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On the cohomology theory of rings.

By Yukiyosi KAWADA.

(Rcccived $()_{\llcorner}\downarrow$ . $ 2\cdot$) 1947.)

Recentty G. IIochschild has developed thc thcory of cohomology groups
of associativc $algebra^{1}s^{1)}$ . Wc shall consider in this I aper some problems
concerning $t1\iota c^{\backslash }$ coItomology groups of rings. Especially sve shall be able
to characterize the vanishing of $H_{n}(R, m)$ for cvery R-R-module $m$ in thc
case $n=1$ and 3 by the cxtension properties (Thcorcm 6 and 8).

In \S 1 llccessary definitions frorn $Hocllscl\iota ilds$ theory are given. \S 2
conccrns the $C_{-\backslash }^{\backslash tension=}$ of R-R-modules. In \S 3 wc $dcf_{111G}^{-}$ a useful tIlRl)ping
$F_{\tau}$ of $H_{n}(R, m)$ to $H_{n,+},(R, n)$ for any R-R-modulcs $m$ and $n$ , which is
a generalization of the $f_{U\downarrow 1}da\iota 11C\downarrow lta1$ isomorpbism of Hochschild. In \S 4 wc
considcr thc special cxtcnsion problcrn, which corrcsponds to the Teich-
m\"ullcr’s thcory for $si_{\ln_{1)}}1ealgcbr_{c1S^{-)}}’$ . Thcsc considerations can also be
$a\})1)licd$ to I.ie algcbras, as I $i$; all show in anothcr papcr.

\S 1. Defnitions of the cohomology groups of rings.
I.ct $R$ bc $c’\iota rin_{\backslash }(r$ and $m$ an R-R-modulc. Namely, rve suppose that

cuii, $vlb(/Jim, t\iota, \delta cR)$ belong to $m$ , are lincar, distributivc in $c\iota,$
$\delta,$ $m$ , and

satisfy thc associative lqw $tl([);)=(n\delta)//l,$ $(;/m^{\backslash })\delta=m(nb)’’(a/n)b=a(m\delta)$ .
Wc call an element $f_{t}$,cm a 0-p $ocl_{l}ain$ , and $f_{Jl}$ $(tl_{1}$ , ......, $a_{n})\epsilon m(a_{i}\epsilon R)$ , which
is linear with rcspect to $n_{1}$ , ......, 4,,, a $n- coc/\iota ai’\iota(n\geqq 1)$ . We denote
the module of all n-coc} ains by $L_{\iota}(R, m)$ . Moreover, we define the $ co\rightarrow$

$\delta opl\prime yope’ J^{\prime}\iota\iota tor\grave{o}J_{l}^{-}=f_{+i}(f_{n}cL_{\iota}(R, m),$ $f_{J\iota\vdash 1}eL_{\iota\vdash\rfloor}(R, m))$ by

$(\delta f_{n})(cl_{1}$ , ......, $ae_{l+\rfloor})=a_{J}^{\backslash }f_{ll}(’\iota_{-}’$ , ......, $tl_{l_{\mathfrak{l}}}\downarrow)+\underline{\backslash \rceil}7\epsilon l=\iota(-I)^{k}f_{h}(\ell t_{1}$ ,
......, $\ell\iota_{k}(\iota_{k+1}$ , ......, $\iota x_{\iota\dashv J})+\cdot(-|)^{!l}|f_{\iota}(a_{1}$ , ....... $c\iota_{n})a,.+l$ . (1)

Then $\delta$ is a lincar mapping and satisfies the relation $\delta(\grave{o}f_{n})=0$ for any $f;_{l}$ .
We call an clemcnt $f_{\iota}$ with $\delta f_{\iota}=0$ an n-cocycle $(u\underline{>-}0)$ and an element $f_{n}$

$wi$ th $f_{\iota}=\delta g_{\iota-1}(n_{---}’\backslash |)$ an n-c $y_{\iota}^{\prime}’)^{\prime}/mf_{l/}\prime y$ . We dcnote the module of all n-
cocycles (n-cuboundarics) by $C_{n}(R, m)$ $(B_{n}(R, m))$ . And we define the
ii-cohom )$log)^{\prime}g_{tJ}u_{l}H_{n}(R, m)=C_{\iota}(R, m)/^{\prime}B_{n}(R, m)^{\prime}(n_{---}\geq 1)$ .

\S 2. Extension of $R- R$-module and $1$ -cohomology group $H_{1}(R, m)$ .
Def. $I_{\lrcorner}etn\ddagger,$ $n$ be $t_{1}voR- R- n1^{\prime}od\iota i1es$ $lVe$ call $aI_{\grave{1}}$ another R-R-module

$M$ an $ c.\iota^{\prime}cnsi\prime\prime$ of $mI^{y}yn$ , if (i) $M\supset n=$
’ (ii) $M/n_{=}^{-}m$ (as $R- R\backslash $-module), (iii)
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$M-m=+n$ (dircct sum as module) hold. If $M-m=+n(di$rect sum as $R-$

R-modulc) we say that $M$ sjlits.
Now wc consider an cxtension $M$ of $m$ by $n$ . Wc denotc elemcnts

of $m$ by $p\gamma f;$ , ......, and of $n$ by $u,$ $\beta$ , .....,. For an elcment $m\sigma mtak^{s}c$

lincar rcpresentativcs $\Gamma_{)_{b}(}M$ from thc class corrcsponding to $m$ rm by the
relation $M/n_{=}^{-}m$ . $T_{1}$ cn

$aB_{\iota}=B_{a\prime\prime\iota}+\beta(cl, ’/l),$ $B_{7’\iota}c\iota=B_{n\ell(t}+\gamma(\prime\prime l, \alpha)(\ell\iota\iota R, \prime\prime\iota em, \beta, 7^{\prime}\iota n)$ . (2)

$\beta(a, m)$ and $\gamma(m, p\gamma)$ are ,linear in $a,$ $’$ . $13y$ thc associative law $\ell(bB_{m})$

$=(n\delta)B_{m},$ $(B_{m}a)b=B_{m}(n\delta),$ $(t\iota \mathcal{B}_{m})=a(B_{\iota}\delta)$ we. $1_{1_{C}^{\prime}}\iota ve$

$\ell\iota\beta(\delta;\prime\prime l)+\beta(a, b_{1/l})-\beta$ (ab, $\prime\prime\ell$ ) $=0$ , $\gamma(/Jl, t_{b}^{\vee})\delta+7^{\prime}(1’\iota c\iota, b)-\gamma(l/l, ll[z)=0$ ,

$\beta(a, \prime\prime\iota\delta)-\beta(a, r;\iota)^{\gamma_{J}}=\gamma,(p\iota/1\iota, b)-0\gamma(7/z, b)$ . (3)

If svc choosc $anothc^{\backslash }r$ linear rcpresentativcs

$B_{7\prime\iota^{*}}=B_{7\prime l}+\mu(lJl)$ $(lJl(m, \mu\iota n),$ (4)
wc havc

$\beta^{*}(\ell l_{1}, \prime\prime\iota)=aB_{m^{*}}-B_{\iota\iota\prime\prime t}^{*}=(9(\acute{c}\iota, \prime\prime\iota)+\{c\iota\mu(;Jl)-\mu(ll\prime\prime\iota)\}$ ,
$\mathcal{T}^{\prime}\backslash (7Jl, a)=B_{m^{*}}c\iota-B_{7’\iota(\iota^{*}}=\gamma(/\prime i, c\iota)+\{\mu(//l)a_{\vee}-\mu(\prime\prime za)\}$ . (5)

Wc call $\{\beta, \gamma\}S_{i}^{\prime}\iota tisfying$ the rclations (3) a $f\ell ct$ )$\nearrow syst_{t}//\iota$ , and two factor
systcrns $\{\beta, \gamma\}\backslash $ and $\{\beta^{*}, \gamma^{*}\}$ satisfying $(^{r_{)}})$ for sorne $\{\mu\}$ associatcd. The
structurc of an cxtcnsion $M$ is‘ cornpletely deterniined by $\{(3, \gamma\}$ . fIencc,
wc lvritC $M=(m, n, \beta, \gamma)\backslash $ . Conversely, for any factor systcm $|^{\prime\rho,\gamma^{1}}|$

’ there
exists an cxtcnsion $M=(m, n, \beta, \gamma)$ satisfying $tc$ rclation (2). Two ex-
tcnsions $M_{i}(m, n, \beta_{i}, \gamma_{i})$ $(i\pm=1,2)$ are isomorphic (as R-R-module, cach
element of $n_{-}\underline{\subset_{-}}M_{i}(i=1,2)corres_{1}3O1l$ ($1ing$ to itself) if and oniy if $\{\beta_{1}, \gamma l\}$

alld $\{\beta,, \gamma_{\sim^{)}}\}$ are associated. $lVe$ identify these $M1$ and $M_{\underline{\sigma}}$ .
Wc define $\{\beta_{1}, \gamma_{1}\}+\{\beta_{-},, j_{\sim}^{\prime},\}=\{\beta_{\iota}+\beta$

) $\gamma_{1}+r_{-}!$ , thcn all thc factor $systc\acute{m}s$

make a modulc $F(m, n)$ . Splitting $f_{c}\iota ctor$ systcms

$\beta(cl, \prime\prime i)=\ell l\mu(\prime\prime l)-.\mu(\ell\gamma;/l)$ , $\gamma(\backslash \prime\prime\ell, \iota\iota)=\mu(\prime\prime l)a-\mu(lJltt)$ (6)

make a submodule $S(m, n)$ of $F(n\iota, n)$ . Then we have obviously
Theorem 1. Eacli element of $F(m, n)/S(m, n)cor;\prime^{\prime}csp_{d}/nts$ one to one

to $t/\iota eextensio/\iota M$ of $m$ by $n$ .
Now we considcr $t1_{1}c$ rclation to the cohomology groups. Wc shall
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first assume that we can select the linear representatives $\{B_{m}\}$ with

$B_{m^{t}}\iota=B_{ma}$ $(;\gamma i\epsilon m, t\iota\epsilon R)$ . ’

(7)

Such extcnsion has factor systcm $\{\beta^{*}, 0\}$ . The condition tor $\beta^{*}$ is

$\ell\iota\beta^{*}(b, \prime\prime l)+\beta^{*}(p\iota,.b_{7/l})-p*(\ell lb, \prime\prime l)=0,$ $\beta^{*}(\iota, \prime\prime\iota)b-\beta^{*}(c\iota, \prime l\iota b)=0$ (8)

Let $r$ bc the sct of all the lincar mappings $\lambda$ of $m$ into $n$ wit $\iota$

$\lambda(v\iota)_{l}z=\grave{j_{\iota}}(lJla)$ $(\prime\prime\iota(m, a\epsilon R).$ (9)

If we dcfinc thc lcft and right opcrations by an clemcnt $a\epsilon R$ to $r$ by

$(n*\lambda)(’/l)=l\iota\prime^{\backslash }.(m)$ , $(\lambda*n)(r_{\backslash }n)=\lambda$ (am) ( $\nu l$ cm), (10)

tltcn $r$ is an R-R-module. We dcnote this $r$ by $r=1(m,\tilde{n})$ .
Fach l-cochain $f(\ell)\epsilon L_{1}(R, r)$ is represcntablc by

$f(a)=\varphi(cl, m)\epsilon n$ ( $\iota\iota\iota R$ , mcm)

with $\varphi(a, ’ u)b=\varphi$ ( $n$ , nub). Thc condition $\delta f=0$ amounts to $\delta\varphi=a*\varphi(b, m)$

$-\varphi(a_{l}i, m)+\varphi(a, ;/\iota)*b=a\varphi(1^{c}/,m)-\varphi(p\iota\delta, \prime u)+\varphi(c\iota, b/n)=0$ . This is exactly
thc condition (8). The condition $f=\grave{o}f_{0}$ is

$\varphi(a, ’/z)=\delta_{f^{\prime}}f(m)=a*\emptyset(pl)-\psi(;)*J$ ni).

This mcans that $\{\beta^{*}, 0\}$ splits.
Now $|etF^{*}(m, n)$ bc $thc^{t}$ sct of all factor systems. $\{\beta^{*}, 0\}$ , and put

$S^{k}(m, n)=F^{*}(m, n)\cap S(m, n)$ . Then we have
Theorem 2. $Fc$)$i^{\prime}\acute{r}=1(m, n)$ , it kolds

$H_{1}(R, r)=-F^{*}(m, n)/S^{*}\backslash (m, n)$

Corollary 1. If $R^{1}$ contains tlie lgft unit $c$ ( $ t’ l_{\nu}^{7}=\ell\iota$ fur $\iota v.rya\epsilon\dot{R}$)
$L$

and if
$\alpha^{1}\{\neq 0$ for $a\neq 0$ ( $u$ tn), then

$H_{I}(R, n)$ : $F^{*}(R, n)/S^{*}(R, n)$ .

For, any linear mapping $\lambda$ from $R$ to $n$ . with (9) c’an be represented
as $/_{\backslash }(a)=aa(\alpha=\text{{\it \‘{A}}}_{\backslash }(e))$ . IIcnce, it holds $r=^{\prime}1(R, n)_{=}^{-}\overline{n}$ .

Corollary 2. (Hochschild $\lfloor 1]$ , \S 4) If $H_{1}(R, n)=0$ for every $n,$
$t/\iota en$

any $r\ell presentation$ of $R$ is $compl\ell t\ell ly$ reduciblc.
For, any R-left modules $m,$ $n$ can be made to R-R-modules by $rr\iota a=0$ ,

$Jp\iota=0(n(R)$ , and any lincar mapping $\lambda$ froni $m$ to $n$ satisfics thc rclation
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(9). Therefore, any R-submodule $\dot{n}$ of R-module $M$ is a factor of direct
sum.

If we consider R-right niodules $it_{1}^{\backslash }!$ Lead of R-left module , then we can
also conclude that any R-right module $M$ which is an extension of R-right
module $m$ by $n$ splits: $M=-m+n$ (direct sum as R-right module).

Now if we consider an R-R-modulc $M=(m, n, \beta, \gamma)$ mctcly as R-right
module, then we can choosc linear rcprescntativcs $\swarrow J_{m}^{)}$ rvith thc propcrty
(7). This mcans. $F(m, n)/S(m, n)-F^{*}(m, n)/S^{*}(m, n)=0$ . $l$ Ience wc
havc

Corollary 3, If $H_{I}(R, m)=0$ for $cv\prime rym,$ $thp\prime c_{\iota^{f}\prime}^{\prime\prime}y$ \‘exte nsion $M$ of
$mljyn$ splits (the converse will be provcd in 83).

\S 3. Mapping $F_{\beta\gamma}$ from $H_{n}(R,m)$ to $H_{n+1}(R,n)$ .
Let $m,$ $n$ be two R-R-modules and $M=(m, n, \beta, \gamma)$ an extension of $\cdot$ $m$

by $n$ . $W_{\backslash }e$ dcfine the linear $ma_{f}$)$pi_{ll}gF=F_{\theta\tau}$ from $L_{\iota}R,$ $m$) $\cdot i_{11}toL_{n+1}(R, n)$

$(’\iota\underline{>\sim-}0)$ :
$F_{q}\tau(g)=f_{n\vdash J}\epsilon L_{\iota_{\tau}1}(R, n)$ $(g,$ $(L_{\iota}(R, m))$

by

$f_{n+1}(a\downarrow’\ldots\ldots\ell\gamma_{n\vdash 1})=\beta(\ell l_{\rfloor}, g_{n}(.a_{\sim^{1}}*\cdots\ldots, a_{n_{1}1}))$

$+(-I)^{\prime\iota+I}\gamma(g_{n}(\Omega_{1}, \ldots, tt_{n}), c^{\gamma_{n_{t}1}})$ . (11)

Lemma 1. $F_{\beta f}(\delta g_{n})+\delta(F_{\theta\tau}(\delta^{\prime}’\iota))=0$ $(n\geqq 0)$ .
Proof. $F_{\beta\tau}(\delta g_{n})+\delta(F_{\triangleright_{T}}.(g_{n}))=\{\beta(\iota t_{U}, \iota t_{1g_{n}(a_{-},,\ldots\ldots,\prime x_{n+J}))}+\sum_{k=1}^{n}(-1)^{k}$

$\beta(a_{0},g_{n}(a_{1}, \ldots\ldots, a_{k}a_{k\vdash 1}, \ldots\ldots, \ell l_{l+J}))+(-1)^{\prime\iota+I}\beta(a_{0},g_{\iota}(c\iota_{I}, \ldots\ldots, a_{n})\ell\iota_{n_{\tau 1}})\}+$

$(-1)^{n}\gamma\rightarrow\{\gamma(\ell\iota_{t)}g_{n}(a_{1}, \ldots\ldots, \ell\iota_{n}), a_{l+J})+\sum_{A=1}^{\prime\prime^{\backslash }}(-1)^{k}\gamma(\wedge^{(f}’ b(ll_{0,\ldots\ldots*}p\iota_{k-l},$
$ a_{k}\ldots\ldots$ ,

$\ell\gamma_{n}),$

$a_{n+1}$) $+(-1)^{\prime\iota_{i^{\prime}(\cdot(\iota l_{0},\ldots\ldots,a_{n+1})a_{n},a_{n+1})\}+\{a_{0}\beta(a_{1},g_{ll}(i^{\iota_{\sim},\ldots..p\gamma_{71+1}})-}}k160_{n}.,$.
$\beta(t\iota_{0}a_{1}, g_{n}(a_{-},, \ldots\ldots, a_{n+1}))+\sum_{k1}^{n_{=}}(-1)^{k\neg}l\beta(a_{0}, g_{\iota}(c\iota_{J}, \ldots\ldots, a_{k}t\gamma_{k1}\ldots\ldots\ell\gamma_{r\iota}\ulcorner’))$

.

$+(-1)^{n}\beta(a_{0},g_{n}(a_{1}, \ldots\ldots, a_{l}))_{\ell t_{\nu_{T}1}}\}+(-J)^{nt1}\{a_{0}\gamma(A^{r_{l}},(tl_{J}, \ldots., \ell\iota_{n}), a_{l_{\urcorner(}}\backslash \cdot)+$

$\sum_{k^{l}=1}^{\prime}(-I)^{k}\gamma(A^{\prime}n(a_{0}, \ldots\ldots, \Omega_{I:-1}t\gamma_{k}\ldots\ldots p\gamma_{n}),$ $(l_{n\mathfrak{l}1})+(-I)^{n}1\gamma(g_{\iota},(\ell l_{0},$ $\ldots\ldots,a_{Jl-l}$ ,
$a_{l}a_{7\iota+1})+(-1)^{\prime l}\gamma(g_{\iota}(l_{0};\ldots\ldots\ell\gamma_{n- 1}), \ell\iota_{\ell})_{\ell l_{p_{J}1}},\}=\{\beta(a_{t},, \iota_{\xi^{\gamma}n}\iota_{1}(\ell t_{-},, \ldots\ldots, \ell\iota_{n\vdash I}))+$

$\ell x_{0}\beta(a_{J},g_{n}(.)|)-\beta(\ell\iota_{t},a,,$ $g_{n}(cl_{\sim}, a_{n+1})$ } $+(-I)^{r\iota\dashv 1}\{-\beta(a_{0},g_{n}(\ell\iota_{1}$ ,
......, $a_{\iota}$ ) $a_{\iota+1}$ ) $+\beta(c_{\mathscr{S}}\gamma_{0}n(l_{1}, \ldots\ldots, \ell t_{\iota}))_{ct_{l\tau 1}},-?^{z}(p\iota_{u}g_{n}(\ell t_{1}, \ldots\ldots, \iota\iota_{n}), a_{n+1})+ll_{0}j^{\prime}(g_{n}$

$(t_{\rfloor}, t\ldots.., t\iota_{\iota}),$
$a_{\iota\vdash 1}$ )} $-1^{1}\gamma(f_{n}^{r}t($( $\iota_{0}$ , ....... $c\gamma_{n-}$ ) , $)-j^{\prime}(\xi^{r_{n}}(tt_{0}$ , ....... $p\chi_{\iota-1})$ ,

$a_{n}c_{n\}l})+\gamma(g_{ll}(\iota_{0}, \ldots\ldots, n_{n-1}), pr_{n})a_{n+1}\}=0$ (by (3)); Q.F.D.
Lemma 2. For $ f_{p}\ell/\theta$ associated factor systems $\{\beta, \gamma\},$ $\{\beta^{1_{\backslash }}, \gamma^{*}\}\prime Lui\grave{t}l\iota(^{\overline{\prime}}j)$ ,

we $/\iota\iota\iota ve$ for $I\prime_{n}(a_{1}, \ldots\ldots, a_{n})=\mu(g_{n}(a_{1}, \ldots\ldots, a_{n}))$

$f^{F_{\beta Y}}(6^{(\gamma}n)-F,1*\tau*(g_{n})=(\delta/r_{n})-\mu(o_{\mathscr{S}}ll)$ , $(\prime l\geqq 0)$ .
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Proof. $\{F_{q_{\zeta}}.(g_{n})-F_{q2_{\uparrow}}.(g_{n})\}(a_{0}, \ldots\ldots, a_{n})=a_{0}\mu(g_{n}(a_{1}, \ldots\ldots, a_{\iota}))-\mu(\iota\iota_{0}$

$g_{n}(a_{1}, .. ; \ldots, c\iota_{n}))+(-1)^{n+1}\{\mu(g_{n}(a_{0}, \ldots\ldots, \ell\iota_{\iota-\iota})a_{n})-\mu(g_{n}(\ell\iota_{0}, .., a_{7\iota-1})_{l}\iota_{n})\}$

$=a_{0}\mu(g_{n}(a_{1}, \ldots\ldots, t\iota_{n}))+\underline{\backslash _{k-}-t}n_{--l}(-\rceil)^{k}f^{x(g_{n}(c\iota_{t)\prime}\ldots\ldots,a_{k-1}a_{k},\ldots\ldots,tl_{r_{-)+(-])^{?\iota+1}}}}$

$\mu(g_{n}(a_{0}, \ldots\ldots, a_{n-1}))a_{n}-\mu(\delta^{\backslash }g_{n}(t7_{0}, \ldots\ldots, tl_{\iota}))=(\grave{o}l_{l_{7l}})(a_{0}, \ldots\ldots tr_{\iota})-\mu(\delta g_{n}$

$(a_{0}, \ldots\ldots, \iota_{n}))$ , Q. }$\prec_{\lrcorner}^{\backslash }$ .D.
From Lemma 1 we have $\delta(Fg_{n})=0$ for $\grave{o}g_{n}=0(n>=0)$ and $F(g_{n})$

$=\delta F(l_{l_{n-1}})$ for $-g_{n}=\delta/l_{n-1}(n\geqq 1)$ . Hcnce we have
$Th^{}e\rho rem3$ . Tlie $\prime\prime 1$)$p_{\dot{i}}/lffF_{q_{T}}$ of (11) incluces a linear $\nu z$apping $F_{\beta Y}$

‘

of $H_{n}(R, m)$ into $H_{n+1}(R, n)(n\geqq 1)$ .
From $I,emma2$ we have
Theorem 4. If factor $SjI^{\prime}stims\{\beta, j^{\prime}\}\ell\iota/lcJ\{\beta^{*}, \gamma^{*}\}$ are associated, then

$F_{q_{Y}}pmdF_{\tau^{*}}in\ell tncethc$ same ,apping $F_{\iota\tau^{\prime}}=F_{l^{x}\tau^{*tJ}}^{\prime}f_{H_{n^{\prime}}R,m)}$ into $H_{n\dashv l}(R, n)$

$(n\geqq 1)$ .
Corollary.’ If $\{\beta, \gamma\}$ splils, then $F_{P\tau}^{\prime}=0,$ $timt$ is, $F_{\tau}$ maps $H_{n}(R, m)$

iuto $0(n\geq 1)$ .
Now we show that thc fundamental mapping defincd by I Iochschild $[1]$

is a special casc of $F_{n_{T}}$ . I.et $n$ be any given. R-R-nlodnlc. Then wc take
as $m$ the set of all linear mappings ” of $R$ into $n(m=L_{1}(R, n))\backslash vit1_{1}$ the
relations

$a\iota m(/J)=a/([y),$ $(//*a)((i)=m(\iota a^{\prime}’)$ -iii $(a)b$ $(a, bcR, m\iota^{1}m)$ ,

which is also an R-R-module. Wc take thcn factor sy.stem

$\beta(a, \prime\prime l)=0$ , $\gamma(\prime u, \ell x)=/u((z)$ ,

which evidently satisfies the condition (.3). Then thti mapping $F_{P\tau}$ is defined
by

$F_{\backslash \tau}^{\backslash ,}(g_{n})(a_{0}, \ldots\ldots, t7_{\iota})=(-I)_{\zeta_{7l}}^{n+I}(l_{||}, \ldots.,., \ell l_{n-l})(tt_{n})$ . (13)

Conversely for any givcn $f_{n+1}(L_{n\vdash I}\cdot(R, n)$ , take $6^{\prime\prime}$ : with

$g_{n}(a_{0}, \ldots\ldots, a_{\iota-1})(\ell\iota_{n})=(-])^{\iota}\ulcorner|f_{n_{T}1}(p\iota_{0}, \ldots\ldots, a_{n})$ ,

$t1_{1}en$ we have $F(\delta\circ_{n})--f_{n+1}$ . This shows the isomorphism $L_{n}(R, m)--L_{n\vdash 1}$

. $(R, n)(u=>0)$ . Lemma 1, 2 show also $C_{n}(R, m)=-C_{n+l}(R, n)(n\geqq 0)$ .

and $B_{n}(R, m)=\sim B_{\iota\perp\rceil}(R, n)(n\geqq 1)$ . Thus we have
Theorem 5. ( $f$ Iochscliild) $Fo\prime^{J}t_{J^{j}l}c$ special $R- R-;uoduI_{\ell^{\prime}}m\iota l\phi ne\angle f$ aoove

$H,,(R, m)=-H_{n+1}(R, n)$ $(n\geqq 1)$ .
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Now take $C_{t},(R, m)=\{m; \delta,/\gamma=0,7^{t}m\}$ . and $B$
}
$(R, m)=\{F_{q_{Y^{1}}}|f_{1}$ ;

$f_{1}\epsilon B_{1}(R, n)\}$ , then $C_{t1}(R, m)/B_{t)}(R, m)-H_{\mathfrak{l}}---(R, n)$ . This isomorphism is.
given by $F_{q_{T^{\prime}}}|$ But if $\{\beta, \gamma\}s_{I}$ ) $1its$ , then $FV=0$ , and we have $H_{I}(R, n)=0$ .
Hence wc have the conv’ $er^{t^{\backslash }}e$ of Corollary 1 of Theorem 2-

Theoreni 6. A hecessa’ $y$ and $snflci_{lj}nt$ conditiOn for $t/le’\iota^{f}anis^{\gamma_{l}i/l}g$ of
$H_{1}(R, n)$ for every R-R-/nodule $n$ is $1,/l$al $c\tau^{;}e’\prime y$ exlt nsion $Mc/fmbjyn\dot{s}pJits$ .

$\int 4$. 3-col $omol_{0_{o^{\gamma}}^{(})^{1}}$ group.
2-cohomology group $H_{-},(R, m)$ was relatcd by $l$ Iochscliild [1] to the

extension $R$ by $m$ as follows. Wc call the e.vlensiou $A=(R, I11^{f})$ of $R$ by
$m$ the following ring: (i) A contains $m\subset\backslash \prime s$ . tw $0$ sided ideal, (ii) $m^{-}=0,$ $(iii)$

$A/m=-R$ (iv) the linear representativcs $A.(A$ corresponding to $a(R$ by $A/m$

$=-R$ satisfics $A_{a}m=am,$ $7/t.A_{tl}=ma$ (a-R, $m\iota m$). The structure of A.. is
$conlplc\underline{t}ely$ determined by

$A_{a}A_{b}=A_{\iota^{l}},$ $+g(a, \delta)$ $(a, \delta\iota R, gcm)$ , (14)

wherc $g$ satisfies the conditi(}$n$ corresponding to $A_{e\iota}(A_{b}A()=(A_{\iota}A_{b})A_{c}$

$P$

$ttg(\delta, c)+(, \delta_{\ell j})=_{6^{(f(a\delta,c)+g(\ell\iota,b)c}}$ . (15)

This is, $gcC_{:}(R, m)$ . Converscly, for any given $A^{\prime t,}C,’(R, m)tlle\grave{r}e^{\dot{t}}$ exists
an extension A with this $g$. We denote this extcnsion A by $(R, m,g)$ .
If we take anothcr system of reprcscntatives $A_{(\ell^{*}}=A,$ $+\gamma_{l}(a)$ $(l\iota\iota m)$ , the
$corrcs_{1)}ondingA^{\prime}\subset\backslash (n, b)$ is given by $_{\supset}^{r^{:r}}(l, b)=\delta^{(\rangle}(a,, b)+\{!?/\iota(\delta)-/’,(af\nearrow)$

-rk $(a)b)|$ , nantely $g^{*}\equiv g$ (Illod. $B_{-}(R,$ $m)$ ). This shows that the vanishing
of $H_{-},(R, m)$ for evcry $m$ means the : of all extensions $A=(R, m)$ .

Now we consider the Illeaning of $H,,(R, m)$ in relation to the Teich-
m\"uller’s theory of factor systems of highcr degrce. Let $A=(R, m, g)$ be
an extension of $R$ by $m$ , and let $M=(m, n, \beta, \gamma)$ be an extcnsion of $m$ by
anothcr R-R-module $n$ . We shall considcr tlic problem to construct an
extcnsion $B=(R, M)$ , for which $B/n=-$ A holds.

(, Suppose that wc have such an.extension. We take linear representa-
tivcs $A_{\iota}\iota B(\ell\iota‘ R),$ $B_{\iota^{(}}B(/u(m)$ corresponding to $B/^{\prime}M-R-$ and $M/n_{-}-m$,
$then\backslash $ in $B$ hold thc rclations

$\left\{\begin{array}{l}\lambda\mu=0,f_{)^{1}}l.=\lambda B_{?n}=0m(\lambda,\mu\iota n).A_{\prime}=\iota^{t/.\ell_{\nu}^{\gamma}(f}aA_{r\iota}=r/a(\prime x\epsilon n),\\A_{\alpha}B_{7\prime\iota}=B_{m}+\beta.(\Omega,7Jl),B_{7Jl}A_{f}=f^{1})n,\iota+\gamma(ru,tl)^{t}(\beta,\gamma cn),\\A_{a}A_{b}=A_{ab}+l)^{\supset}y(a,l))+\alpha(a,\delta),(a\mathfrak{c}n).\end{array}\right.$ (I6)
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associative law we have the conditions (3) for $\beta$ . $\gamma$ and from
$A_{a}(A_{b}A_{c})=(A_{a}A_{f})A_{c}$

$\beta(a,g(\delta, c))-\gamma(g(a, \delta),$ $c$) $+\{p\iota a(\prime^{\prime}’’ c)-\alpha(p\iota 6, c)+a(a, \delta c)-a(a, \delta)c\}=0\ell$ ’ (17) $\cdot$ .

$\backslash $

that is.
$F_{\beta\tau}(g_{-})+a_{-}=0$ . $(17^{*})$

Conversely, if we have $a(a^{\prime}b)cn$ rvith (17) or $(17^{*})$ , then we can
construct an extension $B=(R, M)$ by (16) with thc desired properties.
Thus we have

Theorem 7. For $Clygi_{L}^{r}\ell n$ extensions $A=(R, m,g)$ and $M=(m,$ $n$ ,
$\beta,$

$\gamma$) $t/\iota e$ necessary $a,\prime r_{t}f$ su.ffi ient $con\ell fition$ for $t/tc$ cxistence of $anot/\iota\ell r$ extcnsiou,

$B(R, M)wit/\iota B/n-A=$ is $t//p\gamma t$ 3-cocycle $F_{,,s\tau},(g)$ is $n$ coloundary.

If $H_{s}(R, n)=0,$ $tf\iota c$ii $t/\iota er\iota^{f}$ is a[ways $ sucl\iota$ an extension.

Now for any given R-R-module $n$ take $m$ and $\beta,$
$\gamma$ as in Theorem 5.

And let $f_{?}$ be any 3-cocycle which is not a 3-coboundary. Then there is
$g_{\sim^{)}}$ such that $F_{\beta\uparrow}(g_{-})=f_{t}$ . For. such $A=(R, m,g_{-},)$ and $M=(m, n, \beta, \gamma)$ we
cannot construct the desired extension. Hence we have

Theorem 8. A $necessar_{l}\gamma\iota lidsn$]$ficient$ condilion for the $vanisl\iota i’\iota g$ of
$H_{?}(R, n)$ for $mly$ R-R-module $n$ is $t/\iota epussi_{l}ii/ity$ of an extension $B=(R, m)$

$wi_{\iota^{\prime}}/\iota B/n_{=}^{-}$ A for $\ell myA=(R, m,a^{cr})ll\iota;M=(m, n, \beta, \gamma)$ .

$MatlleII\iota atical$ Institute,
Tokyo Bunrika Daigaku.
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