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form inequalities
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§1. Let K be an algebraic number field of degree # and let 6,, ---, 0, be
elements of A where 3<n<k. We consider solutions in integers x,, -+, X, of
the following inequality

(1 [N, 01+ -+ +x,0,)] = clx])”

where N denotes the norm from K to Q, ||x||=max|x;| and ¢, 7 are positive
constants. Our problem is: How large can we take 7 and still have the con-
dition that (1) has only finitely many integer solutions? Recently W.M. Schmidt
has obtained a number of theorems concerning this problem ([4], [5]). Minkow-
ski theorem on linear form shows, for suitable ¢, that there always exist
infinitely many integer solutions provided »=/k—n (see p. 1 [3)). Thus the
best possible exponent would be at most k—n—e. Our aim in the present
paper is to give a sufficient condition for the norm inequality (1) in which
k—n—e¢ is actually the best possible exponent.

In [Theorem 1, we prove a rather general theorem, and we get Theorem
3 of Schmidt as a corollary.

In [Theorem 2 and 3, we apply to a somewhat special type of
norm inequalities and get simple conditions for those inequalities to have k—n—:¢
as the best possible exponents.

First of all we introduce the notion of complete linear independence.

DEFINITION. Let K be an algebraic number field of degree k over @ and
let @, ---, 6, be elements of K. We call {4, -~-,8,} completely linearly inde-
pendent over @ if, in the 2Xn matrix

('051) 6;1)

\0{13) 0nk))

all the ¢ X ¢ minors in any fixed X n submatrix with #<n are linearly inde-
pendent over @.

Clearly, complete linear independence implies linear independence.
THEOREM 1. Let K be an algebraic number field of degree k over @ and
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let 6,,---, 0, be elements in K. Suppose {6, -, 8,} is completely linearly inde-
pendent over Q. Then for every pair of constants e >0 and ¢ >0, the inequality

3) | Npg(x10:4 -+ +x,0,) | < cllx)fms

has only finitely many solutions in integers x,, -+, x,.

We note here that the condition of the complete linear independence in the
theorem is not only sufficient but also necessary in case n=3. This fact can
be shown, though we shall not do it in this paper, by using the theory of
successive minima of pseudocompound.

From [Theorem 1, immediately follows the following

COROLLARY 1. Suppose K and 6, ---,0, are as above and suppose
f(xy, =+, X,) 1S a polynomial of total degree v <k—mn. Then the equation

N(x, 01+ -+ +x200) = (x5, -+, x3)

has only finitely many integer solutions.

COROLLARY 2 (Schmidt [4], Theorem 3). Let K be an algebraic number
field of degree k over Q and let 6,, ---, 0, be elementsin K. Suppose K is n—1
times transitive, 1. e., the Galois group of the Galois closure of K over Q is n—1
times transitive. Further assume any n conjugates of the linear form x,0,+ -
+x,0, are linearly independent. Then, for every pair of constants € >0 and
c¢>0, (3) has only finitely many solutions in integers X, -+, Xn.

THEOREM 2. Let & be a primitive n-th root of unity where n is an odd
positive integer greater than 1. Let K=Q(&). Let iy 1, 15, be rational integers
with 051, <1, <iy<n such that i,—1i,, i,—1,, 1;—i; are different modulo n and
(ly—1y, 13—1y, 1,—13, n)=1. Then for every pair of constants ¢ >0 and ¢>0, the
tnequality

@ | N(xigh 4 x4 1,89 < cf 2w

has only finitely many solutions in integers.

THEOREM 3. Let a and n be positive integers greater than 1 so that 6 =¥a
is of degree n and let K=Q(0). Let j,, j, Js be rational integers with 0=<j, <
Je<Js<mn, (Jo—Jj1, n)=(Js—Js, n)=(Js—J, n)=1. Then for every pair of con-
stants e >0 and ¢ >0, the inequality

(5) Ilv(x10j1+x20j2+x30j3)lécnxﬂn—s—a

has only finitely many solutions in integers x,, x,, X.

In the final Remark, we show that in each of and 3, all the
conditions are not only sufficient but also necessary in the sense that, if any
one of these conditions fails to hold, the conclusion of the theorem is no longer
true. Our proofs depend primarily on the remarkable theorem of W. M. Schmidt
(Satz 1 [3]) which will be written here in a convenient form for our purpose:
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Let K be an algebraic number field of degree k and let ¢ be a positive constant.
Let L be a linear form in x,, ---, x, with coefficients in K. Then the following
two conditions are equivalent. (a) There exists a constant C=C(L, ) >0 such
that |N(L)| < Cl||x|*7° has infinitely many integer solutions in xy, -+, x,. (b)
There exists a non-null rational subspace S* (i.e., linear subspace defined over
Q) of R" of dimension t and a symmetric system L, -, L; of conjugates of
L (i.e., stable under taking complex conjugates) whose rank v on S* satisfies
both r<tm/d and r <t.

§2. Proof of Theorem 1.

By virtue of Schmidt’s theorem (see the last part of §1; in our case 0=
n+e¢ and L=x,0,+ - +x,0,), we have only to show the non-existence of a
rational subspace S’ of the type mentioned there. Assume to the contrary
that there exists such S*; that is, we assume that there exist a rational sub-
space S‘ of R™ and a symmetric system LV, ... L% whose rank on S° satisfies
r<tm/(n+e) and r<t. We are going to get to a contradiction in the end of
the proof. First, as a basis for S, we take a;=%(a,;, -+, an;) =1, -+, 1) where
a, (1=k=n, 1<I<t) are rationals. Let A be the nXt matrix (a;). It is of
rank f. Then any x=%x,, ---, x,) in S® can be written as x=Ay where y=
Yy, -+, ;) ranges over R'. LP=(6{, -, 02 )x=(0%, ---, 6P)Ay. Therefore
the rank of a system of linear forms L“V, .-, L% on S* is equal to the rank
of (65, - O Ay, .-, (659, ---  0i)Ay on R' and this is obviously equal to

the rank of
o, .. QG
( - ) i

(91(7'8), e, 97(11'.0

We can see easily that there exists a system of ¢ linear forms L¢?, ..., LG
whose rank on S’ is less than f; if m=t, pick up any ¢ linear forms from
Lo ... LUm | then its rank <r<t. If m<¢ enlarge L%V, ..., L™ to a set
of ¢ linear forms, then its rank <r+(t—m)=t+(r—m)<t. Thus we have
proved our assertion. Therefore, the rank of L%V, ..., L% on S° is less than
t and consequently, by the above argument, the rank of

6, -, 6
: A

6io, ... g
is less than .
This is a Xt matrix and hence its determinant must be 0. But by the
well-known formula,
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‘0§11), tty 6;’1;'1)‘ 05311); Tty 6&2%) at‘(i,l; ) aal,t
(6) : A= : :
. . lsaylag o<agpzEnf .
6?”1 Ty 01\1”) 0%517 Tty 0&]}) aat,ly Ty aac,t
where {ay, a,, -+, a,} range over all the f-tuples of natural numbers satisfying

1=, <a, < <a,=n. As the rank of A is ¢, the second factors of the
right hand side of (6) are not all 0. This means the linear dependence of the
first factors of the right hand side over @ and hence contradicts the complete

linear independence of #,, -+, 0,,.
PrOOF OF COROLLARY 2. By [Theorem 1|, we have only to show the com-
plete linear independence of {6,, ---, #,} over @ under our assumptions. Assume,

to the contrary, that it is not completely linearly independent. Then there
exists, by definition, a natural number {<n and a {Xn submatrix S of (2)
where ¢X{ minors are linearly dependent over Q. Here, note that f<n since
any nXn minors of (2) are not 0 by the assumption. Let us take an nXn

matrix
60, -, 69

RIS X0

containing S in (2) and denote it by 7. Here det T+ 0 by the assumption.
Let C(n, t) consist of all t-tuples of integers 1, -+, i, with 1=1, <1, < - <3,=n.

The number of elements of C(n,?) is <?> Let us fix a lexicographic order

in C(n,t) and make a () x (") matrix T =(0rs)eoccm,n. Here 0. is deter-
Z- t ’ ’

mined as follows. Let t=1{j; </, < - <Jj;} and o={k, <k, <--- <k}, then
0., is the determinant of the tX? matrix which is the intersection of j;-th,
.-+, J-th rows and k,-th, ---, k,-th columns. As T contains S, at least one row
of T’ is linearly dependent over @ and hence, by the ¢-transitivity of K, the
columns of 7" are linearly dependent over Q. Therefore det 7/=0. On the

tn
other hand, as is well-known, det T = (det T)"(¢) 0. This is a contradiction.

REMARK. For the actual application of the to some type of
norm form inequality, we don’t always have to check the complete linear inde-
pendence of 6, ---, 60,. As is clear from the proof of [Theorem 1, we have
only to consider, for the validity of the theorem, those {Xn matrices whose
rows are symmetric or symmetric except for one row. This fact will be used

in the proof of
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§3. Proof of Theorem 2.

We need the following lemma, in whose proof we use the idea of the proof
of [Theorem 1] in [2].

LEMMA 1. Let & be a primitive n-th voot of 1 where n is a positive integer
greater than 1 and prime to 2. Let s, t be integers such that s, —s, t, —t, t—s
and s—t are different modulo n. Then &—£&75 &2t gl=5s 25t qyre linearly
independent over Q.

PrROOF OF LEMMA 1. Without loss of generality we can assume g.c.d(s, ¢, n)
=1, since, if (s, ¢, n)=d>1, we have only to replace £ by a new & which is
a primitive (n/d)-th root of 1. Now, assume the numbers are linearly depend-
ent over @, say

(7) ay(§' =87 Fay(§' =) Fay (=) =0

where a,, d,, a, are rational numbers which are not all 0. We are going to
derive a contradiction. Denote s, —s, {, —t, t—s, s—{ by vy, -+, ys respectively.
These are distinct modn. Let p be a prime divisor of 1, say n=p/n’ where
(p,n’)=1. Let p be a primitive p’-th root of 1 and &4 be a primitive p?~'n’-th
root of 1. We fix these two primitive roots of 1 once for all in this proof.
Then the 7 numbers p84(0<0<p—1,0=<A=<p’"'n’—1) are all n-th roots of 1.
It is easily seen that these n numbers are all distinct. Hence, p°&% ranges
over all the n-th roots of 1 just for once and every &% (i=1, ---, 6) can be
represented uniquely in the form &¥i=p% &l where 0o, =p—1, 04, =
p’7'n’—1. Therefore, if we collect terms with the same value of o¢; as «a,=
> a;&fi, we obtain from (7)

ay=p

p—1 i
® Sera =0 a=QLid.

Clearly at most 6 of the @, are non-zero.

Suppose first that a,=0 for p=0, -+, p—1. From the representation of
§7i=p%&H, it is obviously impossible for some «a, either to be a rational mul-
tiple of a p/~'n’-th root of unity or to be a linear combination of two different
p?7'n’-th roots of unity. Therefore if @, is a non-empty sum of p7~'n’-th roots
of unity, it must be a linear combination of three or six different p’7'n’-th
roots of unity. Suppose a complex conjugate term, a@,&° and a,&”° say, appear
with some p# factor, say p“a,, then 2¢=0 mod p, hence ¢=0 and therefore p
divides s. Now that p“a, contains another term, it easily follows that p also
divides t, which contradicts (s, ¢, n)=1. Similarly if @&, a,57" or a,&'"*%, a,&%"
have the same p” factor we get a contradiction. Therefore non-empty p“a,
must contain a,£%°, @,£2" and a,£%¢"® where 6, are —1 or 1, and no other
terms. As the p-parts of these three numbers are p”, uniqueness of p-parts
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shows ¢#=0, from which p divides s and ?. This contradicts (s, f, n)=1. We
have thus seen that a,=0 for #=0, ---, p—1 leads to a contradiction.

(Case 1) n: not square free.

In this case we choose the prime p above so that p* divides n. Then p is
of degree ¢(n)/¢(n/p)=p over Q(éx). Hence «,=0 for p=0, -, p—1. This
is a contradiction as seen above.

(Case 2) n: square free and divisible by a prime p=7.

In this case we choose p to be the largest prime divisor of n. Then p is
of degree p—1 over Q(&x), hence ay= - =a, ;. As p=7 one of «a,’s, con-
sequently all a;’s must be 0. This is a contradiction.

(Case 3) n: square free and divisible only by primes =<b5.

Our conditions on s and ¢ show n=6. Since 2 does not divide 7, in this
case n is 15. So, we choose p=5 and n’=3. In this case, as in case 2, a,=
-+ =a,_;. Since we can assume that none of «a;’s are 0, four of a;'s must
consist of just one term. It is easy to obtain a contradiction by considering
the &x-parts this time. Q.E.D.

PROOF OF THEOREM 2. Dividing the left hand side of (4) by |N(§&)*|=1,
we have |N(x,+x,6% "14x,£5871)|, Putting 1,—1,=s and 1,—1, =1, our assump-
tions on iy, iy, I; imply that 0 <s<t<n, {s, —t, f—s} are different mod n and
(s, —t, t—s, n)=1. From these, it follows easily that {s, —s, ¢, —f, t—s, s—t}
are all different mod n and (s, ¢, n)=1. To prove our theorem, owing to Theo-
rem 1 and the remark after its proof, we have only to show (a) the non-
degeneracy of the following matrix

1 & &
1 ~=5 -t
1o @y
where m= +1, (b) the linear independence over @ of all the 2X2 minors of
the following matrix
1 ZS St
<1 g-s ,:.—t>

and (¢) the linear independence of 1, &%, &' over Q.

Proor oOF (a). The determinant of the matrix is

AN

5—s+1n£_57ns—t)_(g‘—s+mz__;ﬁms-u)_wi_(;;s—t__;ﬁt—s)

Suppose this is 0, then

g A-s+mt 1 =ms+t =5-t __ zms~t =semt o m2t-s
(9> S ISR RS +3 .

[
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Denote these six numbers §7°7™, gmett) gs=t gms=t - gstmb and &% by ay, Bi, 71,
a,y ., and 7, respectively. Then clearly

(10) a1+191+7'1:a2+,32+7'2

(11) alﬁﬁl:azﬁz?’z .

Also on applying the automorphism which sends & to &% to both sides of (9),
we have

(12) ai+pi-ri=ai+ G+ .
From and we have
(13) a1ﬁl+13171“+71a1 = a2182+‘82)’2+7’2a2 .

Furthermore [10), and show that {ai, 8;, 71} and {a,, B, 7.} are the

three roots of the same cubic equation. Therefore {ay, 3, 71} ={a,, Bs, 72} as
a set.

(Subcase 1) a,=a,.
In this case, if y;=7, then 2(s—f)=0 mod n, contradiction. If y,= 3, then
—t=mt modn and B,=7y, i.e.,, —s=ms; these two mean (s,f, n)#*1 and we

get a contradiction.

(Subcase 2) a;=§,.
In this case —s=s modn, a contradiction.

(Subcase 3) a;=7.,.
This implies tm=t. If B;,=a, then {=—¢ and we have a contradiction.

If B,=45, then y;,=a, and sm=s. These two mean (s, {, n) # 1, a contradiction.

ProoOF OF (b). The 2X2 minors are the following: £°—¢&°%, &*'—¢&" and
git—gts. As we noted at the beginning of this proof, our assumptions on s
and t satisfy those of [Lemma 1. Hence these three are linearly independent
over Q.

PROOF OF (c¢). Suppose 1, & and & are linearly dependent over Q. Then
for some rationals a,, a, and a,, a,+a,&+a,6*=0. Hence a,+a,E°+a,&"=0.
Therefore a,(&°—&%)+a,(6'—&%) =0, which contradicts Cemma 1l

§4. Proof of Theorem 3.

By our [Theorem 1, we have only to prove the complete linear independence
of %, 6% and 6’ over Q. By dividing these by 6’' and putting s=j,—/,
t=j;—j, we have to show the complete linear independence of 1, #° and 6*
under the assumptions 0<s<t<n and (s, n)=(t n)=(t—s, n)=1. For this
purpose, by [Theorem 1, we must show (a) the non-degeneracy of
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1 6° 6"
(14) 1 (gg™y  (gg™)

1 gy (B4
where 1, m and [ are different natural numbers less than 7, (b) that all 2X 2
minors in the matrix

(1 osmy (ﬁém)‘>

1 (68 (68

are linearly independent over @, and (c) the linear independence of 1, ° and 6°.

PRrROOF oOF (a).
1 1 1

det Of (14):000t l fg‘-ms Emt :03+z(5ms+lt_Els+mt__£[t_1l_5mt+Els_ém3) .

1 Els E”

Suppose this is 0. Then
(15) Ems+lt+$mt+éls:Els+mb+slt+5ms .

As our assumptions on s and ¢ imply that n is not divisible by 2, we can use
the same technique as in the proof of and we see that the terms
on both sides are pairwise equal.

(Subcase 1) ms+lt:§ls+mt.
Then ™ =¢&Y or £™=¢£™. 1If mt=1It mod n then m=1{, a contradiction. If
mt=ms mod n then m =0, a contradiction.

(Subcase 2) &mstit=¢gl,
Then ms=0 (mod n) and hence m =0, a contradiction.

(Subcase 3) &mstit—=gms

Then [t=0 mod n and hence /=0, again a contradiction.

Proor oOF (b). All the 2X2 minors are @#5(&¥—&™) @Y&Y¥—&™) and
gsri(gmstit__glstmty - It ig easily seen that &5 —&™mS, £ &M gpd EMSHU_gls+mt gre
not 0. As Q(O)NQ(&)=Q, 0 is of degree n over Q(&). Since n=3, it follows
that #°, #' and 6°*' are linearly independent over Q(&), which proves our
assertion.

PROOF OF (c¢). 1, 6% 6" are linearly independent over @ since n=3.

REMARK. We will show that the conditions in and 3 are neces-
sary in the sense that, without any one of them, the theorems are no longer
true even if all the other conditions are fulfilled.

In the case of If (2,n)#1, then set n=14 and i,=0, i,=1,
i,=7. Let L,y=x,+x86+x& and L,=x,+xE+xE". Then it is easily seen
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that L, L,, L, and L, make a symmetric system of rank 2 on R®. Therefore,
by Schmidt’s theorem, | N(x;+x,6+x,6")| < C| x|~ has infinitely many solutions
in integers x;, Xx,, x; for some constant ¢ and ¢>0. If 7,—i,=1,—1,, then set
n=>5 and 1,=0, i,=1, i;=2. Let S* be the rational subspace of R® defined by
x,=x;. Then L=x,+xE+xE and L =x,4x,&*+x,£* has rank 1 on S%. There-
fore |N(x,+x,6+x,6%)| = C|x|*"¢ has infinitely many solutions in integers for
some constant ¢>0 and ¢>0. If (i,—1y, 13—1,, {,—13, n)=d > 1, then set 1, =0,
1,=3, 1,=9 and n=15. Then d=3. Put & =£&° Then N(x;+x,E+x,E)=
(N'(x1+x,&"+x,£"%))* where N’ denotes the norm from Q(€’). There are infinitely
many solutions of |N'(x;+x,& +x,6°)| <|[x]|*®~*=|x||, hence of |N(x,+x,&
+x,8) | < x|

In the case of if (jo—Jjs, n)# 1, then set n=15, j,=0, j,=2 and
js=T7. Let S be the rational subspace of R® defined by x,=0, and L=
X+, (0882 +x,(0€%)". Then L and L has rank 1 on S®.  Therefore
| NCx,+x,0%+x,0")| =< c||x||°"¢ has infinitely many solutions in integers for some
constant ¢ and ¢>0.
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