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Introduction

In this paper we intend to generalize the semisimplicity and separability
for algebras to the case where the basic ring is non commutative. Separable
algebras in the sense of Auslander-Goldman [2] and semisimple algebras in
the sense of Hattori are separable extensions and semisimple extensions
respectively in our sense. For the definitions of these the relative homological
algebra introduced by Hochshild s useful.

In §1 we shall define the semisimple extension over non commutative rings
and study about some properties of them. In §2 we study about separable
extensions. Separable extensions are semisimple extensions (Proposition 2.6).
If A is an algebra over a commutative ring R and I’ is a subalgebra, then 4 is
a separable extension of [ if, and only if, 4®z4 is a semisimple extension of
I’ ®g 4 for every R-algebra 4 (Corollary 2.16). In §3 some examples are given.
The Galois extension of a non commutative ring, in the sense of T. Kanzaki,
is a separable extension (Proposition 3.3).

Throughout this paper we assume that all rings have the identity, all
subrings contain this element and all modules are unitary.

§1. Semisimple extension

The basic notions of relative homological algebra are introduced by G.
Hochschild [8]. We recall these briefly.
Let 4 be a ring, I' a subring of 4. A sequence of (left) 4-modules is
4, IN-exact if it is exact and splits as a sequence of /-modules. Consider a
diagram
0—L—M—N—0

T

P

where the row is (4, I')-exact. P is (4, I")-projective if there exists a A-
homomorphism of P into M such that the diagram is commutative. For any
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I'-module M’', AQrM' is (A, I')-projective, and a A-module P is (4, I')-projec-
tive if, and only if, P is a A-direct summand of A®P. Dually (4, I')-injec-
tive modules are defined. For any /'-module M’, Hom (4, M) is (4, I')-injec-
tive, and a A-module Q is (A, I')-injective if, and only if, Q is a A-direct
summand of Hom, (4, Q).

THEOREM 1.1. Let A be a ring, I' a subring of A. Then the following
conditions are equivalent:

(@) All left A-modules are (A, I')-projective.

() All (A, IN-exact sequences of left A-modules split as A-modules.

(¢) Every submodule of a left A-module which is a I'-direct summand is

a A-direct summand.

(d) All left A-modules are (A, I')-injective.

is easily proved from the definition, and we shall omit its
proof.

DEFINITION 1. Let 4 be a ring, I’ a subring of 4. We shall say that A
is a left semisimple extension of I' if they satisfy the equivalent conditions in
Theorem 1.1. If every finitely generated left A-module is (4, I')-projective,
then we shall say that 4 is a weakly left semisimple extension of I'. Similarly
we can define the (weakly) right semisimple extension of a ring.

REMARK. Let A4 be an algebra over a commutative ring I'. If 4 is a
weakly left semisimple extension of [’ it is left semisimple in the sense of
A. Hattori [5].

PROPOSITION 1.2. Let f be a ring epimorphism of a ring A onto a ring A,.
If A1is a (weakly) left semisimple extension of I' then A, is a (weakly) left
semisimple extension of f(I).

ProoF. Let M be a left A,-module. Regarding M as a /4-module, we have
a commutative diagram

¢

lf@lzu /’ ©,

Al®f~'l‘vM
where ¢ and ¢, are naturally defined homomorphisms. Since M is (4, I')-pro-
jective, there exists a 4-homomorphism ¢: M—AQprM such that @od=1,.
Then ¢, =(fR1y) ¢ is a A,-homomorphism of M into A,®; M and ¢, o,
=1,. Therefore M is (A, f(I")-projective and A, is a left semisimple ex-
tension of f(I"). [f M is finitely generated over A,, it is also finitely generated
over A. Therefore A, is a weakly left semisimple extension of f(I") if 4 is

a weakly left semisimple extension of [’
PROPOSITION 1.3. Let A be a ring, 2 and I' subrings of A such that 2 21.
Q) If A is a left semisimple extension of I' then A is a left semisimple ex-
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tension of 2. (2) If A is a left semisimple extension of £ and 2 is a left
semisimple extension of I, then A is a left semisimple extension of I .

Proor. (1) Let M be a left A-module. Then we have a commutative
diagram

@

AQrM— M

|/ o

AQ, M
where ¢, ¢’ and 7 are naturally defined /-homomorphisms respectively.
Since M is (4, I')-projective there exists a /-homomorphism ¢: M—ARrM
such that po¢p=1,. Now n-¢ is a A-homomorphism of M into 4®Q,M such
that ¢ «(pe )= e =1y.

(2) 1If Q is a left semisimple extension of /' and M is a 4A-module, then
the sequence
QRrM— M—10

Q-splits. Tensoring 4 over 2, the sequence

AQpM—— ARy M—0

A-splits. Since /4 is a left semisimple extension of £, M is a /A-direct sum-
mand of A®y,M. Therefore M is a A-direct summand of A®, M and M is
(4, I'-projective.

REMARK. Proposition 1.3 (1) holds for weakly left semisimple extensions.
If 4 is Q-finitely generated, then (2) also holds.

THEOREM 1.4. (1) If A is a weakly left semisimple extension of I', and if
1 is a left ideal of A such that (I<@pA then [J<Pq4. @) If Ais a weakly
semisimple extension of I', and if A is a two-sided ideal of A such that pAp
< @rAr then there exists a two sided ideal B of A such that A=APB as
7ings.

Proor. (1) Since the sequence

0—I—A—A/]—0

I-splits and A/I is A-finitely generated, it splits as /-modules.

(2) By (1) there exists a left ideal B such that A= A@B as left ideals.
Let 1=e¢,+¢,, A=Ade, and B=Ade,. Then A=e¢, ADe,A<PA as a right [I'-
module. Since A4 is right semisimple, too, ¢,A <@ A as a right A-module.
Hence there exists an idempotent ¢’ such that ¢,A=e¢’/1. Since ¢’ =¢’? € (¢,A)?
Ce,ABA=0, ¢;,A=¢’A=0. Therefore BAc BA+B = Ae,A+B=B. Thus B
is a two-sided ideal of 4. This completes the proof.

COROLLARY 15. Let A be weakly semisimple over I'. Then A is inde-
composable as rings, if and only if there exists no non trivial idempotent e such
that 1—e)Ade=0 and el'(1—e)=0.
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Proor. If there exists e as above, then A=Ade® A(1—e) and pA(1—e),
< @rA;. Hence A is decomposable as a ring by Theorem 1.5. The converse
is obvious.

PROPOSITION 1.6. Let A be a left semisimple extension of I'. Then if a
left A-module M 1is I'-projective it is A-projective. Dually if a left A-module
M is -injective it is A-injective.

Proor. Since M is (4, I')-projective it is a A-direct summand of AR, M
which is a /-projective module. Therefore M is A-projective. It is similar
for injective modules.

REMARK. If A is a weakly left semisimple extension of /. Then every
finitly generated A-module which is /'-projective is /-projective.

COROLLARY 1.7. If A is aleft semisimple extension of a semisimple subring
I, then A is a semisimple ring. Consequently A is also a right semisimple
extension of I.

PrOPOSITION 1.8. Let A be a left semisimple extension of I', and let M be
a left A-module. If A is right I'-flat then

l.dimys M <1 dimp- M
. inj. dim4 M = 1. inj. dim M.
If A is left I'-projective then
l.dimy M=1. dimp, M
L. inj. dim4 M < 1. inj. dim, M .
In either case 1. gl. dim A <1 gl. dim [".
Proor. If L. dim, M <n there exists a I'-projective resolution of M
0—X,— - —X,— M—0.
Since A4 is right I'-flat
0— AQp Xy — + — ARy Xy — AQp M — 0

is a A-projective resolution of AQ M. As M is a A-direct summand of
A®r M,
Ldim,M=1 dim, AQ, M=<1.dimp A .

If A is left [-projective every A-projective resolution of M is a ['-projec-
tive resolution of M. Therefore

L. dimy M =1. dim,- M .

Similarly we can prove the inequalities of injective dimensions.

COROLLARY 19. Let A be a left semisimple extension of a left hereditary
ring I'. If A is left I'-projective or right I'-flat then A is a left hereditary
ring.
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ProposITION 1.10. If I' is left and right Noetherian and A is left and
right I'-finitely generated, then A is a weakly left semisimple extension of I'
if and only if A is a weakly right semisimple extension of I.

The proof is an easy consequence of Prop. 1.3 in [5].

From now on we assume that /4 is an algebra over a commutative ring
R and I" a subalgebra of /.

LEMMA 1.11. Let A be an algebra over a commutative ring R and I’ a
subalgebra of A. If a A-module P is (A, I')-projective then PRrd is (AR 4,
I' Qg d)-projective for any R-algebra A.

The proof is clear and we shall omit it.

As an easy consequence of the above lemma we have

PROPOSITION 1.12. Let A be an algebra over a commutative ring R and I’
a subalgebra of A. If A is a (weakly) left semisimple extension of I then
As=AQr Rs is a (weakly) left semisimple extension of I's=1 QrRs, for every
multiplicative subset S of R.

Proor. Let M’ be a Agmodule. Regarding M’ as a A-module M’ is
(A, I')-projective. So M{= M is (As, I's)-projective by the above lemma. For
a finitely generated Ag-module M’ there exists a finitely generated A-submodule
M of M’ such that Mg=M’. Since M is (A, I')-projective M’ is (A, ¢~
projective.

PropPosITION 1.13. Let R, A and I' be as above. If A is left Noetherian
and finitely generated as a left I'-module, then dim,p M=supdimy,, r M,,

where m runs over all maximal ideals of R, for every finitely generated A-
module M.

Proor. As /A is left Noetherian and [ -finitely generated, we have a
(A4, I')-projective resolution P of M such that every P, is finitely generated.
By Lemma 2.4 of [1], we have R, @Hom,(P;, B)=Hom gr, (P;Q R, BRR.),
for any /A-module B and every maximal ideal m of R. Since PRR, is a
(4., I )-projective resolution of M@ R,,, by Lemma 1.11, passing to homology,
we have

H(R,QHom, (P, B))=H(Hom,, (Py, Bn))
R, QExty (M, B)=Ext} pr (M, By).

Since every A,-module B’ has a /A-submodule B such that B’=B®R, if
dim,,M=<n, EXtT;f.rm (M,, B"Y=0 for every A,-module B’. Thus we have
dimyg, p, Mn=n. Therefore dim,pM=supdimy, r M,  Conversely if
dimy, p, Mu.=n for every m, we have R, QExt}7 (M, B)=0 for every m.
Then Ext7h (M, B)=0, for any A-module B. Hence dim,,M<n. Therefore
dim 4 p M=sup dimy p. M,.

COROLLARY 1.14. Let R, A and I' be as in Proposition 1.13. Then A is
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weakly left semisimple over I' if and only if A, is weakly left semisimple over
A for every maximal ideal m of R.

The proof is easy so we omit it.

In connection with [Theorem 1.1, we have

THEOREM 1.15. Let A be a ring I' a subring of A. Then the following
conditions are equivalent:

(a) All left (A, I')-projective modules are A-projective.

(b) All exact sequencences of left A-modules are (A, IN-exact.

(¢) Every A-submodule of a A-module is a I'-direct summand.

(d) Every left ideal of A is a I'-direct summand.

(e) All left (A, I'-injective modules are A-injective.

Proor. (a)==(b). It is sufficient to prove that any short exact sequence
of A-modules ['-splits. Consider a diagram

[24
0—L—M—N—0

/]

AR N
where the row is exact and f is the natural map. The map g: N— AR, N
defined by g(n)=1®n is a I'-homomorphism and fog=1,. Since AR N is
(4, I')-projective, it is A-projective. Therefore there exists a /-homomorphism
h: AQprN— M such that a-h=f. Then hog is a I"-homomorphism of N into
M such that ao(heg)=fcg=1,.

(b)y=(a). Let M be a (A, I')-projective module and consider an exact

scquence

a
0—K—P—M—0

with P A-projective. By the assumption the sequence is (4, I')-exact. Since
M is (4, I')-projective there exists a A-homomorphism B: M— P such that
a°B=1y. Therefore M is A-projective.

(b)=(c). Let N be a submodule of a 4-module M and consider the exact
sequence

0O—N—M-— M/N—0.

Since the sequence [ -splits, N is a ['-direct summand of M.

(¢)=(d). Trivial.

(d)=(e). Let M be a (4, I')-injective module and [ a left ideal of A.
Since [ is a ['-direct summand of A, the sequence

0—I~—A—A/]—0

is a (4, I')-exact sequence. Therefore, since M is (A4, I')-injective, every /-
homomorphism of [ into M is extended to a A-homomorphism of A into M.
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and M is A-injective.
(e)==(b). The proof is similar to (a)=>(b).

§2. Separable extension

Let R be a commutative ring. Consider an algebra 4 over R and its sub-
algebra I'. Let ¢ be the natural map of I'®,A° into 4A®;A°, where A° is an
anti-isomorphic copy of 4. Then A is considered as a left 4® A°-module. A
is (AR A°, (I Q A%)-projective if and only if the sequence

©
URA) Rupe g0 d—A—0

where ¢ sends (a Qb)) @ x into axb, A A°splits. Therefore if 4 is (AR A°,
('@ A%)-projective, there exists a A A°-homomorphism ¢ : A—(A® A%
Qo A such that pop=1,. Since (AR 4% Q.o A is isomorphic to 4R, 4,
if we put ¢(1)=>a;®b; then > a;®b; satisfies the conditions

Q) Xab;=1.

2) Dxa;,Rb;, =X a,Rb;x for all x < .

These conditions lead us that, for the definition of the separable extension, A
need not necessarily be an algebra.

DEFINITION 2. Let A be a ring ' a subring of 4. We shall say that /
is a separable extension of I' if there exists an element 3}a;®0b; in AQp A
satisfying (1) and (2) above.

REMARK 1. If [7 is in the center of /4 and / is a separable extension of
{7 then / is a separable algebra over I” in the sense of Auslander-Goldman [2].

REMARK 2. If /A is an algebra over a commutative ring R and if I" is a
subalgebra of /, then another definition for a separable extension is possible.
It is easily proved that 4 is (AR A% «(I' Qg A%)-projective if and only if 4 is
(ARe A, ((I" R, ")-projective. The proof is given in Proposition 2.14.

Let 4 be a ring, I" a subring of 4. For a two-sided A-module M, we set
MA={me M|xm=mx, for all xe A}. M4 is isomorphic to Hom, 4 (4, M),
two-sided 4-homomorphisms of 4 into M.

Throughout this section ¢ means the two-sided /4-homomorphism of AQ A4
into 4 defined by o(x®Xy)==xy. We put A=(AQRp D4, then ¢(A) is in the
center of 4. Let C be the center of 4, then ¢(A)=C if and only if A contains
an element 3 a;X®b; such that > a;b;,=1. So we have

ProroSITION 2.1. A is a separable extension of I' if and only if ¢(A)=C.

Let A be a separable extension of I'. Then the sequence

@
A@pd— 4 —0

splits as a two-sided /4-module. Therefore Homy, 4, (4, M)= M4 is a direct
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summand of Homy, 4 (A®pr A, M). Homy, 4, (AQprA, M) is isomorphic to
MT={me M|ym=my, for all ye '} by the map f—-fARX e M, for fe
Homy, 4, (AQp A, M). M” is a C-submodule and MT is a two-sided ["/-module
respectively, where [/ = AT, the commutator of I in 4. Thus we have

LEMMA 2.2. If A is a separable extension of I' then M4 is a C-direct
summand of MT for a two-sided A-module M.

If we put M=/, we have

COROLLARY 23. If A is a separable extension of I’ then the center C of
A is a C-direct summand of I'’, and so if a is an ideal of C then o’ NC=a.

PROPOSITION 2.4. Let f be a ring epimorphism of a ring A onto a ring A,.
If A is a separable extension of I' then A, is so over f(I").

Proor. If Xa;®b, satisfies the conditions of separability for A4 and I,
then X f(a,)Qf(b;) does so for A, and f(I).

ProposITION 25. Let A be a ving, 2 and I' are subrings of A such that
Q2TI. ) If Ais a separable extension of I' then A is a separable extension
of 2. () If Aover Q and 2 over I' are separable extensions respectively then
A is a separable extension of I.

Proor. (1). If A is a separable extension of /" then there exists 3 a;Xb;
€ AQprA satisfying the separable conditions. The image of 3 a,®b; in
ARgq A satisfies the conditions for 4 and 2. (2). Let Xa;®b,€ ARy and
Sa;QB,€ 2Qr 2 satisfy the separable conditions respectively. Then the
map xQy—2xa;QP;y of AReA—AQrA is a well defined map and the
image of Xja,®b; in AQp A by this map, X a,a;R B,b;, satisfies the separable
conditions.

ProPOSITION 2.6. If A is a separable extension of I then A is a left
(resp. right) semisimple extension of I.

PROOF. Let M be a left A-module, and }a;QRb; € AR A satisfy the
separable conditions. Consider the sequence

f

where f is the natural epimorphism. The map g:M—AQ, M defined by
gim)y=>a,Qbym is a left A-homomorphism such that fog=1,. Therefore A
is a left semisimple extension of /°. Similary 4 is a right semisimple ex-
tension of [. ;

From now on we consider the case of algebras.

PROPOSITION 2.7. Let R be a commutative ring and let A, and A, be R-
algebras, I'y and I'y, be R-subalgebras of A, and A, respectively. If A; is a
separable extension of I'; for i=1,2 then A,Qgp, is also a separable extension
of t(I'yQgrI";) where ((I'\®g1',) is the natural image of I',@rl", in A, Qg A,.

Proor. Let a; and b, 4,, a; and B; = 4, satisfy the conditions of separa-
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bility (1) and (2). Then for 3(a;Qa)®0:® B) € (4 Q 4 Ruriors(4:Q 42)

we have
2aRQapb;@P)=2ab; QT a;8;,=1R1.

Now since (4,Q4,) Xeriors A, Q@A) =(UA,QRQA1,) Qriers AR 4,) =4, Qr, 4,)
Qr(4;Rp, 4,), we have for xQye 4,41,

xRN Qa)R:QB)=3(xa; Qya,) ;R B,) <
2 (xa;Q0) R (ya; Q By)

=2(a:®bix) Q(a; Q ;) <
2@;Qa)®bix® By

=20:Qa)Rb:R®BHxR).
This completes the proof.

If we set 4,=1",=4 in the above proposition we have

COROLLARY 2.8. Let A be an algebra over a commutative ring R and I’
a subalgebra of A. If Ais a separable extension of I" then ARQrd is a separable
extension of ¢(I" ®rd) for any R-algebra 4.

In particular if 4 and 4 are subrings of a ring and elementwise com-
mutative and [ is a subring of A\ 4 (necessarily commutative), and if 4 is
a separable extension of /7, then A4 is a separable extension of 4.

COROLLARY 29. Let A2I" and 4 be algebras over a commutative ring R.
If 4 is separable over R and if A is a left semisimple extension of I then
AR 4 is a left semisimple extension of ¢(I" R R).

Proor. By Proposition 2.6 and Corollary 2.8 A® 4 is a left semisimple
extension of ¢((A®R) which is a left semisimple extension of ¢(I"® R).
Therefore A® 4 is a left semisimple extension of ¢(I" @ R) by Proposition 1.3.

ProPOSITION 2.10. Let A be an algebra over a commutative ring R and I”
a subalgebra of A and let 4 be an R-algebra. Assume that 4 has an R-direct
summand isomorphic to R. Then if ARz is a separable extension of (" Qr ),
A is a separable extension of I.

Firstly we prove the next lemma.

LEMMA 2.11. Let Abe an algebra over a commutative ring R, B a subalgebra
of A and C an R-algebra. If Mis a left ARrC-module and (ARzrC, (BRrC))-
projective, where ¢((B®grC) is the natural image of BRrC in ARC, then M,
as an A-module, is (A, B)-projective.

Proor. M is an (A®C)-direct summand of (AQRQC)Rpec M. Since
(ARC)Rpee M= AR M, M is an A-direct summand of A®zM.

ProoF ofF PropPOsITION 2.10. Since A®4 is a separable extension of
('R, AR 4 is (AR 4%, (I"® AR 4°-projective. So by Lemma 2.11 AR 4
is (4°, ' ®Q A%-projective. As A is a left A°-direct summand of A®4, A is
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(Ae, I’ ® A%-projective. Thus 4 is a separable extension of ['.

If we put I'=R -1, in Proposition 2.10| we have

COROLLARY 2.12. Let A and 4 be R-algebras. If 4 has an R-direct sum-
mand isomorphic to R and if AR 4 is a separable extension of ¢((RQ4) then
A is a separable algebra over R.

This corollary is a generalization of Prop. 1.7 in [2], since for any sub-
algebra 2 of a separable algebra 4, A is a separable extension of 2.

PRrOPOSITION 2.13. Let R be a commutative Noetherian ring and A be an
R-algebra which is finitely generated as an R-module. Then, for a subalgebra
I of A, A is a separable extension of I' if and only if A, is a separable ex-
tension of I'y, for every maximal ideal m of R.

The proof is easy by [Proposition 1.13,

ProPOSITION 2.14. Let A be an algebra over a commutative ring R and I"
a subalgebra of A. Then the following conditions are equivalent:

(a) A is a separable extension of I'.

(b)) A*=AReA° is a separable extension of ¢([™®).

(¢) A° is a left (resp. right) semisimple extension of ¢(I'®).

(d) A°is a weakly left (resp. right) semisimple extension of ¢(I').

(&) A°is a left (resp. right) semisimple extension of ¢(I" R A°).

(f) A°is a weakly left (resp. right) semisimple extension of ¢(I" R A%.

First of all we prove the next lemma.

LEMMA 2.15. Let A be a ring and let B and C be subrings of A such that
B2C. () If an A-module M is (A, B)-projective as well as (B, C)-projective
then M is (A, C)-projective. (2) If M is (A, C)-projective then M is (A, B)-
projective.

Proor. (1) As M is a B-direct summand of BQ, M, AQRpzM is an A-direct
summand of A®yM. On the other hand M is an A-direct summand of ARzM.
So M is an A-direct summand of AQ,M. (2) is clear.

PROOF OF PROPOSITION 2.14. (a)=>(b). Let 3 a;Qb, € AR, A satisfy the
separable conditions. Consider the sequence

/

2
I @A) Qpape 4— 1

where ¢’ sends (x@¥)Qz to xzy. Define ¢ : A—-T" R A) Qs A, by ¢'(2)
=ARMDRza;=3AR1;2))Ra;. Then ¢’ is a I'® A°-homomorphism such
that ¢’o¢’=1,  Therefore A is (I'®4°, ['Q1I°-projective. Since A is
(AR A, I' Q A%-projective, by the above lemma, 4 is (AR A’ 'R 1 %-pro-
jective.

(b)=1(c). By Proposition 2.6 it is clear.

(¢)=>(d). Trivial.

(d)Y=>(f). This follows from Proposition 1.3.
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(f)=>(a). Since A is finitely generated 4 A°-module, 4 is (AR Ay, 'R A%-
projective.

Similarly (¢)=>(e)=>(a) are obvious.

COROLLARY 2.16. Let A be an algebra over a commultative ring R and I’
a subalgebra of A. Then A is a separable extension of I' if and only if ARrd
is a weakly semisimple extension of ¢(I'Qpd) for any R-algebra 4.

PrOOF. ‘Only if’ part is given by Cor. 2.8 and Prop. 2.6. For ‘if’ part,
put 4=A°

For the case of I'=R-1 we have

COROLLARY 2.17. Let A be an algebra over a commutative ring R. Then
A is separable over R if and only if A°¢ is left (or right) semisimple over R
(cf. Theorem 25, [5].

Next proposition is due to Onodera in the case of algebras. Let 4 be a
Frobenius extension of I, that is,

(i) A is a finitely generated projective right I'-module.

(i) Hom (Ay, I'y)= A as left I' and right A-module, where Hom (A4, I" )

is the set of all right /"-homomorphisms of A into ['.

Then we have

ARp A =Hom (Hom (Uy, I'p), pA) = Hom (4, A1) .

The first map is given by x®y < (f—f(x)y) for fe Hom (4, '), and is an
isomorphism by virtue of (i). The second map is the one induced by (i).
Furthermore these are two-sided /4-isomorphisms. If we write the element in
ARy A, corresponding to the identity map in Hom (p4, p4), by 27, ®1; then
{r;} and {/;} form a pair of dual base (cf. Onodera [5])). It is easily proved
that A =(AQ®p A4 corresponds to Hom (A4, pA4 ) = I}, the left multiplications
of the elements of the commutator of I'. More precisely > r,®7y’l; corre-
sponds to y; = I';. Thus we have proved that ¢(A4)=Xr,["l;, By
2.1 we have

PROPOSITION 2.18. Let A be a Frobenius extension of I' and let {r;} and
{I.} be a pair of dual base. Then A is a separable extension of I' if and only
if Sl =C.

§3. Examples

ProrosITION 3.1. Let G be a group and H a subgroup of G with finite
index, say n. If R is a commutative ring such that nR=R, then the group
ring RG of G over R is a separable extension of RH.

PrROOF. Let GzﬁgiH: S Hg;' be aleft and a right coset decomposition
=1
of G by H respectively, and let 1=nr, re R. Then in RG®py RG, ¥ 22, Qg:?
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satisfies the separable conditions (1) and (2)

Let A=("), be the ring of square matrices of order n over a ring [’
Let e;; be the matrix with 1 at the intersection of the i-th row and j-th column,
and with zero everywhere else. Then /' is identified with diagonal matrices
of the form X ye; reI'. It is easily proved that the element e, Qe
€ AQr A satisfies the separable conditions. We have

PROPOSITION 3.2. If A is the ving of square matrices of order n over a
ring I" then A is a separable extension of I

Lastly we consider the Galois extension. For the definition and some basic
properties see for example §1 or [16] Let A be a Galois extension of [’
with Galois group G. Then there exist x; and y, in 4 such that, for ¢ = G,

1 if o=1

0 if o=1.

Multiplying by o¢(z) on the right and adding on ¢ G, we have
z= in Tr (y;2)

(%) ;‘ x0(Y;) =

for all ze A, where Tr (x)= > ¢(x). Similarly we have
cECG
z=2Tr (zx)y;

for all ze A. In particular we have
zx;= 2 x; Tr (y;2x;)
and J
Yz = ; Tr(yzx)y;.
Therefore in AR, 4
2zx@yi= 2%, Tr (325 @yi= 5 x,Q Tr (3,223, = 25558,z

Since X x;v;=1, the element 3 x;Xy, satisfies the separable conditions. We
have

PropPOSITION 3.3. If A is a Galois extension of I' then A is a separable
extension of I.

In general Tr (A)={ }]pa(x)!x e A} is in I'. We assume that Tr(A)=1".

Let H be a subgroup of G and set £2={(H), the H-fixed subring of 4. Let
b be an element in 4 such that Try (b)= 3 z(b)=1.
TeH

The existence of such an element is assured by [7] Prop. 4. From the relation
(*) we have

2x; Tra(y)=1.
Then 1
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};;‘bxz Try (y)=0

and
(x1) ; Try (bx;) Try () =1.
Next, if p, € H and o & H, then p~lor =1, and so
Sxp70r(y)=0.
Adding on z and multiplying by b we have
Zbxip7ro(Try (9:)=0
and
g] pbx)o(Try (3:))=0.
Adding on p we have
(*2) ZTI‘H (bxz-)a(TI‘H (yz)) =0 if o & H.
From (x2) we have also

(x3) 20(Try (bxy) Try (y)=0 if o&H.

Let @ be an element of £. Then from (x2) we have

(%4) 2 Try 0x)o(Try (y:0))=0.

In (x1) and (x4), if we sum up only those ¢,, where G =3 0,.H, we have
S Try bx) Trg(yiw)=ow.

Similarly from (x1) and (x3) we have
3 Trg (@bx) Trr ()=

for all w € 2. Therefore in particular

o Try (bx;)=Try (wbx,) = ; Try (bx;) Trg (3, Try (wbx;)
and
TrH (y,)(!) = TrH (yza)) = ’ETr(; (TrH (lel))ij) TrH (y]) .
[t is easily proved that
Tre (y: Try (wbxj)) = 30 (Trg (yiw) Try (bxj)) =Trs (Try (yaw)bxy) .
o
Therefore in QQp 2
ij Tra (bxp)QTrp ()= Z;) Try (bx) @ Try (Ve .

From this and (*1) we have proved that the element 3 Try (bx,)® Try (¥;)
satisfies the separability conditions. Thus we have
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PrROPOSITION 3.4. Let A be a Galois extension of I' with Galois group G

and let H be a subgroup of G. If Trg(A)=1I then the H-fixed subring of A
is a separable extension of I.
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