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§0. Introduction.

Let M™ be an n-dimensional manifold immersed in an (n-+p)-dimensional
Riemannian manifold R™?. Let h be the second fundamental form and H
the mean curvature vector of this immersion. If there exists a function 2
on M" such that '

0.1) (X, Y), H)=XKX, Y

for all tangent vector fields X, Y on M™® then M™ is called a pseudo-umbilical
submanifold of R™P,

In this part of this series of papers, firstly, we obtained an integral
inequality on mean curvature for flat surfaces in higher dimensional euclidean
space and proved that the equality sign holds only when the surfaces are
pseudo-umbilical in the euclidean space. Secondly, we proved two charac-
terization theorems for pseudo-umbilical submanifolds in a higher dimensional
sphere. Lastly, we obtained a necessary and sufficient condition for a pro-
duct manifold to be a pseudo-umbilical submanifold.

§1. Preliminaries.

Let M™ be an n-dimensional manifold immersed in an (n+p)-dimensional
Riemannian manifold R™?. We choose a local field of orthonormal frames
€, -+, €5, in R™P such that, restricted to M™", the vectors e, -, e, are
tangent to M™ (and consequently, e,.;, -, €,+, are normal to M"). We shall
make use of the following convention on the ranges of indices:

1§l!]!k1'§n; n+1§r,5,t,"'§n+p;
1=A, B,C, - =n+p

unless otherwise stated. With respect to the frame field of R™*? chosen above,

1) This work was supported in part by National Science Foundation under Grant
GU-2648.
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let @, -+, w,sp be the field of dual frames. Then the structure equations of
R™? are given by

(1.1) do,=X wsp N ®p, Ws+wps=0,
(1.2) dwp=2 w40 N 0cp+D4p Pap=1/2)2 Kspcp0c N\ 0p,
(1-3) KABCD+KABDG =0.

We restrict these forms to M". Then w,=0. Since 0=dw, =X w,; A w;, by
Cartan’s lemma we may write

(1.4) W= hijw;,  hy=h}.

From these formulas, we obtain

(15) do, =S 0y, Ao,

(1.6) dw;; =2 0y N\ 0+ 8245, Q,;=1/2) X R;juwi N\,
(1.7) Riji= Kiju— 2 (hphj—hihh) ,

(1.8) Ao, =L 0rs N O+ 2re,  2re=1/2) X Rrtni0p N\ 0y
1.9 Rtk = Kror— 20 (hichla— hihk)

We call h=3 hj0w,0;e, the second fundamental form and Ky= 2 (R,y;)’ the
scalar normal curvature [L]. The mean curvature vector H is given by
(l/n)Z(Z‘} hi)e,. 1f the mean curvature vector H=0 identically, then M" is

called a minimal submanifold.
We take exterior differentiation of and define hj; by

(1.10) 2w, = dhl;— 2 R, ;— 30 hijw + 20 hijo., .
Then hj; is the covariant derivative of AJ; and we have
(1.11) M= RGs = Kiprj = — Kirjic «

For any unit normal vector e at x in M", there corresponds a symmetric
transformation A(e) of the tangent space T, at x into itself which is given
by (A(e)(X), Y)>=<e, h(X, Y)), for all tangent vectors X, ¥ at x. We call
A(e) the second fundamental form at e.

§2. Flat surfaces in EZ?,

Let M be a surface immersed in a euclidean (2-+p)-space E**?, and let
T : denote the normal space of M in E*'? at x. We define a linear mapping
y from T; into the space of all symmetric matrices of order 2 by

2+p 2+p
7( E} vre,) = Eﬁ v, Ale,) .
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Let O, denote the kernel of y. Then we have dim O,= p—3. We define the
N-index of M at x by

N-index, = p—dim O, .

In general, for a surface in E?'?, we have N-index<3. A surface in E?*?
with N-index <2 everywhere is not necessarily contained in a 4-dimensional
linear subspace of E?**P,

The following theorems are the main results of this section.

THEOREM 2.1. Let M be a compact flat surface immersed in a euclidean
(24p)-space E*?. [f the N-index of M is <2 everywhere, then we have

2.1) fﬂ< H, H>dV =2z,

where dV denotes the area element of M. The equality sign of (2.1) holds only
when M is a pseudo-umbilical surface in E**P with zero scalar normal curva-
ture.

PrROOF. Let S, denote the (p—1)-sphere of all unit normal vectors of M
in E®*? at x. For any unit normal vector e at x, the Lipschitz-Killing cur-
vature, K(x, e), is defined as the determinant of the second fundamental form
at e, that is, K(x, e)=det A(e). Put U= {x= M: N-index,=1}. It is easy to
see that U is an open subset of M. If N-index, <1, then we have K(x, e)=0
for all e in S,. In the following, we choose the local frame fields in such a
way that e;, e, in N, if N-index,=2 and e, in N, if N-index,=1, where N,
denotes the subspace of the normal space given by

Then we have

(2.2) hr;=0, for r>4.

2+p
Thus, by [2.2), the Lipschitz-Killing curvature K(x, €) with e= acos 0.e, is
given by

K(x, e)= {(cos 0,)h}+(cos 0,)hi;} {(cos 0;)hd:+(cos 0,)hs,}
—{(cos 0,)h3,+(cos O )hi}2 .

The right hand side is a quadratic form on cosf,. Hence, by choosing a
suitable cross-section with e, e, in N, for points x with N-index,=2, we
may write

(2.3) K(x, €)= A(x) cos? 0,+p(x) cos? b, A=—p=0.

Thus by we see that the total curvature K*(x) satisfies
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def
@2.4) K= |K(x e)ldo

= ly | cos® 8,—cos® ;| do
Sz

where do denotes the volume element of S,. On the other hand, by a formula
of spherical integration, we have

(25) fs | cos? 0,—cos? 04| do = 2¢pe1/7%,

where c¢,,, denotes the area of unit (p+1)-sphere. Hence by substituting
(2.5) into (2.4), we see that

(2.6) Ax) = K*(x)w*/2¢p41 -

Since M is flat and compact, by a well-known inequality of Chern-Lashof [3],

we have
@27 j KAV Zdepn -

Combining and (2.7) we obtain
(2.9) J Axdv =2z,
On the other hand, if we choose e,;, e, in the principal directions of e,
then we have hf{,=0. Hence, by the flatness of M, we obtain
(2.9) ACH, H) = (hy+h%)*+ (bt + hy)?
= (Rf)*+(h}s)* +2(hs)* -+ (A1)* 4 (hiy)?
= 42-+4(h3y)*
=42.

Substituting (2.9) into we obtain [2.1). Now, suppose that the inequality
of is actually an equality, then the inequalities of (2.9) are actually
equalities. Hence, we have

h§1:hgz’ h‘h:_héZa h'?z:h%z—_—o-

This shows that M is a pseudo-umbilical surface of E**? and the scalar normal
curvature vanishes. This completes the proof of the theorem.

COROLLARY 2.2. Let M be a compact flat surface immersed in a euclidean
4-space. Then we have

jM<H, H>dV =272,

This corollary follows immediately from [Theorem 2.1. If M is orientable,
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then it has been proved in [2].
THEOREM 2.3. Let M be a compact flat surface immersed in a euclidean
(2+4p)-space E*P with zero scalar normal curvature. Then we have

jM< H, H>V =2z,

PROOF. If the scalar normal curvature Ky vanishes, then the N-index of
M is <3 everywhere. This implies the theorem.

§ 3. Pseudo-umbilical submanifolds in space forms.

Let u be a normal vector field on M™ and we choose our local frame
fields in such a way that e=e,s, is given by

3.1 u=lule, u="<_u, u)?,

where {,> denotes the scalar product in R™”?. We define a normal vector
field a(u) by

(32 aw)=-lul 5 Tr(A@Ae)e..

Then a(u) is a well-defined normal vector at each point and it is continuous
on M* We call a(u) the allied vector field of u. For example, if M" is con-
tained in a hypersphere S™ ' of a euclidean m-space E™ and u is the unit
outer hypersphere normal in E™ along M", then the allied vector field a(u)
of u is nothing but the mean curvature vector of M" in S™ L

The allied vector field of the mean curvature vector H is a well-defined
normal vector field perpendicular to H. We call it the allied mean curvature
vector. If the allied mean curvature vector a(H)=0 identically, then M" is
called an A-submanifold of R™®, It is easy to see that minimal submanifolds,
pseudo-umbilical submanifolds and hypersurfaces are A-submanifolds. There
are A-submanifolds which are not one of the submanifolds we just mentioned
(see §4).

THEOREM 3.1. Let M™ be an A-submanifold of a euclidean hypersphere
S™tin E™ Then M™ is a pseudo-umbilical submanifold of S™' if and only
if M™ is an A-submanifold of E™.

PROOF. Let M" be an A-submanifold of S™ ! Then the allied mean
curvature vector a(H) vanishes, i.e.

3.3) a(H) = 17| H| Tg;’l‘r (Alens)Ale)e, =0,

where we have chosen H=|H|e,.,. If H=0 at a point x in M", then M" is
pseudo-umbilical at x in S™ ! and the allied mean curvature vector of M?® in
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E™ vanishes at x. Therefore, it suffices to show the theorem for the points
in M™ where the mean curvature vector H of M™ in S™ ! is nonzero. In
the latter case, we have

(3.4) Tr (A(e,.,)Ale,) =0, for r=n+2, -+, m—1.

Now, suppose that M™ is an A4-submanifold of E™ and H is the mean cur-
vature vector of M"in E™. Then, without loss of generality, we may assume
that S™' is the unit hypersphere of E™ centered at the origin and X is its

position vector field. Then we have H = H—X. Hence, if we put
er=H/|H|, & =€y, Cn1=€n,
e,=b(H+{H, H)X),
with b=((H, Hy-+(H, H>* . Then the second fundamental form (I, of
M"™ in E™ are given by

Ryt = {|H|k3'+-0,;) /| H],
(3'5) E’{j:h{jy T:n+27 Tty m_]-!
Ry = b{| H| hij*—<H, H)d:;} ,

where 0;; are the Kronecker deltas. The condition of <A-submanifold for M"
in E™ implies

(3.6) S =0,  for r=n+2, -, m.
From (3.4), (3.5) and we obtain
(3.7) n(H, H) =X (h3)*.

From this we can easily verify that M"™ is a pseudo-umbilical submanifold
of S™ !, The converse is trivial. This completes the proof of the theorem.

Let u be a normal vector field of M™ in R™ and ¥ denote the covariant
differentiation of K™ Then we may decompose Vu into two components Vu
and Du, where Vu is the tangential component and Du the normal compo-
nent. Then D defines a connection in the normal bundle. If Du=0, then u
is said to be parallel.

THEOREM 3.2. Let M™ be a compact, non-minimal, A-submanifold of a
euclidean (m—1)-sphere S™ . If the mean curvature vector H of M™ in S™?
is parallel, then M™ is pseudo-umbilical in S™ ' when and only when the Gauss
image of H/|H| lies in an open hemisphere of S™ .

PROOF. Since M™ is non-minimal and the mean curvature vector H is
parallel, then mean curvature, |H|, is a nonzero constant. Let e=e;., be
the unit normal vector field given by H=|H|e. Then e is parallel. Without
loss of generality, we may assume that S™ ! is the unit hypersphere of E™
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centered at the origin with the position vector field X. By [1.4), we may
write
(3.8) de=de,.,=> Wy, ;= — 2 I3 'wje; .

Applying the Hodge star operator * on both sides of (3.8), we obtain
39 *de =2 (—1YhH "0, A - Ny A@juq A - N @y€;.

Taking exterior differentiation of (3.9) we obtain
m—1

(3.10) —d*de ={Z hijie,— S hit X+ ) ke, }dV .
r=n+1

Since e=e,., is parallel and S™! is of constant curvature 1, we obtain from
(1.10) and [(1.11) that

(3.11) > h?ﬁclwk =3 h?fr;lkwk"‘ > h?zﬂwjz_ > h?jﬂwu ,
(3.12) Te =I5,

where hjfty are given by dhj' =X hifhw,. Therefore, by the assumption that
M™ is an A-submanifold, and H=|H|e, we see that the Laplacian 4de of e
is given by

(3.13) de=XTr A(e)—e Tr ((Ae))?) .
Similarly, by a direct computation, we have

3.14) dX=eTr Ale)—nX.

Combining and we obtain 7
(3.15) Ad(ne+X Tr Ae)) = — {n Tr ((A(e))*>)—(Tr A(e))*}e

=—2 (ki(e)—k(e))e,
1<j

where k,(e), .-+, k,(e) are the eigenvalues of A(e). Therefore, if the Gauss
image of e lies in an open hemisphere of S™!, then there exists a constant
vector ¢ such that <e, ¢) >0. Hence, by taking scalar product of ¢ with both
sides of [3.15), we obtain

d{ne+XTr Ale), ¢> 0.

Therefore, Hopf’s lemma implies that k,(e)= --- =k,(e). This shows that M"
is a pseudo-umbilical submanifold of S™!. Conversely, if M"™ is pseudo-
umbilical in S™}, then by the parallelism of the mean curvature vector H,
we see that M™ is a minimal submanifold of a small (m—2)-sphere of S™ .
This implies that the Gauss image of e=H/|H| lies in an open hemisphere
of S™ 1. This completes the proof of the theorem.

REMARK 3.1. For the hypersurfaces of an m-sphere, see de Giorgi [4]
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and Nomizu-Smyth [5].

§4. Product submanifolds.

Let M™ (1=1, 2) be n;-dimensional submanifolds of m;-dimensional Rie-
mannian manifolds R™ with nowhere zero mean curvature vector H;. The
main purpose of this section is to derive a necessary and sufficient condition
for the product manifold M™ X M™ to be a pseudo-umbilical submanifold of
R™Mx R™, In fact we have the following more general result:

PROPOSITION 4.1. The product manifold M™XM™ is an A-submanifold
of RMXR™ when and only when M™ and M™ are A-submanifolds of R™
and R™ respectively, and the second fundamental forms at n;=H;/|H;| of
M™ in R™ satisfy Tr (A@y)?) =Tr (A@))

PROOF. We choose the local frame fields ey, -+, €py1m, in K™ X R™2 such
that, restricted to M™XM™, e,, ---, e, are tangent to M™, €,y4y1, *** s €nyns
are tangent to M"2, €, 1n011, *** s €my+n, are normal to M™ in R™, and e +na+1s
-+, @mi+me are normal to M" in R™. Moreover, we assume that enjsn,e1 ="
and €g,4n,e1=7%,. Then, by a straightforward computation, we see that the

mean curvature vector H of the product manifold M™ X M" is given by
4.1) H= (1/n)(n H,+n,H) , n="n,+n,.

In the following, we put

éi:ei’ 7':17 e,
én+1 = ﬁ/ lﬁl ’
(4.2
Cnitnsi1 =Y/ Y], Y=n,(H,, H,>)H,—n,{H,, H )H,,
e.=e,, r+n+l1, my+n,+1, r>n.
Then the second fundamental forms, A(e,); r=n-1, ---, m;+m,, of the product
manifold are given by
__ (mlH | Alensy) 0 >
A<en+1) - Cl( O ?12 IHZ l A(em1+nz+1)
Ale,
A(éT):( <§) 8)5 r:n—i—Z, "'7m1+n2’
4.3)
Ale Y=c¢ <n2<H2; H,)|H,|A(en+1) 0 )
mEneEl/ T 0 —ny{Hy, Hi )| H, | Alenysnstr)

0 0
Ale,) = (0 A(et)> ’ t=my+n,+2, -, myt+m,,

where c¢;, and ¢, are nonzero, A(e,); r=n-+1, «--, my-+n, are second funda-
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mental forms at e, for M™ in R™ and Al(e), t=m,+n,+1, ---, my-+m, are
the corresponding matrices for M™ in R™:. From these formulas we see
that the product manifold is an A-submanifold when and only when

Tr ((A(en+1>)2) = TI' ((A(em1+n2+l))2) ’
Tr (A(en+1)A(eT)) =0 ’ r= n+2y R m1+n2 ’
Tr (Aleny+na+1)(Ale)) =0, t=mytny+2, e, mytm,.

These formulas show that the product submanifold is an <A-submanifold
when and only when M™ and M™ are <A-submanifolds of R™ and R™
respectively and Tr ((A(3,))*) = Tr ((A(%.))®). This proves the proposition.

THEOREM 4.2. The product manifold M™X M™ is a pseudo-umbilical sub-
manifold of R™XR™ when and only when M™ and M™ are pseudo-umbilical
submanifolds of R™ and R™: respectively and n,{ H,, H,) = n,{ H,, Hy>.

This theorem follows immediately from (4.3).

From [Proposition 4.1, we may construct some non-trivial examples of A-
submanifolds. For examples, we have

EXAMPLE 4.1. Let M* be a 4-dimensional submanifold of the euclidean
7-sphere S"(v/2) with radius /2 given by

(acosu, asinu, bcosv, bsinv, ccosw, csinw, dcosy, dsiny),

wer—ereot (5 = () +(E)

Then M* is an A-submanifold of S(v/2) such that the mean curvature vec-
tor is parallel in the normal bundle. It is easy to verify that M* is not a
pseudo-umbilical submanifold of S"(~/2). This example is interesting in view
of

EXAMPLE 4.2. Let M™ be a hypersurface of a Riemannian manifold such
that 1) the mean curvature vector is nowhere zero and 2) the length of the
second fundamental form is constant. Then M™*XM™ is an A-submanifold.

Michigan State University
East Lansing, Michigan 48823
U.S. A,
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