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In connection with the representation of pseudo-holomorphic functions of
several complex variables A. Koohara obtained the differential equation
KK; K,

1 G; = —G— -

@ T 1-KK 1—-KK

and asked the following question: Is there a nonconstant function K(t¢, f) such

that equation (1) is reduced to a differential equation of type

G

(2) vi=cD
where
(3) m¥log ¢);;=cC, meN?

(We denote by N (R) the set of natural (real) numbers and use N,=N\ {0}.
The set of integers is denoted by Z). For the differential equation (2) an
explicit representation of the solutions was derived in by means of dif-
ferential operators.

In the present paper we prove that such functions K(¢, ) exist and give
two examples.

The differential equation G;=aG-+bG is transformed by G=e4v, A;=aq,
into a differential equation of type (2) where c=be4 4. From (3) it follows
that we can apply the results derived in if the coefficients a and b satisfy
the relation

m2[(log b);+a,—a,]=bb, meN.

Therefore we obtain a representation of the solutions of (1) by differential
operators if K(¢, f) satisfies the differential equation

) m*(1—KK)¥log K=K, K;—m[2KK,:(1— KK)+2K2KK;
+KK+ K K,].

A general representation theorem for the solutions of this nonlinear third-order
differential equation is not known. However, it is possible to obtain some par-
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ticular solutions of (4).

If we suppose that K(¢, f) is a real-valued function, then also a, is real-
valued, and equation (4) reduces to

Ki

mlog b)s=bb, b

Applying [1], we obtain

K ma’ B
K*—1  (a+a)p

where a(#) and B(¢) are holomorphic functions with (a+a)a’8+0. By differen-

tiation with respect to ¢ and multiplication by —(a=+&)?8F(ma’a’)™* it follows
that

B8t

(24

$=p*

is a real-valued function. From this and ¢y=¢,; we find
B*=aa*+iba-tc, a, b, ceR, (a, b, ¢)=+(0, 0, 0).
By integration and suitable normalization we find the following results.
Case 1: a=b=0, ¢+0.

am
©) K=o 1 900 g=atd, e=%1, l—eg™#0.

1 2m
(6) K2:51Ti%p27f; C.eR, C:#0,
ila— @)~ 2ia) " .
o= o , (1=Cip"™)p+0.
Case 3: a+0.

[3:[51<az+02>]1/2’ slzily C2ER7

2m
(7 K3:€1_w__1+8262m s g,=+1,
1—cy0
= 2 12( 2 (172
o= a Cz"?(a —}—Cg—) ((X +Cz) , (l—sgﬂzm)ﬂio-
a-+a

Applying [1], Theorem 4, we obtain



Differential equation in pseudo-holomorphic functions

THEOREM 1. Let D be a simply connected domain of the complex plane. a(t)

denotes a holomorphic function in D with (a+&)a’+0.

a) The real-valued and real-analytic functions K satisfying the differential
equation (4) in D are given by K=Kt I), s=1, 2, 3, where K; are defined by

B&)H?).

b) Let G be a solution of (1) with K=K, s=1, 2, 3, defined in D. Then
there exists a function f(t) holomorphic in D so that we can represent the solu-

tion Gg by
8)

where

and

m (=)™ 2m—1—F)!

Go=HQnf
H1: }/2 l—szvzm ’

HZZ(elia)W:g%‘(—)z—nL

)

—g,0 ™
m

Hy=[es(a+CYJe2 =

Qnf= 3

c) Conversely, (8) represents a solution of (1) with K=K, s=1, 2, 3, defined

o kl(m—k)ly™*

[mR*f—(m—E)R*f], R=

in D for each function f(t) holomorphic in D.
d) The particular solutions Ggy, G, s=1, 2, 3, where

\

Gn:E%m(l—Sz’]m) ’

is}/Q(l—ezﬁzm)

Glgz 772771. ’
G (e11a)"*(1—C,p*™ )™
pm
G, ierial (1=Cip™)
pm)?m
G [51(a2+cz)]1/2(1“‘520'2"1)7]7”
31 O_m ’
G iLey(a®+Co)]V*(1—ep0™)
327 MM
0y

form a generating pair for (1) with K=K, in L. Bers's sense [2].

If K, is a solution of (4), then also K=K,e'#, p€R, is a solution of this
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differential equation.
COROLLARY. The solutions G of (1) with K=K,e'#, s=1, 2, 3, p=R, defined
in D are given by

G-——e"léi HQ.f, f(t) holomorphic in D.

The solutions K(¢, I) of (4) defined in D which form a product of a holomor-
phic and an antiholomorphic function are given by

A+1
T

K= A+l==+m,

=i

where 7(¢) is holomorphic in D with 77/(1—77)+0.
In case A=—1 we obtain K=7(¢) and G=/()(1—y7)"%, f(t) holomorphic in D.
In case 1€Z, 2#+—1, a, is a real-valued function and we have
(A+1)%log b);z=bb .

Applying again [1], we find

A+D77*  ma’B

L Gy S AW Y

Setting 7= Zfi we obtain
p QEDE (a1 (@+1y
o a+a& (a+1)*  (a—1)*+*
and
ﬁ:'WrZ:T for m=a+1, 2N,
ﬁ:ﬁ for m=—Q+1), —AieN, A= —2.

Using [1J, Theorem 4, we obtain

THEOREM 2. Let D be a simply connected domain in the complex plane. (1)
denotes a holomorphic function in D with y(1—7r7)r’ #0.

a) Let G be a solution of (1) with

Tl+1
K= T AeZ, defined in D.

Then there exists a function f(t) holomorphic in D so that we can represent the
solution G by
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i(—l"—ﬁ—)zpm 7 for AEN,,

.
_ | _f® .
©) G= o= for J=—1,
( L _\"paof for —ieN, 1=—2
1__?,7—, 12 -1 or s = s
with
R G D 7 St O K€ O il Vd Y —
Pri=2, R\ (m—k) (L—y7)™* [mS*f~(m—k)S*f],
—1)2
ﬂlEN, S:*(L/ll‘_i'
7 0z

b) Conversely, (9) represents a solution of (1) with K=y*'7* defined in D
for each function f(t) holomorphic in D.
¢) The particular solutions

(r =D~ _ gy
ri=rp) - neG-ne

form a generating pair for (1) in L. Bers's sense.

G,=

SV
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