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On ¢-congruences.
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1. Let x* (i=1,2,3) be the co-ordinates of a point M, on the
surface of reference, and A¢ (i=1,2,3) the direction cosines of a line
of congruence passing through M. Also, let x¢ (i=1, 2, 3) be the direc-
tion cosines of a line of another congruence, intersecting the consecu-
tive lines of the given congruence at a constant angle @. I shall call
this the o-congruence. The line of striction of a ruled surface passing
through the original congruence will lie on a surface. This ruled
surface will be taken fixed. Ranga Chariar (1945) has shown that
the feet of the rays of @-congruence lie on the line of striction of the
given ruled surface. Hence the surface on which this line of striction
lies will be taken as the surface of reference of the @-congruence.

The object of this paper
is to find expressions for the

parameter of distribution, q
and the distance of the cen-

tral point from the surface of ] [7
reference of the ¢-congru- M ] T 7p

. | X < o
ence and the equation of A U

ruled surfaces of @-congru-

ence whose spherical repre- S;lrf:ce of reftlarence Sx;rface of reference
. . . . of the original con- of ¢-congruence.
sentations are minimal lines. B &
gruence,

Some particular cases yield-
ing interesting results have been studied.

2. Suppose a line of o-congruence with direction cosines YA
(#=1, 2, 3) intersects its surface of reference at a point P, whose co-
ordinates are y' (/=1,2,3). Then,

(2.1) yi=xi+i\t,

where ¢ is the distance of the central point of the given ruled surface
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of the original congruence from the point M. xi, ), A¢ and A\¢ are
functions of z*(«=1, 2)* and
(2.2) Aooaai=1.
If, for convenicnce, the notation of covariant derivative X7, of X7
with respect to the first fundamental tensor (—;,,B of the spherical
. . Ont
representations of ¢-congruence is used instead of OA" . then the two
ou”
quadratic forms used by Kummer (1860) are

(2.3) Gop du® dir”
and

(2.4) pap dr” du®
where

(2.5) Gop™=N'y * N s
and

(2.6) Hap =N Vip -

The quadratic forms used by Sannia (Bianchi, 1927) are,

(2.7) Gop du® du”,

and

(2.8) Eup du® duf

where

(2.9) Eap=(¥ XN Np).
' can be expressed as (Ranga Chariar, 1945)
(2.10) Ai=nicos p+nix d): sin ¢,

where do is the small element of length on the spherical representation
of the original congruence.

* 1n what follows Latin indices take the values (1, 2, 3) and Greek indices the values

1, 2).
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Now, let ds be the corresponding element of length on the spheri-
cal representation of the @-congruence. Then,

(=25 %

d; dht i dzxi . )_ (17&" i d27\i . )
<da' ) < do Cosp+Af X do? singy ( do COSp + At X a'or?‘ sing»

by virtue of [(2.10).

. . 2yin
(2.12) _—:COSQ(/)+< dn A d?nt )smz/) Cosy

do do
. ™\ i . 257N . 25 i
+ (7\’ d ?‘,l ax )Smr/) cosy + (Nx d 7\ ) . <7U d x )Sln P,
do’ do o’
since
axt - dxt_4
do do
Now
d\N' _ du® | 6N
do do on®’
d*xi At du® du? ; d?u®
o = S ™ . *
do* outou’® do do do*
But
"\ __{ v } i ;
= ANy —Gag A,
ou® ou’ Bal P
where {B'Y } are Christoffel symbols of the second kind, for the unit
«

sphere on which the original congruence is represented, and
Gw;-;: f;, . 7\,f5 -

Therefore

ai [ e dut ]
B <{:3 a} G“ﬁx do do + Ay dus? 1’
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[ Vet A

_ da’é Ba) do do
(2.13) =pY Ny—2i,
2 [ <]
where (Eisenhart, 1940) p”= —d&o—_?’gz - {Bya}% —‘;%—, is the curvature

vector of the spherical representations of the original congruence. By
virtue of {(2.13), the equation (2.12) becomes

—\2
( do ) =08’ @ —2FEg, p” #/? sin @ cos @+ Gy p” pPsin? @,
g

where dashes denote differentiation with respect to the arc length of
the spherical representations of the original congruence; and

Egy=(\ Afg AL).
Therefore

(2.14) (%g—y:(cos @— kg sin @),
g

since (Eisenhart, 1940)
Eppu/*=k,,
where
ki=E.s Ey;u' u'" p°® p*,

=(Gay Gos— Gas Goy) u'* u'” pP p° ,

=Gg p* P°,
ke, being the geodesic curvature of the spherical indicatrix of the
lines of the original congruence. Mishra, (1951, 1) has shown that the
geodesic curvature of the spherical indicatrix of the generators of a

ruled surface is equal to the skewness of distribution g, (a term
defined by Ranga Chariar, 1915) of the ruled surface. Therefore

(2.15) da =(cos ¢— u cin @),
do

which is the same as found by Ranga Chariar (1945).
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The equation of the ruled surfaces of ¢-congruence, whose Spherlcal
representations are minimal lines is given by

Gap du® du=0,
which by virtue of assumes the form
(cos ¢ — u sin @)=0,
or
(2.16) . p=cot ¢ .

Hence the skcwness of distribution of the ruled surfaces of
p-congruence, whose spherical represcntations are nuninal lines is a
constant and equal to the cotangcnt of the constant anglec .

3. The distance of the central point of a line of ¢-congruence
from its surface of refcrence is given by (Weatherburn, 1931)

3.1) Zz—("yf CdAy

do de

=% @)/

which by virtue of [2.1) and assumes the form

“( dxt d\i ) ( dn\i L PN "l
. +2- . COS -+ At X , SIin ¢
i: __[_ do do do i ado- >-
(cos @ —p sin @Y ’
dxi  dni ( dxi AR ) .
_ ] GA . .cOS ¢+ AS ) sin ¢»+-¢ cos ¢+
_ do do 4 do ds” /
+t( dx\ Y du 7? ) sin ¢ l/(COS P— sin @),
do do* -

_ [ A ALY #sin o +tAl A A pY P sin @]
(cos ¢ — p sin )

But (MiShra 1951, 2) xfm:l)a 7\"'*‘61": 7\'5‘- ’

whence,
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qﬁ -= /1,;,"' (;'yu y

where w,,=2\’, - a%,, is the fundamental tensor of Kummer's second

quadratic form and G** is a tensor conjugate to the tensor G,.; and
Du=n -2, . Therefore

123

t= [qh 2y pY e/ Sin g4 t Epgy p¥ 1'% sin o]
(cos ¢ — o Sin (/)):)

’

Y ree

u'tsin g (& A

(3.2) == P
' (COS ¢~ 42 SIN ¢)"

?

since (Ram Behari and Mishra, 1919)
G 12 = b .
Hence

o SIN &y p1¥ 2 )

(3.3) fe wrr
(COS ¢» - SIN t/;)“

where pY==u p”; £ being a unit vector in the direction of the curvature
vector of the spherical representation of the original congruence.
In particular,

1) when =0, the lines of the -congruence coincide with the
lines of the original congruence and

(3.4) +=0 .

2) when the congruence is formed by the lines perpendicular to

the lines of the original congrucnce, then, = ;T , and (3.3) vields

4

_ <§a~/ w ((l;‘m +t>
(3.5) t=—- . 97 .
y7i
3) when the original congruence is isotropic (Mishra, 1945)
éaﬂ__—}" Gmﬁ )

where A\ is proportionality factor between the coefficients of Sannia’s
quadratic forms, then,
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@ SIN NGy 1 2/ + )
(COS @ -—p sin )

(3.6)

o psingi

(cos ¢ —psin p)

since (Eisenhart, 1940)
Gy p? /=0 .

In this case, when

and, when

Hence the ratio between the distances of the central points from the
surfaces of refevence, of an isotropic congruence and a congruence
Sformed by the common perpendiculars to the consecutive rays of the
isotropic congrucnce is equal to the skewiess of distribution of the
tsotropic congruence.

4) when the skewness of distribution g, of the ¢-congruence
vanishes, (3.4) reduccs to #=:0).

Hence, when the rays of the original congruence are parallel to a
plance, the lines of striction of ¢ congrucnce lic on its surface of
reference.

4. The paramcter of distribution for a ruled surface of g-congru-
ence is given by (Weatherburn, 1931)

(4.1) (z:( djii K dX\i > ’

\ d(r d(r_

(o > o) ()
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dnt d

Lo +tﬂo AiCos @+ x ‘d;sin P ‘?: cos ¢+ A x ‘i:;i sin (p]
- (cos @ — p sin @)?
=[ %’f— A —%ti)cosz @+ (‘fi A A 3‘5’:’ )sin @ cos @

+ 95;:* Af X ‘f}:i 52 tif)sin ¢ COS @

+ —‘%- A x ‘Z‘j Af X ﬁ% )sin2 P

. 2 ]
+t(@; A h;xi,,?}’_)singpcosfp

do dc’

»

dA? i dM? i AEAEN . 2
(P i Y e SN ]  (cos - sing)
0 I x o2 )sm @ j COS @ — 1 SIn @

=[(q‘¢; Xfy- +pa 7\". Xi 7\'5‘3) u'“ u,ﬂ COS2 P

F(@ENLF DA AT AIXAL) ' p? sin @ cos @
(MNP N AN XN, Ng) ' w'f u'® sin @ cos @
(g5 N F Do A XA AP L) /" u'® p sin’ @
+t(Ads Af AP x L) u/P p7 sin @ Cos @

FHAds A XA A xAL) P u? P sin? @]/ (cos @ — u sin @),

d=[d cos®? p— @’ G,y t'* p” sin @ COS @+ po Esy u'®u'’ p¥sin’ @

4 Do Gop 2'® w'P w'® sin @ cos @ —t Ggy P p? sin? @]/ (cos ¢ —p sin @),

(4.2)

since

Hence shows that the parameter of distribution of @ congruence is
independent of the distance of the central point of the original con-

= (d COS? P — pys p? #'* SiN @ COS @+ kg Pa u'® sin® @

+ (pa u'® sin @ cos @)/ (cos @ — p sin ¢)*,

B .
Qo Upy ™= Hya s

Ges P u'®=1.

gruence from its surface of reference.
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1) when a congruence is formed by the perpendiculars to the
lines of the original congruence

(4.3) &:Q&igg.
H

Hence for a congruence formed by the common perpendiculars to the
lines of another congruence which are barallel to a plane, the para-
meter of distribution becomes infinite. Therefore, the ruled surface
through a line of former congruence is represented on the unit spherve
by minimal lines.

Ranga Chariar (1945) has taken the line of striction of a ruled
surface of @-congruence to be the line of striction of given ruled
surface and on this supposition he has given the parameter of distribu-
tion of the ruled surface of @-congruence as
(4.4) B=—___Sin(6—9)

In §3, I have proved that the distance of the central point of the
ruled surface of @-congruence from its surface of reference is not
zero in general and hence the expression for its parameter of distribu-

tion given by Ranga Chariar holds good only when £ is zero.
I am thankful to Dr. R.S. Mishra for his guidance in this work.

Department of Mathematics.
Lucknow University,
Lucknow, INDIA.
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