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Abstract. The generalized Wintgen inequality was conjectured by De Smet, Dillen,
Verstraelen and Vrancken in 1999 for submanifolds in real space forms. It is also known as the
DDVYV conjecture. It was proven recently by Lu (2011) and by Ge and Tang (2008), indepen-
dently. The present author established a generalized Wintgen inequality for Lagrangian sub-
manifolds in complex space forms in 2014. In the present paper we obtain the DDVV inequal-
ity, also known as generalized Wintgen inequality, for Legendrian submanifolds in Sasakian
space forms. Some geometric applications are derived. Also we state such an inequality for
contact slant submanifolds in Sasakian space forms.

1. Preliminaries. In 1979, P. Wintgen [24] proved that the Gauss curvature K, the
squared mean curvature || H ||2 and the normal curvature K+ of any surface M 2in E* always
satisfy the inequality

K < |H|* - K"

the equality holds if and only if the ellipse of curvature of M2 in E* is a circle. The Whitney
2-sphere satisfies the equality case of the Wintgen inequality identically. A survey containing
recent results on surfaces satisfying identically the equality case of Wintgen inequality can be
read in [5].

Later, the Wintgen inequality was extended by B. Rouxel [23] and by 1.V. Guadalupe
and L. Rodriguez [14] independently, to surfaces M? of arbitrary codimension m in real space
forms M2t (c) as follows:

K <|HI* - K| +c.

The equality case was also investigated.

A corresponding inequality for totally real surfaces in n-dimensional complex space
forms was obtained in [17]. The equality case was studied and a non-trivial example of a
totally real surface satisfying the equality was given.
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Let M" be an n-dimensional submanifold of a real space form M"™ (¢). We denote by
K and R the sectional curvature function and the normal curvature tensor on M", respec-
tively. Then the normalized scalar curvature is given by

2t 2
lozn(n_l)zn(n_l) Z K(ei/\ej),

I<i<j<n

where t is the scalar curvature, and the normalized normal scalar curvature by
27t 2
1 _ — Lip: o 2
= = R €, Sas .
prrps ity s O D DENED DN G CHUR )
I<i<j<nl<a<B<m

In 1999, P.J. De Smet, E. Dillen, L. Verstraeclen and L. Vrancken [9] formulated the

conjecture on the Wintgen inequality for submanifolds of real space forms, which is also
known as the DDVV conjecture.

CONJECTURE. Let f : M" — M""(c) be an isometric immersion, where M" T (c)
is a real space form of constant sectional curvature c. Then

p<IHI*-p*+c,

where p is the normalized scalar curvature (intrinsic invariant) and p* is the normalized
normal scalar curvature (extrinsic invariant).

This conjecture was proven by the authors for submanifolds M" of arbitrary dimension
n > 2 and codimension 2 in real space forms 1\7I”+2(c) of constant sectional curvature c.
Also, a detailed characterisation of the equality case in terms of the shape operators of M" in
M™2(c) was given.

T. Choi and Z. Lu [7] proved that this conjecture is true for all 3-dimensional submani-
folds M3 of arbitrary codimension m > 2 in M3Hm (c). The characterisation of the equality
case gives the specific forms of shape operators of M3 in M3tm (o).

For normally flat submanifolds, i.e., R+ = 0, the normal scalar curvature vanishes; B.Y.
Chen [4] established the inequality

p<IH|*+c.

Hence, the conjecture is true for hypersurfaces of real space forms.

Other extensions of Wintgen inequality have been studied by P.J. De Smet, F. Dillen, J.
Fastenakels, A. Mihai, J. Van der Veken, L. Verstraelen, L. Vrancken and the present author
for certain submanifolds in Kéhler, nearly Kéhler and Sasakian spaces (see [10], [11], [18],
[20], etc.). Recently, the DDV V-conjecture was finally settled for the general case by Z.
Lu [16] and independently by J. Ge and Z. Tang [12].

THEOREM 1.2. The Wintgen inequality
p=IHI*—p" +e,

holds for every submanifold M" in any real space form Mn+m (c)(n =2, m > 2). The
equality case holds identically if and only if, with respect to suitable orthonormal frames {e;}
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and {&4}, the shape operators of M" in mnrm (c) take the forms

M ouw 0 - 0
w A 0 - 0
Ag =] 0 0 2 -~ 0 |
0 0 O Al
A+ 0 0 -~ 0 A 00 0
0 A—pn 0 - 0 0 23 O 0
Ag, = 0 0 A2 0 [, ag=| 0 0 2 - 0 |
0 0 0 - XA 0 0 0 - A3

where A1, Ay, A3 and | are real functions on M",
Agy=-=4 =0.

Submanifolds satisfying the equality in Wintgen inequality are called Wintgen ideal sub-
manifolds (see [15]). We recall that an n-dimensional submanifold M”" of an m-dimensional
Riemannian manifold M™ is said to be a Chen submanifold (or an A-submanifold) if its allied
mean curvature vector

m—n

1
a(H) = ~ > Trace(An Are,
r=2
vanishes identically, where {£1, &2, ..., &,—,} is an orthonormal frame in the normal bundle

with &; parallel to H (see [22]).
We mention that M" is a Chen submanifold if and only if

n

> glh(eirej). H)h(ei.e))
i,j=1
is parallel to the mean curvature vector H, where & is the second fundamental form and

{e1,...,en} an orthonormal frame (see [13]). Any Wintgen ideal submanifold is a Chen
submanifold (see [8]).

2. Submanifolds in Sasakian space forms. A (2m + 1)-dimensional Riemannian
manifold (M?"*1, g) is said to be a Sasakian manifold if it admits an endomorphism ¢ of its
tangent bundle 7 M?"*1, a vector field £ and a 1-form 7, satisfying:

p*=—-Id+n®& nE) =1, ¢ =0, no¢p =0,
9@X,Y) = g(X,Y) — n(X)n(Y), n(X) = g(X, ),

(Vxp)Y = —g(X, Y)é + n(Y)X, Vx& = ¢X,
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for any vector fields X, Y on M 2m+1 " \where V denotes the Riemannian connection with re-
spect to g.

A plane section 7 in TPZVI 2m+1 s called a ¢-section if it is spanned by X and ¢ X, where
X is a unit tangent vector orthogonal to £. The sectional curvature of a ¢-section is called a
¢-sectional curvature. A Sasakian manifold with constant ¢-sectional curvature ¢ is said to
be a Sasakian space form and is denoted by M2m+1 (o).

The curvature tensor R of a Sasakian space form M2m+1 (c) is given by (see [1])

R(X,Y)Z =${g(y, )X — g(X, 2)Y}

—1
+ CT{H(X)H(Z)Y —n(nN(Z2)X + g(X, Z)n(Y)§ — g(¥, Z)n(X)§
+9(Y. 2)9pX — g(9X, Z)¢Y —29(¢pX, Y)PpZ},

for any tangent vector fields X, Y, Z on M2+ (c). As examples of Sasakian space forms we
mention RZ"*+1 and §2"+1 | with standard Sasakian structures (see [1], [26]).

Let M" be an n-dimensional submanifold in a Sasakian space form M2+l (c). We de-
note by V and 4 the Riemannian connection of M" and the second fundamental form respec-
tively. Let R be the Riemann curvature tensor of M"i.e., R(X, Y, Z, W) = g(R(X, Y)W, Z),
VX,Y,Z, W € I'(T M"). Then the Gauss equation is given by

R(X,Y,Z,W)=R(X.,Y,Z, W) + gh(X, W), h(Y, 2)) — g(h(X, Z), h(Y, W)),

for any vectors X, Y, Z, W tangent to M".

Let p € M" and{ey, ..., e,, €441, - - ., €2m+1} an orthonormal basis of the tangent space
TpA7I Zm+1 (c), such thatey, ..., e, are tangent to M at p. We denote by H the mean curvature
vector, that is

1 n
H(p)=—3 hieie).
i=1

A submanifold M" normal to & in a Sasakian manifold is said to be a C-totally real
submanifold. In this case, it follows that ¢ maps any tangent space of M" into the normal
space, that is, ¢ (T, M") C T,,iM”, for every p € M". In particular, if n = m, then M" is
called a Legendrian submanifold.

For submanifolds tangent to the structure vector field &, there are different classes of
submanifolds. We mention the following.

(i) A submanifold M?"*! tangent to & is called an invariant submanifold if ¢ preserves
any tangent space of M?"*1, thatis, ¢ (T, M*"+!) C T,M*"+!, for every p € M*"T1.

(ii) A submanifold M" tangent to & is called an anti-invariant submanifold if ¢ maps any
tangent space of M" into the normal space, that is, ¢ (T, M") C T[f-M " forevery p € M".

(iii) A submanifold M" tangent to £ is called a contact slant submanifold if for any
vector X € T, M" linearly independent on &, the angle between ¢ X and T, M" is a constant,
which is independent of the choice of p € M" and X € T, M".



GENERALIZED WINTGEN INEQUALITY 47

Other studied classes of submanifolds in Sasakian manifolds are the contact CR-submani-
folds, contact C R-warped product submanifolds, etc.

For invariant submanifolds in Sasakian space forms, F. Dillen et al. [10] established the
following inequalities.

THEOREM 2.1. Let M*"*! be an invariant submanifold of a Sasakian space form
1\712m+1(c). Then:

Dan(tH)? > [n(n +2)c +3n2 =2t +n?(m —n — 1)(c — 1)?,
with equality holding identically if and only if M*"* is an n-Einstein manifold.

42 <[n®4+n+De+3n2+n—1-211%4 (mn —n? — 1)(c — 1)?,

with equality holding identically if and only if the rank of A = Zi(fl_n) Aia is at most 2,
where A is the shape operator and {u1, . .., uaou—n)} is an orthonormal frame in the normal
bundle.

It is well-known that any invariant submanifold of a Sasakian manifold is a minimal
submanifold.

COROLLARY 2.2. For an invariant submanifold M*'*+' of §2"+1 we have
p<1—p-.

3. Generalized Wintgen inequality for Legendrian submanifolds. The main result
of this paper is the generalized Wintgen inequality for Legendrian submanifolds in Sasakian
space forms.

Let M" be an n-dimensional C-totally real submanifold of a (2m + 1)-dimensional
Sasakian space form M2m+! (c) and {ey, ..., e,} an orthonormal frame on M" and {¢;,+1, . . .,
€m, €2m+1 = &} an orthonormal frame in the normal bundle T-M", respectively.

We denote by /# and A the second fundamental form and the shape operator of M” in
M2+l (c). The Gauss and Ricci equations are

3
ROC Y, Z,W) = [g(X, 2)g(0, W) = (¥, Z)g(X. W]

for any vector fields X, Y, Z, W € I'(TM"),

c—1
RH(X,Y, 1, v) = T[g(qﬁX, wg@Y,v) — g(@X,v)g(@Y, W] — g([Au, AvlX, Y),
for any vector fields X, Y € I'(TM") and , v € r(r+mm.
Following [25] we put

1 2m—n+1 )
Ky = ~1 mz::l Trace[A,, A]”,
where A, = A,,.,,7 € {1,...,2m — n + 1}, and call it the scalar normal curvature of M".
The normalized scalar normal curvature is given by py = ﬁ\/K_N .
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Since Ag = 0, it follows that

1
Ky=—3 > TceldnAP= 3 37 (lAr Asdeie))”.
1<r<s<2m-—n 1<r<s<2m—nl<i<j<n
As usualwedenotebyhlfj:g(h(el-, ej),ensr)i, je{l,...,n},re{l,...,2m—n+1}.
In terms of the components of the second fundamental form, we can express py by the formula

1
n

212
2
3.1) PN = m Z Z (Z(h;khfk - :kh;k)> .

1<r<s<2m—nl<i<j<n \k=1

First we establish an inequality involving the normalized scalar curvature p, the nor-
malized scalar normal curvature py and the squared mean curvature || H | |2 for C -totally real
submanifolds in Sasakian space forms.

PROPOSITION 3.1. Let M" be an n-dimensional C-totally real submanifold of a
(2m + 1)-dimensional Sasakian space form M*"*1(c). Then we have

c+3
WHI?+ ——>p+pn.

4
The equality case holds identically if and only if, with respect to suitable orthonormal
frames {e1, ..., en} and {ens1, ..., €2m, exm1 = &}, the shape operators of M" in M*"*+(c)

take the forms

AMop 0 - 0
nw A 0 0
Agpy = o 0 x --- 0 ,
0o 0 O Al
A2+ 1 0 o --- 0 3 0 0 --- 0
0 M—un 0 -+ 0 0 2 O 0
Ay = 0 0 M - 0 . A, = 0 0 X 0 ,
0 0 0 - 2 o 0 0 - X3

where A1, A2, A3 and | are real functions on M",

Aen+4 :---:Agzm ZAgszr] =O

PROOF. We see that

2m—n n 2
32 AHIP =) (Zhﬁ»)

r=1 i=1



GENERALIZED WINTGEN INEQUALITY 49

2m—n 2m—n

1 2
==Y Y G- Ep T Y Y

r=1 1<i<j<n r=1 1<i<j<n

We shall use the following inequality (see [16]).

2m—n 2m—n

(3.3) SO h—wP+2m Y > (hy)?

r=1 1<i<j<n r=1 1<i<j<n
1

n 2712
> 2n > > (Z(h;kh;k -~ h{kh‘;.k)) :
k=1

I<r<s<2m—nl<i<j<n

Combining (3.2), (3.3) and (3.1), we get

2m—n
2 2 2
(3.4) n?||H|? - n? b — ().
r=1 1<i<j<n
On the other hand, the Gauss equation implies
2m—n
nn—1)(c+3)
35 t= Y Reei,ej ei,e)) = —————+ Yo D Ik — i,
1<i<j<n r=1 1<i<j<n

Substituting (3.5) in (3.4) we obtain

c+3
H||*—pNn=p————,
IH|* = oy = p 7
which achieves the proof of Proposition 3.1.
The equality case holds identically if and only if the shape operators take the above forms

with respect to suitable frames (we use similar arguments as in [16]). O

Next we are able to state a generalized Wintgen inequality for Legendrian submanifolds
in Sasakian space forms.

THEOREM 3.2. Let M" be a Legendrian submanifold of a Sasakian space form
M), Then

c+3\? 4 c+3\ c—1 (c—12
(pl)2§<llH||2—p+ )+ <p_ > i

4 nn—1) 4 4 8nn—1)"
PROOF. Let M" be a Legendrian submanifold of a Sasakian space form M2+l (¢) and
{e1, ..., ey} an orthonormal frame on M"; then {e,+1 = ¢e1, ..., e = Pey, €241 = E} is

an orthonormal frame in the normal bundle 7+-M".
The Ricci equation implies

g(R™(ei, e))entr, ents)

-1
== ) [g9(dei, entr)g(de;, ents) — g(dei, ents)g(de;, entr)] + g([Ar, Aslei, )
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c—1
= T(Sirajs —8is8jr) + g([Ar, Aslei, €j) ,

foralli,j e{l,...,n},r,s €{l,...,n}
Then we have

B6) @Y= Y Y R (eie)entr ents)

I<r<s<nl<i<j<n

_1 2
= Z Z [—CT(SirSjs —8is0jr) + g([Ar, Aslei, ej)i|

I<r<s<nl<i<j<n

_x +(c—1)2 S Gubjy i)
= AN 16 ir9js isOjr

I<r<s<nl<i<j<n

c—1
5 Do D Gurdjs = 8isdigUAr Asleise))
I<r<s<nl<i<j<n
n(n—17% , nm—1)(—1)? c—l”h”2+c—l 2 1|2
— - —n .
R 32 4 4

Obviously by the Gauss equation we get

c+3
2t = n?||H|[* = |h]* + n(n — D=

or, equivalently,

3
(3.7 n2||H||2—||h||2=n<n—1)<p—C: )

Substituting (3.7) in (3.6) we obtain

c+3\ c—1  (c—=1)?2
4 4 8n(n—1)"
Taking account of Proposition 3.1, it follows that

132 2 c+3\? 4 43\ -1 (c—1?
(p)s(llHll P+ ) +n(n_1)<P 4 ) PR T

4
(0 = P+ (p

COROLLARY 3.3. Let M" be a minimal Legendrian submanifold of S*"*!. Then
p<1—p*.

We give a nontrivial example of a Wintgen ideal Legendrian submanifold in S>"*!,
where $2"*! is the unit hypersphere of C"*! endowed with the standard Sasakian structure.

First we consider f : N> — S° a minimal, isometric, Legendrian immersion of a surface
N? in the 5-dimensional sphere S°.

In particular, if we take N> = S! x S! and

1 . . .
f(tl, t2) = —(costl, sint!, costz, smt2, cos(t1 + t2), — sm(t1 +t2)),

V3
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the shape operators are given by (see [26], page 350)

0 un nw 0
Ae3 = <M O) s Ae4 = (O _M) s Ae5 =0.

Then, by Proposition 3.1 it follows that f satisfies the equality case of Theorem 3.2.

For any minimal, isometric, Legendrian immersion f : N 2 . 5 we can find a suitable
orthonormal frame such that the shape operator takes the above forms.

Next we denote by J the standard complex structure on C"*! and consider the
orthogonal decomposition C"*! = C* @ J(R"™?) @ R"? and take the warped product
M" = (0, %) Xcost N* Xsins S"72. We define

x:M"— S (2, p,q) > (cost) f(p) + (sint)g,

where "3 is the hypersphere of R"~2.

Itis easily seen that x is a minimal, isometric, Legendrian immersion (see [6]). Moreover
it satisfies the equality case of Theorem 3.2 because its shape operators have the desired forms
(see also [6]), with Ay = A, = A3 = 0 (x is a minimal immersion).

We remark that the equality case in Theorem 3.2 holds identically if and only if with re-
spect to suitable frames the shape operator takes the forms from Proposition 3.1. This implies
the following.

COROLLARY 3.4. Any Wintgen ideal Legendrian submanifold of a Sasakian space
form is a Chen submanifold.

4. An inequality for contact slant submanifolds in Sasakian space forms. Contact
slant submanifolds in Sasakian manifolds were defined by analogy with slant submanifolds in
complex space forms (see [3]).

We recall that a submanifold M" tangent to £ of a Sasakian space form M2m+1 (c) is said
to be a contact slant submanifold [2] if for any p € M" and X € T, M" linearly independent
on &, the angle between ¢ X and T, M" is a constant 6, called the slant angle of M".

Interesting geometric inequalities involving the scalar curvature and the Ricci curvature
respectively on such submanifolds were established in [19].

A generalized Wintgen inequality can be stated for contact slant submanifolds in
Sasakian space forms. For 3-dimensional such submanifolds a similar inequality was proven
by the present author and Y. Tazawa [21].

THEOREM 4.1. Let M" be an n-dimensional contact 0-slant submanifold of a
(2m + 1)-dimensional Sasakian space form M*"*1(c). Then

c+3 N (Bcos2h —2)(c—1)

o+ pon < |IH|*+

4 4n
PROOF. Let M" be a contact #-slant submanifold of a Sasakian space form M2m+1 (),
{e1,...,en—1, e, = &} an orthonormal frame on M" and {e;+1, ..., €2m+1} an orthonormal

frame in the normal bundle 7+ M"*1,
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The Gauss equation is given by

4.1 RX.Y.Z, W) = —[g(X Z)9(Y, W) — g(¥, 2)g(X, W)]

-1
+ = XOnW)g(Y. 2) =V )n(W)g(X. 2)

+n(Y)n(Z2)g(X, W) —n(X)n(Z)g(Y, W)
+ 99X, Z)g(@Y, W) — g(oX, W)g(pY., Z) +29(¢ X, Y)g(pZ, W)]
+ g(h(X, Z), h(Y, W)) — g(h(X, W), h(Y, Z))

for any vector fields X, Y, Z, W € I'(TM").
By using similar arguments as in the proof of Proposition 3.1, we get

2m—n+1
(4.2) n*||H|* = n pN>— Z D Thph; — ().
1<i<j<n
The Gauss equation implies
4.3) = Y Re.ej.cie))
I<i<j<n
3 -1
=n(n—1)%+( —1)( cos 9—1)CT
2m—n+1
2
+ Z >k — ().
1<i<j<n

Substituting (4.3) in (4.2) we obtain

c+3 N (Bcos2h —2)(c—1)

< ||H|?
p+onv < IHI|"+ 1 ™

a

COROLLARY 4.2. Let M" be an n-dimensional contact slant submanifold of S*"+1.
Then

p+pot <IHI>+1.
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