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Introduction. In this paper we shall deal with some properties of Pont-
rjagin classes modulo ¢, where ¢ denotes some prime number larger than 2.
In and [2] Massey obtained many results concerning the vanishment of
Stiefel-Whitney classes. We shall apply the Massey’s method for the case of
Pontrjagin classes modulo ¢. For this purpose we shall make use of the
Hirzebruch’s relation ([3], [4)) which is an analog of the Wu’s relation in the
case of Stiefel-Whitney classes.

§1. Let g be a prime number larger than 2 and let X, be a compact
orientable differentiable n-manifold. For any cohomology class v € H*"%@-b( X,
Z,) it holds that

an Py = Sk 33
where £; denotes the Steenrod power
(1.2) Pr: HYX,, Z)— H+@ (X, Z)
and s; denotes a mod ¢ polynomial of Pontrjagin classes:
13 5= Lirgo(bu . 0)  mod g 1= r(g-1D),
where B
1.4) ];(:)Lj(;bx» SO DES I}t—g%/\%f:% ,
(1.5) - p:gapizlz](l—{*n)
and
(1.6) b€ HY(X,, Z).
It is needless to say that
a.mn spe Ha2(X,, Z,).

We put
(1.8) Ea bq,,-zfil(1+r£ s by e HY(X,, Z,)

where
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1.9 I= 2.

[t is known that

(1.10) by, ;=2 Pis;  mod g

where the sum is extended over the set of all the pairs (i, ) such that
(1.11) 2/ =0+ng—1) 4D
In the case ¢=3 (1.8) takes the form

1.12) %) bs, ;= IiI(lJrn) = ;26 Di

and we have from (1.10)

(1.13) pj:'_z_ Pist mod 3.

We define b,,; and 3} by o

(1.14) (= 86)(2‘.‘0 Sp=1, SeH" (X, Z)
and i )

(1.15) (1220 bq,j)(g_,; be=1, b € HY( Xy, Z,).

We recall the following relations: ([5])
(i) <= identity,

() Piur)= 3 Puepw,
§=0
(1.16)

i) #ep=2(-1y(C T D gy <,

L GV) =0, 20>k, upe H(Xw Z,).
We have from (1.15), (1.10) and (1.16)

(L.17) b= X @5  modyg
2j=(i+7)(g=1)
because
1.18) 1=(ZPHY(Zsp( 25D
120 rZ0 7Z0

=(ZENZsPDUZLNZIN=(Z bg, D( X 25y
Jj=0

720

§2. Let us prove

LEMMA 1. For any xe H"*(X,, Z,) (0 <k <n/4) it holds that
2/~ 1)

2.0 | thgr=— 3 Ppxbyr-rq-nn mod gq.

7=1

Proor. We have from (1.17)
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- 2j/(q=1)
2.2 b, = = Pigr =52/ @D | prs2ilq-D—i
@2) I =i -y T T E} 2°q

On the other hand we have from

—_—
(23) O:“‘sz/(q—l)_}_zj/za )s(’lig'gj/(q—l)—i‘
i=1

We have from (2.2) and

r BIETY | imoi D=t il
2.4) be,j = ; (P57 @V —sgsg! P
which leads to

- 2j/(q—1) s A N .
@25) Kby = > (RPIFHIaD=_ ygi5ail D)

T=

Now we put j==%. Then we have from (1.1) and (1.16) (iii)

LTk T — ol 4T/ QDT — i o2k (@12
(2.6) XSEFP @Dt — glyF @D~ = PI( (TP @D

)
— T 4 i—r32k/(q—1)—1
~T—§0) Pox - PyTS, .

We have from and

- 2k/(g—1) . ) i ) .
2.7 Xbgr = zgl (x P/ @i _ ,Z{) Prx PiTSIH D0y

2k/(g-1) 7 o .
— 2 (__ Egagxgy‘al—7§gk/(q~1)~z)
i=1 =1
2k/(q~1) 2k/(q—-1) X
_— Z gatrlx Z gaa—-rg(ﬂlk/(q—n—z
r=1 i=r
2k/(g~1) .o
=— 2 Lexbgi-rq-vsae Q. E.

r=1
The repeated use of (2.1) implies
2.8) xbg =2 PIx  mod ¢
where ¢! runs over the set of all iterated powers.
If 4k =n, then b,,=0 mod g, because we have from (2.2) and (1.1)
/-

1)
N pigok/Q-D—i
izf PeSy

2.9 Eq’k — —Zk/(q_1)+2k

— §3k/(q—1)+2k/%_1)Sggék/(q-l)—i ={ mod q.
i=1
Moreover it holds that b, ;=0 mod ¢, if n—4k=1.
For, if b, 0 mod ¢ there exists some x & HY(X,, Z,) and
(2.10) xbe,x*0  mod q.
We have from (2.8)
(2.11) Pixx0  mod ¢
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for some itefated Steenrod power 2. However it is impossible from (1.16) (iv).
§3. By means of (1.16) (iii) any iterated Steenrod power can be expressed
as a sum of admissible powers:

@E.D gsg:gsff S-Pf{ (i = gty Ly = qlyy "y Ly 2= qLy) -
We put
n()=1,+ - +i,,
(3.2)
e=a,+ - +a,
where
3.3) L=qlta,, h,=ql+a, =, =ql+—, L,=0a.
We have from
(34) n(l)=e(l)+qn(l)—1ip)
which leads to
35) gty =e()+(g—Dn(l).

LEMMA 2. If s=degree x<2e(l), then Pix=0.
PrROOF. We have from (3.5)

(3.6 L —(g—Diy— -+ —(g—Di,=el)>s/2,

from which we have

3.7 21,—2(q—1)i,— - —2(g—Di,=2e(l)>s,

i.e.

3.3 21, > 2(g—Viy+ -+ +2(g— i +s.

Hence we have

39 2i, > degree (Pi2 -+ Pirx).

We have from (3.9) and (1.16) (iv)

(3.10) Pix=0. Q.E.D.
Next we consider the case where

(3.1D) borx*0 modgq s=n—4k>1.

In this case we have
(3.12) xbex*0 mod g and PIx=0

for some x = H*(X,, Z,) and some admissible #J. Thus we have

THEOREM 1. Let X, be a compact orientable differentiable manifold. If
bor*0 modg (s=n—4k>1), then PIx=0 holds for some admissible iterated
Steenrod power PL and some x e H(X,, Z,).

By means of it suffices to deal with the case where
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(3.14) el)<s/2.
We have from [(3.5), and (3.13)
(3.15) n = degree PIx =2(qg—n(I)+s=2q1,—2e(l)+s

=2qa,+qia,+ - +qa,)—2e(I)+s.

First we consider the case where 2¢(J)<s—1. We put

(3.16) a,+2e(l)=s—1, 0, <s—3.
Then becomes
317 n={2(ga,+q*a,+ -+ +q"a,)tqa,}+1—(¢g—Da,

=(g"+gq"+ -+ +¢" ) —(g—Da,+1
(mzhyz - Zheyz1)
because the number of ¢ in the { } of is equal to
(3.18) 2o+ - Fa)ta,=2e(l)ta,=s—1.
Next we consider the case where 2¢e(J/)=s. In this case we have from
(3.19) n=2go;+q*ay+ -+ +qa,) =2(g"+ - +q"s2)

(hlghzi :>:hs/22 1) .
Thus we have

THEOREM 2. Let X, be a compact orientable differentiable n-manifold. 1t
bgr 0 mod g (s=n—4k > 1), then we have either

n:(qh1+ ‘i‘qhs'ﬂ)“‘(q-l)ao“i_l hz=zhy= - = hey

(s—3z=za,=0) or

v

1,

n=2g"+ - +q"?) (= ZhpzD.
§4. Define the dual-Pontrjagin classes by
ChY 1=(Z(Zp0), e HHYX, 2).
We have from and
(4.2) b= P -
We consider the case ¢g=>5. In this case we have
43 bs,n = p1—2p

55,2 = 254_2ﬁ3131+ﬁ% .
COROLLARY. If n=19, then we have b;,=0 mod 5.
PrOOF. If b5, 0 mod5, we have from Theorem 1

4.4 Plx, %0 mod 5, x, € H¥ (X, Z5)
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for some admissible #I. However the only admissible ®! is 22 and we have
from (1.16) (iv)

“4.5) Pix, =0 mod 5

which contradicts (4.4). Q.E.D.

We can prove this corollary by too. The same thing holds for
the case n=18.

Utsunomiya University
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