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On $\phi$-congruences.

By M.D. UPADHYAY

(Received Nov. 11, 1952)

1. Let $x^{i}(i=1,2,3)$ be the co.ordinates of a point $M$, on the
surface of reference, and $\lambda^{i}(i=1,2,3)$ the direction cosines of a line
of congruence passing through $M$. Also, let $\lambda^{i}-(i=1,2,3)$ be the direc-
tion cosines of a line of another congruence, intersecting the consecu-
tive lines of the given congruence at a constant angle $\varphi$ . I shall call
this the $\varphi\cdot congruence$. The line of striction of a ruled surface passing
through the original congruence will lie on a surface. This ruled
surface will be taken fixed. Ranga Chariar (1945) has shown that
the feet of the rays of $\varphi\cdot congruence$ lie on the line of striction of the
given ruled surface. Hence the surface on which this line of striction
lies will be taken as the surface of reference of the $\varphi\cdot congruence$ .

The object of this paper
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tral point from the surface of

is to find expressions for the
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sentations are minimal lines. of the original con. of rP.congruence.
gruence.

Some particular cases yield.
ing interesting results have been studied.

2. Suppose a line of $\varphi$ -congruence with direction cosines $\overline{\lambda}^{i}$,
$(i=1,2,3)$ intersects, its surface of reference at a point $P$, whose co-
ordinates are $y^{i}(i=1,2,3)$ . Then,

(2.1) $y^{i}=x^{i}+t\lambda^{j}$ ,

where $t$ is the distance of the central point of the given ruled surface
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of the original congruence from the point M. $x^{i},$ $y^{i},$ $\lambda^{i}$ and $\lambda^{i}-$ are
functions of $n^{\alpha}((\downarrow^{\prime}=1,2)^{\kappa}$ and

(2.2) $\lambda^{i}-$ $-\lambda_{J}^{i}=1$ .
If, for convenicnce, $tnc$ notation of covariant derivative $X_{\alpha}$ of $\overline{\lambda}^{i}$

with respect to the frst fundamental tensor $\overline{G}_{\alpha\beta}$ of the spherical

representations of $\varphi\cdot congruence$ is used instead of (
$\cap^{-}y\lambda^{j}$

; then the two
$(\prime u^{\alpha}\wedge$

quadratic forms used by Kummer $(1^{Q}60)$ are

(2.3) $t_{J_{(l}^{\backslash }8}^{-}\prime d\iota\ell^{\alpha}d_{l!}$
}

and
(2.4) $\overline{\overline{\mu}}_{\alpha}\int\}^{(l_{l}\iota^{(l}d_{\ell t^{/}}’}$ ,

wherc

(2.5) $(_{2_{(}^{\backslash }}\iota\beta=x_{\alpha\lambda}--i$. $-i,$

and

(2.6) $\overline{\mu}_{\alpha i}=\lambda_{\alpha}^{i}y^{i},^{3}-,\cdot.\cdot$

The quadratic forms used by Sannia (Bianchi, 1927) are,

(2.7) $\overline{(}_{r_{\alpha\prime}^{\urcorner}},$ $d\iota\iota^{\alpha}du^{\mu}$ ,

and

(2.8) $\xi_{(\iota\beta}du^{Cl}l_{ll^{\beta}}’$ ,

wherc
(2.9) $\xi_{\alpha P}=(y^{i_{\alpha}} \lambda^{i}- -\lambda^{i_{\beta}})$ .
$\lambda^{i}-$

, can be expressed as (Ranga Chariar, 1945)

(2.10) $\lambda^{i}-=\lambda^{i}\cos\varphi+\lambda^{i}\times d_{d_{\sigma}^{\lambda^{i}}}\sin\varphi$ ,

wherc $ d\sigma$ is the small element of $]_{(n\sigma:th}$ on the spherical representation
of the $0i\cdot iginal$ congruence.

$*ln$ what $fo110\iota vsL^{r}\iota$tin indices $t\tau k\cap t|\gamma e$ values (1, 2, 3) and Greek indices $t$ }$)_{\grave{c}}$ values
$(1, 2)$ .
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Now, let $d_{\sigma}^{-}$ be the corresponding element of length on the spheri-
cal representation of the $\varphi\cdot congruence$ . Then,

(2.11) $\left(\begin{array}{l}d_{\sigma}^{-}\\d\sigma\end{array}\right)=d_{d_{\sigma}^{\overline{\lambda}^{i}}}$ $d_{d_{\sigma^{i}}^{\lambda}}^{-}$

$\left(\begin{array}{l}d_{\sigma}^{-}\\d\sigma\end{array}\right)=(d_{\sigma}d^{\lambda_{-}^{i}}\cos\varphi+\lambda^{i}\times d_{d_{0}^{2}}^{2}\lambda^{i}\sin\varphi)\cdot(d_{d_{\sigma}^{\lambda^{i}}}\cos\varphi+\lambda^{i}\times d_{d^{2}\sigma^{9}}\lambda_{\rightarrow}^{i}\sin\varphi)$

,

by virtue of (2.10).

(2.12) $=\cos\varphi+$
)

$(d_{d_{\sigma}^{\lambda^{i}}}$
$\lambda^{i}$

$ cl\lambda_{)}^{i}d^{2}\sigma^{\prime}-)\sin\varphi\cos\varphi$

$+(\lambda^{i}$ $d_{\sigma’}\lambda^{i},d^{Q}$ $d_{d_{\sigma}^{\lambda^{i}}}$ ) $\sin\varphi\cos\varphi+(\lambda^{i}\times d_{d_{\sigma}^{)}}^{\prime}\lambda_{)}^{i})$ . $(\lambda^{i}\times d_{d_{\sigma}^{\underline{o}}}\lambda_{2}^{i})\sin^{2}\varphi$ ,

since
$d\lambda^{i}$ $d\lambda^{i}$

$=1$ .
$ d\sigma$ $ d\sigma$

Now

$d_{d_{\sigma}^{\lambda^{i}}}=d_{d_{\sigma^{\alpha j}}^{ll}}$

$(\wedge/\lambda^{i}$

($ yll^{\alpha}\wedge$

’

$d^{2}\lambda^{i}$ $\partial^{o}-\lambda^{i}$ $d\iota\iota^{(t}du^{l^{\prime}}$ $d^{\prime}- u^{a}$
)

$=$ $+\lambda_{\alpha}^{l}$

$d\sigma\rightarrow)$ $\partial u^{\alpha}\dot{o}ll^{P}$ $d_{\sigma}$ $ d\sigma$ $d_{\sigma^{2}}$

But

$o^{\neg}u^{\partial_{\alpha_{\partial u^{\beta}}^{r_{\lambda^{i}}}}^{\Gamma}}=\left\{\begin{array}{l}\gamma\\\beta\alpha\end{array}\right\}\lambda_{Y}^{i}-G_{\alpha\beta}\lambda^{i}$ ,

where $\left\{\begin{array}{l}\gamma\\\beta\alpha\end{array}\right\}$ are Christoffel symbols of the second kind, for the unit

sphere on which the original congruence is represented, and
$G_{\alpha\beta}=\lambda_{\sigma}^{i}\cdot\lambda_{\beta}^{i}$ .

Therefore

$d_{d^{2}\sigma}\lambda_{2}^{i}--=[(\left\{\begin{array}{l}\gamma\\\beta\alpha\end{array}\right\}\lambda_{\gamma}^{i}-G_{\alpha\beta}\lambda^{i})dud_{\sigma^{a}}\frac{du^{\beta}}{d\sigma}+\lambda_{\gamma}^{i}d^{2}u_{2}^{\gamma}du_{\sigma}]$ ,



98 M.D. UPADHYAY

$=[d_{d\sigma}^{2_{-}}u_{2}^{\gamma}-+\left\{\begin{array}{l}\gamma\\\beta\alpha\end{array}\right\}\frac{d}{d}-u_{\sigma^{\alpha}}\underline{d_{d}}u_{\sigma^{-]\lambda_{\gamma}^{i}-\lambda^{i}}}^{\beta}$.
(2.13) $=\rho^{\gamma}\lambda_{\gamma}^{i}-\lambda^{i}$ ,

where (Eisenhart, 1940) $\rho^{\gamma}\equiv\frac{d^{2}u^{\gamma}}{d\sigma^{9_{d}}}-\dagger-\left\{\begin{array}{l}\gamma\\\beta\alpha\end{array}\right\}\frac{du^{\alpha}}{d\sigma}\frac{du^{\beta}}{d\sigma}$ , is the curvature

vector of the spherical representations of the original congruence. By
virtue of (2.13), the equation (2.12) becomes

$(\frac{d_{\sigma}^{-}}{d\sigma})^{2}=cos’\varphi-2E_{\beta\gamma}\rho^{\gamma}u^{;\rho}\sin\varphi\cos\varphi+G_{\gamma\beta}\rho^{\gamma}\rho^{\beta}\sin^{2}\varphi$ ,

where dashes denote differentiation with respect to the arc length of
the spherical representations of the original congruence; and

$E_{\beta\gamma}=(\lambda^{i}\lambda_{\beta}^{i}\lambda_{\gamma}^{i})$ .
Therefore

(2.14) $(\frac{d_{\sigma}^{-}}{d_{\sigma}})^{2}=(\cos\varphi-k_{g}\sin\varphi)^{2}$ ,

since (Eisenhart, 1940)

$E_{a\beta}\rho^{\beta}u^{\prime\alpha}=k_{g}$ ,

where
$k_{g^{2}}=E_{\alpha\beta}E_{\gamma\delta}u^{\prime a}u^{\prime\gamma}\rho^{\epsilon}\rho^{\delta}$ ,

$=(G_{\alpha\gamma}G_{\beta\delta}-G_{a\delta}G_{\beta\gamma})u^{;\alpha}u^{\prime\gamma}\rho^{\beta}\rho^{\delta}$ ,
$=G_{\beta\delta}\rho^{\beta}\rho^{\delta}$ ,

$k_{g}$, being the geodesic curvature of the spherical indicatrix of the
lines of the original congruence. Mishra, $(1951, 1)$ has shown that the
geodesic curvature of the spherical indicatrix of the generators of a
ruled surface is equal to the skewness of distribution $\mu$ . (a term
defined by Ranga Chariar, $19t5$ ) of the ruled surface. Therefore

(2.15) $\frac{d_{\overline{\sigma}}}{d\sigma}=(\cos\varphi-\mu\sin\varphi)$ ,

which is the same as found by Ranga Chariar (1945).
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The equation of the ruled surfaces of $\varphi\cdot congruence$ , whose spherical
representations are minimal lines is given by

$\overline{G}_{u\beta}du^{tt}du^{\beta}=0$ ,

which by virtue of (2.15) assumes the form

$(\cos\varphi-\mu\sin\varphi)=0$ ,

or
(2.16) $\mu=\cot\varphi$ .

Hence .the $ske\iota vness$ of distribution of the rltled surfaces of
$\varphi\cdot congruence$, zvhose spherical reprcscntations are minimal lines is a
constant and equal to the cotangent of the constant angle $\varphi$ .

3. The distance of the central point of a linc of $\varphi$ -congruence
from its surface of reference is given by (Weatherburn, 1931)

(3.1) $\overline{t}=-\left(\begin{array}{ll}dy^{i} & d_{\lambda^{i}}\\d_{\sigma}^{-} & d_{\sigma}^{-}\end{array}\right)$ ,

$=-\left(\begin{array}{ll}dy^{i} & d_{\lambda^{i}}^{-}\\d_{\sigma} & d_{\sigma}\end{array}\right)/\left(\begin{array}{l}d_{\sigma}^{-}\\d_{\sigma}\end{array}\right)$ ,

which by virtue of (2.1), (2.10) and (2.15) assumes the form

$\overline{t}=-|_{-}^{-}(d_{d}x_{\sigma^{i}}+t-d_{d_{\sigma}^{\lambda^{i}}})$
. $(d_{d_{\sigma^{i}}^{\lambda}}$ co\S \varphi -\vdash \lambda $\times\iota l_{d_{\sigma}^{-\lambda_{-}^{i}}}.,\sin\varphi)_{-}^{-}|$

$(\cos\varphi-\mu\sin\varphi)-$

$=-[- d_{\sigma^{i}}d^{X}$ . $d_{\sigma}d^{\lambda^{i}}\cos\varphi\dashv-$ ( $\lambda^{i}$
$d_{d_{\sigma}^{)}}\lambda^{i}:$ ) $-$

$+t$ ( $d_{d^{\lambda}\sigma^{i}}$
$\lambda^{i}$

$d_{d\underline{\sigma}}\lambda_{)}^{i}$ ) $\sin(/J_{-}^{-}|/(\cos\varphi-\mu\sin\varphi)^{2}$ ,

$=-[(x_{\alpha_{-}}^{i}\lambda^{i}-\lambda_{\gamma}^{i})\rho^{\gamma}u^{t\alpha}\sin\varphi+t(\lambda^{i_{\beta}} \lambda^{i} \lambda_{\gamma}^{i})\rho^{\gamma}u^{t\beta}\sin\varphi]$

$(\cos\varphi-\mu\sin\varphi)-)$

But (Mishra 1951, 2) $x_{\alpha}^{i}=p_{\alpha}\lambda^{j}+q_{\alpha}^{\mu}\lambda_{\mu}^{i}$ .
whence,
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$ q_{\gamma/\iota_{\alpha}}^{\mu}=.(x^{\mathcal{V}\mathfrak{u}}’\urcorner$

where $\mu_{\nu\alpha}=\lambda_{J}^{\dot{f}}\cdot x_{\alpha}^{i}$ , is the fundamental tensor of Kummer’s second
quadratic form and $G^{J/L}$ is a $1\cap n\backslash sol\cdot conju(\neg^{t})\{t(\backslash $ to $t1\tau_{\dot{c}^{1}}$ tensor $G_{v\mu}$ , and

$p_{\alpha}=\lambda^{i}\cdot\lambda_{\alpha}^{i}$ . $Thc^{Y}r$ (} $f_{olC}$

$\overline{t}=|,’|tE_{\beta\gamma}\rho^{\gamma}l\iota^{\prime\prec}\sin r_{/})$ ]
$(\cos\varphi-\mu\sin\varphi)$

(3.2) $--- p^{\gamma\iota_{\iota\backslash }}\mathcal{U}_{\backslash }^{\prime(}\backslash in’/J^{\backslash (\xi_{\alpha}}\dashv t1_{z^{\backslash }}n\gamma)$

$(\cos(/J-/\vee^{\backslash }\backslash in \langle J))$

since (Ram Behari and Mishra, 1949)

$q^{t}L^{\backslash },-=\xi_{\gamma^{\backslash }}($

1 Ience

(3.3) $\overline{t}=/\iota sill/^{\prime}- j^{l}|t$ )

$(co\sigma s_{(J}/^{\prime}-\prime^{\iota s^{\backslash }in’)}/$

where $p^{\gamma}=\mu\mu^{\gamma}$ ; $\mu^{\gamma}$ bein,g a unit $\nwarrow r()(st_{O_{1}^{\backslash }}\cdot$ in the direction of the curvature
$v(\vee^{\backslash }c’ to\iota\cdot$ of the $sph_{({}^{t}\Gamma}i(Y\vee\gamma 1re^{1}p\iota^{-}cs_{1^{l}}n1^{\prime}\iota tion$ of the ori.cinal $(_{\backslash }ol1\dot{k}^{\gamma}\iota\cdot u\iota^{1}nce$ .
In particular,

1) when $\varphi=0$ , the lines of $t$ he $C/J$ cong $\iota n(nc\not\in)$ coincide $\iota vith$ the
lines of the $()riginal$ congruence $\backslash ’.nd$

(3.4) t—0.

2) when the congruence is $10lmed$ by the lines perpendicular to

the lines of the original con.$?ru(nc_{t^{1}}$ , then, $\varphi=\pi$ , and (3.3) yields
?

(3.5)
$i=-\underline{(\xi}_{\alpha\gamma}\mu^{\gamma}dd_{\sigma}^{lt^{ct}}+t)$

$\mu$

3) when the ori,ginal $co\downarrow\urcorner glnence$ is isotropic (Mishra, 1945)

$\xi_{\alpha\beta}=\lambda G_{\alpha\beta}$ ,

where $\lambda$ is proportionality factor between the coefficients of Sannia’s
quadratic forms, then,



Oll $\phi- con_{s^{r)}}\gamma_{tt}enccs$ 101

$\overline{t}=\mu\sin\varphi(\lambda G_{a\gamma l^{\iota lt}}^{\gamma/\alpha}+t)$

$(\cos\varphi-\mu\sin\varphi))$

(3.6)

$\mu nt$
$=\overline{(}co\overline{s}\varphi\overline{-\mu}si_{t1^{-}(/J})-)$ ’

since (Eisenhart, 1940)

$G_{\alpha\gamma}\rho^{\gamma}u^{\prime\alpha}=0$ .

In this case, when

$\varphi=0,\cdot$
$\overline{t}=0$ .

and, wherl

$i/J-\underline{\pi_{)}}$ ; $ i=^{l}\mu$

Hence the ratio bctwec, $\iota[/lCcti\backslash \backslash \backslash tn/\iota(\backslash \llcorner^{\backslash }ojt/\iota c$ ccntral points from the
surfaces of $r_{t^{\backslash }}fp’\gamma cnce$ , of an $i_{i0\downarrow^{1}\gamma_{(})/)}\backslash icco’\iota\underline{\prime}\prime rnencc$ and a $co$ngruence

$fol^{\prime}/’\iota cd$ by the $com’/aonp^{1}/l^{/)}y_{\{}/l^{\prime}/i_{ll}la1^{\prime}S$ to $t/lC$ consecutivc rays of the
isotropic congntcncc is eqztal to th) slecz $\iota$) $\iota ess$ of dislribution of the
isotropic $C0l\iota_{3}CJrnL^{)}/\iota ce$ .

4) when the $skev_{v}$ ness of distribution $/\iota$ , of the $\varphi\cdot congruence$

vanishes, (3.4) reduces to $\overline{t}=0$ .
Hcnc $\underline{\backslash }\iota\iota$)$hen$ the $j^{\prime}a\prime s^{\prime}-\rangle^{)}$ of $t/lCo/\prime i_{\grave{c^{\prime}}s^{\forall J}}./ialco/\iota_{\zeta^{\gamma}}rncncc$ arc parallel to a

planc, the lines of $ st/\prime ictio,^{\prime}\iota$ of $/j$ congrucnce lie on its surface of
refcre $ncc$ .

4. The parametcr of distribution for a ruled surface of $\varphi\cdot congru$ .
ence is given by (Weatherburn, 1931)

(4.1) $\dot{\overline{d}}=(_{d_{\sigma}}dy_{-}^{i}$
$\lambda^{i}-$

$d_{d_{\sigma}^{\lambda_{-}^{i}}})$

$=$ ( $-\lambda^{i}$
$d_{d_{\sigma}^{\lambda^{i}}}^{-}$ ) $(\frac{d_{\sigma}^{-}}{d_{\sigma}})^{0}$ ,
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$=\frac{[\frac{dx^{i}}{d\sigma}+t\frac{d\lambda^{i}}{d\sigma}\lambda^{i}\cos\varphi+\lambda^{i}\times\frac{\lambda}{d}\underline{d}\sigma}{(\cos\varphi}\frac{-\sin\varphi\frac{d\lambda}{d}i\sigma}{-\mu\sin\varphi)^{2}}i-\cos\varphi+\lambda^{i}\times\frac{d^{z_{\lambda^{i}}}}{\underline d\sigma^{0}}\sin\varphi]$

$=[$( $\frac{dx^{i}}{d\sigma}\lambda^{i}$ $\frac{d\lambda^{i}}{d\sigma}$) $\cos\underline’\varphi+(\frac{dx^{i}}{d\sigma}\lambda^{i}\lambda^{i}\times\frac{d^{\underline{?}}\lambda^{i}}{d\sigma^{2}})\sin\varphi\cos\varphi$

$+(\frac{d}{d}x_{\sigma^{i}}-$ $\lambda^{i}\times\frac{d\lambda^{i}}{d\sigma}$ $\underline{d}_{d^{\lambda^{i}}\sigma^{-)\sin\varphi\cos\varphi}}$

$+(\frac{dx^{i}}{d\sigma}\lambda^{i}\times\frac{d\lambda^{i}}{d\sigma}$ $\lambda^{i}\times\frac{d\cdot\lambda^{i}}{d\sigma}$ ) $\sin^{2}\varphi$

$+t$ ( $\frac{d\lambda^{i}}{d\sigma}$
$\lambda^{i}$ $\lambda^{i}\times\frac{d^{2}\lambda^{i}}{d\sigma^{2}}$ ) $\sin\varphi\cos\varphi$

$+t$ ( $\frac{d\lambda^{i}}{d\sigma}$ $\lambda^{i}\times\frac{d\lambda^{i}}{d\sigma}$ $\lambda^{i}\times- d_{d^{2}\sigma^{9}}\lambda^{i}$ ) $\sin^{\underline{9}}\varphi]_{/^{/}}(\cos\varphi-\mu\sin\varphi)^{2}$ ,

$=[(f_{a}\lambda_{\mu}^{i}+p_{\alpha}\lambda^{i} \lambda^{i} \lambda_{\beta}^{i})u^{r\alpha}u^{\prime\beta}\cos^{2}\varphi$

$+$ $(q_{a}^{\mu}\lambda_{\mu}^{i}+p_{a}\lambda^{i} \lambda^{i} \lambda^{i}\times\lambda_{\gamma}^{i})u^{\prime\alpha}\rho^{\gamma}\sin\varphi\cos\varphi$

$+$ $(Y_{\alpha}^{\lambda_{\mu}^{i}+p_{\alpha}\lambda^{i}} \lambda^{i}\times\lambda_{\delta}^{i} \lambda^{i_{\beta}})u^{;\alpha}u^{r_{\beta}}u^{\prime\delta}\sin\varphi\cos\varphi$

$+$ $(f_{a}\lambda_{\mu}^{i}+p_{a}\lambda^{i} \lambda^{i}\times\lambda_{\delta}^{i} \lambda^{i}\times\lambda_{\gamma}^{i})u^{\prime\alpha}u^{t\delta}\rho^{\gamma}\sin^{2}\varphi$

$+t(\lambda^{i_{\beta}} \lambda^{i} \lambda^{i}\times\lambda_{\gamma}^{i})u^{\prime\beta}\rho^{\gamma}\sin\varphi\cos\varphi$

$+t(\lambda^{i_{\beta}} \lambda^{i}\times\lambda_{\delta}^{i} \lambda^{i}X\lambda_{\gamma}^{i})u^{t\beta}u^{\prime\delta}\rho^{\gamma}\sin^{2}\varphi]/(\cos\varphi-\mu\sin\varphi)^{2}$,

$\overline{d}=[d\cos^{2}\varphi-q_{a}^{\iota}G_{\mu\gamma}u^{\prime\alpha}\rho^{\gamma}\sin\varphi\cos\varphi+p_{\alpha}E_{\delta\gamma}u^{\prime\alpha}u^{;\delta}\rho^{\gamma}\sin^{2}\varphi$

$+p_{a}G_{\delta\beta}u^{\prime\alpha}u^{\prime\beta}u^{\prime\delta}\sin\varphi\cos\varphi-tG_{\beta\gamma}u^{\prime\beta}\rho^{\gamma}\sin^{2}\varphi]/(\cos\varphi-\mu\sin\varphi)^{2}$ ,

(4.2) $=(d\cos^{2}\varphi-\mu_{\gamma\alpha}\rho^{\gamma}u^{\prime\alpha}\sin\varphi\cos\varphi+k_{g}p_{a}u^{\prime\alpha}\sin^{2}\varphi$

$+(p_{a}u^{J\alpha}\sin\varphi\cos\varphi)/(\cos\varphi-\mu\sin\varphi)^{2}$ ,

since
$q_{\alpha}^{\mu}G_{\mu\gamma}=\mu_{\gamma a}$ ,

$G_{\beta\delta}u^{t\beta}u^{\prime S}=1$ .

Hence (4.2) shows that the parameter of $distribut\dot{i}on$ of $\varphi$ congruence is
independent of the distance of the central point of the origznal con-
gruence from its surface of reference.
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1) when a congruence is formed by the perpendiculars to the
lines of the original congruence

(4.3) $\overline{d}=\frac{(p_{a}\frac{du^{\alpha}}{d\sigma})}{\mu}$ .

Hence for a congruence formed by the common perpendiculars to the
lines of anather congruence which are parallel to a plane, the para-
meter of distribution becomes infinite. Therefore, the ruled surface
through a line of former congruence is represented on the unit sphere
by minimal lines.

Ranga Chariar (1945) has taken the line of striction of a ruled
surface of $\varphi\cdot congruence$ to be the line of striction of given ruled
surface and on this supposition he has given the parameter of distribu.
tion of the ruled surface of $\varphi\cdot congruence$ as

(4.4)
$B=-\frac{\sin(\theta-\varphi)}{d\sigma(co_{\overline{3}}\varphi-\mu\sin\varphi)}$ .

In \S 3, I have proved that the distance of the central point of the
ruled surface of $\varphi$-congruence from its surface of reference is not
zero in general and hence the expression for its parameter of distribu-
tion given by Ranga Chariar holds good only when $\overline{t}$ is zero.

I am thankful to Dr. R.S. Mishra for his guidance in this work.

Department of Mathematics.
Lucknow University,
Lucknow, INDIA.

References
[1] Bianchi (1927), “Lezioni di Geometria Differenziale”, I, 459.
[2] Eisenhart, L.P. (1940), ‘An Introduction to Differential Geometry”.
[3] Kummer (1860), “Allgemeine Theorie der gradlinigen Strahlensysteme”, Crelle’s

Journ., 57, 189-230.



104 M.D. $U_{1^{}AD11YAY}$

[4] Mishra, R.S. (1945), “Some properties of rectilinear congruences obtained by tensor
method”, Proc. Ben. Math. Soc., 7, 41-49.

[5] Mishra, R.S. (1951,$ $1), “On Skewness of distribution of the generators of a ruled
surface”, Mathematics Student, 19, 1057.

[6] Mishra, R.S. (1951,$ $2), “Modification in Sannia’s theory of line congruences and
some deductions.” Revue de la Facult\’e des Sciences de l’Universit\’e d’Istanbul, Serie
A, 16(2).

\lfloor 7] Ram Behari and Mishra, R.S. (1949), “Some formulae in rectilinear congruences”,
Proc. of the National Institute of Sciences of India, 15 (3), 85-93.

[8] Ranga Chariar (1945), “On Transversals which meet consecutive generators of a
ruled surface at a constant angle.” Bull. Cal. Math. Soc., 37, 133-36.

[9] Weatherburn, C.E. (1931), “Differential Geometry of three dimensions”, Vol. I.


	On $\phi$ -congruences.
	1.
	2.
	3.
	4.
	References


