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On a certain cup product.

By Seiya SASAO

(Received Oct. 4, 1958)

Introduction. Let K be a complex of a form S‘Ue*Ue™, i.e. a complex
obtained from a g-sphere S? by attaching an z-cell ¢® and then an (z+¢)-cell
"% where n—2=¢g=2. It is clear that the integral cohomology ring of K
is as follows:

H K)~H/K)~H'K)~H""(K)=Z,
Hi(K)=0 i1#0,9,n,n+q,

where Z denotes the ring of integers.

Let x,y,z denote the cohomology classes carried by e, SY, ¢"*? respectively.
Then there is an integer m determined by mz=xUy. Let acr,_(S?) denote
the homotopy class of a map, S !'—S% by which e" is attached to S% I. M.
James described then K as a complex of type (m,«a) and proved the
following theorem (Theorem (1.8) 1. c.).

J. Let [, lg]Em,q_o(SY denote the Whitehead product of « and a generator
l,e7(SY. Then there exists a complex of type (m, ), if and only if m[a,l,] is
contained in the image of the homomovbhism Oy : Ty q o(S" )= wyq_o(SY) which
is induced by «.

At the end of the introduction of [5], James remarks that it is possible
to discuss this topic in term of the cohomology invariant of mappings which
are defined in [10], although his discussion in is based on different
methods. We shall show in this paper that J can be indeed simply and
mechanically proved by the cohomology invariant of mappings.

Let L be a complex of a form S?Ue” which is obtained by attaching
¢” to S% Since the homotopy type of L depends only on the homotopy class
of the attaching map, we denote by L(a) the complex L which has a map of
the class a=n,_(SY as the attaching map. Then all complexes of type (m, )
have L(a) as a subcomplex.

Now consider a relative functional cup product of a map g:(E"¢,
E™eY 5 (L(),SY), where E®+%-! denotes an (n4-g—1)-cell and E™! its
boundary. If we denote by % the generator of H"(L(x),S? identified with
the cohomology class of H™(L(a)) which is carried by e" and denote by 7 the
cohomology class of H%L(«)) which is carried by S¢ then we have ¥Uy=0
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and g*(%) =0, where g* is the homomorphism of the cohomology ring induced
by g .
From the definition, ¥\ JJ is an element of H"™*¢-}(E"+%-1 Em™+e-1) which is
g
isomorphic with H* 91 2(E™*%1) =~ Z, because H" (E™*9~1, E*+2-1) = " 9-{([(«),
S~ 0 (see §12 of [10]). Therefore, there is an integer m such that ¥\U7# is
&

m times a generator of H"+te-{(E"+e-1 En+a-1), Since it is clear that m is a
homotopy invariant of g, we obtain the correspondence T': 7y q-(L(a), SO)— Z
with respect to a fixed generator of H"+t¢i(En™+1-1 Fm+a-1),

Then we have

Levmma 1. The above correspondence T is a homomorphism.

Proor. Let E7t9 1| JE?*?! denote the union of two copies of E**?! and
{g} denote the homotopy class of g. If {g}, {%} €7y, (L(a), S, then we can
easily construct a map F with the following properties

(D F: (B, Errat)— (B "1 By, vty B,
(1D F¥op* . Hra-1(Fr+e-1 E'?‘“q‘l)——»H”‘Lq‘l(E"”"’, En+q—1)

is an isomorphism and orientation preserving.
If we define ¢ as follows:

d(p) = g(p) peET!
= h(p) peE;TT,
then
{poF} = {g}+{Ar}.

Therefore we have ¥\ § = F*(¥\UjJ) by the invariance of the functional cup
BoF é

product under transformations [10] Hence % {U} J+Ex U =% \U F by
&

(n} {gr+{n}
and [TIT).

Let [, 1, denote the relative Whitehead product and @& denote the map:
(E™, E™— (L(a), S%) such that & maps homeomorphically the interior of E™
onto ¢” and {@|E"} =«a. Then James has proved in that m,.q_;(L(c), S%
is isomorphic to the direct sum of the infinite cyclic group generated by
[@,l], with @cm,,(E™, E™). Therefore, for any {g}&m,(L(a),S?), there
exist an integer m, and an element pEx,.q_;(E” E™) such that {g} =m[«, Lol
+@&op. Then we have

Lemma 2. T(g})=xm, where the sign depends only on the choice of
orvientations.

Proor. We have only to show that T(«,/,])=1 or —1 and T(@-0)=0.
Then our Lemma 2 will follow from Lemma 1. We have

U J=a*@Jak(y)=a*(x)\J0=0
o

&op 0
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by the invariance of the functional cut product under transformations. Define
a map v: (E"UE*, E"UE*)— (L(«), S?) as follows:

Y(p)=ap) pEET
= (p) pEET.

On the other hand, we can easily construct a map ¢ with the following
properties:

(I) @: (En+a-1, E'n+q—1)_)(Enqu+1, E'nuE'qH) ,
(II) [67, lq:lr = {’l//‘ogo} ’
(I1D) [at, ] = {Yrop| E™* 1)

Then we have % U J= xﬁ*(x)Uw*(y) by the invariance of the functional cup

product under transformatmns Let 8, denote the coboundary homomorphism :
Hrra-2 a1y grra-i(Brta-l Erra-1y and §, the coboundary homomorphism :
HY(E"UE")Y—> HYE"UE®*!, ErJE®"). Then there exists an element x’
of H™1(E"UE®") such that 8,(x) =v*%). Hence, by (13.2) of we have
Oi(x” U () =—{0.(x") U (D)} = —{*(®) U ¥} .
@ ¢

w]En+q—1

It is clear that ¥* 8,8, are isomorphisms and x’,v¥*(§) are generators of
H*YE"UE®Y) and H! (E"UE®"Y respectively. Therefore, from (19.1) of
[10], x \U +¥*(9) is a generator of H**¢E"1)  This completes the

et
proof o? the

Now let j* be the inclusion homomorphism, and 7 be the map: E™% 11—
S*+a-1 which carries E™*¢! to point s, and the interior of E™! homeomor-
phically onto S"*?-1—s,. Then, by the invariance of the functional cup product
we have

Lemma 3. Let f be a map (S*%71, sp) — (L(), f(sy) and j be a map (L(a),
S(so)— (L), S, then

2V =9*0*RUD.
jofon 7

We notice that »* is an isomorphism and orientation preserving. Now suppose
that K is a complex which is obtained by attaching "¢ to L(«) and f is its
attaching map. From the definition, we have 7%(%) L}yem”—l(s"”-l, s =Z.

Therefore we can identify 7%(¥)\U § with an integer.
7
Lemma 4. xUy= (%) U 9z
7

Proor. We can identify K with the space which is obtained from the
mapping cylinder L, of f:S"?%!'— L(a) by shrinking S"*?"! to a point K,.
Let v be the identification map. Consider the following commutative diagram.
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Uy
H"(L;) «—— H"(L;, S*™**') — H"*%(L;, S**%"1)

H*K)—— H"K,K,) — H""(K, K,)
J* uy

Then we have by the naturality of cup product and the definition
of the functional cup product.

Now we can easily obtain the following theorem from the Lemmas 2, 3
and 4.

Turorem 1. Let K be a complex of type (m, &) as above, then

FUS) =Eml&, I+ a&op

for some pEm, ,.(E™, Em.
Now, theorem J is an easy consequence of Theorem 1.

University of Tokyo.
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