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Chapter IIL

Formation of invariant differentials and the Schubert varieties.

L

1. We have already seen that the manifold S(72) can be considered
as the set of all null-systems x—py=Sx such that the skew matrix S is at
the same time orthogonal. Let us show that this manifold can also be
considered as the set of all isotropic mz-planes din Z,.

In order that a subspace Mte P be isotropic, it is neccesary and sufficie-
nt that (x, ) =0 for all #, y €. For any I there exists the conjugate
M of WM. M is namely the set of vectors , where » ¢ M. The corres:,
pondence IM—P is invariant under the group O(#). In I we take
vectors Ayyevee. ¥, such that (x; Ej)zd;-j. The vectors ¢;,...... , €n with

(1) b= (04 F) [V 2, pus=(Hi—F)/ vV =2

constitute a real coordinate system such that (¢, ¢;)=0 (ij). This shows
at once that the manifold 5_}(”) is tronsformed transitively by the group
OL(7.) Now the manifold 31 (%) consists of two different continuous families,
each being transformed transitively by the group O(#). We denote one
of them by 31(2). Then there exists a one to one correspondence between
the elements of the manifolds S(») and X} (#) invariant with respect to
the group O(#). In fact, let S be an element of S(»). We consider a
set W of all complex vectors of the form '

t=x++v—1 Sr xeR,. :

The vector x is isotropic. To show that I is isotropic 7z-dimensional we
take a special coordinate system such that S=7. 9R is then the set of
all vectors of the form (zy,...... 3Zmy N L Biyeeeees , v —1 %,), where z; € K.

The group of desplacements of S(22) is S—>7'9%7, 7" ¢ O(»). We denote by X () the set
of all isotropic #z-plane$ of P, , where »=2m.
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9 is thus an m-dimensional linear subspace and is defined dy the equation
i+ vV —1 2,.:=0. Conversely, let I be an isotropic m-plane of P. Lgt
us show that for any vector x € R, C P there ' exists a uniquely defined
vector y such that y € R,. x++ —1 p € MM and that the correspondence
x—y=_Sx gives a null-system in which S is orthogonal. In fact, if we
take the orthogonal frame e¢;,...... , ¢, defined by the equation (1), where
Hypeeeoos Z. € I, then the equation of M is 2;+ vV —1 2,.,+=0. Now let
x € R,. In order that x4+ 1 y belongs to I, it is necessary and suf-
ficient that (Z:% v =T %) + v =1 (Fmeet v =1 Fmss) =0. That is, z,=
—Vmits ¥mss=V:;. The correspondence x—y is given by y=/x.

Theorem. 3. 1. Suppose WM € 3(n); let S be ihe clement of S(n)
corresponding to M.  Then W, WM are the totality of the vectors P, such that

’ Sg: v =1 _g ’

and

respectively.

2. We know that S(#) is a symmetric Riemannian manifold. The
group of rotation with centre 7/ is the totality of orthogonal transformations
leaving invariant the skew product [z; Zpei]+-oee- +[xnxn). We call trans-
vection an element O of the group O(#) such that /776 /=6"'. There
exists a one to one correspondence between the elements of the space S(#)
and the set of transvections invariant with respect to the group g. This
correspondence is defined by

6=>57, S=—6I.
Now, any transvection 6 can be written as £(0) E(f), where
E()— {0(0,) ¥+ D(6) =21,
—\D@l)+-..... +D(0,) +1, m=2l+1,

D(0) being the matrix of two dimensional rotation with angle 6.
In fact, let x, ¥ be a pair of eigenvectors corresponding to the angle 6:

01z yll =|x y=D(0).
Then we have by the relation 7-'6/=6"":
ONIxr Iyl =|\Ix Iyl D(0).
That is, /x, Iy are also a pair of eigenvectors with angle —@. We can

thus take / mutualy orthogonal vectors ¥y, ¥yeeee.. %,, ¥, such that the vectors
x4 ¥5 Iz, Iy, constitute a complete system of eigenvectors of the matrix
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6, that is
ORNR.NE@)+E@) |, R=1l 2 Viorr-- (=), Ixy, Lpgee.... =H 0.
The S corresponding to € is
| E(0) ‘
S=R"T | R
| ~E(-0) |

The z2-dimensional subspaces corresponding to R~' S R and 7 are the rows
of the matrices

M: | —~ "1 E®B), E(—0) I, and M| —v_—1,11.
The matrices of the scalar products in both senses (unitary and orthogonal)
are

LML= |EO)+E(—0), -Lar ar =y 5©0)—E(—0) 1.

2

Theoremn 32. For any two isotropic subspaces M, N there exist unitary
Srames in M and N : x,,...... iy Pyerees T (2) ;7 vl Ly Ve !, (%)
sucl ihar

(') =i yl)=cos b, (2 p/)=—(x/, y)=sin 0, ((z &)=1)
and hat all other scalar products between x, y, z and ¥', ¥, &' vanish.

3. In I € 31 (%) we take a unitary frame xy,...... . X are deter-
mined up to the unitary transformation between them. Let x,+dx, be a
unitary frame of a M+ M near IN. If we put ’

‘ w;; = (x; dr;) - )
then w,; are skew symmetric and are transformed according to (w)—U (w)
U* by the transformations of x, x+dx. The positive-definite quadratic
form : ‘
(”’75)‘2 = sz‘jwij
t<J

gives thus the invariant Riemannian metric of the manifold 3}(#). We
construct zz—1 exterior forms

Qs=w¢1i2 wtz dg vecece (0,‘28_1 423 (’)i?s ) (S= 1,2,c-)---,77l— 1)
Then :
Theorem. 3.3. The forms
I.th ...... ghp

WILR Jty 4 eveee +/n=s are all lincarly indepependent and constuute a basis of
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the invariant differentials of rank s.

Indeed. if we put 6,7=aw, @,y then it is possible to show from the
first main theorem of the group U(z) or GL(z) that any invariant is a
polynomial in £2,=64...... 6i. . But we readily see that f28=98, (s<m).
So that it remains to show that the terms £, with s> can be omitted.
But this can be carried out in the same manner as in H. Weyl, The clas-
sical groups, p. 236 —237. Te tndependence of these forms follows from our
knowledge on Betti numbers. (chap. I1.)

The Schiibert varieties of the manifold 3} (7) were given by Ehresmann.
Let M € > (»#) and W, PL,,-.-... €P, be linear subspaces such that

0<Wy <M, <eoo <M <1; M= ,

Let f,...... , /: be natural numbers such that z>f>f,>...>/>0. We
consider the diagram %/, 4/,...... /e] where

k‘=k‘+m‘—2‘+1
k1=f]+1) ﬁ2=f2+2:”') /ll= l+l

and  (Vyyqyeeeees /) is the conjugate of (ly—{, /ly—i,....,/u;—1). We then
denote by V(fi,eeee.- , /i) the set of all isotropic s-spaces such that
dim (MA M, ) =7 If we denote by w( f;,---..-, /) the invariant differential
corresponding to the partition (fy, f5,-.-, /2) constructed in Chap. II, The
product of V(fy,...... , /) with the cocycle w(f/,...... ,J7u) does not vanish
if and only if fi=f"4,...... = =2

II.

The manifolds J* (n), A* ().
1. We denote by OSp (2#) the set of all orthogonal matrises leaving

invarlant the skew form 7/: 7! 7 7’=17. If we transform the coordinate axis
by the matrix

E E H

then the result reads
P T P=U+U, U ¢ U(n).
The group OSp (2x) is not absolutely irreducible. In X it decomposes into

two parts U, U, conjugate with each other and isomorphic with the group
U(n). The transformation

IT—J T J=E,+—E,
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is an involutive automorphism of the group OSp(z). In U(#) it corres-
ponds to the automorphism U —U, ‘

Let x be a vector of R,,. Consider the correspondence x—x=2x7 which
is invariant under the group O0Sp(27). If we denote by A*(7») the set
of all m-dimensional linear subspaces of R,, such that S0 A M=0, where Vi
is the trasform of M by A, then A* is a symmetric Riemannian manifold
which is isomorphic with A4* (7).

2. Let x,...... » ¥n be 2 vectors of I € AT () such that (x; a;) =0y,
and let x,+dx,,...... y¥u+dx, be an orthogonal frame of a M +dWe A (#)
near M. Consider the differential forms

wy =7, dx;]
where we define [z, y]=2*1 y for any 2, y (x, y are columns). w,; are
invariant with respect to the group OSp(#) and transforms as
(W)=>T*(w)T TeU(n)
by the transformation' of ,...... Hpy Xy dayyeeee.. , ¥n+dr,. These forms
satisfy the condition w;;=w,;. The quadratic form

(ds)z-:‘%} Wy Wy

gives thus the invariant Riemannian metric of A*(%). The exterior forms
be

R =W;15, Wigiyerree- y @ o5 s=1 (mod 4), 1=s<2.
and |
. Q=73 €(P)Puws, 1, Wgy -+ Op—1ze  (#=20)
constitute a basis of the invariant differentials of the manifold %A* (%).
In R,,'we consider a system of linear subspaces IM,, PV,-.---- yMen, such
that ‘ ‘ .
0O <M <M <vvnee <PMon W= € A* ().
We denote by V(fi......, f;) the set of all linear subspaces M of A*(x)
such that
dim (MADG)=(E 5 (B=fy Sfo> eeen: >0, I<»n)
where Z,...... , %, are defined as follows :
kl=k4n—i+1, (7=1,2,...... , 72)
Bi=f1 Fg=fayeeeees , A=fi+l—1 A
where (&,qy00eeee k,) is the conjugate of (&—/4,...... #,—t). The manifolds.

V(fiyeeone- ,/1) with all £,...... » /1 satisfying the condition 2> f,> £,> ...... >
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/>0, 1< are the Schiibert varieties of A" (#). The product of I'(f,-..
...»/7) with the cocycle o(f/,-..... , J»') of Chap. II'does not vanish if and
only if f;=f/ for all 7, and /=/.

The manifold A*(#) may be considered as a subspace of AU* (%) and
can be treated in like manner. The basis of the invariant differentials
coincides with that of A*(#) except that the form £, must be omitted.

1L

The manifolds A~ (n), A~ (»).
1. Consider the involutive automorphism of the group OSpg(7) defined
by : "~ -
) T—j ' 7Ty
with =7+ —7, [=n-dimensional skew matrix, z=2m. «In U (7) this
corresponds to the automorphism U/——/7"10U/. The symmetric Riemannian
manifold corresponding to this automorphism is thus isomorphic with 4(%).
A transformation € of OSp(#) is a transvection if /'€ J=6"". If we
put S=6 /, then
. =678 J=6J" 6 j=—1.
that is, S € S(2#). Morever, we have
IS I=]""8] I[=I"' 8 I ]I, I=2d-dimensional skew matrtx.
Because any element of OSp(#) satisfy the relation /7~ 7" /=17, we see
IS [=60T ] I=—-6 Jj=—=5.
or —S/=/7S. We know by Ctlap. I that there exists a one to one corres-
pondence of the elements of A~ (#) with the set of transvections. A~ ()
is thus the totality of the elements of the manifold S(2#7) satisfying the

relation S/=—7S5. Now the elements of 3}(27) corresponding to S is the
set of all isotropic vectors x € Z, such that

Sx=~v_17z.
By using the relation S/=—7S we see
Sx=+~v—-1 3%,
where x=17 z: :
Theorem. 3.4. The 7;ztzzzzfz)ld A= (n) may be cousia:ersd as the set of all
n-dimensional isotropic subspaces of P, sucl that M=, or M € S2n,n).
2. The manifold A~ () is thus the set S(272) A S (2%, 7). We denote
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this by 9~ (7). In M of A~ (%) we consider 7 vectors Zy,...... %, such that
(25 ;) =0(¢ J), Xnsws=a; This is possible because of the relation =M
and the vectors xy,...... *, are determined up to the group USp(z). Con-

sider the differential forms o,
the indices 7, 7:

; which are skew-symmetric with respect to

w;,= (x; dxy).
w;; are invariant with respect to the group OSp(#) and transform accord-
ing to (w) —>7*(w)7, 7"e USp(x) by the transformations of ay,...... e
Thus ) :

(cz's)?:i;j wy Z)ﬁ

gives the invariant Riemannian metric of A~ (#). The basic differential
forms of A~ (n#) are defined by

Q.=w;y 2 wp®...... 0", w;l=e"® e, ; s=1 (mod 4), 1s<2n
Let fiyeeeee- .1 ({/<#n) be natural numbers such that 7> f;>f,> ...... >f>0,
- Si+ =0 (mod. 2), fou.=fu=1 (nod 4), i=1.
(chap. II, Lemma II.). We construct the diagram Z/,...... o
bl =ki+n—i+1, (=12,...... y72)
y=f1+1, k=f+2,...... , =i+
where (%415-+--+-#,) is the conjugate of (&—z...... , #,—7). Consider a
system of linear subspaces O <, <...... <Ma=1, M,, € A~, where W, €
S(27 27) and denote by V(fy,---.-. ,/1) the set of linear subspaces contained

in A~ (») satisfying the relation
dim (MA W) = 7.

The product of I(f,-..... ,Jfo with o (A, ,//) defined in Chap. II is not
zero if and only if fo=f/, ....., fi=f/, I=0,. k ‘
IV

The manifold C(#). ‘
1. C(») is the set of all linear subspaces of P, such that IMA M=
0. We take in I € C(%) m vectors such that (x, x;) =d; The forms
wy=[x; dxz;] 4
are forms of C(#) which are symmetric with respect to 7, 7 and transform
according to (w)—7*(w)7T 7 € U(m) by the transformations of x, ¥ +dx.
The invariant Riemannian metric of C(7) is thus (ds)°’=3] w;; @; The
forms
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2,=0, *...... 0., 0l=wp op; 1<S<m
are basic forms of O(7n). Let f,...... ,J: be natural numbers such that
n+1>fi>f,> ... >f>0

and we consider the diagram #£/,....... £yt

bl =li¥+m—i+1, (=12,...... , M)

b=Ffi, Ay=fotL e, I=fi+l—1
where (£ 1yeeeee- , #n) is the conjugate of (4—/,...... #,~0). Consider the
system of linear subspaces O <9}, <IN, <...... M, <1, M,, € C(), and denote
by V([fiyeeree- /1) the set of all MM ¢ C(x) such that dim (M A Wiwy) = 4.
The product of V(f,...... ,/;) with the form o (f/,...... /') defined in Chap.
II. does not vanish if and only if fi=f/,...... » =1, {=/.

V.

The manifolds A(n,k), S(n,k), B(n,k).

1. Consider a sequence of linear subspaces

A: O<I <M, <.-....oe <M,=1, M. € A(n,k)
B: O0<P, <M, <...... <M,=1, M € S(n,k)
R: O<PM <M, <. <M,=1, M, € R(n,/ke)
and denote by V(fi,------ , Jx) the set of all 4-dimensional subspaces of Z,
or R, such that dim (MM A Wy,iz2—;+41)==s*. Then the integral
. ’
_[V(f,, ...... ) O(f1 e S
is not zero if and only if fi=Feeevee, fo=/"s-
Let x4.e.... ,x, be £ vectors of M such that:
A : (:L’, I’j) =6‘5j! S: (x,: ﬁ_fj) =6ij’ x(k/2)+i=[’?t) and R: (x‘xj)=6¢j,
and let p,,...... J» be n—#% vectors contained in the orthogonal complement

of M satisfying the relations

A: (¥ y.;)=6¢' S: (J’t J’j_)=8¢jr y(h/2)+i=[]{_and R: (J’g}’,)=3“.
Then the forms :

wp=(y; dz,), or (y; dz,)

* For S (», %) the nnmbers f,...fz are

J1= Sy eenes fl—1=1k} /} =0(mod 2)
and V(f... .. » fx) is the set of M such that dim (MAM fo5+28—2j—2) = 2/.
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are forms of 4, S, R, and transforms according to

(@) >T* (w) T,
by the transformations of z, y. Thus the differentials of 4, §, R may be
explicitely obtained by the process indicated in Chap. 1L :
Remark. We have seen that the Poincaré Polynomials of the manifolds
A (%) and A-(x) are P(z)=(1+2)F(z), where P,(¢) are the Poincaré
Polynomials of A*(#) and A~ (#) respectively. This has following geometric
significance. Not only topologically, but also gemetrically, the manfolds
A*(n) are the direct prodocts of the civcumfevence with the manifolds A*(z).
Indeed, the adjoint group of the manifolds A% (%) are

0—4%04
where 2=92* for A* and 2+92*%=0 for A-. This group is not irreducible

and decomposes into the direct sum of the unit representation and £,, the
representation induced in the symmetric or skew symmetric tensor spaces
of zero traces. Geometrically this means that the same thing holds for the
groups in vector spaces induced. by the groups of holonomy of A*(#). So
that there exists a system of eco! totally geodesic hypersurfaces of 4* whose
orthogonal trajectories are geodesics. In fact let 4d=¢V-Te 4, where
Ay e A (). If we vary A, in A*(#), then the matrices A varies within
some totally geodesic hypersurface. There exists e such surfaces corres-
ponding to the values of 0, 0O 27, If we fix 4 and let 8 vary then the
set. of A forms a geodesic orthogonal to these surfaces. A% are thus the
2 PVthagorean product* of the circumference with the manifolds A=.
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