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On exceptional values of entire function.
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1. Let f(2) be an entire function of order po(0<<p<Co0). We say that «
is an e.v.V,D (exceptional value in the sense of Valiron) if

.. N, «)
Al@)=1—1lim inf -22—->0.
o=t It g, )
Let S denote the set of all increasing real functions v (x) such that log x

=o(y(x)). We shall call « an e.v.S, if

.. log M7, f)
(1) llgn_)lol;lf ) >0
for some Y CS.
We prove:
Tueorem 1. If «a is an e.v.S, then it is an e.v. V also with 4la)=1.

Proor. Let o(r) be a Lindel6f proximate order for f(z). Then
lim o(r)=p,
lim (7 log 70'(r)=0,
log M(r, f)=v*™ for all r=v,

and log M(r, f)=#"™ for an infinity of . Now

p(2r)~p(r>:Sj%’(t)dt:o(gzrd,'/f) _ 0( 1 )

., tlogt log r
and
log M(27, ) < (2r)P@" < Ay° D

= Ae{p@)-p() } logryd()

<A™

=A, log Mz, f) for arbitrarily large r
and since

log M(r, 1) =3T(2r, 1)
we get

1) See [1], p. 227
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log Mir, /) _,

. 2
M e )
Hence from (1)
: T(r, f)
1 _AnT) ),
2P T, (0
Further,
N, @)= S »"“’f; D 34101 < Antr, @) log 7.
Thus
: ,Yl’f’,f),,:
Hmsup 7 "
as

log r==0(y(r)) .
Hence « is an e.v.V with 4(a)=1.

2. Let E denote the set of increasing functions ¢(x) such that
S” dx
4 xp(x)

is convergent. We say that « is an e.v.E, if

oo log M, f)
Hminf - e 0

for some ¢ CE. See S.M. Shah [I]
We observe here that in section 1 for defining e.v.S we did not assume

the convergence of (2), for instance vy (x) in section 1 can be equal to log x
log log x.
Let

(2)

m(r, f>=m(r)=Min [f(2)].
jzl=7r

We prove:
Tueorem 2. If f(2) be an entive function having ‘0’ as an e.v. E, then

(3) lim m(r)=0.

700

The above theorem explores a class of entire functions for which (3) holds.
It covers a fortiori the classes having e.v.P (Picard) and e.v.B (Borel),
because e.v.P or e.v.B = e.v.E. The theorem is important in that (3)
does not hold for all entire functions. There exist classes of entire func-
tions for which

lim sup m(r)=oo .

7 ~» co

'As a matter of fact P. Erdss and A.J. Macintyre [2] have proved that
if there be a strictly increasing sequence of integers 2, satisfying
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hing 1
— <oo ,

n=0 Xn+1’“’zn

then for the entire function

f(z) =2:3: @pztn

we have

lim sup ]’Z((:)\ =

Further for all entire functions of order p(0 =< po<Cco), there is the classical
result of Littlewood namely

m(y) > {M(r)}®) ¢
for arbitrarily large 7 the constant ¢(p) depending only on p. For 0<p<<1
the best possible value of c(p) was discovered to be coszp by Wiman and
Valiron, (see Hayman [3]).
Proor or Turorem 2. Suppose, if possible, that

lim sup m(») = a >0

700

and choose d such that [d|<Ce, then |f(2)|>|d| on a sequence of circles, so
by Rouché’s theorem f(z) and f(z)—d will have the same number of zeros
in |z| <7, where » runs through a sequence. So

n(r, 0)~n(r, d)
for a sequence of circles.
Further since 0 is an e.v. E

log M(r, /)~Kr® (0<<K<C0),

N7, 0)=0(T(1, )) -
Hence :
N(r, 0)=0(log M(r, f))=0(r").
Also

Nir, 0)+N(r, d)> H(k) log M(—%) (h>1, d£0).
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3. For an entire function f(2), we call « to be an e.v.N (in the sense
of Nevanlinna) if

. . N(r, a)
ola)=1- hn:f;lp »VT(’;; f)' >0.

We prove:

Tueorem 3. If f(z) be an entire function having « as an e.v. N, then
m(r, fH=0(1).

We see here that the above theorem gives an information less precise
than the one given by theorem 2; but at the same time we know that
e.v.N is a much stronger exceptional value than e.v.E, as e.v.E > e.v. N,
but not the converse (see IE__]]).

Proor or Tueorem 3. Let in the terminology of Nevanlinna

1 1
—_— — df.
e’ ) flré®)—a (
New, if possible, let m(r, f) be not bounded, then there will exist a sequence
of circles [z|=r through which m(, f)— c. Hence p(r, ®)=0(1) for a sequ-
ence of . Now

VRO B
P(”, =p(7, a)—"é;S 08

0

(¥, )+ Nz, a)=T(r, f)+0O(1) .
So

lim sup Nra)

PR T
Thus é(a)=0 giving a contradiction against that « is an e.v.N. This
completes the proof.
We observe finally that theorem 2 could have been proved, if we had
assumed the asymptotic property of f(z). But in the proof we have not
made any appeal to its asymptotic behaviour.

Aligarh (U. P.), INDIA.
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