X, L)=I'(X, L®).PBI'(X, L*)_. By the same way as
the proof of the preceding lemma, we have linear forms '

p:I'(X, LYy —> k
and

q:I'(X, L. —> k
such that the diagram
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(X, L)% I'X, L%, =—(I(X, L%_)*

T~ | .

k

is commutative. Since (I'(X, L*))®2+({(X, L*))®*—-I'(X, L%, is surjective, it
follows that pPq: I'(X, L*)—k is non-trivial. Then pPy satisfies the following :

©) For any FeKer[I'(X, L)® — ['(X, L%],
(pD**(F)=0.
In fact, suppose F is of the form

;fﬁ@gi(ghi-

We denote by f* (resp. ) the even (resp. odd) part of f=/(X, L*). Then the
even and odd part of F are the following :

Fr=3X fiRgiQhi+X [1QgIRhi +X 1 Qi QhT+X f1QgiQhT,
F =Y fiQgtQ@hi+2 f[1QgiQ@hi+X f1QgiQhi+2 f1QgiRh7.

Since the image of F* (resp. F~) in I'(X, L®) is even (resp. odd), these are zero.

If p is trivial, then (pPg)®*(F+)=0. So we may assume that p(f)+*0 for some
fel’'(X, L®,. Then we have

(PP F*RN)=Z p(f1)-q(g7)-q(h?)- p(/)+ 2 ¢(f7)- p(g)-q(hD)- p(f)
+3 q(f7)-q(g)- p(h})- p(F)+2 p(f 1) plegh)- phi)- p(f)
=2 n(fi-f)-nlgf-h)+2 n(fi-h7) n(gi-f)
+2 n(f7-g0) - n(hi-f)+Z n(fi-gi) n(hi-f)
=IO ffgi-hi+Xfi-hi-gi-f
+Xfi-gi-ht- X figlt hif)
=0.

Therefore we have (p@Pq)®*(F*)=0. Similarly we have (pP¢)®*(F)=0; hence
(pPq)®*(F)=0. By virtue of a theorem of Sekiguchi ([6], Theorem 3.1), we see
that there exists a closed point x of X such that @,s(x)e P(I'(X, L?®)) gives the
linear form p@Pgq, where @rs: X—P(['(X, L?) is the canonical mapping. Now
we shall show that @u(n(x))eP(I(Ky, M?) gives the linear form [ on
'Ky, MOY>=I'(X, LY,. Let I':I'(X, L*,—% be a linear form corresponding
with the point @pcx, 10 ,.(x), where @r x 11y, : X—P('(X, L*,) is the morphism
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defined by the linear system I'(X, L*),. We have the following diagram :

Dps
X —=  P{(X, L%)
K q vs

wl‘cx. L12)

PI(X, L)

T
1S
v
__» PIX, L*),)
v V J v
Kx —»=  P(I'(X, L))
Dy

where v, and vi are the Veronese mappings and s is the projection with respect
to the inclusion I'(X, L'?*),c (X, L**). Then v,([I’]) corresponds with the linear
form

Ve X, L), — &

which satisfies the following commutative diagram :

([(X, L)y —— I'(X, L"),

k

On the other hand @.s(x)=[pDq] and P.:1:(x)=[(pPq)"], where (pDq)® is
the linear form satisfying the commutative diagram :

I'X, L% —————= ['(X, L™)

q@*\‘ k ’/(pea@w .

By the definitions, we have s([(pPDq)*=[{*®]; hence [[®]=[1"®]. Since v
is a closed immersion, it follows that we have [[]J=[l’]. So we complete the
proof of the theorem for a=2. Next we shall prove the case a=3. Let

I: (X, L% —> k

(pD

be a linear form such that there exists a linear form
1 I'(X, L*),—> &

satisfying the commutative diagram :
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(F(X, Lo, ————= I'(X, L*),

p:F(X: L3)+——)k

Then we have linear forms

and
q: IX, L¥. —> F
such that the diagram

(F(X, L9 = I'(X, L%, ~——(I(X, L))"

p* \ l l/ e

k

is commutative. By the same way as the case a=2, we see that pPq satisfies
the above condition (C). The rest of the proof is similar to the first one. As for
the case a=4, by a theorem of Mumford ([3], Theorem 10), we have a similar
proof. Q.E.D.
As a direct consequence of the preceding theorem, we have the following:
COROLLARY 2.2. Let L be a symmetric ample invertible sheaf on an abelian
variety X. Assume the canonical map

I'X, L.QI(X, LY, — I['(X, LY,

is surjective. Then the image of the morphism Qpx, 12, X—PI'(X, L*?).) defined
by the linear system I'(X, L?), is an intersection of hypersurfaces of degree six.
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